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Abstract

A coupled system of nonlinear self-adjoint second-order ordinary differential
inclusions supplemented with nonlocal nonseparated coupled integral boundary
conditions on an arbitrary domain is studied. The existence results for convex and
nonconvex valued maps involved in the given problem are proved by applying the
nonlinear alternative of Leray-Schauder for multivalued maps and Covitz—Nadler's
fixed point theorem for contractive multivalued maps, respectively. lllustrative
examples for the obtained results are presented. The paper concludes with some
interesting observations.
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1 Introduction

Inspired by the work of Bitsadze and Samarskii [1] on nonlocal elliptic boundary value
problems, I'in and Moiseev [2, 3] initiated the study of nonlocal boundary value prob-
lems for second-order ordinary differential equations. Nonlocal boundary value problems
constitute an important area of research as such problems find their applications in chem-
ical engineering, thermo-elasticity, underground water flow, and population dynamics; for
details and examples, see [4, 5]. For a variety of interesting results on nonlocal boundary
value problems, we refer the reader to the works [6—21] and the references cited therein.
Self-adjoint differential equations are found to be of great interest in certain disciplines, for
example, see [22-25]. In [26], a self-adjoint coupled system of nonlinear ordinary differ-
ential equations with nonlocal multi-point boundary conditions was studied. In a recent
article [27], the authors established existence results for a self-adjoint coupled system of
nonlinear second-order ordinary differential equations complemented with nonlocal non-
separated integral boundary conditions.
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The aim of the present paper is to consider and investigate the existence of solutions for
the multivalued case of the problem discussed in [27]. In precise terms, we consider a self-
adjoint coupled system of second-order ordinary differential inclusions on an arbitrary
domain, subject to the nonlocal nonseparated integral coupled boundary conditions given
by

(@) (1)) € urF(t, u(?),v(t)), tela,bl,
(@) () € u2G(t, u(t), v(t)), tela,bl,
ayu(a) + aou(b) = Ay [ v(s)ds, asu/(a) + agu' (b) = Xy [ V/(s)ds,
Biv(a) + Povlb) = s [ w(s)ds,  Pav/(a) + Bav'(b) = Aa [ u/(s) ds,

(1.1)

where a < n < & < b, p,q € C([a,b],R"), o;, Biy }; € R, i=1,2,3,4, u; e R*, j=1,2,
and F,G: [a,b] X R x R — P(R) are given multivalued maps, P(R) is the family of all
nonempty subsets of R.

We establish existence criteria for the solutions of problem (1.1) for convex and non-
convex valued multivalued maps F and G by applying the nonlinear alternative of Leray—
Schauder for multivalued maps in the convex case and Covitz and Nadler’s fixed point
theorem for contractive multivalued maps in the nonconvex case, respectively. The tools
of the fixed point theory employed in our analysis are standard, however their application
to problem (1.1) is new. We emphasize that the results derived in this paper are new and
enrich the literature on self-adjoint multivalued nonlocal boundary value problems.

The rest of the paper is organized as follows. We present background material about
multivalued analysis in Sect. 2, while the main results are presented in Sect. 3. Numerical
examples illustrating the obtained results are constructed in Sect. 4.

2 Preliminaries
We begin this section by reviewing some basic definitions, lemmas, and theorems on mul-
tivalued maps from [28, 29] which are related to the study of problem (1.1).

Let (X, ] - ||) be a normed space. We denote the classes of all closed, bounded, compact,
and compact and convex sets in X’ by Py, Py, Py, and P, respectively.

A multivalued map F : X — P(X) is (a) convex (closed) valued if F(x) is convex (closed)
for all x € X’; (b) upper semicontinuous (u.s.c.) on X if for each xy € X, the set F(xp) is
a nonempty closed subset of X, and if for each open set A of X’ containing F(x), there
exists an open neighborhood N of xg such that F(AVy) € N; (c) bounded on bounded sets
if F(B) = |, F (%) is bounded in X for all B € P,(X) (i.e. sup,g{sup{|y| : y € F(x)}} < 00);
(d) completely continuous if F(B) is relatively compact for every B € P,(X). F has a fixed
point if there is x € X such that x € F(x).

A multivalued map F : W — P4(R) is said to be measurable if, for every b € R, the
function ¢t +—> d(b, F(t)) = inf{|b — c| : ¢ € F(t)} is measurable. We define the graph of F to
be the set Fr(F) = {(x,y) € X x Y,y € F(x)}. The fixed point set of the multivalued operator
F will be denoted by FixF.

Remark 2.1 (The relationship between closed graphs and upper-semicontinuity) If F :
X — Py(X) is ws.c., then Fr(F) is a closed subset of X x Y i.e. for every sequence
{xn}neny C X and {y,}neny C &, if when n — o0, x, = x4, ¥, — ¥4, and y, € F(x,), then
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¥« € F(x,). Conversely, if F is completely continuous and has a closed graph, then it is

upper semi-continuous.

Definition 2.2 A multivalued map F: [a,b] x R? — P(R) is said to be Carathéodory if
(i) t+—> F(t,u,v) is measurable for each u,v € R;
(i) (u,v) —> F(t,u,v) is upper semicontinuous for almost all ¢ € [a, b];

Further, a Carathéodory function F is called L!-Carathéodory if
(iii) for each p > 0, there exists Q, € L'([a, b], R*) such that

HF(t,u,v)” = sup{|x| :xeF(t,u,v)} < Q,(t)
for all |||, ||v]| < p and for a. e. ¢ € [a, b].

Definition 2.3 A function (i, v) € F x F, where F = C%([a, b], R), is a solution of the self-
adjoint coupled system (1.1) if it satisfies the coupled conditions of (1.1) and there exist
functionsf,g e LY([a, b],R) such thatf(t) € F(t,u(t),v(t), g(t) € G(¢, u(t), v(¢)) a.e on [a, b].

Let us now recall the following lemma from [27].

Lemma 2.4 For fi,g1 € C([a,b],R) and R #0, E # 0, the solution of the linear system

P@w ®) = wfi®), telabl,
@OV (®) = wogi (), t € [a,b],

aru(a) + oau(b) = Ay [ v(s)ds, asu/(a) + g/ (b) = Ay [ V/(s) ds,
Biv(a) + pov(b) = s [} u(s)ds,  Bsv(@) + Pav'(b) = hu [ U (5) ds,

(2.1)

can be expressed by the formulas:

u(t)—/( /ﬁ(z)dz)du+—|: T ,32)/ (’“ /ﬁ(z)dz)
+M(ﬂ1+ﬂz)/a /(ﬁ/ gl(z)dz>duds
—k1ﬁ2(ﬂ—ﬂ)/b(u—; ugl(Z)dz> du
+A1Az(n - ﬂ)f /( /ﬁ(z)dz)duds]

;R[(E4a2(ﬁ1+ﬂ2) / L BB B / / oy deds

+ E3h1B2(n — a)/ —dz Egdqrs(n— a)/ / —dzds

! Qg fi1
—RE4/m )( (b)/ﬁ(z)dz) <E4oz2(,31+ﬂ2)/ mdz

+Es)\1(51+132)/ / —dZdS—Es)\LBz(ﬁ—ﬂ)/ %dz
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and

+ EqgdiA3(n — a/ / —dzds+RE4/t1%dz>
><</ A2”2/g1(z)alzds>

(Ezaz(ﬂ1+/32) / L BB+ ) / / —dzds

+E1)\1l32(7] ﬂ)/ —dZ Ez)»l)»g(i’] ﬂ)/ /Wdzds

t b
_ RE, / p(lz) dz)(ﬂ“(’;; f gl(Z)dZ)+(—E2052(,31+ﬁ2) / L

+E1h (B +52)f / ——dzds—E1h1fa(n - ﬂ)f

+E2A1A3(n—a)f / —Zdzds+RE2/ 1%612)
b s
x ( /g z*(“)l / ﬁ(z)dzds)] (2.2)

(e ([ 1r_ _ b(ﬂ ‘ )
v(t)—/ (q( v gl(z)dz)du+R[ arA3(b S)/ p(u)/a fiz)dz | du
+ AAs(b - 5)/ /( )/ a z)dz)duds
- Balo +012)/ (ﬁ/ a1(z )dz)du
b
+)»3(061+012)/; /(p( )/ flz)dz)dudsj|

E1R|:<E4Ol2)\3(b 5)/a mdz Eg)\l)\.gb s)/ / —dZdS

+E3,32(051 +Olz)/ dZ E4)\3(O[1 +Olz)/ / Mdzds

b
(77251
e [ )(pw)f flz)‘”) (oo [ 5
b
+ E3AiA3(b - E)/ / —dzds E3,32(0q+oz2)/ Ldz
n s
+E4)L3(a1+a2)/. / Edzds+RE3/ IE )(/ )Z(l:)zlgﬂz)dzds)

(Ezolz)ng(b S)/ —dZ El)n )\.B(b E)/ / dedS

+E1,32(041 +012)/ ( )dZ Ez}\g(Oll +012)/ / @dzds

ti Batta 1
_REI/; p(z)dz>(q(b)/ﬂg1(z)dz) (Ezazxgb g)/ p()dz

Page 4 of 41
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b
+E1)L Xg(b E)/ / —dZdS—Elﬁz(Ol1+O[2)/ ﬁdz

+Ez)»3(a1+062)/ /mdzds+REl/ mdz>

Agfy
X(/s 26) /ﬂfl(z)dzds):|, (2.3)

where

R = (a1 + a2)(B1 + B2) — MAs(n — a)(b - &),

E=EE4— E>E3,
o3 (0%} )\2
-2 L E-
@ " p(b) 27 / e
by ,33 ,34
E; = —ds, E, = R
3 /s 0 M@ 24)

Let us consider the set of selection functions F and G for each (u,v) € F x F defined by
Sewy = {f € LY ([a,b],R) : f(¢) € F(t,u(t), v(t)) for a.e. t € [a,b]}
and
SGuy =18 € L' ([a,b], R) : §(t) € G(t, u(t), v(t)) for a.e. t € [a,b]}.
Define the operators 01,0, : F x F — P(F x F) by

O1(u,v) = {h1 € F x F :there existsf’ € Sk u) & € S (uy) such that
hy (,v)(t) = Z1(u,v)(0),Vt € [a,b]} (2.5)

and

Oy (u,v) = {h2 € F x F :there existsf’ € Sk uv) & € SG,(uy) such that
h2(ur V)(t) = ZZ(”) V)(t)r vVt e [ﬂ¢ b] }r (26)

where

2101 v)(0)
:ft<“_; /ufl(z)dz)du+%[—az(ﬁ1+ﬁ2)/j<1% /uuf’l(z)dz> du
et [ [ (q( | gﬂz)dz)duds
—Alﬂz(n—a)/ﬂ <£/ gl(z)dz>du
+M?»3(n—a)/;/a (p( )/ fl(z)dz)duds:|

Page 5 of 41
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b
EIR[<E4012(/31+/32)/ mdz Esii(pr +,32/ / —dZdS

b
+ E3A1B2(n — a)/ mdz Eshd3(n— a)/ / —dzds

! Qgfi
_RE“/% )(p(b)/ﬁ(Z)dz) (E“““ﬂ”ﬁ”/ PEk

b
+ Epha(By+ Bo) / f 5 deds = Exiafali ) / %dz

+ Eshahs(n — a)/ / —dzds+RE4/ ) )(/ A;(’:)z /asgl(z)dzds)

(52052 b1 +,32)/ —dZ E1x(B1 +,32)/ / —dzds

b
+ E1h1B2(n - a)/ mdz Exhids(n— a)f / Edzds

| Bata N
’REzfa P dz)( 4(6) / &) dz) <’E2“2(’3 1+h 2)/ P

n ps b
+Evha(Br+ Bo) f idzds—mlﬂz(n—a) f @dz

+ EahiAs(n — a)/ / Wdzds+RE2/t$dz)

Aafl1 -
dzd
* (/g ) /afl(Z) : )}

and

Zy(u,v)(t)

=ft(q’f;)f s )du g[-esisto-o) [ (2 [ firaz) au
i [ (5 [05)

~ Pl + ) / (25 [ o) au

”3(“”“2)/}]/ (s [ 1) s

EIR[(EwZAs(b £) / S de-Eao-8) [ f o dzds

+ E3Ba(a; +0t2)/ ——dz — Eqhs(oy +a2)/ / —dzds
p(2)

! (27051 2
‘RES/ m”’)( <b>/fl<z)”’Z) (E‘*“W’ f)/ m”’z

+E3)\, Ag(b E)/ / —dZdS E3ﬁ2(0(1+0(2)/ %d
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n s
+E4A3(a1+a2)/ /mdzds+RE3/ % >(/ )Z(f)zfgl(z)dzdS)

(Ezolz)\.g(b S)‘/. —dZ El)x )\.3 b f;:)/ / dedS

+E1 B (a1 +012)/ —dz Eyhs(o; +a2)/ / —dzds
& Ja P(Z)

—RElft %dz)(ﬁtgi /bgrl(z)dz> ¥ (-Ezazxg(b—g)/ﬂb %dz
+ Epais(b - g)/ / i deds— Eialen +a2)/ab %dz
+E2)»3(0t1+oz2)/ / —dzds+RE1/tl%dz>
([ 55 [ oaeas)]
Next, we introduce an operator © : F x F — P(F x F) as
o= (310

where ©; and ®; are defined by (2.5) and (2.6) respectively.
For the sake of computational convenience, we set the notation

& =Dy +Ds, &y =Dy + Dy, (2.7)
where
(b-a)? Mra(n —a)[(b-a)® - (€ —a)®]
=@[Ta(|R|+0€2(ﬁ1+ﬂ2))+ Sl 6a = ]
. 1 [(54052(51 +B2)(b-a) . Eshi(B1 + B2)(n —a)? . E3)Ba(n —a)(b-a)
|RE| p 2q q
, Eatrs(n-a)l(b- a)* - (& - a)?] , REa(b- a)) (OULMl(b - a))
2p p lp(D)|
. (Ezolz(ﬂl + Bo)(b—a) . Eix(Bi + B2)(n — a)? . Ei)1B2(n—a)(b-a)
p 2q q
s Exharz(n—a)[(b - a)* - (€ —a)?] . RE»(b - ﬂ))
2p p
» ()»4#1[(]9 —a)* - (§ —a)’] ):|
2p ’
A _ 43
D, - L [ 1(BL + ﬂ;)(n a) s aupaln _a)(b_a)2i|
s 1 [(E4az(ﬂ1 +Bo)(b—a) . Eshi(By + Ba)(n — a)? . E3\1B2(n—a)(b—a)
|RE| P 2g q

s Esdars(n —a)[(b - a)* - (€ —a)?] N RE4(b - ﬂ)) (Azﬂz(ﬂ - ﬂ)2>
2p p 2q

Page 7 of 41
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. (Ezolz(ﬂl + B2)(b—a) . Eih(Br +F2)(U - a)? . Ei)1B2(n —a)(b—a)

p 2q q
Exlrs(n—a)[(b-a)* - (§ —a)’] RE)(b- ﬂ)) (ﬁz}Mz(b - ﬂ))]
+ _ + _ ,
2p p lq(b)|
(b-a)? As( (b - a)® - (& - a)®]
. 1 |:(E4052)»3(b -£)(b-a) .\ Eshiis(b—§)(n - a)* . E3Bo(0y + 0a2)(b - a)
RE p 2q q
,Edsl+a)l(b-a)’ - (€ -aP’] RE;(b- a)) (0[4#51(17 - a))
2p p lp(D)|
s <E2a2/\3(b -&)b-a) . Eyhirs(b—§)(n —a)* s E1By(ay + az)(b —a)
p 2q q
s Ex)s(on +ao)[(b - a)* - (§ — a)?] s RE; (b - ﬂ))
2p p
y (Mm[(b —a)* - (¢ -a)] )}
2p ’
_g)? _ PAY:
4 = |Z—;1||:(b Za) (IRl + Balay +@2)) + Mira(b g)('l %) ]
. 1 |:(E40lz}»3(b -&)(b-a) . E3hids(b—€)(n - a)? . E3Ba(ar1 + a2)(b - a)
RE p 2g q
s Esdz(ar + a)[(b - a)? - (£ — a)?] s RE3(b - ﬂ)) ()\zﬂz(n - 61)2>
2p p 2q
. <E2012)»3(b -&)b-a) . Eydrz(b-€)(n - a)* N E1 By + a2)(b—a)
p 2q q
Eyhs(ay + ao)[(b—a)* - (§ —a)’]  RE\(b- a)) (ﬂum(b -a) )}
+ — + — , (2.8)
2p p lq(b)|
p= Zei&fb] |p(2)|, q= Zei[fzsz]}Q(Z) | (2.9)

3 The Carathéodory case
To prove our first existence result for multivalued problem (1.1), we need the following

known results.

Lemma 3.1 ([30]) Let X be a Banach space. Let F : [a,b] x R*> — PepR) be an
L'- Carathéodory multivalued map, and let ¢ be a linear continuous mapping from
LY([a, b],R) to C([a, b],R). Then the operator

QoSEy: C([ﬂ» b, R) g Pcp,c(c([“, b, R))» ut> (¢ o Spu) () = o(Sku)
is a closed graph operator in C([a, b],R) x C([a, b],R).

Lemma 3.2 (Nonlinear alternative for Kakutani maps [31]) Let S be a Banach space, S
be a closed convex subset of S, U be an open subset of S1, and 0 € U. Suppose that F :
U — P.,(S1) is an upper semicontinuous compact map; here P, .,(S1) denotes the family
of nonempty, compact convex subsets of S1. Then either
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(i) F has a fixed point in U or
(ii) there are u € 90U and A € (0,1) with u € LF(u).

Now we are in a position to present our first main result.

Theorem 3.3 Assume that
(H) F,G:[a,b] x R? — P(R) are Carathéodory possessing compact and convex values;
(Hy) There exist continuous nondecreasing functions Y, Vo, $1,¢2 : [0,00) — (0,00)
such that

~

|E@u,v)| = sup{If| :f € E(t,u,v)} < pr(®)[w1 (Ilull) + p1(Iv1)]

and
|G u,v)| 5 = sup{1g| : g € G(t,u, W)} < p2O[ W2 (Ilell) + P2 (IIv1]) ]

for each (t,u,v) € [a,b] x R?, where p1,p, € C([a,b],R*);
(H3) There exists a constant N > 0 such that

N
Elllp1llyi(N) + p1(N)] + Ellp2ll [¥2(N) + ¢2(N)]

>1,

where &; (i = 1,2) are given in (2.7).

Then problem (1.1) has at least one solution on [a, b].

Proof Consider the operators ©1,0; : F x F — P(F x F) defined by (2.5) and (2.6) re-
spectively. It follows from assumption (H;) that the sets Sg,,,,) and Sg ) are nonempty
for each (u,v) € F x F. Then, forf € Sk uv)» & € Sy and V(u,v) € F x F, we have

hl(u,v)(t)=/< /f(z)dz)du+—|: -y ,31+ﬂz)/ ( /f(z)dz)du
chalprep) [ /( dz)duds
~hafan - a) / (ﬁ :ﬁ(z)dz)du
+)\1)L3(r)—a)/b/ <p(u)/ f(Z dz) duds]
E1R|:(E4otz(,31+,32)/ —dZ E3)\q ,31+ﬂ2)/ / —dzds

+ E3A182(n — a)/ —dz Egdqhs(n— a)/ / —dzds

! (077251
- | ee) (i [F0ae) (-t [ 5

n s
+Es)»1(,31+,32)/ / ﬁdZdS—Eshﬂz(ﬁ—ﬂ)/ ﬁdz
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and

+ Egd1A3(n — a)/ / —dzds+RE4/tl%dz>
Ao 7,
X (/ 26 / g(z)dzds>
(Ezaz(ﬂl +ﬂ2)/ ——dz—-E\ 1(ﬂ1+ﬂ2/ / —dZdS
+E1)\1,32(7’} d)/ —dZ Ez)\l)ug n-— 61)] / —dZdS
! Baita N b
_REZ/ ﬁdz)( 25) / g(z)dz) + (—Egaz(ﬂl +,82)/ﬂ m z

b
+E1)»1 ,31 +,32 / / ——dzds - El)»lﬂz(f]—ﬂ)/‘ ﬁdz

+E2)x1)»3(17—oz)/‘é /ﬂ%dzds+RE2/ p?)dz)
b g [
dzd
X (/g FeURCL S)]

o, 9)(8) = / (% g(z)dz> i

1 b “,
oo [ (L5 [T az)au
n s u
+m3(b—s)/ /(%/ g(z)dz>duds
b u
—,32(011+052)/ (%/ fg(z)dz)du
b
+)~3(051+0lz)/s /(p(u ff dz)dudsi|
1 s
+§[(E40l2?»3(b—5)/; %dz—fsh)»a(b—é)/a /a ﬁdzds

b 1 b ps 1
+E3,32(Oll + (12)/ — dZ—E4)\,3(Ol1 + (12)/ / — dZdS
& a

p(2)

oy b1
xe [ e )(pw /f yic) « (B [ o
b
+E3)»1)»3b S)/ / —dZdS E3ﬁ2(0q+052)/ ﬁdz
+E4k3(a1+a2)£ /@dzds+RE3/t$dz>
T hotta [P
x(/ 26 /g(z)dzds)

<E20l2)\‘3 b E)/ —dZ El)\. kg(b s)/ / dedS
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+E1/32(Oll +O[2)/ —dZ Ez)ug(al +O[2)/ / %dzds

f1 Bapz (7. 1
—RElfa e dZ)(q(b) /a g(z)dz) +< —Eyahs(b - E)/ e )dz
b
+E1)\. A.g(b E)/ / —dZdS Elﬂz(Oll +(¥2)/ ﬁdz
+E2)L3(O[1 +052)/; / I%dZdS-,—REl /tde)
b hapn 54
([ [Ferea)]

where /1, € ©1(u,v), hy € ®,(u,v), and hence (41, 1;) € O(u, v).

Now, we will verify that the operator © satisfies the assumptions of the nonlinear alter-

native of Leray—Schauder type. In the first step, we show that ©(u, v) is convex valued for
each (u,v) € F x F. Let (h;, ;) € (®1,0,), i = 1,2. Then there existfi € SE(uw) &i € SG )
i = 1,2, such that, for each ¢ € [a, b], we have

i(t) - / (p( ) / fZ)dZ) du+—[ ws(B1 + o) / (p( ) / 7 dz)
+)»1(,31+,32)/ /(q( 7] gi(z)dz) duds

—21Ba(n - a) / (“—; (2 dz> du

+Ars(n— a)/ /( /f(z)dz)duds]

+E—R[(E4az(ﬂ1+ﬂz) / L Epa(+ ) / —Zdzds

q(z p(2)

t 1 Qgfl b n b
_RE4/a Mdz>(p(b) /a ﬁ(z)dz) + <—E4(x2(,31 +/32)‘/(Z mdz

n s b
+E3)»1(/31+/32)/ / ﬁdzds—lfghﬁz(n—a)/ ﬁdz

b1 1
+E3)»1,32(77—6l)/ —)dZ—E4)\,1)»3(77—6l)/ ——dzds
a & a

b s 1 t 1
+E4A1k3(n—a)f —Zdzds+RE4/ —dz)

p(2)
X (/n el / gi(z dzds)

(Ezaz(ﬂl +,32)/ —dZ Eih(Ba +ﬁ2)/ / mdzds

+E1)\1,32(7] ﬂ)/ —dZ EQ)\. )\3(7] d)/ / dedS

L Bapa [7 .
_REZ_/a Mdz)(q(b) /ﬂ g,-(z)dz) +< E2a2(51+ﬂ2)/ —dz
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and

+E1n (B +/32)/ / —dzds EixiB2(n - a)/ —dz

+ EsAiAz(n — a)/ / mdzds+RE2/tl%dz)

Agliq -
x(/é 26) /af,(z)dzds)]

/ <ql(m)/ g‘(Z)dz)

¥ %[—azxg(b-s)/ﬂb<% /auﬁ-(z)dz) du
+Alxs(b-g)fa"/as(% augi(z)dz) duds
~ Balen +a2)/b<ﬂ /ugi(z)dz> du
+k3a1+a2//(M1 /f dz)duds}

E1R|:<E4O{2)»3(b S)v/a I%dz Eg)\,l)ug(b S/f—zdzds

b1
+E3,82((11 +Olg)/ —dz— E4)»3 o1 + oy / / ——dzds
a q2) p(2)

Qgfi b1
‘REB/a _z>d>(p<b>/f d") (E”‘“Z“(’"E)fa PEkd

b1
+Egk1k3(b—é)f / —dzds—Egﬂz(a1+a2)/ %d

+ Eqds3(og + o) / /Mdzds+RE3/at%dz)
X (/ kz#z/@(z)dzds)
<E20[2)\.3(b 5)/ ——dz—EiAA3(b-§) / / —dzds

+E1ﬂ2(051 +O{2)/ ( )dZ EZ)\.?,(al +O{2)/ / GdZdS

ti Balta . 1
‘REI/a @ dz)(g(b) / g’(Z)dZ) (E”‘z“’(b "3)/ p()dz

n ps
+E1)\1)\.3(b—€)/ / LdZdS—ELBz(Oll +Olz)/ @d

+ Eyhs(a +a2)/ /mdzds+REI/t}%dZ>

Agpr [
x(/é 26) Af,(z)dzds)].
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Let 0 < w < 1. Then, for each ¢ € [0, 1], we have

[a)hl +(1- w)hz](t)

=£t<1% au[wfl(z)+(1—a));(z)]dz) du
b u
+ l |:—052(,31 + ﬂz)/ (ﬂ [a)fl(z) +(1- w)f}(z)] dz) du

+A1(B1+ ,32)/ / ( H2 / a)gl(z) +(1 —a))gz(z)] dz) duds

—Mifa(n - ﬂ)/ <£/ [wg1( )+(1—a))§2(z)] dz) du

+A1As(n — ﬂ)/ /(p() [wfi(z) + (1~ w)fz(z)]dz)duds:|

E1R|:<E40lz(ﬂ1+ﬂ2)/ —dZ E3)\1(ﬂ1+ﬂ2‘/ / —dZdS

b
+E3)»1,32(T)—61)/ @dZ—EzL)»l)\.g(n—ﬂ)/; /%dzds

1 agr [P0 5
—RELLv/Lz Mdz)(p(b) fa [a)fl(z)+(1—w)2(z)]dz>

b n s
+ (—54012(,31 + ﬂz)/ 1% dz + Eshi(B1 + ﬁz)/ / Lz) dzds

— E3AB2(n — oz)/ —dz+E4A1A3(n oz)/ /Mdzds

+RE, / —dz> ( / A;(“; / [w§1(2)+(1—w)§2(z)]dzds>

(52062 b1 +,32)/ —dZ E1 2 (81 +ﬁz)/ / mdzds

b
+ E1h1B2(n - a)/ mdz Exhihs(n— a)/ / —dzds

~RE, f %dz)(éj(/;; / [w§1(2)+(1—w)§2(z)]dz)

(—Ezaz Bi+Bo) / L BB+ B) f f %dzds

b1
_El)\llsZ(n ﬂ)f ﬂdZ+E2)»1)\.37] ﬂf —ZdZdS

o ) [ 55 o)

and

[wh + (1 - w)hy] ()

:/ (ﬁ/ [wgl(z)+(1_w)§2(z)]dz)du

Page 13 of 41
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b u
+ %[—azkg(b—é)/ <M_:l [a)j‘l(z)+(1—a))f”2(z)]dz) du
+ AiAz(b - é)/ /( a)gl(z)+(1 a))gz(z)]dz>duds

- Balar +012)/ (ﬁf [081(2) + (1 - ®)§2(2)] dz) du

+ A3 a1+a2f /( Ma)fl (z) + (1—a))A2(z)]dz>dudsi|

b n prs
+ELR|:(E4a2)\3(b—E)[; I%dz—Eg)»l)»g(b—f)/‘ / ﬁdzds

+Ea,32(011+0l2)/ ﬂdz E4)»3(011+012/ /Wdzds

— RE; / %dz) (“4(’;)1 / [0fi@) + (1 - 0)A(2)] dz)

(E4a2A3(h S)/ —dz+E3A As3(b— &)/ / —dzds

q(2)

t
—E3Ba(on +a2)/ —dz+E4A3(a1 +a2)/ / —dzds+RE3/ —dz)

p(@)
x( / Aoty / win(z) + (1 - a))gz(z)]dzds>

+ (Ezdz)»g(b—%‘)/ LdZ—El)\l)\.g(b—é;:)\/n /Sidzds

+E1,52(051 +0l2)/ dZ Ez)\g(oll +0l2)/ / Wdzds

1 Bara n N
_REIL Mdz)(q(b) /ﬂ [wgl(z)+(1—a))g2(z)]dz)

b
+ (—E2a2kg(b—§) LdZ+E1)»1)»3 b- E f f —dZdS
a P(Z) q(z

b1
—Elﬁg(al +C(2)/ —dZ+E2)»3(C(1 + 0y / / —dZdS
a 4 p@)

Aapr [Tr N
+RE1/ @ )(/ 6 A[wﬁ(zh(l—w)ﬁ(z)]dzds)]

Since Sr,(u), SG,(u,v) are convex valued as F and G are convex valued maps, therefore wh; +
(1 - w)hy € Oy, why + (1 - w)hy € Oy, and hence w(hy, 1) + (1 — w)(hy, ) € O.

Now, we show that ® maps bounded sets into bounded sets in F x F. For a positive
number v*, let By« = {(u,v) € F x F :||(u4,v)|| < v*} be a bounded set in F x F. Then, for
each i; € ©; (i = 1,2), (u,v) € B,x, there existf € Sk & € SG,(uy) such that

hl(u,v)(t)z/ (p(u)/ f dz)du+—[ az(B1 + B2) / (p(u)/ flz dZ)
+A1(B1 +ﬁ2)/ /(q( 7] g(z)dz)duds
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and

b u
—)»1,32(77—61)/ (%/ §(z)dz>du
b
+A1A3(n—a)/ /(p(u)/ ) dz)duds]

;R[(E4a2(ﬁ1+ﬁ2> / L B+ ) / / mazzds

+E3)\.1ﬂ2(7’} d)/ —dZ E4)\ )\.3 7]—61)/ / —dZdS

! gy
_RE, / = )(p(b / f(z)dz) (—E4Oéz(ﬂ1+ﬁz) / 5

+Esha(Br + Bo) / / —dZdS—Es)nﬂz(??—ﬂ) / %dz

+ Egd1A3(n — a)/ /mdzds+RE4/t1%dz>

([ e

(Ezﬂlz(ﬂl + ,32)/ m dz — E1h(B1 + Ba) f _z dzds

+E1)»1ﬂ2(7’}—6l)/ ﬂdz Eg)»l)»gr) ﬂ/ / (Ldzds

L1 Batta . bq
—RE —d d -E —d
2/ @ Z)(q(b) / 8@ Z)+< 2"‘2(’3”’32)/a 0~

+E1aq( 1+ﬁ2)/ / —dZdS Ei1x1B2(n - ﬂ)/ —dz

+ ExA1A3(n — a)/ / mdzds+RE2/tp(1)dz>

Aaprr 75
x (/s 20 /af &) dz"“)]

By, V) (£) = /(ﬁf (z)dz)du+—|: aphs(b — 5)/ (‘“ /f(z dz)

+MA3(b-§) / /(Mz)/ 8(2) dz)duds
—ﬁz(a1+052)_/; (%/ §(Z)dz>du
+ Asz(ay +a2)/b/ (p(u)/ f(z)dz) duds:|

+ELR|:(E4O[2)\.3(b s)/ mdz Eg}\ )L3(b f;: / / dedS

+E?,,32(0ll+062)/ —dZ 54)»3(011+052)/ / —dZdS
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e o) 5 )i
+ Eshihs(b— g)/ / o 45 Egﬂz(a1+a2)‘/ab$dz
+E4)L3(oz1+ot2)/§ / Mdzds+RE3/tl%dz)

) (/ Ao;(/:; /jé(z) dZdS>

" (Ezazkg(b—é)/ab‘z%dz—Elklkg(b—S)’/aﬂfasﬁdzds
+E1,32(a1+a2)'/ab$dz—E2A3(al+a2)/:/usl$dzds
—RElfatI% dz)(’f;(‘;; /abg(z)dz> + <-Eza2x3(b-g)/abl%dz
+Elx1x3(b-g)/; /ﬂsﬁdzds—Elﬁz(al+a2)/ab$dz
+E2A3(a1+a2)£bLsI£@dzds+RE1LtI;@dz>

([t [

Then, for ¢t € [a, b], we have

|1y (a, v)(8)|

f('l“' / V(z)| )du+—|:|a2 ,31+,32)}/(|M1 / z)|dz)

+ [21(B1 + B2) ’/ /(ml(zl'/ 8z ]dz)duds
+|)¥1,32(77_“)|/; (|lII(LD2l;|/a‘ |§(Z)|dz>du

b ps u

+|)»1)»3(77—a)|/ /(ILI(L;;/ [f(z)|dz>duds]

|ER|[<|E4012(,31+,32)|/ e i 1(ﬁ1+ﬂz)|/ / o deds
+|E3A1ﬂ2(n—a)|/a lq(z)|dz+|E4)\1)Lg(n—a)|/é /a |p(z)|d2ds

L1 laapa] 715 ) ( b#
e [ i) (i [ Veles) + (1o s [
nops b

+|E3)»1(,31+l32)|/; f; |q(lz)|dZdS+|E3)»1,32(77—11)|/; m(%)'dz

b ps ¢
.,_|]54)L1)\3(;7—a)|/E / |p(lz)|dzds+|RE4|/ Ip(%)ldz>
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Tl [°.
X(/ 126)] a|g(z)|d2ds>

b 1 n s 1
+<|52062(51+132)| f o e BB+ o) / / o deds

1
lp(2)|

b 1 b S
+ |E1)»1/32(n —a)| ——dz+ |E2A1A3(n —a)| dzds
a |6I(Z)| & Ja

Pl |Bapal [°
RE d
+ 2'/a e Z)(|q(b)| ,

nops b
+ [Exha (B +,32)|/ f |q(lz)| dzds + |E1k1ﬂ2(n—u)|f

b s 1 t 1
- dzd —d
* [Eakiial a)!fé /a lp(2)] ‘ S+|RE2|fa lp(2)| Z)
Pl (55 )]

dzd

) (/s 6] /aW” o
—_a)? _ N3 _ (s _ )3

{m [(b a) (|R|+a2(51+ﬁ2))+kl’\2(” a)[(b-a)’ - (& a)]}

IRpI[ 2 6
s 1 |:<E40lz(,31 + pa)(b - a) . E3i(Br +_ﬁz)(77 - a)’ . E3)iBa(n —a)(b-a)
|RE| p 2q q
, Eriis(n-a)lb-a) - (E-a)’] RE(b- a)) (awl(b - a))
2p p Ip(b)]
s (Ezolz(ﬁl + ) (b - a) N Eihi(Br + B2)(n — a)? N Ei)1Ba(n—a)(b-a)
p 2q q
s Eyhids(n—a)l(b-a)® - (§ —a)’] s RE>(b - ﬂ))
2p p

8 (Mm[(b ~a)’ - (¢ -a)’] )] }
2p

 Ipill[¥1 (vF) + o1 (v*)]
. { w2 [/\1(/31 +Ba)(n —a)?

b1
(2| dZ) + (IEzaz(ﬂl + ,32)|/ m(—z)'dz

1
d
a1

IA

+Apa(n—a)(b- ﬂ)2i|

I2Rq| 3
.\ 1 |:<E4012(51 + f2)(b - a) s Esii(B1 + B2)(n —a)?
|RE] p 2q
s Esh1Ba(n—a)(b—-a)
q
, Evrars(n-a)l(6- a)’ - (£ —a)’] , REa(b- a)) (kzuz(n - a)z)
2p p 2q
. <E20!2(131 + fa2)(b—a) N E1xh (B +f32)(77 - a)? N Eid1B2(n—a)(b—a)
P 2q q
ExhAs(n—a)((b-a)* - (£ —a)’] RE(b- ﬂ)) (ﬂ4M2(b - ﬂ))] }
+ - + =
2p P lq(b)]

x Ip2ll[¥2(v*) + ¢2(v7)]
=Dillpil[¥r (v*) + ¢1 (V)] + Dalipall[ Y2 (v*) + o (v¥)].
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Similarly, we can obtain that

|ha(u, v)(@)| < Dsllpall[v1 (v¥) + ¢ (v*)] + Dallpall[W2 (v*) + B2 (v¥)]-

Thus, we get

|71, ) || < Drllpall[vr1 (v*) + ¢1(v*)] + Dallp2ll[v2 (v*) + $2(v*)]
|72, V) || < Dsllpall [¥1 (v) + d1(v)] + Dallpall[¥2 (v*) + 2(v*)],

where D; (i = 1,...,4) are defined by (2.8). In consequence, we have

|G, )| = | Caa ) | + | raoa, ) |
< (D1 + D3)llpall[¥1(v*) + @1 (v*)] + (D2 + D)lIp2ll[2 (v*) + 2 (v*)]
= Eilpill[vr (v*) + 1 (v¥)] + Exllpall[ 2 (vF) + 2 (v¥)]

= £ (constant),

where &;, i = 1,2, are defined in (2.7).
Next, we verify that ©(x,v) is equicontinuous. Let £, £, € [a,b] with t; < t,. Then, for

S € SEuw)» & € S6,uy), We get

|11 (14, v) (£2) — By (1, v) (21|

[ Gl [ o) [ [0

(B[ e [ ) (i [70)
(U e [ f o))
(5[ [t (i | 700%2)
(E e [ ) ([ [oss))

M1 (fz—l/l)z—(l—bl)2 Ey (o
= [(_> 2 ' ﬁm(wwn)(” -4

pl
— b _ 2 _ )2
+ EE|_12_9|(}\4,U«1)(t2 tl)[(2 a)” - (& —a) ]i| % ||P1||[W1(V*) +¢1(V*)]
B Gaps— =o' Es () |
% Eay ~ .
’ I:E|I_9| 2q + Elp| \1q(®)| (tr—t1)(b—a)

x |p2ll[2(v*) + ¢2(v*)] > 0 as , — t; independent of (u, v).

Analogously, it can be shown that

’hz(u V)(t2) — ha(u, v)(t1)| — 0 ast, — ¢t independent of (u, v).
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Obviously, the right-hand sides of the above inequalities tend to zero independently of
(u,v) € B+ as ty — t; —> 0. Therefore, the operator ®(u, v) is equicontinuous, and hence
we deduce that O(u,v) : F x F — P(F x F) is completely continuous by the Arzeld—
Ascoli theorem.

In the next step, we show that ©(u,v) is upper semicontinuous. Instead it will be es-
tablished that ®(u,v) has a closed graph in view of the fact that a completely continu-
ous operator is upper semicontinuous if it has a closed graph. Let (u, vi) — (1, i) and
(i, hi) € O(ug, vie) and (g, i) —> (B, ). Then we have to show that (4, /.)€ O (i, V).
Associated with (Mg, i) € © (g, vi) andfk € SE(uv)» 8k € SG,uy), for each t € [a, b], we have

i (uge, vie)(£)

T ‘o 1 b M1 "
- [ Gl [ Aerae) e oo (355 [ i)
+A1(ﬁ1+52)/nf (%f ﬁk(z)dz) duds
b u
—)»152(77—6!)/ <ﬁ/ gk(z)dz>du
b
+k1k3(n—a)/é /(p( )/ ﬁ(z)dz)duds]

7
EIR[<E4012(51 +,32)/a %dZ_ES}LI(,BI +,32)/ / EdZdS

b
+E3)\.1}32(7] a)/ mdz E4)\. )\.3(7] 61)/ ‘/dedS

1 Qgfi
_RE“/M )(p(b)/ﬁ(z)dz> (E‘*“Z(’g”’%)/ PEN

b
+ Epha(Bu+ Bo) / / idzds—mlﬂz(n—m / %dz

+ Eshais(n — a)/ / —dzds+RE4/ ) )(/ A;(’:)z /asgrk(z)dzds)

<E2052 B+ ﬁZ)/ ——dz—E1M (B + ,32)/ / ——dzds

b
+ E1A1B2(n - a)/ mdz Eyhihs(n— a)/ / —dzds

1 Balta N b
’REzfa P dz)( 4(6) / &) dz) ' ('Em(ﬂ 1+h 2)/a PE

n ps b
+Evha(Br+ B) / idzds—mlﬁz(n—a) f ﬁdz

+ EshiAz(n — az)/ / Wdzds+RE2/tl%dz)

Ay [
dzd
* (/s 26 /afk(Z) : ﬂ
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and

P, vi)(£)

[ (L [a@a)aus [ -wno-o [ (22 [“rdz) au
Fhinao-8) [ /( e gk(z)dz>duds
- Bales + ) / (L2 [ aterae )
”“"‘”“”/bf (i erdeanas]

E1R|:<E4a2kg(b E)/ ——dz—EshAs(b- S)/ / —dzds

+E3,82(061 +O[2)/ dZ E4)\3(061 +O[2)/ / —dZdS
p(2)

‘RE3/ 7@ )((;4(:)1 / fi@ dz) (‘Em“(b 5)/ Wdz

+ Eshha(b— g)/ / el Egﬂg(a1+0l2)/

+E4A3(a1+a2)/ / (lz dzds+RE3/ — )(fn A;(‘:)Z /asfgk(z)dzds>
+<E2a2x3(b-g)/a %dz—Elklkg(b—é)/u / el
+E1,32(a1+oz2)/ub$dz—}52)\3(a1+a2)/:/asl%dzds
)85 ) (i

+ Epiis(b—£) / / o s Eial a1+a2)/;bﬁdz
+E2A3(a1+a2)/; /a%dzdsm]sl/;ﬁdz)

(]2 s

Consider the continuous linear operators Wy, W, : L*([a, b], F x F) — C([a,b], F x F)
given by

Wi, )(6) = / (1% / f(z)dz> i
1 Pl [
oo (25 156)o
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and

+)»1(,31+ﬁ2)/ /(q( 7] g(z)dz)duds
habaln—a) / (% [ g(z)dz> "

b ps u
+)»1)L3(n—¢z)/s /(ﬂff(z)dz>dudsi|

;R[(E4az(/31+/32) f ()dz Esm(Bi+ Bo) / f o deds

b
+E3)»1,32(T]—ﬂ)/ @dZ—Ez;)»l)\.g(n—ﬂ)/s / ——dzds

p(2)

t 1 Qafl b,\ b 1
—RE4v/; Mdz)(p(b) /;f(z)d2>+<—E40l2(,31+,32)v/; Md

nops b
+Eshi(B1 +ﬂ2)/ / ﬁdZdS—E?,Mﬂz(ﬁ—ﬂ)/ ﬁdz
b ps t

+E4A1A3(n—a)/ (Lz)dzds+RE4/ I%dz)
T Aot
* (/ 46 / d”“)
(E2a2 1+/32)/ —dz E1)q( 1+ﬁ2)/ / @dzds

+E1k1ﬂ2(n ﬂ)/ —dZ Ez)\. )\.3(7] 61)/ / dedS

ti Batts N
_REZ/ﬂ p(z)dz>(q(b) / g(z)dz) (Ezotz(ﬂ1+ﬂ2)/ Pl

n ps
+ Epha(Bu+ Bo) / / idzds—mlﬁzm—a) / @dz

+ EsdiAz(n — a)/ / —dzds+RE2/t1%dz)
(55 7o)

\Ilz(u,v)(t)—/ (;(”)f g(z)dz)du+—[—azkg(b g)/ (’“ /f(z)dz)

+AAs3(b - S)/ /(q() ’ )duds
—,32(051+012)/a (%/ ﬁ(z)dz)du
+ Az(og +a2)/b/ <p(u)/ f(z)dz> duds]

+ELR|:<E4(¥2)L3b E)/ —dZ Eg)n kg(b g)/ / dedS
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+E3,32(O[1 +(¥2)/ —dZ E4)L3(O[1 +(¥2)/ / —dZdS

! (279051
‘RE3/ ) )(pw)/ ft Z”Z) (E‘“"”B”’ 5’/ m"’z

+E3)\, )\.3(b E)/ / —dZdS E3/32(061 +O{2)/ %dz

+E4A3(a1+a2)/ / mdzds+RE3/at1%dz>
x ( / Aotk / g(z)dzds)

(Ezazkg(b s)/ —dz Eihihs(b—¢) / / 4
+E1,62(a1+a2)/a %dz—E2A3(a1+a2)/§ / I%dzds
—REl/ﬂtﬁdz)([z;(l;; ng(z)dz> + <-Eza2x3(b-g)/;%d
+E1)»1)\3(b—§)/n/3Ldzds—El,Bg((xl+a2)/ab$dz
+ Byl + ) / / —— dzds + RE; / t ﬁﬂ)

(5 o)

From Lemma 3.1, we know that (¥;, W) o (Sr, Sg) is a closed graph operator. Moreover, we

have (hkr Hk) € (\Ijlﬁ \IIZ) © (SF,(uk,vk); SG,(uk,vk)) for all k. Since (ukr Vk) — (u*; V*)» (hkr Hk) -
(h, h), it follows that f; € SEu)> 8x € SG,uy such that

h(uh, v:)(2)

/(p( )/ f*(z)dz) %I:—az(ﬂ1+l32)/( /f*(z)dz)
+M(B1 + Ba) / f(q“—/ dz)duds

o [ (22 [*adz) du

+)L1)»3(77—a)/b/; (p(u)/ . Z)dz> duds]

b
EIR[<E4012(51+,32)/ mdz Es) 1(,31+/32/ / EdZdS

b
+EshiBa(n - ﬂ)/ mdz Ejhds3(n— 61)/ /mdzds

1 gy
‘RE“/ ) )( <b)/f*(2)dz> (E““s”ﬁ”/ m‘”
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+E3) 1(,31+/32/ / —dZdS E3hiBa(n - ﬂ/
+ Eqd1A3(n — a)//—dzd5+RE4 p(z) )( A;(lgz Sgr*(z)dzds>
(520!2 ,31+ﬁ2)/ —dZ Ei)q ,31+/32)/ / —dzds

b
+E1hBo(n - ﬂ)/ mdz EshAs(n — a)/ / —dzds

L1 Batts N
_REZ/ %dz)<q(b) f g*(z)dz> (Ezaz(ﬁ1+ﬁ2)f —dz

b
+E1) 1(,31+,32/ / —dZdS Elklﬁz(ﬂ—d)/ %dz

U |
+ EyhAsg(n — a)/ /Edzds+RE2/ Mdz)
Aaplr [
y (/é W/ﬂﬂ(z)dzds)]

and
R, v,)(2)
- (% [ ”§*<z)dz) du + %[—dzh(b—%) [ b(}% [ f*(z)dz) du
Fhiiab-8) [ /(ﬁ /aug*(z)dz> duds
—,32(a1+a2)/ ( w ug*(z)dz>du
+ Az(o +a2)/ /(P( )/ f*(z)dz)duds]
;R[<E4azks(b g)/ ——dz—E3\As(b— g)/ / _dzds

+ E3Bs (a1 +0t2)/ ——dz — Eghs(on +a2)/ / —dzds
p2)

! (27051 2
‘RE3/ m"’)(pw)/ f*‘”‘”) (EM“’ S)f mdz

+ EshAs(b— S)/ / —dzds E3,32(ozl+oz2)/ —

+E4A3(o¢1+oz2)/ /mdzds+RE3/ -3 >(/ k;(‘:)z /asg*(z)dzds)

(Ezaz)ug(b é;')‘/. —dZ El)\ )L3b E)/ / dedS

+ E1 Bl +012)/ —dZ EsAg(on +0lz)/ / —dzds
& Ja P(Z)
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B ti Bapa 7. ) ( 1
REI/ p(z)dz)<q(b>/ @)z ) +  ~Eraahalb- 5)/ p()dz

+E1)\. )xg(b E)/ / —dZdS E1,32((¥1 +Olz)/ ﬁdz

+szg(a1+az)/ /mddeREl/f]%dz)

Agpr [
* (/g o) /af"‘(z)d”lsﬂ’

which leads to the conclusion that (A, /i) € O (i, vs).

Finally, we show that there exists an open set U C F x F — P(F x F) with (u,v) ¢
€O(u,v) forany € € (0,1) and all (u,v) € dU. Let € € (0,1) and (u,v) € €eB(u, v). Then there
existf € SFy(uy) and g € Sg, (v such that, for ¢ € [a, b], we have

wo=c [ (i [ Ferae)au [ ““3”’92)/ (s [ Fe0a)
et [ [ (22 [ @) duds
~upitn-a) [ b(ﬁ [ e@az)a
+hada( —a)/bfs(ﬂ fuf(z)dz> duds}

ER[<E4“2 Bi+ Bo) f L (B + ) f / s

+E3)u1,32(7’]—6l)/ ()dZ E4)»1)\377 6{/ /p(—zdzds

o7y 151 b1
—RE4 _Zd )(p(b /f dZ) ( E40lg(ﬂ1+ﬂ2)L ﬁdz

+Es)»1(/31+ﬁ2)// ——dzds—E3hifa(n - ﬂ)/ —d

+ EqdiA3(n — a/ / —dzds+RE4/t1%Z)dz)
X </ KzMz/g( )dzds)

<E2a2(,31 +,32)/ ——dz—-E1 (B +,32)/ / —dZdS

+ E1x1B2(n — a)/ —dz Exdqis(n— a)/ / —dzds

1 Balta N 1
_REZ/ p(z)d)<q(b)/g(2)dz) (Em ”ﬁZ)/ p()dz

+ Evha(By+ Bo) / / 5 deds~ Eviaaln - ) f @dz
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+ ExhiAz(n — a/ / —dzds+RE2/t1%dz>
9 (/E i [ aeas) |

and

_ (> €l M
v(t) = e/ (q(u)/ g(z)dz)du+ |:a2A3(b E)f( /f(z)dz)
+MAsz(b - S)/ /(q() ’ z)dz)duds
—,32(051+0l2)/ (%/ §(z)dz)du
b
+Az(on +Ol2)/ /( (u)/f(z dz)duds]

+E—R|:<E4Ol2)x3(b E)/ —dz - Eg)u A.g(b s)/ / mdzds

+ E3Ba(a; +062)/ —— dz — Eghs(on +062)/ / —dst

[ ) 10 oo
+ E3A1As(b— E)/ f —dzds Eg,,32(0q+ozz)/(Z ﬁdz
+ Exhalon + o) / / —dzds+RE3 / t 1% dz)
([ o)
+ (Ezazkg(b—é)/ —dZ—El)\,l)\.g(b—f)/n /s%dzds

b
+E1,32((X1 +0l2)/ —dz - Ez)»g o1 + 0o / / —dZdS
« 4@ p(@)

—REI/at%dz)(?('Z;/ g(z)dz) + (—Ezag)»g(b—é)/abﬁdz
+ Evhua(b—€) / / 5 deds - Exalen + ) / bﬁdz

+ Exhs a1+a2)/ f —dzds+RE1/tp(1)dz)

([ 55 [ o))

Using the arguments employed in the second step, we find that

lull < Dullpali[wr (lall) + o1 (V)] + Dallpali[w2(llull) + d2(IvI)]

Page 25 of 41
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and

VIl < Dslipa i [vr (leell) + ¢1(IVI1) ] + Dallpali [ (laell) + o2 (11vI]) ]-
Then we have

| @) = llull + 1]
< (D1 + Dy)lipa [y (llull) + o1 (IvI)]
+ (D2 + Da)lp2 | [ (lluell) + 2 (IIvI]) ]
< &llpi[yr(lel)) + o (V1] + Exllp2l[ w2 (Ilxl)) + @2 (IIv) ],

where &, i = 1,2, are given by (2.7). Consequently, we have

[l G, V)|
Eulpll izl + e1(viD] + Exllp2 Y2l + ¢2(1IvID]

<1

According to (Hs), there exists N such that ||(«, v)|| # N. Let us set
u-= {(u,v) e(FxF): H(u,v)” <N}.

Observe that the operator ® : I/ —> Pep,ev(F) X Pep,ev(F) is completely continuous and
upper semicontinuous. From the choice of U, there is no (u,v) € dU such that (u,v) €
€0(u,v) for some € € (0,1). Therefore, by the nonlinear alternative of Leray—Schauder
type (Lemma 3.2), we deduce that ® has a fixed point (#,v) € U which is a solution of
problem (1.1). |

4 The Lipschitz case
The forthcoming result is based on the fixed point theorem for contraction multivalued
operators due to Covitz and Nadler [32], which is stated below.

Lemma 4.1 (Covitz and Nadler) Let (X, d) be a complete metric space. If G : X — Py(X)

is a contraction, then FixG # (.

Remark4.2 Let (X,d)be ametric space induced from the normed space (X; || - ||). Consider
H,;:P(X) x P(X) > RU{oo} given by

H,y(A,B) = max[sup d(a,B),supd(A, b)},
acA beB
where d(A,b) = inf,c4 d(a,b) and d(a,B) = infycg d(a, b). Then (Py(X), H;) is a metric
space and (P.(X), Hy) is a generalized metric space (see [33]).

Theorem 4.3 Assume that the following conditions hold:
(Hs) F,G:[a,b] x R* > P,,(R) are such that F(-,u,v),G(-,u,v) : [a,b] = P,(R) are

measurable for each u,v € R;
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(Hg) Foralmost all t € [a,b] and u,v,u,v € R with By, B, € C([a, b],R"),

Hy(F(t,u,v), F(t, 10, v) < By (6)(lu — | + [v—7¥]),

Ha(G(t,u,v), G(t, it,v) < Bo(t) (|t — it + [v — 7)),

Then the boundary value problem (1.1) has at least one solution on [a,b) if &1||B| +
&\ Bl < 1, where £1, E; are given in (2.7).

Proof Consider the multivalued map © : F x F — P(F x F) defined at the beginning of
the proof of Theorem 3.3. Observe that the fixed points of ®(, v) are solutions of problem
(1.1).

Notice that the sets Sg,(,,) and Sg,,) are nonempty, and consequently ® # ¢ for each
(u,v) € F x F. Then, by assumption (Hs), the multivalued maps F(-, (&, v)) and G(-, (&, v))
are measurable, and thus admit measurable selections.

Now we shall show that the operator ®(u,v) satisfies the hypothesis of Lemma 4.1.
Firstly, we verify that ©(u,v) € Py(F) x Py(F) for each (u,v) € F x F. Let (hi, h) €
O (uz, vi) such that (hg, hg) converges to (4, h) as k — oo in F x F. So (hh) € F x F,
and there existfk € i m) and Gk € Sg, ) Such that, for each ¢ € [a, b], we have

i (uge, vie) (£)

| (p< [ Heaae g [ (i [(Heote)
] (3 e
”1“("_”)/:[1 (p( >/ fk(z)dz) d”ds}

EIR[<E4012(51 +,32)/a P )dZ E3)i(B1 + Ba2) / / —dZdS

+E3A1ﬂ2(n—a)/ ( )dZ E4)\. )\.3(7] 61)/ / ﬁdst

! (27051 2
_RE4/ md)<p(b) /ﬂfk(z)dz>+< E4a2(,31+,32)/ mdz

b
+E3)»1(,31+,32/ / —dzds EshiBa(n— a)/ %d

+ Eshais(n — a)/ / —dzds+RE4/ ) )(/”;(’:)2 /asgrk(z)dzds>

(Ezotz B+ ﬁz)/ ——dz—E1)(B1 +ﬁ2)/ / mdzds

b
+ E1A1B2(n - a)/ mdz Eyhihs(n— a)/ / —dzds
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1 Barts [ b1
‘REZ/a W’Z)( 20) f; &) ‘”) * (‘EZ"‘Z“"I *ﬂz)/a P

n s b
4 Evha(Bu+ Bo) / / ﬁdzds—mlﬂz(n—m / %dz

b ps t
+E2A1A3(n—a)/ / %dzds+RE2/ %dz)
Agph1
X(/g 26) /ﬁ(z)dzds)}

and

P (g, vie) (0)

(G sy osi-of (35 [
+)»1)»3(b—$)/‘n/ (ﬁ/ Qk(z)dz> duds
b u
- Balas +a2)/ (%/ §k(z)dz) du
b
+ As(ay +052)/ / <p(u)/ fi(@) dz> duds]

+$e[<134a2k3b E)/ mdz E3lirz(b— “g‘)/ / mdzds

+ E3Bs (a1 +0t2)/ ——dz — Eqhs(on +a2)/ / —dzds
p2)

L1 gy
e )(mm/ W”Z) (cpeite- if’/ ek
+E3)» )\3(b f)/ / —dZdS E3,32(061+0[2)/ —
Thotta [P
+E4)\.3(Ol1+0[2)/ /mdzds+RE3/ m >(/ 6 Ag;&z)dzds)
(Ezolz)\.g(b S)/ —dZ El)\ )\.3b E)/ / —dZdS

+E1Ba(a1 +0lz)/ ——dz— EsAs(on +0lz)/ / —dZdS
p(2)

1 Bama [7
_REI/ Mdz)(q(b) / gk(z)dz> (-Em,\g(b 5)/ —dz

+ E1hAs(b - E)// ——dzds - Elﬂz(a1+a2)/

+E2A3(a1+a2)/ / %dzds+RE1/tl%dz>

by [
dzds) |.
X(/g 25 /fk(z) g Sﬂ

Page 28 of 41



Ahmad et al. Journal of Inequalities and Applications (2022) 2022:111 Page 29 of 41

Since F and G have compact values, we pass onto subsequences (if necessary) to get that
fi and g converge to f and g in L([a, b],R) respectively. Then f € S,y and g € Sg,u)»
and for each ¢ € [a, b], we have

I (g, vie)(2)
— h(u,v)(t)

t u b u
- (ﬂ | f(z)dz)du+1[—az(ﬂ1+ﬂz) [ ([% | f(z)dz)du
+ A1 /31+/32)/ / (q( 7] g(z dz) duds
—)»1/32(77—“)/ <£/ §(Z)dz>du
b
+)‘-1)‘-3(77_ﬂ)/ /(p( )/ f(z)dz)duds}

;R[<E4az(ﬂ1+ﬁz) / L BB+ po) / / —jdeds

b
+ E3h182(n — a)/ mdz Esdqirs(n — a)/ / —dzds

(£77°51
_RE, / = )( . / f(Z)dZ> (—E40tz(ﬂ1+ﬂz) / 5

b
+Ea?»1(,31+,32)/ / —dzds—Egklﬁz(n_a)/ %d

+ Eyhihs(y — az)/ / —dzds+RE4/tp(12) )(/ A;(p?/ (z)dzds)

(Ezozz B +,32)/ —dz Eix(B1 +ﬁz)/ / —dzds

b
+E1)»1ﬁ2(n 61)/ mdz Ez)\,l)\.g(n ﬂ)// ——dzds

| Bato . b
‘REQ/u W’)( 4(0) /a 8@ "Z) ' (‘52“2“31 *ﬂ”/a P

n s b
+El?»1(ﬂ1+/32)/ / ﬁdZdS—El)\lﬁZ(n_a)/ ﬁdz

b ps 4
+52)Ll)\3(;7—a)/é ./a[%Z)dZdSJrREZ/a I%dz)
b rapr [
dzd.
) (/s p(s) /af(z) ‘ Sﬂ

and

P (g, vi) (2)
— h(u,v)(2)
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_ M2 1 1 .,
[ [arde) s ] -ao) [ (25 [ Forae) au
+aaalb—£) / / ( Q(z)dz)duds
— Balog +012)/ (% /u,é(z)dz) du
b ps u
+k3(a1+a2)£ /(ﬁ/f(z)dz)duds]

b n prs
+ELR|:(E4a2)\3(b—E)[; I%dz—Eg)»l)»g(b—f)/‘ / ﬁdzds

+Ea,32(011+0l2)/ ﬂdz E4)»3(011+012/ /Wdzds

t_ oLy h_
_RES/; )( /f dZ) (—E40[2)»3(b—§)£ p(z) dz
+E3A. )Lg(h E)/ / —dZdS—Eg/Sz(Oll +Ol2)/ —dZ
), s
+ Eg)3 a1+a2)/ / mdzds+RE3/ % ></ qz(l:)z/a g(z)dzds>
n ps
(Egaz)\,gb S)/ —dZ El)xl)»g(b—é)/ / ﬁdzds
b ps

+E1,32(O[1 +012)/ —dZ Ez)»g(()ll +012)/5 / I%dzds

t1 Btz (7. hi
—RE1/ (Z) dz)( (b) / g(Z)dZ) + (—Egaz}ng(b—g)/a‘ p(z) dZ

b
+ E1AA3(b - E)/ / —dZdS—El,Bz(Ol1+Olz)/ ﬁdz

+52)L3(a1+a2)/ / %dzds+RE1/ l%dz)
A1 7,
8 (/s p(s) /af(z) dzalsﬂ'

Therefore (u,v) € ®, and hence ©O(u,v) is closed.

Next, we show that @ is a contraction on P (F) x P (F), that is, there exists a positive
number y < 1 such that

Hd(®(u,v),®(12,17)) < y(||u—it|| + ||V—\_/||) for each u,v,1,v € F.

Let (u,u),(v,v) € F x F and (hl,hNI) € O(u,v). Then there existﬁ(t) € Sk and g1(¢) €
S,y such that, for each ¢ € [a, b], we obtain

1 (u, v)(2)

= — [T (N
/(p( )/ fl(Z)dz)dLH [052(,31+ﬂ2)/ ( (u)f;fl(z)dz)du
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“h /31+ﬁz)/ /(q() g1<z>dz)duds
—MBa(n - ﬂ)/ <q'l(L;)/ gl(z)dz>du
+ha(n - a)/ /(’“ /ﬁ(z)dz)duds}

EIR|:(E40!2(/31+/32) f p()dz Esh(Bi+ B) / —dzds

Z

+E3)»1,32(T]—ﬂ)/ —dZ E4)»1)\.37] ﬂ/ —dZdS
a Q() Z

1 Qg - b1
—RELL/Lz Mdz)( ,/ﬁ(Z)dz)-F(_EWZ(ﬂIJrﬂZ)/a %dz
b
+ Exha (B + Bo) / / i deds = Exiafaln ) / q(l dz
+ Eqd1As(n — a/ f —dzds+RE4/ — )(/"A2u2/gl dzds)

<E2a2(131 +,32)/ P )dZ Eih (B +,32)f / —dzds

b1
+E1)\,1ﬂ2(n 61)/ ﬁdz Eg)»l)\.gn ﬂ/ /Mdzds

ti ﬁ4M2 ~
_REzf p(z)d")(q(h)/ gl(""”) (EZ“Z(ﬁ”ﬁZ)f ek

b
+E1}»1(,31+/32/ / —dZdS El)‘«lﬁZ(n_ﬂ)/ idz
« q2)

Lt
+ Eyhas(n — “/ /Edzds+RE2/ Mdz)
Ag1 v,
. (/s p(s) /aﬁ(Z)dst)}

and

I (1, v)(2)

Lo of 5 )
waiao=0) [ [0 [ ) auas
~ Pl + ) / (5] §1(z)dz) du
o) | b/ (s [ 1) s

+ELR|:<E4(¥2)L3(b E)/ —dZ Eg)n kg(b S)/ ‘/. dedS
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+E3,32(O[1 +(¥2)/ —dZ E4)L3(O[1 +(¥2)/ / —dZdS

L1 gy -
) Md)(mb)/ﬁ(zwz) (E”‘“”“”b 5)/ %
+E3)\. )xg(b E)/ / —dZdS E3,32((¥1+O{2)/ —
n s
+E4k3(a1+a2)/ /mdzds+RE3f e >(/ )Z(l:)z/;gfl(z)dzds>
(Egaz)ug(b %‘)‘/. —dZ El)\ )LSb E)/ / —dZdS
+E1,32(061 +C\!2)/ —dZ Ez)\?,(()ll +C\!2)/; /ﬁdZdS
B t1 Barr (7. ) (_ ~ bi
RE1/ p(z)dz)(q(b) / gl(Z)dZ + EzOtz)\.3(b S)L p(z) dZ
b
+E1AA3(b - 5)[ / —dzds E1,32(a1+a2)f %d
+E2)»3((¥1+O{2)/ / EdZdS"'REI /t‘%dz>
Agpr [
X(/g o) /aﬁ(zmz”“)}

By (Hs), we have that

Hy(F(t,u,v),F(t,i1,v)) < Bi()(|u(e) - a(t)| + [v(t) - 9(2)|)
and

Hy(G(t,u,v), G(t,1,9)) < Ba(8)(|u(t) — u(®)| + [v(2) - w(2)]).
So there exist Jf € F(t,u(t), v(¢)) and ¥, € G(t, u(t), v(t)) such that

() = 0| < Bio)(|u®) - ae)| + [v(e) - v(@0)]),
181(8) = F| < Bo(®)(|ue) — a(®)| + |v(e) - 9(2)|).

Define Wi, W5 : [a,b] — P(R) by
Wi(t) = {5 € L' ([a,b), R) : [fi(0) = O | < Bi(®) (|ule) - a®)| + [v(®) - 9(2)|)}
and
Wa(t) = {J, € L' ([a, b), R) : |81(£) — Fg| < Bo®) (|ule) — ()| + [w(®) - 0(2)]) }-

Since the multivalued operators W1 (£) N F(t, u(t)v(¢)) and Wo(¢) N G(¢&, u(t), v(£)) are mea-
surable, there exist functions ﬁ(t), >(¢) which are measurable selections for W; and W.
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Thus fz(t) € F(t,u(t),v(r), 2(t) € G(¢, u(t), v(t)), and for each ¢ € [a, b], we have
&) =A@ = Bu)(|ut) - a@)] + [v(e) - 5(2)])

and
210) - 20| < Bae)(Ju(e) - a@)| + |v(0) - ¥(®)))-

For each t € [a, b], let us define

ha(u, v)(2)

-[ t(ﬁ [ irae) s Hleo [ (18 [ irae) aw
e[ (3 e
o [ (22 [ wdz) au
+M3("_”)/:/a (g [ 1) |

EIR[<E4<12(51+,32)/“ ()dZ Es) 1(,31+/32/ / ﬁdZdS

b
+E3)\.1ﬂ2(7] a)/ mdz E4)\. )\.3(7] 61)/ ‘/dedS

L1 gy -
‘RE“/a P dz)(pw) //“Z)dz> ( E““Z(ﬂ”ﬁ”/ P

n ps b
+ Epha(Bu+ Bo) / / idzds—mlﬂz(n—m / %dz

+ Eshais(n — a)/ / —dzds+RE4/ ) )(/ A;(’:)z /asgz(z)dzds)

(E2052 B+ ﬁZ)/ ——dz—E1\ (B + ﬂz)/ / ——dzds

b
+ E1A1B2(n - a)/ mdz Eyhihs(n— a)/ / —dzds

1 Bata N
’REzfa P dz)( 4(6) / &(2) dz) <’E2“2(’3 1+h 2)/ e

n ps b
+Evha(Br+ B) / idzds—mlﬁz(n—a) f @dz

+ EshiAz(n — az)/ /Wdzds+RE2/ l%dz)
Ay [
* (/g o [ d”“ﬂ
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and
By, v)(2)
/( )/ @) d )du+—[ agkg(b—é)/ub(%/;fg(z)dz>du
¥ hahs(b - s)/ /(q() gz(z)dz)duds
—,32(a1+a2)/a (%/ §2(z)dz)du
+)L3(a1+052)/:/;<1% /auf’z(z)dz) duds]
+E%[(szkg(b—é)/bLdz—Eﬁqu(b—S)/W/sﬁdzds
+E3,82(a1+a2)/bmdz Euhs(or + ) / f Wdzds
) 3 [08) (- 3
+E?,xlx3(b—g)/u / @dzds—Egﬂg(al+a2)/j$dz
+E4x3(a1+a2)f:f;$dzds+1e53/at$dz)
([ s
(Ezazxg (b- s)/ —dz Elklkg(b—é)/j/asﬁdzds

+Ei ol +a2)/ —dz Exhslen +a2)/$h[ﬂ.sl%dzds
—Rflft%dz)(ﬂ‘*(‘;; /bgg(z)dz) 4 <—Ezoe2k3(b—§)/ah}%dz
+ Ehahs(b— g)/ / g s E1,32(oc1+oz2)/ab$dz
+E2A3(a1+a2)/ /%dzds+RE1/t1%dz>
([ )

Then

[y (11, 9)(2) — s, (@)

o [ 2
S/ﬂ (m/a /1(2) —fz(Z)|dZ> du
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b u
; %[—az(ﬂwﬁz) / (1% [ i@ —fz(z)|dz> i
n ps u
+)»1(,31+,32)/ /(%/ |§1(z)—§2(z)|dz)duds
b u
~ hafaln - a) f (% / ’§1(Z)—§2(Z)|dz>du
b ps u R
+M)»3(?7—6l)/€ /(1%/ [ﬁ(z)—fz(z)]dz)duds]

b n prs
+ ELR[(EA;OQ(/% +,32)/a I%dZ_ES)\l(,BI +l32)/ LdZdS

q(2)

+E3)\,1ﬁ2(n—ﬂ)/ mdz E4,)\1)\37’] ﬂ)/ /ﬁdzds

t_ (677231
) )
+(—E4Olz(/31+/32)/; %dz

n s b
+ Esha(Br + Bo) / / ﬁdzds—fsgxlﬂz(n—m / %dz

b s t
+E4A1A3(n—a)/ / Ldza’s+RE4/ I%dz)
(5

(52062 b1 +,32)/ —dZ E1x(B1 +ﬁz)/ / mdzds

)»2#2

g1 (2) - §2(2)| dz ds)

b
+ E1h1B2(n - a)f mdz Eshihs(n— a)/ f —dzds

| Bata N
_ — 4
RE2/u @ Z)( ) /

n s b
+E1?»1(/31+,32)f / L612615—51?»1/32(71—61)f ﬁdz

U |
+ EahiAs(n — a)/ / —dzds+RE2/; Mdz)
gt - -
- dzd
g (/g oo [ ier-Fualas s)]

- / (& / " By()(|ue) - )| + Iv(z)—v(z>|)d2) du

pu) J,

+%[—az(ﬁ1+ﬁz) / (p( ) / B,(2)(|u(2) — (2)| + |vle) - vz)!)dz)du
+A1(/31+ﬁ2)/”/ <q( )/ By(2)(|ul2) - a(2)| + | v(2) - v(z)|)dz> duds

b
—Alﬁz(n—a)/ (%/ Bz(z)(|u(z)—ﬁ(z)|+|V(z)—17(z)|)dz>du

b
) + <—52062(,31 + 132)/ I%dz
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b ps u
+xlxg(n_a)/ /(“_;/ Bl(z)(|u(z)—it(z)|+|v(z)—17(z)|)dz)duds:|

b
EIR[<E4012(/31+/32)/ mdz Esii(pr +,32/ / —dZdS

b
+ E3A182(n — a)/ mdz Eshid3(n— a)/ / —dzds

! [2Y13) _ -
—RE4/ Mdz)(p(b)/ Bl(z)(|u(z)—u(z)|+|V(z)—v(z)|)dz)

(—E4az(ﬂ1+ﬂz) / —dZ+E3)\1(ﬁ1+ﬁz) / / 5 deds

|
_ _ —d - —— dzd ki
Eyh ol - a) / 2+ Eahilal ")/s [ e re | Z)

(/ A2"“2/ By(2)(|u(z) - a(2)| + |v(z)—17(z)|)dzds>

(Ezaz(ﬁl +f52)/ Pe )dZ Eix1(B1 + o) / / —Zdzds

b
+ E1A1B2(n - a)/ mdz Eyhihs(n— oz)/ /Mdzds

! 1 Bara - -
_RE2/ P dz)( 20) / Bz(z)(‘u(z) u(z)’ + |v(z) v(z)’) dz)

( —Exa2 (B +,32)/ —dZ+E1)»1(ﬁ1+ﬂ2)/ / —dzds

t
—EihBa(n - ﬂ)/ —dZ*"Ez)L As(n — 61)/ / —dzds+RE2/ La'z>

p(2)
x (/ “’“/ Bl(z)(|u(z)—ﬁ(z)|+|v(z)—17(z)|)|dzds>]

¢ ps)
_ )2 3 B e
< {% [(b Za) (IR] +aa(B1 + Ba)) + Az (n —a)[(b - a)’ - (& —a) ]:|

. 1 [<E40l2(/31 + B2)(b—a) . Eshi(B1 + B2)(n — a)? . E3)i1B2(n —a)(b—a)
|RE| p 2q q
Eshirs(n—a)[(b-a)* - (€ —a)’] REL(b- ﬂ)) (014M1(b - ﬂ))

+ _ + -

2p p lp(D)]
.\ (Ezolz(ﬁl + Ba)(b—a) s Eihi(B1+ B2)(n —a)? s E1)1Ba(n —a)(b - a)
p 2g q
. Exhidrs(n - a)[(b - a)? - (§ — a)?] s RE»(b - 61))
2p p

" (Mm[(b —a)* - (& —a)*] >] }
2p

X 1Bull(lu = all + v =71l

+{ M2 [M(ﬁ1+ﬁ2)(n—ﬂ)3
[2Rqg| 3

+ 1B —a)(b- a)z}
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1 [(540!2(,31 + B2)(b—a) . Eshi(B1 + B2)(n — a)? . E3)iBa(n —a)(b—a)

" RE] P 2 7
, Evrars(n-a)l(6- a)’ — (& —a)’] , REa(b- a)) (kzuz(n - a)z)
2p p 2q
s (Ezolz(ﬂl +B2)(b—a) N Eixi (B +f32)(77 -a)’ N Ei)Ba(n—a)(b—-a)
p 2q q
.\ Exlrs(n —a)[(b - a)® - (& —a)’] . RE; (b~ ﬂ)) <,34M2(b - ﬂ))} }
2p p lq(b)|

X |Ball (llu = @]l + [[v—vI|)
< (DullBull + DalIBall) (e = atll + v = 71),

which implies that

| (4, v)(8) = ha(,v)(8)| < (D1l Bl + DI Ball) (Il = all + v —7]l).
In a similar manner, one can establish that

[P, v)(8) = ha a1, v)(8)] < (D3 IBull + Dal| Bal) (Il = tll + [[v = 1)
In consequence, we get

(11, 12), (1, Bo) | < [(Dy + D3)IBull + (D + DB )] (Il — l] + [|v = 1]
< [(E 1Byl + ENBI) (I — @l + [[v - 71).

Similarly, by interchanging the roles of (u, v) and (i, V), we can obtain that
Hy(©(w,v), 0@, 7)) < [(EIBull + EABall) ] (Ilu =l + v =)

Therefore, it follows by the assumption & || B || + & || Bzl < 1 that © is a contraction, So,
by Lemma 4.1, ® has a fixed point (i, v), which is a solution of problem (1.1). The proofis
finished. O

5 Examples
Example5.1 Consider the following self-adjoint coupled system of second-order ordinary

differential inclusions with boundary conditions:

()W (1)) € F(tu,v), tel0,3],

(mv’(t))/ € Gt u,v), tel0,3],

Zu(0) + 2u(3) = %fo% v(s) ds, $u/(0)+u/(3) =2 0% V' (s)ds,
v(0) + %V(3) = %fg u(s) ds, %v’(O) + %v’(3) = % gu’(s) ds.

(5.1)
1
9

Here, p(t) = 1/(¢ + 13), q(t) = 8/(4t> + 2t + 12), 11 = 3/36, ;3 = 2/93,a=0,b =3, n = 1/2,
é = 5/2, )\1 = 1/7, )\2 = 2/7, )\.3 = 3/7, )\4 = 4‘/7, o] = 7/3, Oy = 5/3, o3 = 4/3, Oy = 1, }31 = 1/9,
Ba =2/9, B3 =3/9, By =4/9, and F(t, u,v), G(t, u,v) will be fixed later.
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Using the given data, we find that |R| &~ 1.323129 # 0, |E| ~ 115.6354 # 0 (R and E
are given in (2.4)), p ~ 0.0625, g = 0.148148, D; ~ 17.1389708, D, ~ 0.06036034, D5 ~
38.2023705, D, ~ 4.565128967, £ ~ 17.19933114, and &, ~ 42.76749946 (p, q and D;

(i=1,...,4) are defined in (2.8), while &, &, are given in (2.7)).
For illustration of Theorem 3.3, we choose

¢ @ )P
Flb )= (1081,‘2 ; 32) [ u(®)] +65" VO + 1]

and

G(t,u,v)z(cosz(nt)ﬂ 6] (o)® }

3+120 /| (lu@®)| + 12" 1+ [v()]°

For f € F, we have

¢ u@®)| )P
A= max{ (108t2 " 32>[|u(t)| +65" U0 + 1“

u,veR,te|0,3],

<2y — 1,
= {10&%32}

and for g € G, we have

||<max{(c°sz<””)[ w@)  OP “
= £3+120 ) | (lu(®)| + 1)?" 1+ v(@)°

- 2{ cos?(mt)

}, u,veR,te|0,3].

3 +120
Thus
t
HﬂawWMw=wNVVf€F@”””fz{ma?:ﬁ
and
cos?(rrt)
|Gt 1,v)| = sup{lgl :g € G(t,u, 1)} < Z[M

]=mmWﬂwm+%WWﬂ

}=mmwxwm+@mwn

. 2 s
with p1(£) = oaiasr £2(0) = 52, gy (Jlull) = ga(IvI) = Ya(llull) = ga(lIvIl) = 1. Further-
more, it is found that N > N;, where N; = 0.81272506 (N is given in (Hj3)). Clearly, all
the hypotheses of Theorem 3.3 are satisfied. Thus, there exists at least one solution for

problem (5.1) on [0, 3].

Example 5.2 Consider the following boundary value problem of self-adjoint coupled

second-order ordinary differential inclusions:

(Z54 () € mF(t,u,v), tel0,2],

242

(%v/(t))/ € w2 G(tu,v), tel0,2],

1u(0) + u(2) = %foi v(s) ds, 2u/(0)+ 2u/(2) = foi V(s)ds,

2v(0) + év(Z) = %flz u(s) ds, év/(O) + %v/(Z) = % 12 u'(s)ds,

(5.2)
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where p(t) = 1/(£% + 2), q(t) = 2/(t + 6), 1 = 1/16, uy =3/43,a=0,b=2,n=1/4, & =1,
)\,1 = 2/3, )\,2 = 1, )\,3 = 4/3, )\.4 = 5/3, o] = 1/2, oy = 1, O3 = 5/8, Oy = 4‘/7, /31 = 2, ,32 = 1/6,
B3 =1/5, B4 = 3/5, and F(¢,u,v), G(t, u,v) will be fixed later.

Using the given values, it is found that |R| &~ 3.083 # 0, |E| &~ 8.506200 # 0 (R and E are
given in (2.4)), p ~ 0.16, g = 0.25, D; ~ 6.31401038, D, ~ 0.72123977, D5 ~ 12.94560512,
D, ~ 3.23687872, £ ~ 7.035250153, and &, ~ 16.18248385 (p, g and D; (i = 1,...,4) are
defined in (2.8), while &, &, are given in (2.7)).

For illustrating Theorem 4.3, we take the following multivalued maps F, G : [0,2] x R —
P(R):

F(mv)_[( 1 )( |ua(2)] v(2)] )+i}
T L\Be+ 160 )\ Ju®) +17 3./t + )] ) 190]

3 1 1 [v(2)] 1
G(t,u,v) = |:<t2 " 188> (tan u(t), . |v(t)|4) + 200]. (5.3)
Letting By (t) = m and B, (¢) = m, we find that H;(F(¢t,u,v), F(t,i1,v)) < B1(t)(|u -

ul + |v—v|) and Hy(G(¢,u,v), G(t, 14, V) < Ba(t)(|u — u| + |v — v|). Clearly, d(0,F(¢,0,0)) =
ﬁ < Bi(¢) and d(0,G(t,0,0)) = Wlo < By(t) for almost all ¢ € [0,2]. Moreover, ||B;| =
1/160 and ||By|| = 1/188 and & || By || + &> |1 B2|| ~ 0.1300473552 < 1. Thus all the assump-
tions of Theorem 4.3 hold true. Therefore, by conclusion of Theorem 4.3, problem (5.2)

with F, G given by (5.3) has at least one solution on [0, 2].

6 Conclusions

We have developed the existence theory for a self-adjoint coupled system of nonlinear
second-order ordinary differential inclusions supplemented with nonlocal integral multi-
strip coupled boundary conditions on an arbitrary domain. Our study includes the cases of
convex as well as nonconvex multivalued maps. Nonlinear alternative of Leray—Schauder
type for multivalued maps and Covitz and Nadler’s fixed point theorem for contractive
multivalued maps are applied to prove the main results. Numerical examples are con-
structed for the illustration of the obtained results. Our results are new in the given con-
figuration and enrich the related literature. Moreover, several new results can be recorded
as special cases of the present work by fixing the parameters appearing in the system.
For example, we obtain the existence results for an antiperiodic multivalued boundary
value problem of self-adjoint coupled second-order ordinary differential inclusions by fix-

inga;=1,8,=1,%;=0,i=1,2,3,4, in the results of this paper, which are indeed new.
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