Saechou and Kangtunyakarn Journal of Inequalities and Applications (2022) 2022:144® Journal of Inequalities and Applications
https://doi.org/10.1186/513660-022-02881-2 a SpringerOpen Journal

RESEARCH Open Access
()]

The method for solving the extension of
general of the split feasibility problem and
fixed point problem of the cutter

Kanyanee Saechou' and Atid Kangtunyakarn'

“Correspondence:

beawrock@hotmail.com Abstract

' Department of Mathematics, . . . .

School of Science, King Mongkut's This paper first introduces a new iterative method for weak and strong convergence
Institute of Technology Ladkrabang, theorem to demonstrate the estimation potential for a fixed point of the cutter and

Bangkok, Thailand the finite general split feasibility problem. Consequently, the set of fixed points of a

quasi-nonexpansive mapping and the finite general split feasibility problem, the
constrained minimization problem, and the general constrained minimization
problems are proved using our main results. Finally, we give two numerical examples
to advocate our main results.

MSC: Primary 47H10; secondary 47H09

Keywords: Split feasibility problem; Cutter; Nonexpansive mapping; Constrained
minimization problem; Fixed point problem

1 Introduction

Throughout this article, let H, Hy, and H; be real Hilbert spaces with inner product (,-),
and norm || - ||. Foreachi=1,2,...,N, forall N € N, let C, C; be a nonempty closed convex
subset of H; and Q, Q; be a nonempty closed convex subset of H,, and let &, ¥ : H; — H,
be bounded linear operators.

Definition 1 Let 7: C — C be a mapping. Then
(i) The fixed point problem for the mapping T is to find x € C such that

x = Tx.

We denote the fixed point set of a mapping T by F(T).
(i) A mapping T is called nonexpansive it

|Tx - Ty|| < |x—yl, forallxyeC.

The split feasibility problem (SFP), is to find a point x € C and ®(x) € Q. In 1994, the
split feasibility problem was first introduced by Censor and Elfving [1]. The SFP can be
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applied and developed in various fields, such as radiation therapy treatment planning,
sensor networks, resolution enhancement, etc. Many mathematicians have modified SFP;
see previous works [2-5].

In 2016, Latif et al. [6] introduced the Generalized multiple-set split feasibility problem
(GMSSEP), which is to find a point

p r
x*eﬂCi and Akx*eﬂQi; k=1,2,...,m, (1)

i=1 i=1

where Ay : Hi — Hs, (k=1,2,...,m) are family of bounded linear operators, {Cl-}f?:1 and
{Q;}_; are family of nonempty closed convex subsets in H; and Hs, respectively. The set
of the problem (1) is denoted by @ = {x € (", CilAxx € (., Q. k=1,2,...,m}.

Applying the viscosity approximation method for solving the GMSSFP, Latif et al. [6]
proved the best following result;

Theorem 1 Let H and K be real Hilbert spaces, Ay : H — K, k = 1,2 be two bounded linear
operator, and let {C;}]_, be a family of nonempty closed convex subsets in H and {Q;}]_, be
a family of nonempty closed convex subsets in K. Assume that GMSSFP has a nonempty
solution set Q. Suppose h is a contraction of H into itself with constant b € (0,1) and Bis a
strongly positive bounded linear self-adjoint operator on H with coefficient y and 0 < y < %.
Let {x,} be a sequence generated by xo € H and by

Yn =0pXy + 2;21 ﬁn,iPCi (1 - )\n,iAik(I - PQi)Al)xn
+ Z;:l Vn,iPC,' - )\n,iAjzﬁ(I - PQi)Az)xm
Xye1 = Opyh(x,) + [ -6,B)y,, Yn=>0,

where o, + Y iy Bui+t Y iy VYni = 1 and the sequences {ot,}, {Bpi}s {Vni}s 6n) and {1} satisfy
the following conditions:

(i) liminf, ®,B,; >0 and liminf, a,y,; >0, foreach 1 <i <r,

(i) lim,— 006, =0andy .6, =00,

(ili) foreach 1 <i<r,0< A,; <min{—2

2
—=—, —=—Y}and
4112’ HAZ”Z}

2 2
0 <liminfA,; <limsupA,; < miny ——, —— 1.
o = TR {nAan ||A2||2}

Then, the sequences {x,} converges strongly to x* € Q which solves the variational

inequality;
((B —yh)x*, x —x*) >0, VxeQ.

The general split feasibility problem introduced by Kangtunyakarn [5], which is to find
a point

x*eC and <I>(x*), \IJ(x*) €Q, (2)

where &,V : H; — H, are bounded linear operators. The set of the problem (2) is de-
noted by I' = {x € C: ®(x), U(x) € Q}. Moreover, if we put & = W, then the problem (2)
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is reduced to the SFP. Furthermore, under some control conditions, Kangtunyakarn [5]
proved a strong convergence theorem for finding an element of the set of solutions to the
variational inequality problem and the general split feasibility problem as follows:

Theorem 2 Let A,B: Hy — H, be bounded linear operators with A*, B* that are adjoints
of A and B, respectively, and L = max{L4,Lg}, where L4 and Lg are spectral radius of A*A
and B*B, and let D : C — H; be d-inverse strongly monotone. Assume that T N\ VI(C, D) # (.
Let the sequence {x,} generated by x, € C and

Xp+l = anf(xn) + ﬂnPC(I — AD)x,, + vuPc (1 - ﬂ<A*(I _ PQ)A B*(I _ PQ)B))’%:

> T 2
for all n € N, where {a,}, {Bu}, {vu} € (0,1) witha, + B+ yu=1and f: C — C is a-
contractive mapping with o € (0,1). Suppose the following conditions hold:
(i) limyooay =0, Y oog 0ty = 00,
(i) ¢ < By, yu < d for some real number c, d with ¢,d > 0,
(iii) A €(0,2d), a €(0,3),
(V) D opoy ot = uctly Yooy 1Bn = Bu-tl < 0.

Then the sequence {x,} converges strongly to xo = Provic,p)f (%o).

Inspired and motivated by Kangtunyakarn [5], we proposed problems more general than
(2), i.e. find a point

N N
x* e ﬂ C; and ®(x*),¥(x") € m Qi (3)
i=1

i=1

where ®, ¥ : H] — H, are bounded linear operators. The set of solution of (3) is denoted
byé={xe ﬂf\il Ci: ®(x),¥(x) e ﬂf\il Q;}. If we choose N =1 in (3), then (3) is reduced to
the general split feasibility problem. Obviously, problem (3) is more general than the prob-
lem (2) and the SFP, which can apply across many disciplines in mathematics and sciences,
such as economics, finance, network analysis transportation, elasticity, and optimization.
In the following sections, we construct a new process using techniques of solving the cut-
ter and SFP to find solutions to problems (3). Moreover, if we put ® = W in (3), then we

have
N N
x* e ﬂ C; and ®(x*)e€ m Q.. (4)
i=1 i=1

If we put p =r and k = 1 in (1), then problem (1) is reduced to the problem (4). It can
be seen that both problems (1) and (3) can be reduced to problem (4). However, we have
provided an example of the difference between problems (1) and (3) in Remark 1.

Example 1 Let R be the set of real numbers and ®, ¥ be mappings from R to R defined
by ®(x) = 7 and W(x) = 3, respectively. For each i = 1,2,...,N, let C; = [;,100i] and Q; =
[é,SOi]. We choose N = 10. Then, we have 10 € &.

Remark1 Let C;and Q; define as the same in Example 1. Let k = 1,2, A; (x) = 5 and Ay (x) =
3- If we choose p = 10 and r = 20 in (1), we have 10 € ﬂgzol C; but A1(10),A,(10) ¢ ﬂ?fl Q;.
This remark shows an example where problem (1) fails while problem (3) is applicable.
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Given x,y € H, let
H(x,y):={zeH:(z-yx-y) <0},
be the half-space generated by (x,y). The boundary dH(x,y) of H(x,y) is
0H (x,y) = {zeH: (z—y,x-y) =O}.

It is clear that dH (x, ) is a closed and convex subset of H.

A mapping T : H — H is called a cutter if
(z—Tx,x— Tx) <0,

for all x € H and z € F(T). The cutter is fundamental to applied mathematics and op-
timization theory. For instance, the resolvent of a maximal monotone operator and the
subgradient projectors is the cutter. Besides, the metric projection is the cutter with an es-
sential tool for solving the variational inequality problem (VIP), the system of variational

inequality problem, the subgradient extragradient method, etc.

Remark 2 Recently, Cegielski and Censor [7] proposed a new name “cutter” expresses the
fact that for any x ¢ F(T), the hyperplane H(x — Tx, (Tx,x — Tx)) cuts the space into two
half-spaces, one of which contains the point x while the other one contains the subset
F(T).

Over the past decade, many researchers introduced the new problem and iteration de-
veloped and modified the cutter; see more detail [8, 9].

The following Remark 3 includes important properties related to the cutter.

Remark 3
(i) If T is firmly nonexpansive, then T is a cutter.
(i) T isa cutter if and only if 2T — [ is quasi-nonexpansive (i.e. a mapping G: H — H is
called to be quasi nonexpansive if F(G) is nonempty and ||Gx — y|| < |l — y||, for all
x € H and y € F(G)). This property is important for proving Theorem 5 in the
Application.

In 2013, Qiao-Li and Songnian [8] introduced a projection regularized Kranoselski-

Mann iteration for a cutter T : H — H as follows:

Xntl = (1 - ﬂn)PH(xn,Txn)ﬁH(vn,Tvn)Vn + ﬂn TV,,, (5)

Vo = (1 — o)y,

where {&,}, {8,} C [0, 1] and the sequence generated by (5) converges strongly to the least
norm element of F(T).

By concept Kangtunyakarn [5] and Qiao-Li and Songnian [8], we introduce the new
iterative method for proving weak and strong convergence theorem of {x,} generated by
the following algorithm:
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Algorithm 1.1 Given x; € H; and let the sequence {x,} be define by

KXn+l = NnXn + anPH(xn,Txn)xn + ﬂn Txn

N
(I Py)d  WH(I - Py)W
+Vnzﬂipci(1_ﬂ( ( 5 2)?, 21 5 2 ))xn,
i=1

where @,V : H; — H, are bounded linear operators with ®*, W* that are adjoints of ®
and W, respectively, L = max {L¢, Ly} where Ly, Ly are spectral radius of ®*® and W*W,
a € (0, %), T : Hy — H; is a cutter with I — T is demiclosed at 0, and the sequences {#,},
{otn}, {Bu}s {vu) arein (0,1) with n, + oy + By + v = 1.

Our paper is organized as follows. In Sect. 2, we first recall some basic definitions, and
we give the lemma, which is crucial for proving our main results. In Sect. 3, we prove weak
and strong convergence theorem for finding a common element of the set of fixed points
of the cutter and the finite general split feasibility problem. In Sect. 4, we apply our main
theorem to prove a weak and strong convergence theorem for finding solutions to the
constrained minimization problem and the general constrained minimization problem.
Moreover, we prove weak and strong convergence theorem for finding a common element
of the set of fixed points of a quasi-nonexpansive mapping and the set of the finite general
split feasibility problem. The last section gives two numerical examples to support our
main result.

2 Preliminaries

This section provides a lemma that will be used for our main result in the next section.
We write x; — x to indicate that the sequence {x¢}72, converges weakly to x and x; — x

to indicate that the sequence {x;}2, converges strongly to x. For each point x € H, there

exists a unique nearest point in C, denoted by Pc(x). That is,

|- Pe)| < Ile=yl, VyeC.

The mapping Pc : H — C is called the metric projection of H onto C. It is well known that
P¢ is a firmly nonexpansive mapping of H onto C. From Remark 3, it obvious that P¢ is a
cutter. Moreover, if C is a hyperplane, then

lx=y1% =[x = Pc@)| + |y - P,

VxeH,yeC.

The following lemma is also well-known. It is important for solving VIP.
Lemma 1 ([10]) IfA is a mapping of C into H and A > 0, then F(Pc(I — MA)) = VI(C, A).

Lemma 2 (See [11]) Let A,B: C — H be o and B-inverse strongly monotone mappings,
respectively, with o, 8 > 0 and VI(C,A) N VI(C,B) #¥. Then

VI(C,aA +(1-a)B) = VI(C,A)N VI(C,B), Va e (0,1).

Furthermore, if 0 < y < min{2«, 28}, we have I — y (aA + (1 — a)B) is a nonexpansive map-
ping.
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Lemma 3 (See [12]) Let D be a closed convex subset of a strictly convex Banach space E.
Let {T, : n € N} be a sequence of nonexpansive mappings on D. Suppose that (.-, F(T,) is
nonempty. Let {1} be a sequence of positive numbers with Y - A, = 1. Then a mapping S
on D defined by

o0
S(x) = ZA,, T,x,
n=1

for x € D is well defined, nonexpansive, and F(S) = (-, F(T,,) hold.

Lemma 4 (See [13]) Let {0,} and {y,} be nonnegative sequences satisfying y .., 0, < 00
and Y1 < Y+ 0oy foralln=1,2,.... Then {y,} is a convergent sequence.

Lemma 5 (Demiclosedness principle) Let T : C — C be a nonexpansive mapping with
F(T) # 0. If {x,,} is a sequence in C that converges weakly to x and if {(I — T)x,} converges
strongly to y, then (I — T)x = y. In particular, if y = 0, then x € F(T).

Lemma 6 (See [14]) Let the sequence {xx}72, C H be Fejér-monotone with respect to C, i.e.,
foreveryu e C,

llocker — ull < llocx —uell,  Vk = 0.
Then {Pc(xx)}32, converges strongly to some z € C.
The following lemmas are crucial for proving our main theorem.

Lemma 7 For each i=1,2,...,N, for all N € N, let C;, Q; be a nonempty closed convex
subset of Hy and H,, respectively, and let ®,V : H) — H, be bounded linear operators with
*, U* that are adjoints of © and \V, respectively, with & # (). Assume that Ly and Ly are
spectral radius of ®*® and V*V with L = max{Le, Ly}, and Zﬁl a; = 1. Then

N

N * *
$= mri :F(Pﬂf\flci(l—za,(q) (I_ZPQi)q) + hd (I—ZPQi)q/>>>.
i=1

i=1

Proof Firstly, show that £ C (X, T
Let x* € &£, we have x* € ﬂf\il C;and ©(x*), ¥ (x*) € ﬂf\il Q;, it follows that

x*eC;, foralli=1,2,...,N, 6)
and

@(x*),\ll(x*) €Q,, foralli=1,2,...,N. 7)
From (6) and (7), we have

x*ely, foralli=1,2,...,N.

N
*
Hence, x* € (), .
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Secondly, show that X, T'; C &.
Letx* € X, T, then x* € I, forall i = 1,2,..., N, we have

x*eC; and CD(x*),\IJ(x*)eQi, foralli=1,2,...,N,

then x* € ﬂfil C; and ®(x*), ¥ (x*) € ﬂf\il Q.

Hence, x* € &.
Thirdly, show that § C F(sz‘\f1 G (I- Zf\il ai(¢ (I—ZI’Qi)<I> + v (1—21’Qi)‘1’))).

Let x* € £, we have x* € (X, C; and ®(x*), W(x*) € Y, Qi
It implies that

(I-Po,)®(x*) =0=(I-Pg,)¥(x*), foralli=1,2,...,N.

Then

U=Pq)®@) [I=P)¥&) (o 1ot N

2 - 2
It follows that
N
O*(I - Po)® W - Pg)¥
* X i i *
x _Pﬂ{vlcl(I—Zl:al( 5 + 5 x".
i
Hence, x* € F( PmN - a ( = PQZ M (1_21)@)\1’)))'
Finally, show that F(Pﬂbfl U~ SN ai e ;Qi)q) » 2 PQ’)W))) cé.

O*(I-Po,)®  WH(I-Po, )W
Let x* =Pﬂzqu(1— > Zlai( ( ZQ’) + ( ZQ’) ))x*, where E a;=1landletweé,
Pl

we have w € ﬂi\il C;and ®(w), ¥ (w) € ﬂﬁl Q..
Then, we have

o = w?

N /@ (I -Py)® W -Po)W ?
- Pm¢16i<1—21:“i< _ Q)P . Qi >)x*_w

. N (- PQ)ob WHI = Po) W\ 2

;al + 5 xF—w

N

i 2 . (DU =Pg)®  WH(I-Po)¥ ,
_||x —w|| —2<x —w,;a,( 5 + 2 X

N * * 2
Z (q> (U-Po)® WU 2PQ’)‘D>x*
=1

N
<|x*- w||2 - Za,(x* —w, (®*(I - Pg,)® + W*(I - Py,)¥)x*)
i-1
* _ * _
(q> a 2PQI,)qa A 2PQi)q/)x*

N
+ a;
i=1

2

Page 7 of 20
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< -wl’

M=

a;((®(x*) — D(w), I — Po,) P (x*)) + (W (x*) — W(w), I - Po,)¥ (x*)))
Zf\; 4i
2

+ (&7 = Po) () [* + | w1~ Po)w (+*)[)

- o - wl?

M=

-2 a;({®(x) = P, ®(x"), (I - Po)® (x")) + (Pq, @ (x*) — @(w), (I - Po,)@(x))

+ (\I»’(x*) _PQi\I"(x*)’ (I—PQl.)\IJ(x*)) + <PQqu(x*) - W(w), (I_PQi)\IJ(x*)»

25\21 ai

S ([0 = Po)@ (") |* + WU ~Po)w () )

+

N
< | = wl* = Y@l = P) () [*+ 4 - Po)w () )

i=1

EER 0 rooe) [+ - o)we) )

L N
=l - (1-5) Sl - ro)oe) |+ 1 - Po)w))
i=1

It implies that ®(x*) = Po, ®(x*) and W (x*) = Po, ¥ (x*) € ﬂf\il Q;.
It follows that

N N
O*([-Pp)d Y*(I - Pp,)V
x* = Pﬂﬁ& ¢ (1— E ai( ( 5 Ql) + ( 5 Ql) ))x* = Pﬂﬁ'\:[1 Cl,x* S | C;.

i=1 i=1

Hence, x* € £. O

3 Main results
In this section, we prove weak and strong convergence theorem for finding a common el-
ement of the set of fixed points of the cutter and the finite general split feasibility problem.

Theorem 3 For every i=1,2,...,N, let C;, Q;, ©, V¥, ®*, and V* define as the same in
Lemma 7. Let T : HH — H be a cutter with ¢ = F(T) N& #@ and I — T is demiclosed at 0.
For given x1 € Hy and let the sequence {x,} be generated by

KXn+l = Nu¥kn + anPH(xn,Txn)xn + ﬁnTxn

N

O*([ -Pp,)d V*(I - Pp )V

+VnleiPCi(1—ﬂ( ( 2Q‘) + ( ZQl) ))xn, (8)
i=1

foralln,N € N, where {1}, {an}, {Bu}, {¥n} S (0,1) with 1, + &y + B+ vu = 1, a € (0, 2), and
parameters L, Ly, Ly define as the same in Lemma 7. Suppose that the following conditions
hold:

(D) ¢ < nu o, Bu, Yu < d for some real number ¢, d with ¢,d > 0,
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(ii) Zﬁl a; =1, wherea; >0 forall N € N.
Then, the sequence {x,} converges weakly to z* € ¢ and furthermore,

z" = lim Py(x,).

n—00

P*(I-Po )P  WH*(I-Po )W
Proof Putting Vg; = ( ZQ’) 2 ZQL)

i
L

Let x,y € C;. Since Vg; =

,forall i =1,2,...,N. First, we show that Vg;

are 7 -inverse strongly monotone.
D*(I-PQ,)® N W*(I-Pq,)¥

3 ,foralli=1,2,...,N, we have

| Veix) - Ve

_ H O - Po)P@) W' -Po)¥(x) (U —Po)P() W -Po)V)|*

2 2 2 2

|®*(1 - Po,) D (x) — ©*(I - Po,) () |

=

N =

1
+ o[ = Po) W) - (I - Po) W (y) |
L L
= 51U =Po)o@ U ~Po)0W) | + 5 U~ Po) ¥ ()~ U= Po)¥ ([ ©)
Foreachi=1,2,...,N. From property of Pg,, we have

| - Pg)@(x) - (1 - Po )@ ()|
= ((I = Po)®(x) — (I - Pg,)®(y), D () - D(y) - (Po, P(x) - Po, D()))
= (®*(I - Pg,)P(x) - ©*(I - Po,) P (y),x — y)
—((I = Pg,) @ (), Po, @ (x) — P, @(y)) + (I = Po) P (1), Po; (%) — Po, P(»))

<(®*(I - Pg,)®(x) — *(I - Po,) (), x — y). (10)
Using the same method as (10), we have
| = Po,) W (x) - (I - Pg,) W () |\2 < (U1 - Po)W(x) - W*(I - Po,)¥(y),x—y).  (11)
Substituting (10) and (11) into (9), we have
|Vei - vaw)|’
< 21 Po)o) ~ (= Po)@O)|” + 5 |1 - Po)W () ~ (I~ Po) ¥ ()
< Z{O*(I - Pg,) () — D*(I - Po,) (), x - y)

+ %(w*(l —Po,)¥(x) — W*(I - P, )W (y),x - y)

_ L< (I - Iz’Qi)CD(x) A —12>Ql.)qf(x)

_ <c1>*(1—PQl.)q>(y) . lI’*(I—PQl.)\IJ(y)> e >
2 2 ry
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= L(Vgi(x) - Vgi(y),x - ).

So, we have Vg; is %—inverse strongly monotone.
Foreachi=1,2,...,N. From the definition of Vg;, we have

| Pe,(I — aVig)x — Pe,(I - aVg)y|
<|lx-y-a(Vax - vam) |
= llx = y11% - 2alx -, Vgi(x) — Vgi»)) + a*| Vaix) - Vo) |

2
= Ix =12 - 7 [Veilx) - Va0 + a* | Vi) - Ve

= |lx - yII* —a(% —a) Ve - V|

<lx-yI? (12)
forallx,y € C;.
Letze F(T)NE.
Step 1. We show that {x,} is bounded.
From (8), (12), and Lemma 3, we have
lo6n41 — 2l
N
= |[MnXn + anPH(xn,Txn)xn + ﬂrz Txn + Vu ZﬂiPCi (1 - ﬂvgi)xn -z
i=1
< nn”xn - Z” + anHPH(xn,Tx,,)xn - Z” + ,Brl” Txn - Z”
N
+ Vu ZaiPcl. (I-aVg)x,—z
i=1
N
< 0l = 2| + iz = 2l + Balln — 2l + v | Y aiPc,(I - aVgx, - z
i=1
N N
= (0 + @ + B 1w — 2l + | Y aiPc,(I - aVg)x, = Y aiPc,(I - aVg)z
i=1 i=1
N
= (nn +o, + Isn)"xn - Z” + Vn Zai HPC,(I - avgi)xn _PC,' ([ - avgi)Z”
i=1
< (M + 0 + Bu) 1% — 2l + Vaulloen — 2|
(13)

= ”xn —Z”,

then {x,} is Fejér monotone with respect to ¢, for all z € ¢.

Applying Lemma 4, we have that lim,,_, o ||x, — z|| exists. In particular, this implies that
{x,,} is bounded.

Step 2. We show that lim,,_, o, || 7%, — %, || = 0 and lim,,_,  ||%;, — Zf\il aiPc,(I-avVg)x,| =
0.

Page 10 of 20
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From (8) and (12), we have

2
lxne1 — 2l

N 2

N + CuPhi(ey Ton)n + B Ton + Y Y aiPc,(I — aVgi)xy — 2
i=1

nn(xn -2)+ an(PH(xn,Tx,,)xn -2)+ ,Bn(Txn -2)

2

N
+ VY (Z aiPc,(I—avg)x, - z)

i=1

N
Xy — Z aPc,(I —avVg)x,

i=1

< 1w = 2l1* = nuBull®n — Txull® = 0¥

’

which yields that

N 2

Xy — Z aiPc,(I —avg)x,

i=1

NnBullxn = Txn||2 + NMu¥n =< |Ixx _ZHZ — %041 _2”2' (14)

From (14) and lim,_, oo (1%, — 2||% = |%ys1 — 2]|?) = 0, then

N
X — ZaiPci(l - avVg)x,

i=1

=0. (15)

lim ||x, — Tx,|| = lim
n—0oQ n—0Q

Step 3. We show that the sequences {x,} converge weakly to z* € ¢.

Since {x,} is bounded by Step 1, there exists a subsequence {x,, } of {x,} that converges
weakly to some element of z.

By Lemma 5 and (15), we obtain

z=Tz,
then
z € F(T). (16)

Assume that z ¢ &.
By Lemma 7 and Lemma 3, we also have z # Zf\il aiPc,(I —avg)z.
From (12), (15), and Opial’s property, we have

N

Xy — ZaiPci (I-aVg)z
i=1

liminf ||%,, —Zz|| < liminf
k—00 k—00

N

X = Y aiPc,(I - aVg)xn,
i=1

<lim inf(
k—o00

N N
+ Zu,PQ (I —avg)x,, — Z“iPCi (I-aVg)z

i=1 i=1

)
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<liminf|x,, —z|.
k—o00
This is a contradiction, then we have
zZ€E. 17)

From (16) and (17), thus

Z€o.

Next, we will show that the entire sequence {x,} weakly converges to z.

Since {x,} is bounded by Step 1, there exists a subsequence {%n,} of {x,} that converges
weakly to some element of z'. Assume that x,;, —~ z" asj — oo, with Z' #z and Z’ € ¢.

By the Opial condition, we have

lim ||x, —z|| = liminf ||x,, —z]|
n—00 k— o0
< hgiorolfuxnk -Z|
= lim ||xn —2’”
n— 00

< liminf||xn/. -z
1*}00

= lim |x, - z|,
n— 00

and this is a contradiction, thus z’ = z. This implies that the sequence {x,}}2, converges
weakly to the same point z € ¢.
Finally, if we take

Uy = Pyx,,

then by (13) and Lemma 6, we see that {P,x,}5 converges strongly to some z* € ¢.
Since P, is a cutter and the convergences of {x,} and {u,}, we have

(z-z,2"-z)>0,
and hence z* = z, this completes the proof. d

Corollary 1 Foreveryi=1,2,...,N, let C;, Q;, ®, ®*, and T define as the same in The-
orem 3. Assume that ¢ = F(T) N T® # @, where T® = {x € NN, Ci|®(x) € N, Q; Vi =
1,2,...,N}. For given x, € Hy and let the sequence {x,} be generated by

N

Xn+l = NnXn + anPH(xn,Txn)xn + ﬁnTxn + Vn ZﬂiPCi (1 - LZ(CD*(I - PQi)d)))xn: (18)
i=1

foralln,N € N, where {n,},{e,}, {Bn}, {vu} €0, 1) withn,+a,+B,+y,=1,a€(0, %), and
L is spectral radius of ®*®. Suppose that the following conditions hold:

(D) ¢ < nu o, Bu, Yu < d for some real number ¢, d with ¢,d > 0,

(i) SN a;=1, wherea; >0 forall N € N.
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Then, the sequence {x,} converges weakly to z* € ¢ and furthermore,

z" = lim Py(x,).

n—00

Proof Putting ® = ¥, in Theorem 3, we obtain the desired conclusion. O
The following corollary is a modification in terms of the iterative process of Theorem 1.

Corollary 2 Foreveryi=1,2,...,N, let C;, Q;, ®, ¥, ®*, W*, T, all parameters, and the
conditions (i) and (ii) define as the same in Theorem 3. Assume that ¢ = F(T) N & # 0, and
I - T is demiclosed at 0. For given x, € Hy and let the sequence {x,} be generated by

N

X1 = Mndn + CnPriay, Te)%n + BnTn + Vu (Z aitPc,(I - a(®*(I - Py,)®))
i=1

N
3t 0Re 1l V) )

i=1
for all n,N € N. where {n,}, {on}, {Bn}, {vun} € (0,1) with n, +ay + Bu+ yu=1,t €(0,1),

a € (0, %), and parameters L, Ly, Ly define as the same in Lemma 7. Suppose the following
conditions hold:

(i) ¢ <nuw oy, Bus vu < d for some real number c, d with c,d > 0,
(i) SN ai=1, where a; >0 forall N € N.

Then, the sequence {x,} converges weakly to z* € ¢ and furthermore,

z" = lim Py(x,).

n—00

Proof Foreachi=1,2,...,N. From Lemma 2, then we get

3 EF(PQ (1_4(‘1’*(1 ;Poi)<b L —fg)xp)))

®*(I-Pg)® W*(I —pQL,)\II)
+
2

= V1<Ci,

= VI(C;, *(I - Po,)®) N VI(C;, W*(I - Pg,)¥)

= F(Pe, (I = 1" = Pg)®))) N E(Pe; (I = (VU = Po) V),

for all N € N and A; > 0. Applying the above and Theorem 3, we obtain the desired con-
clusion. O

4 Application

4.1 The general constrained minimization problem

Let @ : H; — H, be bounded linear operator, and let g : H; — R be a continuous differen-
tiable function. The minimization problem:

1
ming(®) = 7 | - P,

is to find a point x* € C such that g(x*) < g(x), for all x € C.
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In 2019, Kangtunyakarn [5] introduced the general constrained minimization problem

as follows:
_ 2 _ 2
mingie) = L=PQOWI | 14-POVEI (19)

The set of all solution of (19) is denoted by I'; = {x* € C: g(x*) < g(x),Vx € C}.
Lemma 8, Kangtunyakarn [5] shows the relationship between the general split feasibility

problem and the general constrained minimization problem.

Lemma 8 (See [5]) Let ®, ¥, ®* and V* define as the same in Lemma 7. Let g : H; — R

_ 2 _ 2
be a continuous differentiable function defined by g(x) = 1 PQiq)(x)” 410 Pin(x)H , for all

xeH. IfT" #0,thenT =T,.

Remark 4 From Lemma 7 and Lemma 8, we have & = (Y T

Theorem 4 For each i =1,2,...,N, let C;, Q;, ®, ¥V, ®*, and V* define as the same in
Lemma 7. Let the function g; : Hi — R be differentiable continuous function defined by

IU-PQ)®@I1>  1U~Po )W ()| , .
gilx) = o + . ,foralli=1,2,...,N. Let T : HA — H; be a cutter with
p=F(T)N ﬂi\:[l g, # W and I—T is demiclosed at 0. For given x1 € H; and let the sequence

{x,} be generated by

N

Xn+l = NpXy + O5;'1PH(x,,,,Tx,,)xn + ﬂn Txn + Vu ZﬂiPCi (1 - ﬂvgi)xm (20)
i=1

for all n,N € N, where {n,},{on}, {Bu}, {vn} SO, ) withn, +a,+Bu+vu=1ac (O,% ,
and parameters L, Ly, Ly define as the same in Lemma 7. Suppose the following conditions
hold:

(D) ¢ <N, By Yu < d for some real number ¢, d with ¢,d > 0,

(i) YN a;=1, wherea; >0 forall N € N.
Then, the sequence {x,} converges weakly to z* € ¢ and furthermore,

2= lim Py(x,).

- 2 _ 2
Proof We observe that Vg, = I Pgi)w I Pgi)\p”
and W, respectively, and Vg; is a gradient of g;. From Remark 4.2 [5], we have ﬂf\il Ig =
ﬂf\il VI(C,Vg;). By Theorem 3, Lemma 4, and Remark 4.2 [5], we can conclude Theo-
rem 4. g

, where ®* and W* are adjoint of ®

Corollary 3 Foreachi=1,2,...,N, let C;, Q;, ®, and O* define as the same in Lemma 7.
Let the function g; : H — R be differentiable continuous function defined by g;(x) =

= 2
w,]’oralli =1,2,...,N.Let T : Hy — H; is a cutter with ¢ :F(T)ﬂﬂﬁ.\z[1 g #9,

and I — T is demiclosed at 0. For given x, € Hy and let the sequence {x,} be generated by

N

KXn+l = NuXn + anPH(xn,Txn)xn + ﬁnTxn t Vu ZﬂiPCL‘ (1 - dvgi)xn: (21)
i=1
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for all n,N € N, where {n,},{a,}, {Bn} {vu} €(0,1) withn, +ay, + By + Yu=1,a € (0, % ,
and Ly is spectral radius of ®*®. Suppose the following conditions hold:

(D) ¢ <N, By, Yu < d for some real number ¢, d with ¢,d > 0,

(i) YN a;=1, wherea; >0 forall N € N.

Then, the sequence {x,} converges weakly to z* € ¢ and furthermore,
z* = lim P,(x,).
n—00
Proof Putting ® = W, in Theorem 4, we obtain the desired conclusion. O
Theorem 5 For each i=1,2,...,N, let C;, Q;, ®, ¥V, ®*, and V* define as the same in

Lemma 7. Let U : H — H, be a quasi nonexpansive mapping with ¢ = F(U) N & # 0, and
I - U is demiclosed at 0. For given x1 € H, and let the sequence {x,} be generated by

1
Xn+l = Nn¥n + OlnPH(xm%(u”)xn)xn + B <§(U + 1)>xn

N

O*([ - Pp. )P V*( - Po,)¥

+y,,2aiPCi(1—a( ( 5 o) + ( 5 o) ))xn, (22)
i=1

for all n,N € N, where {n,},{o,}, {Bu}, {vn} SO ) withn, +a,+Byu+vu=1a¢€ (O,% ,
and parameters L, Ly, Ly define as the same in Lemma 7. Suppose the following conditions
hold:

(D) ¢ <nu o, Bu, Yu < d for some real number c, d with ¢,d > 0,

(ii) Zf\il a; =1, wherea; >0 forall N € N.

Then, the sequence {x,} converges weakly to z* € ¢ and furthermore,

z" = lim Py,(x,).

n—00

Proof From Remark 3 (ii) and Theorem 3, we can conclude Theorem 5. O

4.2 The constrained minimization problem

Since the proximity operator is related to the minimization problem, that is F(Prox;) =
argminf, and proximal mapping of f is a special case of the cutter, with such a relationship,
we will prove Theorem 6, but let us first recall the definition and the critical lemma of the
proximity operator as follows:

Definition 2 Let f : H — (—00,+00) and let x € H. Then Proxsx is the unique point in H
that satisfies

769 = min(F0) + 3151 ) =FProsy) + s Prosl

The operator Proxy : H — H is the proximity operator or proximal mapping of f.

Lemma 9 (See [15]) Letf : H — (—00, +00) be the set of proper lower semicontinuous con-

vex functions. Then, Proxy and I — Proxy are firmly nonexpansive.
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Lemma 10 (See [15]) Let f : H — (—00,+00) be the set of proper lower semicontinuous

convex functions. Then, F(Proxs) = argminf.

Using the relationship of proximal mapping and cutter, we prove weak and strong con-
vergence theorem for finding solutions to the proximal problem and common element of

the set of the finite general split feasibility problem.

Theorem 6 For each i=1,2,...,N, let C;, Q;, ©, V¥, ®*, and V* define as the same in
Lemma7.Letf : H— (—00, +00) be the set of proper lower semicontinuous convex functions
and assume that Proxy : H — H is the proximal mapping of f with ¢ = argminf N& #,
and I — Proxy is demiclosed at 0. For given x| € H, and let the sequence {x,} be generated
by

X+l = Nn¥n + anPH(xn,Proxf(xn))xn + ,Bnproxf(xn)

N
O*([ - Pp. )P V*([ - Pp,)¥
+)/nZﬂqu(1—ﬂ< ( o) + ( @) ))xn, (23)
i=1

2 2

Sor all n,N € N, where {n,}, {au}, (Bu}, (v} € (0,1) with 0, + oty + Bu+ vu=1,a € (0,3),
and parameters L, Ly, Ly define as the same in Lemma 7. Suppose the following conditions
hold:

(D) ¢ <nu o, Bu, Yu < d for some real number c, d with ¢,d > 0,

(i) YN a;=1, wherea; >0 forall N € N.

Then, the sequence {x,} converges weakly to z* € ¢ and furthermore,

Z* = lim P,(x,).

n—00

Proof From Lemma 9, Lemma 10, and Remark 3, we can conclude Theorem 6. O

5 Numerical examples
In this section, we give the following examples to support our main theorem.

Example 2 Let R be the set of real numbers. Let H; = H, = R* U {0} x R* U {0}, and let
(-,) : R* U {0} x R* U {0} — R be an inner product defined by (x,y) =x -y =x1y1 + %25,
where x = (x1,x) € R* U {0} x R* U {0} and y = (y1,52) € R* U {0} x R* U {0} and a usual
norm | - || : R* U {0} x R* U {0} — R be defined by ||x| = \/m where x = (x1,x;) €
R*U{0} x R*U{0}. Foreachi=1,2,...,N,let C;=[-i—1,i+1] x [-i—2,i+ 2] and Q, =
[1-4,i+2] x [1—4i,i+3]. Let the mapping ®, ¥ : R* U{0} x R* U{0} - R* U {0} x R* U{0}
defined by

cD(X) = (xl + 2962, 2961 +QC2),
and

W(x) = (%1 + X2, %1 + X2),
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for all x = (x1,x7) € R* U {0} x R* U {0} and &*, ¥*: R* U {0} x R* U {0} - R* U {0} x
R* U {0} defined by

®*(Z) = (21 + 222, 221 + 22),

and
U*(z) = (21 + 22,21 + 22),

forall z = (z1,23) € R* U {0} x R* U{0}. Let Tx = (|x1], |x2]) where x = (x1,x;) € R* U {0} x
R* U {0}. The sequence {x,} is generated by (8), where 1, = 21”0*711, o, =2t g = ﬁ and
=212 forall m e N. Since Ly =9 and Ly = 4, we have L = 9. So, we choose a = é From

Vn = 10mn
Theorem 3, we can conclude that the sequence {x,} converges to (0,0). We can rewrite (8)

~ 10m

as follows:

2n+1 5n-4 1
Xn+l = 107 (xn) + 10m PH(xn,Txn)xn + ﬂ Txn

N
3142 11 1/ ®*(I-Po)® W*(I-Po)¥
M (5 + o )Pa(1- = i i ,
+< )i=1<2l+N2N> C’( 5( 2 2 x"

10m

for all n > 1, where x, = (x},%2), Pc,(%1,%2) = (max{min{xy,i + 1}, —i — 1}, max{min{x,, +
2}, —i—2}) and Py, (%1, %2) = (max{min{xy, i + 2}, 1 — i}, max{min{x,,i + 3},1 — i}).
The Table 1 and Fig. 1 show the values of {x,} with x; = (-100,-100) and n = N = 15.

Table 1 The values of {x,} with x; = (-100,-100) and n=N =15

Xn =06, x2)

(-100.0000,-100.0000)
(~20.0000,-20.0000)
(-3.6000,-3.4000)

w N = | D

7 (-0.0162,-0.0053)

13 (-0.0001,0.0006)
14 (-0.0001,0.0006)
15 (0.0000,0.0006)

Figure 1 The convergence of {x,} with x; = (-100,-100) and n=N= 15

Page 17 of 20
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Example 3 Let R be the set of real numbers. Let H; = H, = R?> and let (-,-) : R? - R be an
inner product defined by (x,y) = Xy = x1y1 + %y, where x = (x1,%;) € R2andy = (y1,y2) €
R? and a usual norm || - || : R* — R be defined by ||x|| = /2% + 2 where x = (x1,%,) € R2.
For each i = 1,2, let C; = H(x;, B) = {r € Hy : ((2},3),r) = 0} where r = (r,7,) € R? and
Q; = H(a;, B) = {t € Hy : (((-2),2%),T) = 0} whereM= (71,7,) € R Let the mapping &, W :
R? — R? defined by

D(x) = (%1 + 2x2,2%7 + x2),
and
W(x) = (1 + %2, %1 +%2),
for all x = (x1,%,) € R? and ®*, W*: R? — R? defined by
D*(z) = (21 + 229,221 + 23),
and
U*(z) = (21 + 22,21 + 22),

for all z = (z1,2,) € R2. Let Tx = (x1,%;) where x = (x1,%,) € R2. The sequence {x,} is gen-

erated by (8), where 7, = %, oy = 2’;;1, Bu = 32;2 and y, = %}. From the definition of ®,
v, ®*, U* and T, we have F(T) N & = (0,0). From Theorem 3, we can conclude that the

sequence {x,} converges to (0,0). We can rewrite (8) as follows:

1 2n—-1 3n—-2
Kne1 = ——(Xn) + Pritey, Ten)%n + | —— ) T
n 6n 6n

N
n+l 11 1/ ®*(I-Py)d W -Po)V
o+ — )P (I-= i i ,
+( 6 >,Z=1:<2‘+N2N) C’( 5( 2 T 2 "”

forall n > 1, where x, = (x},x2), Pc, (x1,%2) = (x1,%2) — (@3).n5) (97 3i) and P, (x1,%) =

- 124,372
_ (=253, 1,%2)) . ((_oNi i
(xler) “((72)1"21')“2 (( 2) 72 )'
The Table 2 and Fig. 2 show the values of {x,} with x; = (-0.5,-0.5) and n = N = 50.

Table 2 The values of {x,} with x; = (-0.5,-0.5) and n =N =50

1,2

n Xn = (X, X5)

1 (-0.5000,-0.5000)
2 (-0.3333,-0.3333)
3 (-0.2570,-0.2454)
25 (0.0046,-0.0058)
48 (0.0018,-0.0011)
49 (0.0017,-0.0010)

50 (0.0016,-0.0010)
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1,2,
o
~

Figure 2 The convergence of {x,} with x; =(-0.5,-0.5) and n =N =50

6 Conclusion

1. Theorem 3 guarantees the convergence of {x,} in Example 2 and Example 3.

2. The convergence of {x,} in Example 2 is faster than the convergence of {x,} in
Example 3.

3. Theorem 3 is an approximate solution to the fixed point problem of the cutter, which
the cutter can be applied to various theorems in optimization theory (see more detail
in [16, 17]) and can be reduced to firmly quasi-nonexpansive mapping.

4. Theorem 3 can be reduced to Corollary 2, which is a modification in terms of the
iterative process of Theorem 1.

5. Theorem 1 makes it difficult to give an example in a real problem, especially
condition (ii) in Theorem 1 must be calculated through the norm, which is quite
complex. While calculating the conditions of Theorem 3, it is easier to provide

examples that we give in Sect. 5.
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