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1 Introduction

As the proximal average of proper convex lower semicontinuous functions in the context
of convex analysis and optimization, the weighted resolvent mean, which is a parameter-
ized harmonic mean. has been introduced in [3] and extended to monotone operators
in [2]:

” -1
RM(w; A) := Zwi(Ai +ul)t | —pul, w=0,

i=1

where w = (wy,...,w,) is a positive probability vector in R”, and A = (4,,...,A,) is an n-
tuple of positive definite Hermitian matrices. As a symmetrized version of the weighted
resolvent mean and a unique minimizer of the weighted sum of Kullback-Leibler di-
vergence, a parameterized weighted arithmetic-geometric-harmonic mean (simply the
weighted A#H mean) has been introduced in [9]:

-1
n n

Lw; A)i= | Y wilAi+ ud) [# D wildi+uD) | -l =0,
i=1 i=1
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where A#B is the midpoint of the Riemannian geodesic A#,B = AV2(A-12BA-12)p A2
p € [0, 1], of positive definite Hermitian matrices A and B for the Riemannian trace metric
8(A,B) = || logA"Y2BA~12|,. Interesting results of these means are that they interpolate
the weighted harmonic mean and arithmetic mean, the weighted A#H mean is the limit
of the mean iteration of the two-variable arithmetic mean and resolvent mean, and they
satisfy the monotonicity for parameter 1 and the nonexpansiveness for the Thompson
part metric dr(A, B) = || log A"Y2BA~Y2||, where || - | denotes the operator norm. Recently,
a generalization of the parameterized version of weighted means including the Cartan
mean, which is the unique minimizer of the weighted sum of Riemannian trace distances
to given variables, to contractive barycentric maps of probability measures has been de-
veloped in [14].

On the open convex cone of positive invertible (positive definite) bounded linear oper-
ators as the infinite-dimensional setting, we consider a family G = {G,} of the n-variable
weighted means equipped with homogeneity and properties related to the Loewner par-
tial order for each n € N: the monotonicity, joint concavity, and arithmetic-G-harmonic
mean inequalities. It includes many multivariate means such as the resolvent mean, power
mean, Karcher mean [12], and we call it the ordered mean. Similar to the weighted resol-
vent mean and the weighted A#H mean, we construct the parameterized ordered mean
from given ordered mean G:

G*(w; A) = GM(w; A1 + ud, ..., Ay + ) —ud, w>0,

and G*(w; A) := G *(w; A1)~ for 4 < 0, where A1 := (A7%,...,A;"). In Sect. 3, we first in-
vestigate properties of the parameterized ordered mean additionally to those in [14] and
then compare two mixed means of parameterized ordered means: for the n-by-k block
matrix A = [A;] whose block entries are positive definite operators and for a positive prob-
ability vector A € RX,

G, (a); G;(“ (A;Al), . Gﬁ" (A;A”)) and szwim (A; Go(w;Ay),...,G(w; Ak)),

where A’ and A; denote the tuples of the ith row and jth column of A. They coincide
when the variables A; commute, but this does not hold in general. We obtain interesting
inequalities associated with the Kantorovich constant.

Furthermore, in Sect. 4, we consider two families of parameterized ordered means

{GEPI=EE1Y) (; A) ) and {P,(1-t6G" (@A), G (wA))}

te0,1] te[0,1]

for given parameters u, v > 0 and any p € [0, 1]. Note that P,(w; A) is the weighted power
mean of positive definite operators, which is the unique positive definite solution X of the
nonlinear equation X = )", w;X#,A;. The interesting fact of these families is that they
monotonically interpolate two parameterized ordered means G*(w; A) and G"(w; A) due
to the monotonicities of parameterized ordered means on parameters and power means
on variables. We show their relation with respect to the Loewner order and provide a gen-
eralization to the multivariate power means, so that we obtain an interesting chain of in-
equalities for positive parameters. Finally, in Sect. 5, we give two open problems about the
interpolation of parameterized ordered means for the generalized means (Holder means)
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instead of the power means and the contractive barycentric maps of probability measures
with compact support.

2 Ordered means
Let B(H) be the Banach space of all bounded linear operators on a Hilbert space H with in-
ner product (-, -), and let S(H) C B(#) be the real vector space of all self-adjoint operators.
We call A € S(H) positive semidefinite (positive definite) if (x, Ax) > (>)0 for all (nonzero,
respectively) vectors x € H. We denote by P C S(#) the open convex cone of all positive
definite operators. For self-adjoint operators A, B, we write A < (<)B if B — A is positive
semidefinite (positive definite, respectively). This is known as the Loewner partial order.
Since Kubo and Ando [10] established two-variable means of positive definite matrices
and operators, many different kinds of construction schemes of n-variable means have
been developed. Especially, Ando, Li, and Mathias [1] suggested ten desired properties
for extended geometric means. We consider a family of the weighted means of positive
definite operators with homogeneity and properties only related to the Loewner order
and call it the ordered mean. In the following, A, is the simplex of positive probability
vectors in R” convexly spanned by the unit coordinate vectors.

Definition 2.1 The ordered mean is a family G = {G, } ,en such that for each n, amap G, :
A, x P" — P satisfies the following properties: for A = (Ay,...,A,), B=(By,...,B,) € P",
o = (wy,...,w,) € A, and a positive real number a,

(P1) (homogeneity) G,(w;aA) = aG,(w; A);

(P2) (monotonicity) G,(w;B) < G,(w; A) whenever B; < A; forall 1 <i<wm;

(P3) (joint concavity) G,(w; (1 —s)A +sB) > (1 —5)G,(w; A) + sG,(w; B) for 0 <s < 1;

(P4) (arithmetic-G-harmonic weighted mean inequalities)

n -1 n
H(w; A) := |:Z w,»Al-_l:| <G,(w;A) < ZwiAi = A(w; A).
i=1

i=1

By the arithmetic-G-harmonic weighted mean inequalities (P4) we can see that the or-
dered mean G is idempotent, that is, G,,(w;A4,...,A) =AforallA e Pand n e N.

Remark 2.2 Many multivariate means of positive definite matrices and operators, includ-
ing the Ando-Li—Mathias mean [1], Bini-Meini—Poloni mean [5], resolvent average [3],
arithmetic-geometric-harmonic mean [9], power mean [15], and Karcher mean [12], fulfill
the definition of ordered means. Moreover, every ordered mean G = {G,},cn is the mul-
tivariate Lie—Trotter mean since it satisfies the arithmetic-G-harmonic weighted mean
inequalities, that is, for each »

. 1/s - ’
}gl(l) G, (a); y1(8), .00y y,,(s)) = exp |:21: w;Y; (O):| ,

where w € A, and y4,..., y, are differentiable curves on P with y;(0) = I for all i. See [6]
for more detail.

Remark 2.3 By [11, Proposition 2.3] the ordered mean G is nonexpansive for the Thomp-
son metric dr. In other words, let A = (44,...,A,), B = (By,...,B,) € P", and w =
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(wi,...,w,) € A,,.. Then for each n € N,

dr(Gu(@; A), G(@; B)) < max dr(A;, B),
where d7(A, B) = || log A"Y2BA~12| for A, B € P and the operator norm || - ||. This provides
a generalization to the contractive barycentric map of probability measures [13, 14] and
the continuity of the ordered mean G,,.

Let
Ann A - An
Ay Axp - Ay
A= [Aij] =
Anl An2 T Ank

be an n-by-k block matrix with block entries A;; € IP. We denote by Al:= (A7, A, ..., Aix) €
P and A, := (A1j, Ay, ..., Ayj) € P", respectively, the tuples of the ith row and jth column
of A. Also, we denote by A; ® A, @ - -- @ A, the n-by-n block diagonal matrix with block
entries A; € P.

Given w = (wy,...,w,) € A, let

n
= E WA
-1

for an n-by-# block matrix A = [A;]. Then it is strictly positive and unital linear map.
Assume that 0 < ml < A; <MI for all i = 1,...,n and some constants M, m > 0. Applying
[4, Proposition 2.7.8] to ® with A; @ Ay @ --- & A,, we obtain the reverse inequality of
arithmetic-harmonic weighted mean inequality:

Xn:WiAi_ (M o) |:Xn: iAi }
i=1

_ (M+m)2
Here the value K = i

weighted mean inequality in (P4) we have

is known as the Kantorovich constant. By the G-harmonic

qu_geﬁiamﬂhwmy (2.1)

For each n, consider a multivariate geometric mean G, satisfying the consistency with
scalars, that is,

Gu(w; A) = [ [A}"
i=1
when the A; commute, where A = (44,...,A,) € P". Then the following holds:

Gu(@3Ge(1sAY),..., G (5 A")) = [TA;™ = Gu(3s Gal@s Ar), .., Galws Ag))

ij
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when the A;; commute, where A = (Aq,...,Ax) € Ay, and A = [A;] is the n-by-k block ma-
trix with A; € IP for all i, j. Although it does not hold in general, we have the following
inequality.

Theorem 2.4 Let A = [A;] be an n-by-k block matrix with A; € P for all i, j. Assume that
0<ml <Ay <Ml for all i, j, where M, m > 0 are some constants. Then the ordered mean
G = {G}nen satisfies that for all . € Ag and w € A,

Gn(a); Gk(A;Al), e Gk(A;A")) < I(Gk(k; Gu(w;Ay),...,G,(w; Ak)),

_ (M+m)?
where K = A

Proof Let w = (w1,...,w,) € Ay,. Then

G, (a); Gk(A;Al), s Gk(k; A”)) < Z win(A;Ai)
i=1

< Gk (K; Z WA’) = Gy ()x; Z wilil,..., Z Wz’Aik)
i=1 i=1 i=1

< Gr(MKGu(w; Ay), ..., KGy(w; Ay))

= KG (% Gu(@; A1), ..., Gulw; A)).

The first inequality follows from the arithmetic-G weighted mean inequality in (P4), the
second from the joint concavity (P3), the third from (2.1) together with the monotonicity
(P2), and the last equality from the homogeneity (P1). a

Theorem 2.5 Let A = [A;] be the n-by-k block matrix with A;; € P for all i, j. Assume that
0<ml <Ay <MI for all i, j, where M,m > 0 are some constants. Then

Gn(a); Gk()"; Al);'u)Gk()‘-;An)) S tGk()‘-’ Gn(a);Al);'uan(w;Ak)) + IOM,m(t)[,

where
1-8)m, t>M/m,
Pmm(t) = 3 M+ m — 2/ tMm, mIM <t < M/m,
1-0M, t<m/M.

Proof It has been shown in [7, Theorem 2.2] that

-1
W(A) -t (A1) < w(a) - t[_ﬂ%m\p(A) M ’”1]

Mm

for any positive unital linear map W and any ¢ > 0, where A € P with 0 < mI <A < MI.
We can easily see that the function f(x) = x — NKVZ”_ ~ has only one critical point xo = M +
m — +/tMm and f”(x) < 0 in the closed interval [m, M]. Thus by fundamental calculation

we obtain, as above,

t) = max f(x
prm(t) = max f(x)
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and
W(A) <t (A7) + o)

forall £ > 0and any A € Psuch that 0 < mI < A < MI. Then by the arithmetic-G-harmonic

weighted mean inequalities in (P4) we have
G, (a); Gk(A;Al), s Gk(k; A”)) — tGk(A; Gu(w;Ay),...,G,(w; Ak))

-1
_ o~ ~_1\-1
=D wikidi - t[z wixinjl} = o) - td(A ) < pum(O)],
L b

-~

where ®(A) = Zi,j w;MA;; for
K;All@"'@Alk@AZI@"'@Azk@"'@Anl®"'@Ank

is the positive unital linear map for given probability vectors w = (wy,...,w,) and A =
()"l)uw)\'k)' O

Remark 2.6 For t =1 in Theorem 2.5,
G,,(a); Gk(A;Al),...,Gk(A;A”)) < Gk()»; Gulw;Ay),...,G(w; Ak)) + (VM - m)*L

3 Parameterized ordered means
For given ordered mean G = {G,}, we define the parameterized ordered means G* : A, X
P" — Pas

G*(w;A) = G(w; A+ ul) —ul, p=0, 3.1)
where I = (J,...,I) € P" with identity operator I, and
G*(w;A):=G™* (w; A’l)_l, u<0. (3.2)

We also denote
G®(w;A) =lim;,_, o G*(w; A) and G™®(w;A) =1lim,_,_ G*(w; A).

Remark 3.1 We recall the strong (operator) topology on the Banach space B(#) of
bounded linear operators as the topology of pointwise convergence. If a net of positive
semidefinite operators A, converges strongly to A, then the nonnegative values (x, A,x)
converge to a nonnegative value (x,Ax). So the cone {A : A > 0} is strongly closed, and
hence the partial order {(A, B) € S(H) x S(H) : A < B} is also strongly closed. Note from
[18, Theorem 4.28(b)] that any decreasing (increasing) bounded below (above) net of self-
adjoint operators possesses an infimum (supremum, respectively) to which it strongly con-
verges.

Using the arithmetic-G-harmonic weighted mean inequalities in (P4) we have

G*(w;A) = A(w; A)
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under the strong topology. By (3.2) we also have
G ®(w;A) = H(w; A).
Lim [14] has established many remarkable properties of parameterized ordered means
including a stochastic approximation and L! ergodic theorem for the parameterized Car-

tan (Karcher) mean. From [14, Proposition 5.3] we have the following properties of the

parameterized ordered means G* induced from those of ordered means G.

Proposition 3.2 Let A = (A1,...,A,), B=(By,...,B,) € P" and w = (wy,...,w,) € A,,. The
parameterized ordered mean G* for 1 € [-00,00] has the following properties:

(1) (homogeneity) For a positive real number a,

G*(w;aA) = aG%(w;A), u € [0,00];
GH(w;aA) = aG*(w; A), p € [-00,0);

(2) (monotonicity on variables) If B; < A; for all 1 <i < n, then
G"(w;B) < G"(w; A);

(3) (joint concavity) For u € [0,00] and 0 <s <1,
G"(w; (1 - s)A +sB) > (1 -5)G"(w; A) + sG" (w; B);

(4) (arithmetic-G"-harmonic weighted mean inequalities)

n -1 n
[z wiAil} G A <3 Wi
i=1

i=1

(5) (monotonicity on parameters) For 0 <v < u < 00,
H=G®<..<G*<G'<---<G=G<--- <G <G‘t<...<G®=U;

(6) (nonexpansiveness) G* is nonexpansive for the Thompson metric, that is,
dT(Gﬂ(a);A), G*(w; B)) < lrrsllafxndT(Ai,Bi).

Proof Most of properties have been proved in [14, Proposition 5.3]. Especially, the

arithmetic-G*-harmonic weighted mean inequalities (4) is derived from
H(w;A) < R¥M(w;A) < G"(w; A) < A(w; A),

where R*(w; A) := [}, wi(A; + uI)7'17" — pul is the resolvent mean [9].
We show the homogeneity (1).
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(1) Leta > 0. For u > 0, by the homogeneity of ordered means (P1) we have

G*(w;aA) = G(w;aAq + ul,...,aA, + ul) — ul

= aG(w;Al +(wla),..., A, + (M/a)l) —ul = aG%(w;A).

For p < 0, similarly, by using the above result together with (3.2) we have
G (w;aA) = G (a7 AN = [a7' G (;A™))] 7 = aG™ (w5 A). O
Proposition 3.3 Let G = {G,,} be the ordered mean such that for all n and w = (wy,...,

Wa) € Ay,

(i) G, is invariant under permutation, that is, for any permutation o on n letters,
Gn(wa;Aa) = Gn(CU; A);

where W = (Wo(1)s .- » Won) and Ay = (As()s .. s Ac(n)s
(i) Gy is invariant under repetition, that is, for all k € N,

Guc (0P AL Ay AL Ay) = Gul@3Ar, .., Ay,
—— ——

1
where o® = TWi e Wayo W, W) € Ay,
——— —_————
(ili) Gy is invariant under congruence transformation, that is, for any invertible operator
S € B(H),

G, (a); S*AS) =S5"G,(w; A)S,

where S*AS = (S*A1S,...,S8*A,S),
(iv) Gulw;As,...,Au1,X) =X ifand only if X = G,_1(®; A1, ..., A, 1), Where
D= ﬁ(wl:uwwn—l) €Ay,
(v) (Gu(w;A1,...,An) < Gu(w; P(A1),..., P(A,)) for any positive unital linear
map .
Then the corresponding parameterized ordered mean G" for . € [—00,00] has the same

properties (i), (ii), (iii) for any unitary operator S and (iv). Moreover,

CI)(GZL(U);AD oo rAn)) = GZ(O); q>(A1)) s (D(An))¢ M e [01 OO],
(G (w; Ay, ..., Ap) > G (w; DATH ..., AN ™), 1 el-00,0).

n

Proof Tt is obvious from properties (i)—(iv) of the ordered means G that the corresponding
parameterized ordered mean G* for € [—00, 00] has the same properties.
For p € [0, 00], applying (v) with the positive unital linear map ®, we have
D(Gh(w3AL,...,An) < Gu(w; DAy + ), ..., (A, + ul)) — ul
= Gu(w; P(AL) + ..., D(Ay) + pul) — ul

= Gl (0 D(A1),..., D(A))).

Page 8 of 16
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Similarly, for u € [-00,0),

(G (w; A, Ap) = Q(Gw(w;A{I,...,A;l)‘l)

> G (w3 P(AY), ..., @(4;1)

n

=Gl (a); CD(AII)A, s @(A_l)fl).

n

The first equality follows from definition (3.2), the second inequality from Choi’s inequal-
ity in [4, Theorem 2.3.6], the third inequality from (v) and the order reversing of inversion,

and the last equality again follows from definition (3.2). O

Theorem 3.4 Let A = [A;] be the n-by-k block matrix with A; € IP for all i, j. Let w =
Wi,...,wy) € Ayand k= (Aq,..., ) € Ag. Then for any pq,..., 0y, >0,

ZWLGM’ (MA) < G‘”"‘( Zw,A‘)

i=1
where w @ L=y " Wit for (= (L1, ..., ).

Proof By the joint concavity of ordered means (P3) we have

Xn: w; G (A AT) = Xn: wiGr(A A+ pil) - Xn: wipil
i1

i=1 i=1

<Gk (X; i wi(A"+ M51)> - i wipd = G (l; i WW). O
i-1 i=1

i=1

Remark 3.5 For n =2, taking 1 = p = v(>0) and w = (1 - £,¢) for £ € [0,1] in Theorem
3.4 yields the joint concavity in Proposition 3.2(3):

(1-1)G"(:;A) +tG"(A;B) < G”(%; (1 - H)A + ¢B).
So Theorem 3.4 is a multivariate extension of the joint concavity.

Theorem 3.6 Let A = [A;] be the n-by-k block matrix such that 0 < mI < A; < MI for
some constants M,m > 0. Let w = (W1,...,w,) € A, and k= (A1,..., ) € Ax. Then

(i) for any pa, ..., pny v 2 0,

Gh(w; G (s AY),..., GE (L A")) < KGE™ (3 Gl Ay, ..., Gilw; Ar));
(ii) for any pu1,..., tu,v <0,

G (3G (M AY),..., G (LAT) <KT'G (L Gw; Ay, Gl Ar)),

_ (M+m)*
where K = W

Page9of 16
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Proof Assume that 0 < mI < A; < MI for some constants M, m > 0, where A = [A;] is an
n-by-k block matrix.
(i) Since the parameterized ordered mean GV satisfies the arithmetic-G"-harmonic

weighted mean inequalities in Proposition 3.2 (4), from (2.1) we have

Y widi <KG)(w;Ay,..., Ap). (3.3)
i=1

Then for w1,..., y, v >0,

G, (w; Ggl (k;Al), vy G,’:” (A.; A”)) < Z WiG;:i (A;Ai)
i=1
<G (A; > w A’)
i=1
= GZ).H ()\,; Z W[Ail, ey Z WiAik)
i=1 i=1

< G (LKGY (@3 Ar), ..., KG (w; Ar))

we L

=KG,* (k; Go(w; A1), ..., G (w; Ak))

<KG*™" (k; Gl(w;A),...,G(w; Ak)).

The first inequality follows from the arithmetic-G” weighted mean inequality in
Proposition 3.2(4), the second inequality from Theorem 3.4, the third inequality
from (3.3), the second equality from the homogeneity in Proposition 3.2(1), and the
last inequality from the monotonicity of parameterized ordered means for
parameters in Proposition 3.2(5) since K > 1.

(ii) For p1,..., My v <0, we have

GZ(w; G (A;Al), LG (A; A”))

=G, (@ G (2 (A7), G 0 (A1) )
> K'G P (1,6 (w3 (A1) ™), G (w3 (A ™))
= K G (M Gllw; Ar) ™, Gl A ™)

=K'G™" (A; Gh(@; A1),..., Gy (w3 Ag)).

The first equality follows from (3.2), the inequality from (i), and the order reversing]
of inversion, and the second and last equalities again follow from (3.2).
4 Interpolation with power means
Leta = (a1,4ay,...,a,) be an n-tuple of given positive real numbers, and let w = (wy,...,wy,)
be a positive probability vector. The generalized means, also called the Holder mean, with

exponent p € R are a family of functions

1
" v
= (St ) . p70,
i=1

Page 10 of 16
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and

Mo (w; a) ::}Jiir(l)i)ﬁp(w; a)= l—[”i i

i=1
Note that

Moo(w;a) := lim M, (w;a) = max{ay,...,a,},

p—>00

M_c(w;a) := lim M,(w;a) = min{ay,...,a,}.
p—>—00

One of the interesting properties for the generalized means is the monotonicity for expo-
nents, that is,

My(w;a) <My(wsa) ifp=<q. (4.1)

Via the theory of power means of positive definite Hermitian matrices in [15], the power
means of positive invertible operators have been successfully defined and developed in
[12]. The power mean P,(w; A) of A = (A4,...,A,) € P for p € (0,1] is the unique solution
X € P of the nonlinear equation

n
X =) wiXtA;,
i=1

and P,(w;A) = P_,(w;A™")7! for p € [-1,0). Here X#,A; = X"* (X724, X" V2PX'2 is
known as the p-weighted geometric mean of X and A;. It is the operator version of gen-
eralized mean 90, of positive scalars; in other words, P,(w; A) = M, (w; A) if the A; com-
mute. The most interesting results shown in [12] are that the power means converge to

the Karcher mean under the strong operator topology;, i.e.,
lin})Pp(a); A) = Alw; A),
p%

where the Karcher mean A(w;A) is the unique solution X € P of the Karcher equation
Y wilog X12A7IXY2 = 0,and forO<p<g <1,

’H:P_l<...§P_qu_p§...<P0:A<...<p

< < < <P, <P;<---<P =A (4.2)

For two parameters u,v > 0 and ¢ € [0, 1], the generalized means 9, := 9, (1 - ¢, ; u, v)
with exponent p € R have the following chain by (4.1):

gn—oofm—quﬁ_pfmpfmquoo

for 0 < p < gq. Thus Proposition 3.2(5) provides the following chain of parameterized or-
dered means G™ := GV (=651 (); A) for p € R:

GM < G < G < G < G < G, (4.3)
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For fixed p € [-1,1] and p, v > 0, we consider the following two families of parameter-
ized ordered means:

{Gpp(l—t,t;u,u)(w; A)}te[O,l]’ {Pp(l —t,t;G*(w; A), G"(w; A)) }te[o,l]’

which are continuous curves in [P connecting two parameterized ordered means G*(w; A)
att=0and G"(w;A) att=1.

Remark 4.1 Two families {GP»(-0512)}, 6 1 and {Py(1 — £, ; G*, G"} [0, are interpolating
monotonically two parameterized ordered means G*(w; A) and G"(w; A) depending on
the size of 1 and v. Indeed, without loss of generality, assume that 0 < u < v. Then the
generalized mean with fixed exponent p € [-1,1]

1
1—t+tx]r,
Pyt 610,0) = ul 17, p#

V4

01
Mxty = 0)

for x = i > 1 is an increasing function on t € [0,1]. So the family {GPF(I‘t’t;"’”)}te[oyl] is

increasing on t by the monotonicity of parameterized ordered means on parameters in

Proposition 3.2(5). Moreover, G* < G" again by Proposition 3.2(5), and

GM#1[(1 - £)G" + tG'#,G"), pe(01],
p
P,(1-£G",G") = { GG, r=0
G 1 [(1-6)(G*) ™ +(GH) (@) pel-1,0),
p

by [15, Proposition 3.8]. So the family {P,(1 — £, £; G*, G"},¢[0,1] is also increasing on t.

The following shows the relation between the above families of parameterized ordered
means for p = 1.

Theorem 4.2 Let A =(A;,...,A,) eP" and w = (wy,...,w,) € A,. Then forall t € [0,1],
(i) (1-8)G*(w;A) + tG"(w; A) < GID+ (o; A) for all i, v > 0, and
(ii) (1-1)G*(w;A) +tG"(w; A) > G-I+ (¢ A) for all v < 0.

Proof Taking the n-by-# block matrix

A A, A,
A1 Ay Ay
A= ,
A A, A,

in Theorem 3.4 and using the arithmetic-G weighted mean inequality, we obtain (i).

For any u,v <0,
(1-1)G (@A) + 1G" (@;A) = (1 - )G (w3 A7) " +4G ™" (w; A1)
> [(1-9)G (A7) + G (w5 A‘l)]fl

> G (0 A7) T = GU (o A).
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The first equality follows from (3.2), the first inequality from the convexity of inversion,
and the second inequality from (i) and the order reversing of inversion. O

Theorem 4.3 Let A € P",w e Ay, and w,v >0. Then forall t € [0,1] and p € [-1,1),
GEPU-4610) (; A) > P, (1 - £, £; GK (3 A), GK (3 A)),
where K = (“;—”)2.
LV
Proof For two parameters w,v >0,

(1-t)p+tv

1
GPP L6 (4 A) > G (w;A) = — G (40 KA)

K
1
z % [(1-8)G*(; KA) + G (w; KA)]
1
> I—(Pp(l -4, G"(w; KA), G"(w; KA))

= Pp(l —t,t;GK (w3 A), Gx (a);A)).
The first inequality follows from Proposition 3.2(5) with
(1-Ou+tv <K[A-t)u + 007" <KP,(1-t,1,v)

for t € [0,1], the first equality from the homogeneity in Proposition 3.2(1), the second
inequality from Theorem 4.2(i), the third inequality from the arithmetic-power mean in-
equality in (4.2), and the last equality from the homogeneities of power mean and param-
eterized ordered mean, respectively, in [12, Proposition 3.6] and Proposition 3.2(1). [J

Remark 4.4 Theorem 4.3 shows the order relation between two families

{GPPOE) (o A) ) and  [P,(1-1t,6GK (w3 A), GE (w3 A))}

te[0,1] tel0,1]

for p € [-1,1). Note that
P,(1-t,6G"(@;A),G"(w;A)) > P, (1 -1, GX (w3 A), G¥ (w3 A)),

since G* > Gk and G¥ >G K by the monotonicity of parameterized ordered means for
parameters in Proposition 3.2(5) and the power mean P, is monotonic on variables. So
it is open problem to compare {GPU461Y) (; A)} o) and {Py(1 — £, G*(w; A), G” (w;
A))}te[o,l]'

Theorem 4.3 can be extended to the multivariable power means, and its proof follows
similarly to that of Theorem 4.3 for the multivariable power means.

Proposition 4.5 Let A € P, w € Ay, and A € Ay. Then for all puq,...,pux >0 and p €
[-1,1),

*1
K

(w;A),...,G%k(a);A)),

Y
where K = (Wmax+Amin)

4/tmax Amin

Jor pimax = max{us,..., ur} and pmin = min{uy, ..., pil.
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The following theorem shows a relation between two families of parameterized ordered

means associated with power means for parameters p and g with -1 <p <1 <gq.

Theorem 4.6 LetA € P",we Ay, and h = (Ay,..., ) € Ag. Thenforall uy, ..., ux >0and
-1<p=<1l=g,

Proof Let w = (u1,...,ux) € RX with positive components. Note that Py(As 1,5 pk) =
My (A; 1, ..., pug) for any g > 1. Then
k
G (w3 A) = G (w3 A) = Y MG (@3 A) = Py(A; G (3 A), .., G (w3 A)),

i=1

where A o ;1 denotes the Euclidean inner product of A and  or, alternatively, the weighted
arithmetic mean of . with probability vector A. The first inequality follows from the mono-
tonicity on parameters in Proposition 3.2(5) with (4.1), the second from Theorem 3.4, and

the third from the monotonicity of power means in (4.2). a

Remark 4.7 By (4.2), Theorem 4.6, and (4.3) we obtain a new chain of inequalities

A(}G"M,...,G") < P1 (X GM,...,GM) < Py (L GM,..., GM) < G < GPalhin)

g b

for 1 < p < ¢q, where G’ := G"(w;A) for v > 0. For negative parameters, the reverse in-

equalities in the above chain hold, but it remains to show that
P (1GM,...,GM) = Gl
-1 =
forp > 1.
5 Final remarks and open problems

The generalized mean 9, of positive real numbers can be naturally defined for positive

definite operators A;,...,A, as

1
n p
M, (w; A) := (ZwiAf> , p0.
i=1

There are many properties analogous to those for positive real numbers, but there are

some different ones. For instance, from [8] we have

Mo(w; A) := ;1_r)r(1)imp(w; A) =exp (Z w; logAi> ,

i=1

where the right-hand side is known as the log-Euclidean mean, and

Mg <M, <M 1 =H=IM=A<M, <M,
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for 1 < p < g. We can find more information from [8] by taking the finitely supported
measure Y . w;84,, where 8, is the point measure at A € P.
Similarly to Sect. 4, we can consider the following two families of parameterized ordered

means:
[GT Ot (s A}, {9, (1 - 8,6 G (03 A), G¥ (w3 A)) }
for fixed p € R and u, v > 0. By Theorem 4.2(i) and Theorem 4.3 with p = -1 we obtain

GAALEL) (4, A) > A(L - 1,8 G" (03 A), G (w3 A)),

GH(I’t’“"’”)(a}; A)> 7-[(1 -t Gk (w; A), Gx (w3 A)).

Note that this may not hold for p € (-1, 1), since the monotonicity of generalized means
including the log-Euclidean mean does not hold. So it is an interesting question to compare
two families for general p € R.

At last, we explain the background to extending a multivariate mean to a barycenter of
probability measures and give some open problems from the results in this paper. Let B(X)
be the algebra of Borel sets on a metric space (X,d). Let P(X) be the set of all probability
measures on (X, B(X)) with separable support, and let P?(X) C P(X) for p > 1 be the set
of all probability measures with finite p-moment: for some y € X,

/ dP(x,y) du(x) < co.
X

We denote by P>°(X) the set of probability measures on (X, B(X)) with compact support.
For p > 1, the p-Wasserstein distance on P?(X) is defined by

well(p0) Jxxx

1/p
dy(p,a)::[ inf dp(x,y)dn(x,y)] ,

where I1(p,o) denotes the set of all couplings for p,0 € PP(X). Moreover, the oco-
Wasserstein distance on P*°(X) is given by

a¥(p,o) =p1in;ody(p,a) = neiﬂn(£ . sup{d(x,y): (x,) € supp(r)}.

For more details and information, see [16, 17].

For each natural number #, in general, a mean G, on a set X is a map G, : X" — X sat-
isfying the idempotency. An intrinsic mean G, is the mean with invariance under permu-
tation and repetition. By [13, Proposition 2.7] a nonexpansive intrinsic mean G = {G,}en
on a complete metric space X uniquely extends to a d' -contractive barycentric map
Ba : P®(X) — X, where fg is d¥ -contractive if and only if

d(ﬂG(p)r ﬂG(G)) = dovg(P,U)

forall p,o € P*°(X). Thus the parameterized ordered mean G* = { G/} with invariance un-
der permutation and repetition can be extended to a d -contractive barycentric map Bgu
by Proposition 3.2 (6). It is also an interesting problem to generalize results in Sect. 3 and
Sect. 4 to the 4 -contractive barycentric map Bg.
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