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1 Introduction

The well-posedness and regularity of weak solutions to the porous medium equation
u; = Au™ (1.1)
or
1
Bl =Au,  Blw) = ul7 signu (1.2)

were addressed from the sixties to eighties in the twentieth century by many mathemati-
cians, one can refer to [3, 6, 17, 18, 21, 22] and the references therein. Later, DiBenedetto

[2] and Ziemer [28] studied the regularity to the more general equation
Bw); =V -alx, t,u, Vu) + b(x, t,u, Vu), (1.3)

considering suitable assumptions on a and b. The proofs followed different approaches:

DiBenedetto’s proof was based on a parabolic version of De Giorgi’s technique, while
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Ziemer’s approach was related to Moser’s iteration technique. But, since many reaction-
diffusion processes depend on different environments, one should consider a reaction-
diffusion equation with anisotropic characteristic, then the anisotropic porous medium

equation modeled by

Up = Z(u’"")xi, (x,8) € Qr, (1.4)

was introduced and studied since 1980s. Actually, Song [19, 20] studied the existence and
uniqueness of the very weak solution of the anisotropic porous medium equation with sin-
gular advections and absorptions. Henriques [7] established an interior regularity result
for the solutions of (1.4). Li [11] developed the finite element method to derive a special
analytical solution for anisotropic porous medium equation for time-independent diffu-
sion. Also, several applied models related to an anisotropic porous medium have been
introduced recently. The first one is the flow diverter model. Since the explicit model-
ing of thin wires of simulation of flow diverter (FD) imposes extremely high demand of
computational resources and time, such a fact limits its use in time-sensitive presurgi-
cal planning. One alternative approach is to model as a homogenous porous medium,
which saves time but with compromise in accuracy. Then, Ou et al. [13] proposed a new
method to model FD as a heterogeneous and anisotropic porous medium whose proper-
ties were determined from local porosity. The second one is a multiple-relaxation-time
lattice Boltzmann model for the flow and heat transfer in a hydrodynamically and ther-
mally anisotropic porous medium [8]. The third one arises from computational fluid dy-
namics (CFD). Doumbia et al. [5] gave a CFD modelling of an animal occupied zone using
an anisotropic porous medium model with velocity-dependent resistance parameters. An-
other model comes from the physical characteristics of cracked rocks. By testing elastic
velocities and Thomsen parameters—as a function of crack density for fixed values of as-
pect ratio—predicted by the model with data acquired from synthetic rock samples, Nasci-
mento et al. [12] introduced a new ultrasonic physical model in an anisotropic porous
cracked medium.

Moreover, in the theory of PDE, the anisotropic equation has provoked more people’s
attention in recent time. For example, the existence and multiplicity of nontrivial solutions

to the anisotropic elliptic equation

N

Zi (lus P 2u) = f(ru), x€, (1.5)

a
i=1 i

has been an active topic in recent years (see [4, 15, 16], etc.), while the anisotropic parabolic

equation

N
Z ai ﬂ (x)|ux, |[7i_2uxi) +f(x1 t; u)) (xr t) S QT; (16)
i=1

was studied in [1, 14], etc.
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In this paper, we consider the well-posedness of weak solutions to the following initial
boundary value problem:

i:ai (aix, O)ul“uy,) + iNl %jsﬂﬂ, (%, ) € Qr, (1.7)

with
u(x,0) = ug(x), x€€, (1.8)

and
ulx,t)=0, (x1t)edx(0,7). (1.9)

Compared with equation (1.1), we call equation (1.7) an anisotropic medium equation
with a convection term. Apart from the anisotropic characteristic of equation (1.7), we
are concerned with whether the homogeneous boundary value condition (1.9) is overde-
termined or not. In our previous work [27], we made the usual exploration on the following

porous medium equation:

N abi(u™)
u; = div a(x)Vu + Z ,  (x1t) €Qr. (1.10)
i=1 i

We found that if one wants to prove the uniqueness (or the stability) of weak solutions to
this equation, the homogeneous boundary value condition (1.9) can be replaced by that
a(x) = 0, x € Q. Even much earlier, Yin and Wang [23, 24] studied the following equation:

2—? — div(a(x)|Vu|p’2Vu) —fi(x)Diu + c(x, ) u = g(x,£), (x,t) € Qr, (1.11)

divided the boundary value condition into three parts, and in particular they showed that
ifa(x) =0, fi(x) = 0 when x € 9<2, then the uniqueness of a weak solution to equation (1.11)
can be proved independent of the boundary value condition (1.9). The optimal boundary
value condition matching up with equation (1.11) was studied by the author recently in
[26].

Instead of a(x)|xesq = 0 in [27], we only assume that a;(x, ) > 0, (x,£) € 2 x (0, T) and do
not emphasize that

a;(x,t)=0, (xt)€d2x][0,T],i=12,...,N.
So, for any given ¢ € [0, T, both

{x € 02: ai(x,2) = 0}
and

{x €0 a;(x, t) > O}
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may have a positive (N — 1)-dimensional Hausdorff measure in 9€2. Naturally, based on
past experience [23, 24, 27], we guess that a partial boundary value condition

ulx,t)=0, (x,t)eXCoQx(0,T), (1.12)

is enough to ensure the well-posedness of weak solutions to equation (1.7). The further
work is to specify the explicit expression of X in (1.12). Different from other related refer-
ences [23, 24, 27] in which ¥ is just a cylinder, we found that ¥ appearing in (1.12) is a sub-
manifold of 32 x (0, T) and, in some special cases, & = {(x,£) € 02 x (0, T) : [] a;(x, £) > O}.

Actually, compared with [7, 19, 20], the degeneracy of diffusion coefficient a;(x, t) has
brought more essential difficulties. For example, maybe it is not difficult to construct
the fundamental solution of equation (1.4) by Barenblatt’s method, but it is impossible
to construct the corresponding fundamental solution of the simplest anisotropic porous

medium equation

N

Z Bi a i(x, t)|u|°‘iuxl.) (1.13)
i=1

by a similar method. However, the main aim of this paper is to study the well-posedness
of weak solutions to equation (1.7), and we pay no attention to the fundamental solution
for the time being. The local integrability Vu € L*>(0, T; LIZOC(Q)), which was found for the
first time in this paper, acts as an important role to overcome the above difficulties.

The remainder of this paper is structured as follows. In Sect. 2, we present the defini-
tion of weak solution and the main results. In Sect. 3, the existence of a weak solution
is proved. In Sect. 4, the stability of a weak solution to the usual initial boundary value
problem is studied. In Sect. 5, the local integrability of Vu is found and the uniqueness of
a weak solution to the usual initial boundary value problem is obtained. In Sect. 6, when
]_[?i1 ai(x,t)|xea0 = 0, the stability of a weak solution based on a partial boundary value
condition is proved. In Sect. 7, we prove the stability of weak solutions under the general
condition ]—[f\i1 a;(x,£) > 0.

2 The definition of the weak solution and the main results
The definition of weak solution and the main results of this paper are listed below.

Definition 2.1 A function u(x, t) is said to be a weak solution of equation (1.7) if

u GLOO(QT), U GLI(QT),
(2.1)

ai(x,t |ux Per®0,7;L4), i=12...,N,

and for any function ¢ € C}(Qr), there holds

N
// (——u+ a; (%, U Uy, @y, ) dxdt + Z// bi(u, %, )y, (%, t) dxdt = 0. (2.2)
Qr i=1 i=1Y7Qr

The initial value condition is satisfied in the sense of that

1ir1(1) (u(x, t) — uo(x))gb(x) dx =0, (2.3)
t— Q
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where ¢(x) € C;°(2). The boundary value condition (1.9) or the partial boundary value
condition (1.12) is satisfied in the sense of trace.

Theorem 2.2 Ifo; >0, bi(s,x,t) isa C* function and | %bi(s,x, t)| < c(M) when |s| <M+1,
uo(x) satisfies

uo(x) €LX(R),  ailx, 0)ug |uoy,| €LY(RQ), i=1,2,...,N, (2.4)

ai(x,t) > 0 satisfies

0./a;
// —ﬁdxdtgc, i=1,2,...,N, (2.5)
Qr 896

i

then equation (1.7) with initial boundary values (1.8)—(1.9) has a nonnegative solution.
Here and the after, M is a constant such that |\uo(x)|| o) < M.

From Theorem 2.3 to Theorem 2.6, we all assume that a;(x, £) > 0, x €  and denote that
ot = max{a,a,...,an}, o = max{a,o,..., AN}

Theorem 2.3 Let u(x, t) and v(x, t) be two solutions of equation (1.7) with the initial value
uo(x), vo(x) respectively, and with the boundary value condition (1.9). If o; > 0, and there
is a constant o > %(Of' +2) such that

’bi(u,x, t) - bi(v,x, t)} < ca;(x, t)% lu—v% i=12,...,N, (2.6)
then the solution of equation (1.7) is unique.

Theorem 2.4 Let u(x,t) and v(x,t) be two nonnegative solutions of equation (1.7) with
the initial value uy(x), vo(x) respectively, with the same boundary value condition (1.9). If

a; > 1,
/Qa,»(x, t)1/"‘i_1|vxi|2 <c, /Qa,»(x, t)u""'_1|uxi|2 <¢, i=12,...,N, (2.7)
|bi(u,x,8) - bi(v,x,0)| < cayx,0)3 lu—v, i=1,2,...,N, (2.8)
then
/;2|u(x, t) — vix, t)| < c/ﬂ|uo(x) — Vo(x)| dx. (2.9)

Theorem 2.4 implies that we only can show that the stability of weak solutions is true
for a kind of solutions which satisfy (2.7). The following stability theorems are established
on a partial boundary value condition.

Theorem 2.5 Let u(x,t) and v(x, t) be two solutions of equation (1.7) satisfying

1

- / a;(x, t)|u|°"'|uxi|2dx < C(T), (2.10)
A 6\ Q222¢
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1

| awonrP <o, @11)
A Joy e

with the initial value uy(x), vo(x) respectively, and with a partial boundary value condition
v(x, t) = ulx,t)=0, (xt)eX. (2.12)

Ifa™ =1, bi(-,x,t) satisfies

’b,»(u,x, t) - bi(v,x, t)} < c\/mlu -v|, i=12,...,N, (2.13)
then

/;Ju(x, t) — vix, t)| < c/ﬂ’uo(x) - Vo(x)’ dx. (2.14)
Here,

N N
¥ = {(x, eI x(0,7): Y Vaixt) (]‘[a,(x, t)) 7zo} (2.15)
j=1 *i

i-1
and Q, ={xeQ: ]_[i\:[1 ai(x,t) > A}.

Theorem 2.5 is based on the fact that we can show the first order partial derivative to

the solution « is with the local integrability
uy, € L°(0, T;L7, (), i=1,2,...,N. (2.16)
The weakness of Theorem 2.5 is that the expression of 3, (2.15) seems too complicated.
By choosing another test function, we can prove another stability theorem based on a

simpler partial boundary value condition.

Theorem 2.6 Suppose o™ > 1,
N
[[ox0=0, @t)eaex(0,T). (2.17)
j=1

Let u(x,t) and v(x,t) be two solutions of equation (1.7) with the initial value uy(x), vo(x)
respectively, but without the boundary value condition. If (2.13) is true and

2
dx <g, (2.18)

N
> f a;i(x, t)
i=1 ¢ e\ Qo

N
>
a
k1 k

then

/‘u(x,t)—v(x,t)’ §c/ ’uo(x)—vo(x)’dx.
Q Q
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We find that the partial boundary value conditions with (2.12) are submanifold of 92 x
(0, T), while in the previous works the corresponding partial boundary value conditions
are the cylinder domains X; x (0, T), where X; C 0<2 is a relatively open subset [9, 10, 23,
25, 27], etc.

Last but not least, once the well-posedness problem has been solved, we can consider
the extinction, blow-up phenomena, the positivity, and the large time behavior of the weak
solutions of anisotropic porous medium equation (1.7) in the future. However, different
from the porous medium equation, because of the anisotropy, these problems are not so
easy to be solved, the methods used in the usual porous medium equation (1.1) cannot be
extended to the anisotropic porous medium equation (1.13) directly.

3 The existence of weak solution
Proof of Theorem 2.2 We consider the following normalized problem:

N N 0b;(u,,x,t)

d
Upt = Z a—x(am(u,,,x, t)Vun) + Z T, (x, 1) € Qr, (3.1)

=1 i=1
1
u,(x,t)=—, () edx(0,T7),
n

1
1, (%,0) = uo, (%) = uo(x) + =, x e,
n

where a;,(u,x,t) > c¢(n) > 0, and
1 ) 1 1
Ain(Upy %, t) = (a,-(x, t) + —>u“' ifue [—,M + —:|. (3.2)
n n n

Similar to the porous medium equation (1.1), we can show that problem (3.1) has a
nonnegative solution u,, which is called as a viscous solution generally and satisfies

u, € L°(Qr), e € L2(Qr), U, €L*(Qr), i=12,...,N, (3.3)
and by comparison theorem, we have

U1 (X, t) <uu(x,t) <M+ 1.
Thus

u(x, t) = nlirgo U, (x,t) (3.4)
is well defined. Now, we will prove « is a weak solution of (1.7).

First, multiplying both sides of the first equation in (3.1) by ¢ = u,, — %, denoting that
Q: =2 x(0,¢t) for t € (0, T), then

// unt<un——)dxdt+2// (a (x,t)+—)|u,,|“’|unx,| dxdt
Q
:// // bt 3,2) <un_1>dxdt.
X ; 0x; n

(3.5)
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Since

a0
’ _bi(un’ % t)
Bxi

<cM), i=12,...,N,

we have

8bi % L 1
‘// ﬂ(un— _> dxdt‘
Q 0x; n
0
= —/ bi(uy,x,t)— (u,,— —) dxdt’
8.761'
= // / b(s,x,t)dsdxdt+// /
Qt axl 5 Qr
= // f (s, %, t dsdxdt‘
Qt
/f / i(s,x,t) ds
Qt l'

<c(M,T).

dx dt

Thus, from (3.5), we can find that

Z// ( (%, 2) + _)|uﬂ|al|um¢| dxdt

/ <u0,,(x)——>bl0n(x) / (5, T)(un(x, f-~
PEEE

which implies

1
. Z o 2 P
(al(x!t)+ n)l”n' |Mnx,-| |L1(QT) Scr L= 1,21"'rN-

By choosing a subsequence, we may assume that

1 ) 1 4
o; o
(ai(x, t)+ —) <—l + 1) unzx;l — &
n 2

weakly in L2(Qr).

In the second step, we want to show that

1,
o o
g :ai(x:t)%<3l +1> ux% +1.

b (s, x,t) dsdx dt

1
>dx
n

(3.7)

(3.8)

Page 8 of 22
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For any V¢ € C3(Qr), we have

J o 5 v
Qr
-1 o
(a, ) [// ((a(x,t) + —) 2 +1)dedt
QT
Ly o
_// Mufuwdxdt} (3.9)
Qr dx;
-1
= (% + 1) [—//Q <ai(x,t) + %) 7 +11ﬁx, dxdt
) 1) g
_// Mu;+l¢dxdt].
Qr d;

Let n — o0o. Then

1 % o - %41
lim // (zzi(x, t) + —) (— + l) Ung, -Ydxdt= / CY dxdt. (3.10)
= JJQr n 2 Qr

For the right-hand side of (3.9), by the assumption

b
// va dxdt <c,
Qr 896,‘

using the dominated convergent theorem, we have

lim (— + 1) |: // <a (%, 1) + —) %H\% dxdt
n—0o0 QT

, 1) o
_// Muf*lwdxdt] (3.11)
Qr 3

Xi

o ! ' dai(x,t)? o
- (—’ +1> [-/f ai(x,t)%ﬁ+11px,.dxdt-// ’7’u7'*11//dxdt].
2 Qr Qr 0x;

From (3.9)—(3.11), we obtain (3.8).
In the third step, since b; € C1, by (3.4), we have

lim bi(uy,x,t) = bi(u,x,t). (3.12)

Moreover, by a BV estimate method [9, 10], we can show that

ou,
// " (3.13)
Qr
and
ouy,
/f il < i=1,2,...,N. (3.14)
Qr 0%;

Page 9 of 22
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Then u; € L'(Qr) and (2.1) is true, and we can define the trace of « on the boundary 9.
The initial value condition true in the sense of (2.3) can be found in [22] etc.
Thus, u is a solution of equation (1.7) with the initial value (1.8) and the homogeneous

boundary value condition (1.9). Theorem 2.2 is proved. O

Finally, we would like to point out that, though the viscous solution u,, satisfies (3.3), we

cannot deduce that the solution u of equation (1.7) satisfies
u; € L*(Qr), |uz,| € L*(Q7).

Actually, in the next section, we will show that
|tds;| € L*(0, T; Lioc(R2)).

4 The uniqueness of weak solution of the usual initial boundary value problem
Proposition 4.1 Let u(x, t) be a solution of equation (1.7). Then

Vu e L®(0, T; L} .(Q)). (4.1)

loc

Proof Let u, be the viscous solution of the initial boundary value (3.1)—(3.3). If we choose

(u, — u)¢ as the test function, where ¢ € C3(Qr), then

r ou,
= dxdt
/0 /Q(u u)p ” x

N T
+ Z/o /;a(x, OB ) [t |“ s, — 1), dx At
i1

N .7
+ Z/ / a(x, £)|u,|* (u, — u)unxi‘,bxi dxdt
=1 V0 YL
N T
30 [ [ b0, -0, dxat
i-1 Y0 Q

N T
' ,21:/0 /Qbi(u”’x’ Ox, (uy — u)) dx dt

=0.

Let n — oo in (4.2). We can deduce that

n—00

lim // a(x, )Pty |* e, (U — )y, dxdt =0, i=1,2,...,N,
Qr
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and this equality yields

lim // a(x, ) |uy|* Uy, uy, dx dt
n—0o0 QT

n—0o0

= lim /f a(x, £ u, | |ty |* dx dt
Qr
<c.
Due to the arbitrariness of ¢ and |u,|* sy, € L*(0, T; L}, (S2)), there holds
Uy, € L°(0, T;L7, (), i=1,2,...,N. O
Theorem 4.2 Ifthereis 8,1 > 8 > 0, and there is a nonnegative function g(x, t) such that
2-B+a;
|b,-(u,x,t)—bi(v,x,t)\ chi(x»t)“’t—v' 2, i:1;21'~;N» (4'3)

// g, 0 ai(x, t) dxdt <c, i=1,2,...,N, (4.4)
Qr

then the nonnegative solution of equation (1.7) is unique.

Proof For a small positive constant § > 0, denoting Ds = {x € Q: w = u —v > §}, we suppose
that the measure wu(Ds) > 0. Let

Lo Lghl ifE s,
IAGER S - , (4.5)
0, if& <A,

where § >21>0,1> 8> 0.
Now, by a process of limit, we can choose F;(w) = F;(u — v) and integrate it over Q;,
0 <t < T, accordingly,

t
//thA(w)dxdt
0 Ja

N ot
£y / / (%, 8) |l (y, — vy, ) F} (W) dxcdt
i-1 Y0 Q

+ i/t/ ai(%, ) (|u]“ = V) vy, ) (thy, — v, Fy (W) dx dit (4.6)
i=1 0 Q ¢ i i

N t
+ ;/0‘ /Q[bt(u,x, t) - bi(V,x, t)] (F)\(W))xl dx dt
=0.

In the first place,
t
| [ @t - v, P ) vt
0 Q

t
> / / i, O1aal s — V)2 P i .
0 Q
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In the second place, by (4.3), (4.4), we have

t
[ [ a0 = 1), = 3 ), )
0 Ja
t
- [ s = s = ) F o el
0 Jo,
g 1
<[ [—ai(x, Ol (= ), @8)
o Jo, L4
+ da;(x, t) (Jul* = V") (u - V)ﬁ2|Vxl.|2:| dxdt
1 t
<c+- / / a;(x, £)|u)® (u - 1/)“3_2|wxi|2 dxdt.
4 Jo Jp,
In the third place, by (4.3), since u and v both are nonnegative,
lu—v|<u

we have

/t/‘ [bi(u,x, t) — b;(v,x, t)]Fi(u - V(U —v)y, dxdt‘
0 Ja

t
/ / [B:(ut,%,8) = biv,%,0) ) (u = V)P (u = V), dx dt ‘
0 JDy
t aj
< f f wﬁ2|:4([bi(u,x,t)—bi(v,x,t)]uTai(x,t)%)2 (4.9)
0 JQ
1 , 2
+ Zai(x, Du®\wy, |~ | dxdt
1 T
2Jo Ja

Last but not least, let £y = inf{r € (0,¢] : w > A}. Then

/;/D. thA(W)dxdt:/D (/Oto w.F, (W) dt + /ttth,\(w)dt) dx

w(x,t)
> / / F (s)dsdx (4.10)
D, Ja

> | (w=20)F(2)) dx > (8 = 2A)F,.(2A) u(Dy).
D;,

From (4.6)—(4.10), we have

1-2°1

s <c.

(5 —21)

Letting & — 0, we get the contradiction. d
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Proofof Theorem 2.3 If condition (2.6) is true, then conditions (4.3),(4.4) are true naturally.
Thus, we have Theorem 2.3. O

5 The stability of weak solution of the usual initial boundary value problem
For any given positive integer #, let g,(s) = fos h,(t)dt, h,(s) = 2n(1 — n|s|),. Then h,(s) €

C(R), and

ha(s) =0,  |sha(s)| =1, |gu(9)| =1, (5.1)
and

nllrrgogn(s) = signs, nlLrQO 5g,(s)=0. (5.2)

As we have pointed out in the introduction section, for the classical porous medium equa-

tion
u; = Au™,

if u(x,t) and v(x, t) are two nonnegative solutions of the initial boundary value problem,

by choosing g,(#™ — V™) as the test function, we easily show that
/ ‘u(x, t) — vix, t)’ dx < / |u(x, 0) — v(x, 0)’ dx, t€[0,T). (5.3)
Q Q

Now, for the anisotropic diffusion equation (1.7) considered in this paper, since «; may

be different from one to another, though for every i

we cannot choose g, (u!"% — v1*%) as a test function. If we insist on using a similar method
to obtain the stability (5.3), then only for a kind of weak solution we can achieve the re-

quirement.

Theorem 5.1 Let u(x,t) and v(x,t) be two nonnegative solutions of the initial boundary
value problem (1.7)—(1.9) satisfying (2.7). If a; > 1,

bi ) ;t _bi ’ ;t .
W) = bwB0| _ o, i=1,2,..N, (5.4)
- —v¥)
and
/ ai(x, ) g(x t)?dx < (T), i=1,2,...,N, (5.5)
Q

then the stability (5.3) is true.
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Proof By a process of limit, we can choose g, (# — v) as the test function, then

o(u—-v)
[ o= as

N
#3° [ aloul, v, -v) d
i=1 /€

N
== 3 [ @ = ), = v ) = v
i-1 /8
N
By / [5:t,%,£) — bi(v, 0] (4 — V) (1t — v) dx .
=1 Y9
Obviously,

/ ai (%, £) || (s, — vi,) g, (e — v) dx > 0.
Q

By (2.7) and «; > 1, using the Lebesgue dominated theorem, we have

|V, |*g(u —v)dx = 0,

n—00

lim [ a;x, £)[|ul® - |v|*
Q

lim / a;(x, t)| || % — |v]|*% |uxi|2g;(u —1)dx =0.
H—>0Q Q

From (5.8)—(5.9), we obtain
lim ’ fg a1, ) (141 = VI vy 1, — ), 0 — V) ] = 0.
We now prove that
nli)rgo i (b, x,8) = bi(v, %, t))g,,/(u - V) (U —v)y, dx=0.

In detail, by (5.4), we have

/ (il x, 8) = bi(v, %, 1)) g, (0 — v) (1 — V), dx
Q

/ [bi(u, %, 8) — bi(v, %, 1) | g, (u — V) (s = V), dx
Dt

<cf
Dyt

:Cf
Dyt

=(.

b;(u,x,t) — b;(v, x,
u—v

t)“(u—v)xi|dx

1 b;(u, %, t) — bj(v,x,t)

ai(x,t)"2 dx

‘|ai(x,r)%(ﬁ—v%)<u—v>x,.
(- v)(u?¥ -v7)

L bil 1) -~ by, %, dx>%

(u-v)(u? —v7)

a;(x,t)

(5.6)

(5.7)

(5.8)

(5.9

(5.10)

(5.11)

(5.12)
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. c(/ |a,-(x, t)% (u% - v%)(u - V) |2 dx) ’
Dn[

-1 2 % %12 %+1 2 %
<c a;(x,t) " gi(x, £)* dx aioe, t)(|ud |7+ ud ) dx) .
Dyt Dyt

Here, we have used the notation
1
D, = {xeﬂ:|u—v| < —}.
n
Let n — oo in (5.12). Since (5.5),
[ a0 g2 <
Q
if Do = {x € Q2: |u—v| =0} is a set with 0 measure, by that

L7}
> +1

y
f aile, ) (jud 7+ |l ) dx < e,
Dnt

we have
lim ai(x,t) " gi(x, t)* dx = / ai(x,t) " gi(x, t)*dx = 0. (5.13)
n—oQ it DO

While Dy = {x € Q: |u —v| = 0} has a positive measure, by that

Dt (u-v)(uz2 —v2)
< /Qa,»(x, £ tgi(x, t)? dx
=q
then
lim [ a0 (u? —v? )@ -v),[ dx

n—00 Dyt
n

= |a(x,t)%(u% —v%)(u—v)xi|2dx=0.
Do

Thus, in both cases, the right-hand side of inequality (5.12) goes to 0 as n — oo.
Moreover,

. o(u—-v)
1 (1 — d.
im /Qg (x—v) o x

n— 00

_ o(u—-v)
_/ngn(u—v) ” dx

=/ sgn(u—v)a(u_v)
Q

(5.14)

at

d
:$/9|u—v|dx.
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At last, let # — 00 in (5.6). Then

/‘u(x, t) — vix, t)’dx < / |u0(x) —vo(x)’dx. 0
Q Q

Proof of Theorem 2.4 Since we assume conditions (2.7)—(2.8), conditions (5.4)—(5.5) are
true naturally, by Theorem 5.1, we clearly have Theorem 2.4. 0

6 The partial boundary value condition based on a submanifold

In this section, we consider equation (1.7) with the initial value condition (1.8) and with
a partial boundary value condition (2.12). For a small positive constant A >0 and any ¢ €
[0,1), let

N
Qs = {xe Q:l_[ai(x,t)>k],

i=1

and set
1, ifxe QZM’
¢@) = 1 LY, i 0) - 1), ifx €\ Quss (6.1)
0, ifxeQ\ Q.

Proof of Theorem 2.5 If we choose ¢g,(u — v) as the test function, then

r ou—-v)
/0/;2¢>(x)gn(u—v) o7 dxdt

N .7

[ [ o, v, o, - v drat
' Jo Ja
N .7

+ Z/ / a;(x, t)(|u|“i - |v|“")vxi(u—v)xi¢g;,(u—v) dxdt
' Jo Ja
N T

30 [ [ o s, = 10— 62)
' Jo Ja
N T

+ Zf / [b,'(u,x, t)—b;(v,x, t)](u = V)&, (u—v)p dxdt
i=1 0 2

N T
+i=21/0 /Q/Q[bi(”’x’t)_bi(V'x’t)]gn(M—V)¢>x,-dxdt

=0.

Clearly, we have

T
/ / a1, Ot (3, = 2yt = V) (= V) e = 0, 6.3)
0 Q
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and from foT || dx dt < ¢, we deduce

lim hm // O (x)gu(u—v) ( )dxdt

n—>00 A
. d(u—v)
lim // g(u—-v) dxdt
n—oo | Jo, Jat

5 (6.4)
= // sign(u —v) w-v) dxdt
Q¢ ot
t
d
= —|u—v|dxdt.
N
Since
UV, €L7(0, T3L7 (Q)), i=1,2,...,N, (6.5)
by that ¢; > 1, using the Lebesgue dominated theorem, we have
lim ai(%,8) (1u]“ = V| ) v, (u = V), b8, (u — v) dx dt
n—0o0 Q
: (6.6)
<c lim / / i, )| —v|(lvy, | + ;) *) pg,, (u — v) dxcdt ’
n—oo [ Qy
=0.
At the same time, if we denote that
Q¢={x€921>¢(x)>0}=9)¢\92“,
then by (2.10) we have
T
lim lim ’/ / ai (%, 8) (|| “ g, — [VI*Vs,) - Pt — V) dxdt‘
r—>0n—00 0 Q
]_[ a; (x, t)
= lim lim Jx, |u|“’ux [v| ’vxl) ( ST s ) g,(u—v)dxdt
A—>0n—00 Q¢
T 1 7
<clim (/ —/ a;(x, t)(’u“f’|uxi|2 + |v“"’|uxl.|2) dxdt)
r—=0\Jy A 2
T 2 3
. /0 ; /% a;(x,t) Ha, x, t sign(u —v)| dxdt (6.7)
j=1 Xi
2 3
< c(/ / a;(x,t (H a;(x, t)) sign(u — v) dxdt)
2 j=1
T N 2 %
= c(/ / ‘\/ai(x, t) (H a;(x, t)) sign(u —v)| dX dt)
0 Joe 5
j=1 X

=0.
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For the convection term, by (6.5) and (2.13), we have

lim
n—0o0

T
| [ 1o - b)) - v dxdt‘
0 Q

T
<c lim/ /(u—v)xl.lu—v|g;’4(u—v)¢>dxdt
0o Ja

n—00

T % T %
<c¢ lim (/ / (|Mxi|2 + |in|2) dxdt) (/ / [lu— vig,(u— V)]zdxdt>
n=ooJo  Joy 0 JQ

=0.

(6.8)

By (2.13), using the homogeneous boundary value condition (2.12), we have

lim lim

r—>0n—o00

T
| [[os3.0- b5, 0]6. 000 vy dr‘
0 Q

N
(H a;(x, t))
j=1 Xi

d¥ dt

dxdt

1
<tim [ 5[ Jwnn - b
1=0Jo A Q6 \ Q0

T
5cf u—vl
0 o

=0.

(6.9)

i

N
Vai(x, ) (1_[ a;(x, t))
j=1 x

Now, after letting #n — o0, let A — 0 in (6.2). Then

/|u(x,t) —v(x, t)|dx < / |u0(x) —vo(x)|dx.
Q Q
Theorem 2.5 is proved. g

7 The proof of Theorem 2.6
In this section, we prove Theorem 2.6. For a small positive constant A > 0 and any ¢ € [0, £),
set Q2,; and ¢(x) as (6.1).

Proof of Theorem 2.6 Let u(x,t), v(x,t) be two solutions of equation (1.7) with the initial
boundary values u(x), vo(x) respectively, but without the partial boundary value condition
(2.12). By assumption (2.17), we can choose g,(¢(u — v)) as the test function and get

d(u—-v)
/an(¢>(u—\/)) uatv dx

N
+2 / a6, 0) (14|, = VI, ) (1, = Vi), (Dt = v)) lx
i=1 V%
N
£y /Q 16,011 28, — V10, o (1 — V), (8t — V) i (7.0)
i=1

N
+ ZI: /Q[bi(u,x, 1) = bi(v, %, 0)|[ s, (u = v) + d(u — V), |2, (d (1 — v)) dx

=0.
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In the first place, we have

/Qﬂz(x, ) (28] 1, — V1%V, ) (1, — Vi), (P (1 = v)) @ dlx
_ /Q a0, 0) 01, — v (80— 1)) 7.2)

[ o ) = ) i, 1) (0= ) .
Clearly,
| s 0 = v, (b= ) s =0
and

fn a6 8) (111 = V1) vy 1ty = v, (0t = 1))

1
= / a0, 8)| 001 = V1% (i, = vy, (0t — ) b b (7.3)
Q

+4/ ai(x, £)| ] — |v|*
Q

ve, 1*g, (¢ (1 = v)) b dx.
Since a;(x, t) satisfies (2.17) and

dx,t)=0, x€Q\ Qs
by that ¢~ > 1 and

Vul € L%(0, T;LE.(), [V €L%(0, T; L2, ()),

loc

using the Lebesgue dominated convergence theorem, we have

lim
n—0o0

/Q ai(x, ) (U = v )y, — vi,) gl (d (e — v)) ¢ dix

= lim /Q ai(x, £) (1 = v*) (s, — vx,) g (P = v)) p dx (7:4)
-0,

tim | [ a0 =) v P (9l )
= lim /Q i £) (5% — v vy, 2, (6 (1 — V) dx (7.5)

=0.
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In the second place, we have
/Qai(x, ) (10| sy, — [VI%v,) i, (= v) gl (B — v)) dx
- a0l ) 2 g (- v)
o )l - 1), S b= gy (90— ) .

While by (2.18)

v/ga,»(x, t)

we have

2
P dx = / a;(x,t)
¢ 2.\ Qe

N
>
a

k=1

lim | a;(x, 6)u® (s, — vy, %d)(u Vg, (¢ —v))dx

n—00 Q

< C/Q (%, U (1, — v, )* | = v)g,, (D (0 = v)) | dx

bx;

2
&~ v)g, (9~ v)) | dx

+clim [ a;(x, t)‘
Q

n—00

=0.

Similarly, we have

lim =0.
n—00

f a(x, ) (u™ — vy, %5 - ), (CITEY)
Q ¢

In the third place, since (1.13) |b;(u, %, £) — b;(v, x,£)| < c/ai(x, t), we have

lim

n— 00

/;Z[b,»(u,x, 1) = bi(v, %, 0)]g, (o —v)) (4 — v)s, dx

= lim / |q;:i| |1, x,8) = bi(v, %, 1) || g, (P (u = v)) p(ue — v) | dix
Q

n— o0

2
ai(x, t) + 1) |g,'1 (P —v))p(u— V)| dx

16
¢

<c lim (
n—oQ Q
=0.

Moreover, since (4.1), we clearly have

lim (bi(u,x, t) - b;(v,x, t))g,,/(qﬁ(u - v))(u —V)x,px)dx = 0.

n—00 Q

Now, let # — o0 in (7.1). Then

f|u(x,t)—v(x,t) dx§/|u0(x)—vo(x)|dx.
Q Q

Theorem 2.6 is proved.
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