Maleki Khouzani and Manjegani Journal of Inequalities and Applications (2022) 2022:3%Journal of Inequalities and Applications
https://doi.org/10.1186/513660-022-02850-9 a SpringerOpen Journal

RESEARCH Open Access
()]

Some inequalities and majorization for
products of T-measurable operators

Zahra Maleki Khouzani' and Seyed Mahmoud Manjegani'”

“Correspondence:
manjgani@iut.ac.ir Abstract

' Department of Mathematical . . . .
Sciences, Isfahan University of In this paper, for a semi-finite von Neumann algebra M, we study the Young, Holder

Technology, Isfahan 84156-83111, and Heinz means inequalities and extend results for T-measurable operators. We
Iran obtain some refinements of the those inequalities for T-measurable operators. We
have also presented several inequalities in the sense of majorization.

MSC: Primary 47A63; 47A30; secondary 46105

Keywords: Heinz inequality; Young inequality; T-measurable operator; Singular
values; Majorization

1 Introduction and preliminaries

Purpose of this paper is to formulate some of the norm matrix inequalities at the con-
cept of von Neumann algebras. The inequalities include forms of the arithmetic-geometric
mean, the Cauchy-Schwarz, the Heinz mean inequality, the Young inequality, and some in-
equalities related to the Bourin question for T-measurable operators. Among many other
studies, we focus more on the papers [4, 12] devoted to extensions to unitary invariant
norms on spaces of matrices. We also improve and present a new method for obtaining
the inequalities mentioned in [10, 11]. A number of new inequalities based on [20] are
presented. We obtain the case of equality for most of these inequalities by the method
used in [9, 19].

In this section, we set up some notations and certain terminologies and give their basic
properties. Let H be an infinite dimensional Hilbert space, and let L() be the algebra of
all bounded operators in 7. In what follows, ' is a von Neumann algebra on #, that is a
x-subalgebra of £(#H) closed in the weak operator topology. The identity in N is denoted
by 1. A von Neumann algebra is said to be o-finite if it admits at most countably many
orthogonal projections. We are only interested in semi-finite von Neumann algebras, that
is, those which admit a faithful normal semi-finite trace . We fix a couple (M, ) for semi-
finite von Neumann algebra M with semi-finite trace t. The cone of positive operators,
the identity, and the projection lattice in M are denoted by M*, 1 and P(M), respectively.

An (unbounded) operator x with domain D(x) C H is densely defined if D(x) is dense
in H. The operator x is called closed whenever its graph is a closed subspace of H x H.
If x: D(x) — H is a closed densely defined linear operator, then it can be shown that the
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operator x*x is self-adjoint and positive. The modulus |x| of x is defined by |x| = (x*x)%. It
is well known that for every self-adjoint operator 4, there exists a unique spectral measure
e* : B(R) — B(#) such that

a= /l;)»de“()\)

as a spectral decomposition of a.

Now, we are ready to introduce the non-commutative L,-spaces. A linear operator x :
D(x) — H is called affiliated with M, if ux = xu for all unitary u € M’. Note that if x €
B(H), then x is affiliated with M if and only if x € M.

A closed and densely defined linear operator x : D(x) — H is said to be r-measurable if
x affiliated with M, and there exists A > 0 such that t(e/*!(X, 00)) < 00. In fact, there exists
a sequence {p,}°; of orthogonal projections in M such that p,(H) € D(x) forall n,p, 1 1
and 7(1 — p,) | 0 as n — o0. The collection of all T-measurable operators is denoted by
Lo(M). The set Lo(M) is a complex *-algebra with unit element 1. The von Neumann
algebra M is a x-subalgebra of Lo(M).

The measure topology on Lo(M) is defined by fundamental systems of neighborhoods
around zero is given by

v(e, ) = {x €Lo(M):Fpe P(M) s.t. |lpx|| <e and t(1 - p) < 8},

where € and § run over all strictly positive numbers. It is known [8] that M is dense
in Lo(M). In fact, if x = ulx| € Ly(M) and |x| = fooo Lde™ (1), then the sequences
{u [y +de™(1)}22, in M tends to x as n — oo in the measure topology.

Let x be a T-measurable operator and ¢ > 0. The ¢th singular value of x (or generalized
s-numbers) is the number denoted by p;(x) and for each ¢ € R{ (set of nonnegative real
numbers) is defined by

we(x) = inf{ llxe|l :e € P(M),t(1-e) < t}.

The notation of generalized s-numbers for T-measurable operators was carefully devel-
oped by T. Fack and H. Kosaki [8]. For every x € M, u.(x) is nonincreasing and right
continuous. As well as we have

Mt(|x|) = Mt(x*) = pe(x).

In the following theorem, we collect some other known [7, 8] facts on s-numbers that
we will use later.

Theorem 1.1 Let x, y be t-measurable operators and a,b € M. Thenfort € R and o € C,
(1) pelax) = lot|pe ().
(2) i) = ue(x)", for any positive real number r and positive t-measurable operator x.
(3) pexy) = we((xy)*) = ne(y*x*) and besides that p(xy) = u(yx) for hermitian
operators x and y.
(4) pe(ley™]) = pe(lxl.y]).
(5) pilaxb) < llall w @B, if x <y, then p(x) < ().
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©6) Ipel®) = e = llx = yll.

(7) psee(x+) < ps(x) + pe(y), for s = 0.

(8) ifp € P(M), then pi(xp) =0 for each t > t(p).

©) () = [y~ (@) de.

(10) let f be a bounded continuous increasing function on [0, 00) with f(0) = 0. If
x € M*, then

e (f (%)) = f (e (%)),

and

(1)
()= [ ) dr 1)

(11) letf be continuous increasing function on [0, 00) such that f(e') is convex, then

/0 f(,ut(xy)) < ‘/0 f(,ut(x)ut(y)) dt, forall s>0.

(12) fosf(ut(x +y))dt < fosf(ut(x) + wu(y)) dt for any convex continuous increasing
function f on R*.

(13) [y pelxy) dt < [y 11:(¥) 11 (y)" dit, for all s € R§ and positive T-measurable operator
x, .

(14) for positive real numbers r, p, q such that % = }lﬂ + % and x, y be positive

T-measurable operators, we have

1/ 1 1 [
L s [epas - [Cuoran
rJo pJo qJo

The next result was stated in [8, Proposition 3.2].

Proposition 1.2 For t-measurable operator x, the following conditions are equivalent:
1 7(p*(s,00)) <00 forall s >0,
2 lim; o0 pe(x) = 0,
3 there exists a sequence of bounded operators x, € L1(M) such that x,, — x in the

measure topology.

With any of these three characterizations, we say that x is T-compact operator. These
operators form a complete bilateral ideal in Lo(M) that we will denote by IC(Lo(M)). It is
known that for every positive operator x € KC(Lo(M)),

ox) = {/Lt(x) it> O}.

Note that a T-compact operator is not necessarily bounded.

For 0 < p < 00, L,(M, 7) is defined as the set of all T-measurable operators x such that

=

llxll, = 7 (1%/7)? < oo. 2)

Page 3 of 20
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Moreover, we put Lo (M, t) = M and denote by || - ||~ the usual operator norm [2, 5,
8, 21]. For simplicity from now on L,(M, ) will denoted by L,(M). In this paper, we
establish an analogue for majorization type of the Young and Heinz inequalities in the
setting of operators affiliated to semi-finite von Neumann algebras. By using these results,
we generalize the || - ||, type of those inequalities for T- measurable operators in Theorems
2.25 and 3.3.

2 Young and Cauchy-Schwarz inequalities
The Young inequality is a well-known inequality, valid for p > 1 and 117 + é =1 is usually
stated as

1 1
af < I—gap + ;Iﬁq’ (3)

for any positive real numbers o and g, equality holds if and only if o = 4. Several gener-
alisations of the Young inequality where « and B are replaced by Hilbert space operators
or by singular values, norms, or traces of operators are known. For more references and
further discussion on the subject of the Young inequality for matrices and operators, we
refer the reader to [1, 6, 9, 20]. In particular, we remark that it was the fundamental paper
by T. Ando [1], which initiated the study of the Young inequality for the singular values of
n x n matrices. The present paper adds to these results by formulating new Young-type
norm inequalities in L,(M). Farenick and Manjegani [9] proved the case of equality in the
Young inequality for operators in a semi-finite von Neumann algebra.

Proposition 2.1 ([9]) Let x, y be operators in M.

1 1
Mt(|xy*|) = Mt (l; |x|P + 6|)’|q>, fOi’ allt>0. (4)
Moreover, if x,y € L1 (M) and bounded, then equality holds if and only if
ll” = 1y

In the above proposition, x and y are bounded operators playing important role in the
proof of the equality case in (4). In [19, Theorem 3.3], the authors extended (4) to sin-
gular values of 7-measurable operators. Since t-measurable operators are not necessarily
bounded with finite trace, the same proof for the case of equality in last proposition does
not work. Still, we do not know for operators in L,(M): Does p,(|lxy*|) = [/Lt(l% |x|? + 011|y|‘1)
for all £ > 0 imply that |x|? = |y|7?

Let 1 < p < 00, an operator x € M is said to be locally integrable if there exists § > 0 such
that

s
/ e (x)? dt < oo.
0

The set containing all these operators is denoted by £ (M). Note that, in particular, all

loc
bounded operators a € M are of this class. Moreover,

S S
/ P dt = s (P! / ey
0 0
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implies that £/

loc

(M) c £ (M) for each p > 1. In [19], Larotonda proved the following

loc
theorem that is answer to the above question for t-compact operators.

Theorem 2.2 ([19]) Let a,b € K(Ly(M))* with ab SIZOC(M). If

1 1
we(labl) = /Lt<1—atlp + gbq) forall t>0,

then a? = b1. If p = q = 2, it suffices to assume that ab € £ _(M).
According to part (4) of Theorem 1.1, we have the following corollary.

Corollary 2.3 Let x,y € K(Lo(M)) with xy € EIZOC(M). If

1 1
e(|xy*)) = m(—lxlp + —Iqu) forall t>0,
p q
then |x|P = |y|9.

This powerful version of the Young inequality for singular values is important in that all
results on t-measurable operators, such as norms inequalities and majorization, can be
deduced from it. So, it makes sense to find more general cases of this inequality. However,
in considering the young inequality, it is not known whether the above theorem has a
formulation in which it is true that

1 1
11 (|azbl) < m(—laZI" + —|b2|q>,
p q

when a, b are positive T-measurable operators, and z € Lo(M). However, this topic ex-
ceeds the scope of this paper.
As aresult of [19, Theorem 3.3], for every x,y € L;(M), we have

1 1 1 1
bl = it bt < Al o (5)

If x and y are bounded operators or xy € £2 (M), then equality holds if and only if |x|? =

loc
ly|? using Proposition 2.1 or Theorem 2.2. More general, using similar argument in [20,
Corollary 2.5] and part (4) in Theorem 1.1, we have Holder and Young inequalities within
the || - Iy in L1 (M).
Corollary 2.4 Ifx,y € L1(M), then for all positive real numbers p, q, and r with }7 + % =1

r?

e[ = (N 1)7 (i ],) 7 =

r r
2], + =19,

it + 2o,

Moreover, if x and y are bounded operators or xy € £ (M), then equality holds if and only
if |xlP = |y|?.

Theorem 2.5 (Cases of Equality in Tracial Holder and Young Inequalities) Assume that a,
b are positive bounded operators in L,(M) and p > 1. The following statements are equiv-
alent.
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1 lablly = a1 15911

2 llabllly = lla? 1} 716701}

3 llablly = Lla 1y + 1169153
4 |llabl |y = Llla?lly + L167)1;
5 bl=ad".

Proof Using similar method used in the proof of [9, Theorem 3.6]. O

In the rest of this section, first, we demonstrate an extension of refinement of the Young
inequality for T-measurable operators [16, 17]. Kittaneh and Manasrah gave a refinement
of the Young inequality as follows in [17]:

Form=1,2,...,
(a"b"")" + (min{v,1 - v})" (Vam - x/b_’")2 < (va+@1-v)b)", (6)

where a, b are positive real numbers, and 0 <v < 1.

We generalize (6) for positive T-measurable operators in the following theorem.

Theorem 2.6 Let a, b be positive operators in L1(M). Then form =1,2,...,

e b= 7+ mingv, 1= vy (lall? ~ 151,7)° < va + (1 - v)b] . @

Proof By Corollary 2.4, we have
|a"e |, < llall}.Nbl3.
Thus by (6),
(a6 ] ,)" + (min{v, 1= v})" (lall £ - 151,5)*

< (lallZ1B11)" + (minfv, 1 = v})"(lall 2 - 1517 )*

< (vllal + @ =v)blh)". O
Remark 2.7 A result similar to Theorem 2.6 has been proved in [22, Theorem 3.8].

The following result is another extension of refinement of the Young inequality for 7-

measurable operators. Let us first recall the inequality introduced by Xing-ka in [15].

Lemma 2.8 ([15, Lemma 1.1]) Suppose that a and b are non-negative real numbers.
1. f0<v< %,then

[b@)'b' ] + v (@ —b)? < v?a® + (1)’ ®)

[ (A =v)b)' "] + (1 = v)*(a - b)? < v2a? + (1 - v)?b2. 9)
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Lemma 2.9 (Cases of Equality in (8) and (9)) Equality holds in (8) if and only if b = va,
and equality holds in (9) if and only ifa = (1 — v)b.

Proof As we see in the proof of Lemma 2.8,

2@ + (1 - v)*b? — v (@ —b)? = b[2v(va) + (1 - 20)b] > b(va)*' b = [(va)'b']".
Thus, equality holds in (8) if and only if

b[2v(va) +(1- 2v)b] =b(va)> b2,

This relationship exists if and only if = va. Using the similar method, we can prove the
case of equality in (9). O

Theorem 2.10 Let a,b € L,(M) be positive operator.
1. Ifo<v< %, then

r([(ua)”bl_”]z) +v? (y7(a?) - ,/r(bz))z < T(v2a2 +(1- v)2b2), (10)
2. If% <v<1,then
t({a' [ -] "V + (1= (Jr(a?) - /2 (?))°
<t(v’a® + (1 -v)’p?). (11)

Moreover, if a and b are bounded operators or ab € £, (M), then equality holds in (10) if

loc

and only if b = va, and equality holds in (11) if and only if a = (1 — v)b.

Proof According to Lemma 2.8, we have
[(viee(@)” 1B + v (@) = o)) < V2 pe(@)? + (1= vP2pae(b)?, Ve >0,
Therefore,
r(vzctz +(1- v)zbz) = vzt(az) +(1- v)zr(bz)
= /oo[vzut(az) +(1- v)z,u[(bz)] dt
0
> [ Tonda) w1 de
0
o [ Tula? + w0 - e de
0
- [ Ton@) @) e

" vz[f(az) rr(b?) -2 / @) dt}
0

=1
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Now, the combination of Theorem 1.1 part (11) and the Holder inequality gives us

1> / e ((va)? p* V) dt
0

Thus,

r([(va)”bl_”]z) +v2(y/7(a?) - ,/r(bz))z <t(v’a®+ (1 -v)’p?).

Now, if % < v <1, using the similar argument, we have the second inequality. The case of
equality follows by the similar argument used in the proof of [9, Theorem 3.4]. O

Corollary 2.11 Let a, b be positive T-measurable operators. If 0 < v < %, then
|(va)’ '~ ||§ +v2(lallz — 16112)" < v3lal3 + (1 - v)*[b]3,

andif% <v <1, then
la" [ =v)B] ™" |3 + @ = v (lall2 - 1bll2)* < v2lall? + (1 - v)[1bII3.

The next theorems give a converse of the Young inequality and its refinement for 7-

measurable operators.

Theorem 2.12 ([20, Corollary 3.7]) Let a, b be positive invertible operators in M. Then
forv>1,

||va +(1- v)b” L < ||oz"b1_” || (12)

1

Moreover, if a and b bounded operators in L;(M) or ab € QIZOC(M), then equality holds if
and only ifa =>b.

Theorem 2.13 ([20, Theorem 3.20]) Let a, b be positive invertible operator in M and
v> 1. Then

2
|va + (1= v)b||, +min{1,v— 1}(,/||a||1 - \/||b||1>
<|a'p'"|, < |va+ (@ -v)b|, + max{1,v - 1}(,/||q||1 _,/||a||1)2,

Moreover, if a and b bounded operators in L1(M), then equality holds if and only if 1, (a) =
we(b) forall t > 0.
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Concerning all results discussed so far, we can prove the following theorems for 7-

measurable operators.

Theorem 2.14 Let a,b € L1(M) be positive invertible operators. Then for v > 1,
Jva+ @ -vb], < a"6""],. (13)

Moreover, if a and b are bounded operators or ab € £}, (M), then equality holds if and
only ifa=">b.

Theorem 2.15 Let a,b € L1(M) be positive invertible operators. Then for v > 1,

2

”va+(1—u)bul+min{1,v—1}(,/||a|| —,/||b||1>
2
< ||a"b1‘“ ||1 < || va+(1- v)bH1 + max{1,v — 1}<\/||a||1 - w/||g||1> .

Moreover, if a and b are bounded operators or ab € £, (M), then equality holds if and
only if u(a) = u(b) for all t > 0.

Hu and Xue [14] obtained another improvement of reverses of the scalar Young type
inequalities for non-negative real numbers a and b in the following form.
Ifo<v< %,then

26 + (1= )b + roa(y/ (A = v)b— /a)’ < (1 -v)*(a-b)* +a®[1-v)b]’,  (14)

where 7y = min{2v,1 - 2v}.
If% <v <1,then

v2a® + (1= v)*b? + rob(Vb — /va)* <v*(a - b)* + (va) B>, (15)

where rg = min{2v — 1,2 — 2v}.

Let a, b be positive T-measurable operators. Then, we have the same inequalities for
singular values if we replace the positive real numbers a and b in the above equation with
e(a) and p.(b), respectively. We are interested in proving some versions of those inequali-
ties and the case of equality for trace and norm of T-measurable operators, but it is unclear
for us.

In the following, we use the method of Bhatia and Davis [4] to extend some inequalities
for r-measurable operators. Zhou, Wang, and Wu established the Schwarz inequality for
T-measurable operators [24]. Using the similar argument in the proof of [24, Theorem 1],

we prove the following theorem that is an important key feature in the next results.

Theorem 2.16 Let x, y are bounded t-measurable operators such that xy is self-adjoint.

Then for every s > 0,

/0 S He(xy) dt < /0 S e (yx) d.
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Proof This theorem is a special case of [23, Lemma 3.1] when put p = 1. Since xy is a
self-adjoint T-measurable operator, for every positive integer # and ¢ > 0, part (2) of The-
orem 1.1 implies that

2n n

weey)® = e (lxy)™" = e (lxy1?)

Let f be an increasing function on [0, c0) with £(0) = 0 and ¢ — f(¢*) is convex. Then,

/Osf(m((xy)zn))dt - /Osf(ﬂr(((xy)*(xy))”))dt

< /0 F(wew)® ixl - lyll) dt,  [Theorem 1.1(11)]

particularly if f(¢) = £%-1, then

1

$ o $ 1S
f aey) 7 it < f el) (Il - 1) 7T it = (f] - 1) 2 / o) dit.
0 0 0

Taking the lim,,, o inf of both sides, by the Fatou lemma, we get
s s o
/ we(xy) dt = / liminf . (xy) 2T dt
0 0
< liminf/ Mt(xy)b%_fl dt
0
s L
< timinf )1l - 191) ™
0
1 s
= liminf(|lx] - [lyll) % / e (yx) dt
0
s
= / /-'Lt(yx) dt,
0

which proves the result. O

Corollary 2.17 Let x, y are bounded t-measurable operators such that xy is self-adjoint.

Then, for every r > 0,
| Ixyl’Hp <||lyl” ,» Joreveryp>0.
Proof By taking f(t) = 525 in the proof of Theorem 2.16. 0

Corollary 2.18 ([24]) Let x, y, z be bounded t-measurable operators and r > 0. Then
[zl 1} < Mzl ], - 2wy, (16)

Corollary 2.19 ([24]) Let a, b, z are bounded t-measurable operators such that a and b
are positive. Then for 0 <v <1,

|a’zb™™||, < llazll} Izbll ™.
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In the following, we are going to present some new versions of majorization and norm
type Young’s inequality.

Let a, b be positive T-measureable operators. We say that a4 is submajorized (weakly ma-
jorized) by b in symbol a <,, b [13], if fos we(a)dt < fos (D) dt for all s > 0. Moreover, a is
said to be majorized by b and is indicated by a < b, if @ <,, yand [;~ ue(a)dt = [, () dk.

Proposition 2.20 ([18]) Let f be a continuous increasing function on R* such that f(0) = 0
and t — f(e€') is convex, then for positive operators a and b in Lo(M) and for s € R},

/Osf(ﬂt(labV)) dt < /Osf(ﬂt(a’b’))dt,

Theorem 2.21 Let a, b, z are bounded t-measurable operators such that a and b are pos-

itive. Then for p > 0,
Ll Lo *|P
’azzb2| < 5(‘2 a| + |bz ’ ) (17)

Proof Suppose that s € R}, we have for all ¢ > 0,

p
= ,ut(bZZ*a%a%zbZ)zdt
< p.t(bz*az)% dt [Theorem 2.16]

Sut({bz*|p +|z*af’)dt,  [Proposition 2.1]

which proves the result. O

Corollary 2.22 Let a, b be positive bounded operators in L,(M), and z be a bounded op-
erator in Lo(M). Then

11 Lo «
[(@2262)"], = S (N2"al” + [p2"["] ), (18)
and
1
bbb |2 < 2l iallf + J1s=12). 19)

Moreover, the equality holds if |bz*| = |z*al.
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Proof From the argument in the proof of the above theorem, for all s € R} and ¢ > 0, we

have

/Mt(‘a%zb%’p)dtff ,ut(bz*az)
0 0

P
2

dt.

Setting f(¢) = t7in Proposition 2.20 implies

/,ut(‘oz%zb%]p)dtgf we(|p*|¥ -2 al®) de
0 0

< l/ ut(|bz*|p + |z*az|p)dt,
2 Jo

S([lloz )y aoe [ zaly )
l S,ut(lzb|)pdt+ S,ut(laz|)p dt
(] [, oty a)

by [19, Theorem 3.3] and parts (2) and (12) of Theorem 1.1. Letting s — 0o, then we obtain
the first and second inequalities.

IA

If the equality holds, then from the above argument, we have

/ ,u,t(|bz*|% . |z*a|§)dt:/ %Mt(|bz*|p+ |z*a|p)dt. (20)
0 0

By the Young inequality for singular values,
r 4 1
izl leral®) < Ll +ap), o
for every t > 0. Therefore, (20) shows, when coupled with (21), that
pallpoz"E - Jeral®) = Ju(be)f +eal)
for almost all £ > 0. However, for x € Ly(M) as the nonincreasing function p(x) are right

continuous, ,udt(lbz"‘llli7 . |z*a|£27) = %,u,t(|bz* |” +|z*alP) for all ¢ > 0 which implies |bz*| = |z*al|
by Corollary 2.3. O

Corollary 2.23 Let a, b be positive bounded operators in L,(M), and z be bounded oper-
ator in Lo(M). Then, for p > 0,

labab [ < 2 (el + b)) (22)
if |z*a| = |bz*|.

Theorem 2.24 Let a, b be positive bounded operators in L,(M), and z be a bounded op-
erator in Lo(M). Then, for p > 0,

1 1 1
la2zb3|, < laz|? I2bll} < 5 (lazlly + 1zb1),). (23)
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Proof Suppose that s € R}, we have for all £ >0

/,ut(|a%zb%|p)dt=/ Mt((a%zb%)*(a%zb%))
0

0
/
/
$ r
:/ we(bz*(z*a)”) ? dt
0
§ 14
:/ we(|bz*| - |z*al)> dt  [Theorem 1.1(4)]
0
$ r r
Sf Mt(!bz*|2 . !z*a|2)dt [Proposition 2.20]
0
5/ ut(|bz*|%)~ut(|z*zz|§)dt [Theorem 1.1(13)]
0
=f ne12bl)® - ue(lazi) ® de
0

1 1

/0 i (12bP) dt> . ( /0 i(lazP?) dt> '

IA
I/

Letting s — oo, we obtain

11 3 11
|azzb2 ||p <llzbl; llazlly < §(||ﬂ2||p + 1zbll)- O
Theorem 2.25 Let a, b be positive bounded operators in L,(M), and z be a bounded op-

erator in Lo(M). Then, for0 <v <1,
@' zb=*|, < llazl - Izbll}™ < viiazl, + (1 - v)zbll,. (24)
Moreover, |la"2b'~* [, = vllazll, + (1 - v)l1zbll, if lazll, = l12bll,-

Proof The first part is [22, Lemma 2.1], and the second part of inequality is obtained from
the classical Young inequality. Since some partial proof are needed for the case of equality,

we write the proof with our notations. The inequality is trivial statement for v = 0,1. We

will use induction, for all indices v = 2’—‘,1, k=0,1,...,2". The general case then followed

by continuity. Theorem 2.24 shows the result for v = % Suppose that inequality (24) is
2%k+1
T
rational. Then v = n + w, where w = 2% and n = %—ln( Two such rational numbers are 1 and

valid for all dyadic rational numbers with denominator 2% Letv = be any dyadic

A=n+2w=v+w. Lets e R}, then for all £ > 0, we have
/ [Lt(|61v2bl_v|)p dtZ/ Mt(|ar]+wzbl—k+w |19) dt
0 0
s
. / pe(|a® (@' zb )b P de
0

- [ ity
0

p
2

dt
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14
2

:/ /Lt((b‘“bl_’\z*a”a‘”)(a“’a"zbl_)‘b‘“)) dt
0

p
2

S— S

we((a®a”a’zb") (b°bb'*z*a"))> dt  [Theorem 2.16]

(SN

,uut((axzbl_k) (bl_”z*a”)) dt

S
:f Mt((a’\zbl’x)(a"zbl”’)*)% dt
0
5/ ut(|akzbl_k|§|a"zb1_"|§)dt, [Proposition 2.20]
0

where it has been obtained using (16) and replacing A = n + 2w. Now, using induction
hypothesis and the Holder inequality implies

1
2

[ niaaiy ao< ([ ez ae)
< ([ wallarattrpyae) L
([ tersa) ([ o)
([ romra) ([ mre)”

The general case then followed by continuity, and the proof is complete. s — oo implies
the first part of inequality in (24). If the equality holds, then the above argument gives us
case of equality in the Holder inequality, which implies ||az|, = ||zb]|,. O

Corollary 2.26 Let a, b be non-negative bounded operators in L,(M), and z be a bounded
operator in L,(M). Then, for 0 < v < 1, we have

|a"2b"||, < llzll, " lazbll,-

Proof 1t suffices to prove this when a is strictly positive (invertible); the general case fol-
lows from this by continuity. Using (24), we obtain

la'zb" |, = [[(a™) " azb' 0| < 2l lazbl), 0

Here are some other types of the Young inequality. Note that these inequalities can also
be expressed for the generalized s-numbers.

Theorem 2.27 Let x, y be operators in Lo(M). Then for p,q,r € R* that 117 + % = %,

1 P | 1
—lay*|" <w =1xl? + =yl (25)
r p q
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Moreover, if x,y € L1(M) are bounded operators or xy € £2 (M), then

loc
1 P 1 1
—|xy*‘ < =zl + =y, (26)
r p q
if and only if |x|P = |y|*.
Proof Forall s € R} and ¢ > 0, we have
s o s N
[ eyt = [ o) a
0 0
= / e (v xy*)? dt
0
= / Mt(|x|2|y|2)% dt [24, Theorem 1]
0
< / we(1xl"|y") dt  [Proposition 2.20]
0
§ r r
< / ;Lt(—|x|p + —|y|q> dt, [Proposition 2.1]
0 p q
which proves (25). If x, y in L; (M), then (26) holds if
r r r
r({xy*| ) = t<—|x|” + —|y|‘1>.
p q
As we see in the proof of Corollary 2.22, this equality holds if and only if
r r
eIl Iy1") = (—le" + —|y|q>,
(D7) = pe Jal” +
which implies the result by applying Corollary 2.3. O

Theorem 2.28 Let a, b be positive bounded operators, and z be a bounded operator in
Lo(M). Then for p,q,r € R* that}% + % =1,

jazbl” <, ;uﬂz*ﬁ . é|z*a2|% (27)

Moreover, |azb|" < i|b2z*|% + élz*aﬂg if
’sz‘p = ’a22|q.

Proof For all s € R{, in accordance with the previous proof process, we have

NI

/S ut(lazb|’) dt = /S /Lt((azb)*(azb)) dt
0 0

= / e (bz*aazb)
0

NI~

dt
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:/ Mt(bbz*aaz)gdt [Theorem 2.16]
0

S
- [l
0

S r r
< / M,:(|b2z*|j . \z*a2|7)dt [Proposition 2.20]
0

s r r
5/ Mt<l|bzz*|pz+l|z*a2|q2>dt.
0 p q

The similar argument used in the proof of Theorem 2.27 implies the majorization

)% dt [Theorem 1.1(4)]

case. O

Corollary 2.29 Let a, b be positive bounded operators in L1(M), and z be a bounded op-
erator in Lo(M). Then for p,q,r € R* that}o + é =1,

1 li(azb)lly < II21z*a?| % + Lib22* % ).

2 (azb) I} < 1@z Ihll(z0?) 1 < 1@2*) 1] + I ) IIT.

3 lI(@zb)Ih < @2)2 Ml ") 2 g < 3 11(@®2)2 Iy + 2ll(z"b?) 2117,

Moreover, the equality holds if |a’z*|P = |z*b*|1.

Theorem 2.30 Let a, b be positive bounded operators, and z be a bounded operator in
Lo(M). Then for p,q,r € R* that}% + é =1

1|azzb|r <y l|bz* P+ l|az|”. (28)
r V4 q
Moreover, %|azzb|’ < }7|bz*|p + $|az|q if
|bz*|p = |az|?.
Proof Forall s € R} and ¢ > 0, we have
s s .
/ ue(|azb|") dt = / ne((azb)" (a*b))E dt
0 0
= / Mt(b(zz)*aazzb)% dt
0
s r
= / /M(zbbz*z*aaz)7 dt [Theorem 2.16]
0
= / ut(|bz*|2 . |az|2)§ dt [Theorem 1.1(4)]
0
s
< / pe(|bz*|" - lazl")dt  [Proposition 2.20]
0

S
5/ Mt<£|bz*|p+£|uz|q) dt,
0 p q

which implies the result. The similar argument in the proof of Theorem 2.27 implies the

majorization case. g

Page 16 of 20
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Corollary 2.31 Let a, b be positive bounded t-measurable operators, and z be a bounded
operator in Lo(M). Then for p,q,r € R* that }7 + é = %,
1 1[(az’b) ||y < 15 1b2* 17 + %|“Z|q||1-
2 (@2?b)|I} < l1(zb) I [I(az) Il < I%II(Zb)’Illf + éll(ﬂz)rllf
3 (azb)'|I} < lizblylazlly < Llizblly + % llazllg.
Moreover, equality holds if |az|? = |zb|P.

3 Heinz mean

The purpose of this section is to prove the Heinz means inequality for 7-measurable op-
erators and generalizations of that results. Heinz means, introduced in [3], are means that
interpolate in a certain way between the arithmetic and geometric mean. For every posi-
tive real numbers a, b and 0 < v < 1, the Heinz mean is defined as

aubl—v + al—ubv

H, (ﬂ’ b) = (29)
The function H, is symmetric about the point v = 3. It is easy to see that
a+b
Hy(a,b)=~ab < H,(a,b) < —— = Hi(a,b). (30)

Let A,B,X € M, (C) such that A and B are positive. It was shown in [4, 12] that

I

||A"XB'™" + A*XB"|| < ||AX + XB

and

[l B A | = laxi] + | X8

’

for v € [0,1] and for every invariant norm. Now, we present the Heinz mean inequalities
for T-measurable operators.

Theorem 3.1 Let a, b be positive operators in L1(M) and let 0 <v < 1, then

2 1-v v 2

20arb?| <, [atb' T [ + [a T B3],

(31)
and
2atbh], < a6 4 a8, < la+ bl ®)

Moreover, if a and b are bounded or ab € £2 (M), then equality holds in (32), and, there-

loc
fore, we have majorization relation (<) in (31) if and only ifa = b.

Proof Using the same method used in lemma 3.1 of [20], we get for every s € R}
§ 1.1 § 1.1
/ Mt’ﬂibj‘dt = / Mt(ﬂjbi)dt
0 0
= / I'Lt(|ﬂ% b7
0

.|a1;z”b%

) dt [20, Lemma 3.1]
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v 1-vp

2h 2 |2+ %|al_Tvb§|2> dt, [Prop.2.1]

</S (1
< | melzla
o \2

which proves (31). According to the above argument, we have

oo
Jado) = [ olatohyar
0
o0
= %f ut(b%va%a%b% +b%a%a%b%)dt
0

[By part (6) of Theorem 1.1]
< Z /m(ut(a”hl‘”) +u(a'"b"))dt [Theorem 2.16]
0
<= /Oo(ut(ua +(1—v)b) + u(vb+ (1 -v)a))dt [Prop.2.1]
0
< - /m(ut(a) + ,u(b)) dt. [By part (6) of Theorem 1.1]
2 Jo

Thus, (32) is proved. The case of equality will be derived by the same method applied in
[20, Theorem 3.3]. O

The following lemma provides another version of inequality (32) when v > 1.

Lemma 3.2 ([20]) Let a, b be positive invertible operators in L1(M). Then for v > 1,
latbt ], < Sla+ bl < 5 't + 8| 3)
a 1_2||6l+ ||1_2 a +a .

Moreover, if a and b are bounded or ab € £}, (M), then equality holds in each part if and
only ifa=">b.

In the following, we present another general form of the Heinz mean inequality. Note
that Han and Shao [11], proved that if x, y be T-measurable operators and 0 < v <1, then

we(xy' ™ + 5 0Y) < pex + ).
So by definition of ||.|| ,, for @, b be positive 7-measurable operators in L,(M), we have
_ 1-
||cz"b1 Viva 'b’ ||p <lla+bllp.

Using Theorem 2.25, the following inequalities can also be obtained.

Theorem 3.3 Let a, b be positive bounded operators in L,(M) and z € Lo(M) bounded.
Thenfor0<v <1,

|a’zb"" + b*z*a'™ ||p < llazll, + |12bl|p. (34)

If a and b are bounded operators, then equality holds if ||azl|, = ||zb||,.
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Proof By the Minkowski inequality and Theorem 2.25, we have

' + bza | < |a'ab™| + b2,

IA

lazllizblly ™ + bz |2*al

||ﬂZ||;||Zb||,lg_v + ||Zh||;||ﬂz||}l,_v
(since Hx* H = ||x|| for every x € LO(M))

< llazll, + l|zbl|p.
If equality holds in (34), then we have
|a"zb" ||p = |lazlyllzbl,™ = vllazll, + (1 - v)l|zb],
and
1— v 1-
”b”z*a "Hp = Hbz* Hp||za||p V= v||bz* ||p +(1-v)llaz|,.
Theorem 2.25 now shows that [laz||, = ||zb]|,. O
Corollary 3.4 Let a, b be positive operators in L,(M). Then for 0 <v < 1,
|a"6"™ +6"a'™ |, < llall, + 1151,

If a and b are bounded operators or ab € £2 (M), then equality holds if a = b.

loc

Corollary 3.5 Let a, b be positive bounded operators in L1(M), z € Lo(M) bounded and
0<v<1. Then

|a'zb"™" +b"za'~"||, < lla + bl |2l
Proof We have

|azb'™ + b'za' ||| < llazlly + l|zb])y
< llallzlizll + 1611zl
= (llally + 15111) 2]
= lla + bl1llzll. 0

It is not clear to us as to whether or not the following inequality for singular values of

T-measurable operators is true

we(a’zb'™ + b'za'™") < w(az +zb), Vt>0.
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