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Abstract
The aim of this paper is to prove some new fixed point results for a pair of multivalued
dominated locally contractive mappings in b-multiplicative metric space. Further,
fixed point theorems for multigraph-dominated mappings are also established. Some
new fixed point results on a closed ball are obtained for a pair of
multigraph-dominated mappings endowed with graphic structure in b-multiplicative
metric space. An illustrative example is given to show the validity of the hypothesis of
our obtained result. Moreover, applications for a coupled system of nonlinear
Volterra-type integral equations and functional equations in dynamic programming
are presented to show the novelty of our results.
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1 Introduction and preliminaries
Fixed point theory is the mixture of modern mathematical analysis with broad applications
in the study of various significant fields of mathematics. It has numerous applications in
different areas of the mathematical sciences, such as modern optimization, theories of
control, functional analysis, topology, geometry, and economic modeling in both pure and
applied mathematics. In fixed point theorem, we deal with the self-mappings T from set X
to itself has more than one or unique fixed points and the fundamental equation is Tx = x
has many solutions. Contractive conditions play a significant role in solving fixed point
problems in the field of metric fixed point theory. In 1922 [6] Banach proved a fixed point
result called the Banach contraction principle. Because of its significance, many authors
demonstrated various generalizations of his result (see [1–31]).

Ozavsar and Cevikel [21] introduced the notion of multiplicative metric spaces and
showed some new fixed point results satisfying contraction mappings in multiplicative
metric space and some related topological properties. Mongkolkeha et al. [18] proved the
best proximity fixed point results for multiplicative proximal contraction in such spaces.
In 2017, Ali et al. [3] established the concept of b-multiplicative metric space and proved
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some new fixed point theorems endowed with graph and also applied their main result to
solve a Fredholm type nonlinear multiplicative integral equations. As an application, they
established an existence theorem for solving a system of Fredholm multiplicative integral
equations. Shoaib et al. [29] investigated fixed point theorems for self-mappings fulfilling
contractions on the closed ball in complete b-multiplicative metric space.

Wardowski [31] introduced the notion of F-contraction, which is the most important
generalization of the Banach contraction. Lateral, a huge number of researchers proved
different variants of F-contraction and introduced various important fixed point results
that can be seen in [2, 11, 24, 25, 28]. Recently, Rasham et al. [23] established fixed point
results for a pair of dominated fuzzy contractions on closed balls in b-metric like spaces.
They also presented applications to find the unique solution of nonlinear integral equa-
tions and functional equations in dynamics programming. In this paper, we prove some
new fixed point results for multivalued generalized rational type F-contractive dominated
mappings on closed balls in b-multiplicative metric space. Furthermore, we demonstrate
applications for a coupled system of nonlinear integral and functional equations. Let us
state the following preliminary concepts.

Definition 1.1 ([3]) Let � be a nonempty set, and let � ≥ 1 be a given real number. A map-
ping σ : �×� → [1,∞) is called a b-multiplicative metric with coefficient � if the follow-
ing conditions hold:

(i) σ (ϑ ,υ) > 1 for all ϑ ,υ ∈ � with ϑ �= υ and σ (ϑ ,υ) = 1 if and only if ϑ = υ ;
(ii) σ (ϑ ,υ) = σ (υ,ϑ) for all ϑ ,υ ∈ �;

(iii) σ (ϑ ,�) ≤ [σ (ϑ ,υ).σ (υ,�)]� for all ϑ ,υ,� ∈ �.
The triplet (�,σ ,�) is a b-multiplicative metric space or shortly BMMS. For e ∈ � and
r > 0, βσm (e, r) = {v ∈ � : σ (e, v) ≤ r} is a closed ball in BMMS.

Example 1.2 ([3]) Let � = [0,∞). Define the mapping σ : � × � → [1,∞) by

σ (t,υ) = v|t–υ|2 ,

where v > 1 is any fixed real number. Then, σ is a b-multiplicative metric on � with � = 2.
Note that σ is not a multiplicative metric on �. Taking v = 3, r = 34, and t = 1, then
βσm (�0, r) = [0, 3] is a closed ball in �.

Example 1.3 ([3]) If p ∈ (0, 1), then lp(R) = {{xn} ⊂ R :
∑∞

n=1 |xn|p < ∞} endowed with the
functional

σe : lp(R) × lp(R) → [1,∞), σe
({xn}, {yn}

)
= e(

∑∞
n=1 |xn–yn|p)

1
p ,

for each {xn}, {yn} ∈ lp(R), is a b-multiplicative metric space with s = 2
1
p –1. Note that σe is

neither a metric nor a b-metric on �.

Definition 1.4 ([29]) Let (�,σ ) be a BMMS.
(i) A sequence {pn} is convergent if there exists a point p ∈ � such that σ (pn, p) → 1 as

n → +∞.
(ii) A sequence {pn} is said to be b-multiplicative Cauchy in � iff σ (pn, pm) → 1 as

m, n → +∞.
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(iii) A b-multiplicative metric space (�,σ ) is said to be complete if every multiplicative
Cauchy sequence in � is convergent to some p ∈ �.

Definition 1.5 ([26]) Let � be a nonempty set and � ≥ 1 be a real number. A mapping
ρ : � × � → R + ∪{0} is said to be b-metric with coefficient ‘�’ if for all ϑ ,υ,� ∈ �, the
following conditions hold:

(i) ρ(ϑ ,υ) = 0 if and only if ϑ = υ ;
(ii) ρ(ϑ ,υ) = ρ(υ,ϑ);

(iii) ρ(ϑ ,�) ≤ �[ρ(ϑ ,υ) + ρ(υ,�)].
The pair (�,ρ) is a b-metric space.

Remark 1.6 ([3]) Every b-metric space (�,ρ) generates a b-multiplicative metric space
(�,σ ) defined as σ (x,υ) = eρ(x,υ).

Definition 1.7 Let Y is not an empty subset of a BMMS, and let � ∈ �. A point c0 ∈ Y is
the best approximation of � in Y if

σ (�, Y ) = σ (�, c0), where σ (�, Y ) = inf
c∈Y

σ (�, c).

We say that Y is a closed compact set if for any � in �, there exists a point of the best
approximation in Y .

Definition 1.8 Define the mapping Hσ : ℘(�) × ℘(�) → R+ by

Hσ (Q, E) = max
{

sup
l∈Q

σ (l, E), sup
f ∈E

σ (Q, f )
}

.

Hσ is said to be a Hausdorff multiplicative metric on ℘(�).

Definition 1.9 ([27]) Let Z, E : � → ℘(�) are set-valued mappings and β : � × � →
[0, +∞) be a function of positive real valued. Then both Z and R are called β�-admissible
if for each g, h ∈ �,

β(g, h) ≥ 1 ⇒ β�(Zg, Eh) ≥ 1, and β�(Eh, Zg) ≥ 1,

where β�(Zg, Ee) = inf{β(a, s) : a ∈ Zg, s ∈ Ee}. When Z intersect with E, in this instance,
we get the definition of α∗-admissible mapping shown by [5].

Definition 1.10 ([23]) Let (�, db) be a b-metric space. Let B : � → ℘(�) be a multi-valued
mapping, and α : � × � → [0, +∞) is a function, and U ⊆ �. Then, B is said to be α∗-
dominated on U if for all w ∈ U , α∗(w, Bw) = inf{α(w, y) : y ∈ Bw} > 1.

Definition 1.11 ([31]) Let (�, d) be a metric and B : � → � be a self-mapping. It is said
to be an F -contraction if for each u,� ∈ �, there is a τ > 0 so that d(Bu, B�) > 0 implies

τ + F
(
d(Bu, B�)

)≤F
(
d(u,�)

)
,

where F : R+ →R is such that:
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(F1) For each c, d > 0 so that c < d, F (c) < F (d);
(F2) limn→+∞ fn = 0 if and only if limn→+∞ F (fn) = –∞, for every positive sequence

{fn}∞n=1;
(F3) For some r ∈ (0, 1) then limf →0+ f rF (f ) = 0.

Let F denotes the set of mappings so that (F1)–(F3) hold.

Lemma 1.12 Let (�,σ ) be a BMMS. Let (℘(�), Hσ ) be a Hausdorff b-multiplicative metric
space. If for all u ∈ M and for each M, N ∈ ℘(�), there is hl ∈ N such that σ (u, N) = σ (u, hl),
then Hσ (M, N) ≥ σ (u, hl) holds.

Example 1.13 Let � = R. We define α : � × � → [0, +∞) by

α(y, h) =

{
1 if y > h
1
2 otherwise

}

.

Define L, M : � → P(�) by

Lj = [j – 2, j – 1] and Mq = [q – 5, q – 4].

This means L and M are α∗-dominated but not α∗-admissible.

2 Main results
Let (�,σ ) be a BMMS, �0 ∈ �, and let Š,H : � → ℘(�) be multivalued mappings on �.
Let �1 ∈ Š�0 be an element such that σ (�0, Š�0) = σ (�0,�1). Let �2 ∈ H�1 be such that
σ (�1,H�1) = σ (�1,�2). Let �3 ∈ Š�2 be such that σ (�2, Š�2) = σ (�2,�3). In this way, we get
a sequence {HŠ(�n)} in �, where �2n+1 ∈ Š�2n, �2n+2 ∈ H�2n+1, n ∈ N. Also σ (�2n, Š�2n) =
σ (�2n,�2n+1), σ (�2n+1,H�2n+1) = σ (�2n+1,�2n+2). Then, {HŠ(�n)} is said to be a sequence
in � generated by �0. If Š = H, then we say {�Š(�n)} instead of {HŠ(�n)}. For e, v ∈ �,
κ ∈ (0, 1

2 ), we define ∇(e, y) as

∇(e, y) =

(

max

{
σ (e, y),σ (e, Še),σ (y,Hy),

σ 2(e,Še).σ (y,Hy)
1+σ 2(e,y)

})κ

.

Theorem 2.1 Let (�,σ ) be a complete BMMS. Suppose there exists a function α : �×� →
[0,∞). Let r > 0, �0 ∈ βσm (�0, r) ⊆ �, and Š,H : � → ℘(�) be α∗-dominated mappings on
βσm (�0, r). Assume that τ > 0, and there exists κ ∈ (0, 1

�
) with η = κ

1–κ
, and F is a strictly

increasing function satisfying:

τ + F
(
Hσ (Še,Hy)

)≤F
(∇(e, y)

)
, (2.1)

for all e, y ∈ βσm (�0, r) ∩ {HŠ(�n)}, α(e, y) ≥ 1, and Hσ (Še,Hy) > 0 such that,

σ (�0, Š�0) ≤ r
1–�η

� . (2.2)

Then, {HŠ(�n)} is a sequence in βσm (�0, r), α(�n,�n+1) ≥ 1 for all n ∈ N and {HŠ(�n)} →
μ ∈ βσm (�0, r). Also, if μ satisfies (2.1), α(�n,μ) ≥ 1, and α(μ,�n) ≥ 1 for all integers n ≥ 0,
then Š and H have a common fixed point μ in βσm (�0, r).
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Proof Consider a sequence {HŠ(�n)}. From (2.2), we get

σ (�0,�1) = σ (�0, Š�0) ≤ r
1–�η

� < r.

It follows that,

�1 ∈ βσm (�0, r).

Let �2, . . . ,�j ∈ βσm (�0, r) for some j ∈ N. If j is odd, then j = 2ı̀ + 1 for some ı̀ ∈ N.
Since Š,H : � → ℘(�) are α∗-dominated mappings on βσm (�0, r), so α∗(�2ı̀ , Š�2ı̀) ≥ 1 and
α∗(�2ı̀+1,H�2ı̀+1) ≥ 1. As α∗(�2ı̀ , Š�2ı̀) ≥ 1, this implies inf{α(�2ı̀ , b) : b ∈ Š�2ı̀} ≥ 1. Also
�2ı̀+1 ∈ Š�2ı̀ , so α(�2ı̀ ,�2ı̀+1) ≥ 1 and �2ı̀+2 ∈H�2ı̀+1. Now using Lemma 1.12, we have

τ + F
(
σ (�2ı̀+1,�2ı̀+2)

) ≤ τ + F
(
Hσ (Š�2ı̀ ,H�2ı̀+1)

)≤F
(∇(�2ı̀ ,�2ı̀+1)

)

≤ F
(

max

{
σ (�2ı̀ ,�2ı̀+1),σ (�2ı̀ ,�2ı̀+1),

σ (�2ı̀+1,�2ı̀+2), σ (�2ı̀ ,�2ı̀+1).σ (�2ı̀+1,�2ı̀+2)
1+σ (�2i ,�2i+1)

}κ)

≤ F
(
max

{
σ (�2ı̀ ,�2ı̀+1),σ (�2ı̀+1,�2ı̀+2)

}κ).

Thus,

τ + F
(
σ (�2ı̀+1,�2ı̀+2)

)≤F
(
σ (�2ı̀ ,�2i+1)

)η,

for all i ∈ N , where η = κ
1–κ

. As F : R+ →R is a strictly increasing function then

σ (�2ı̀+1,�2ı̀+2) < σ (�2ı̀ ,�2i+1)η. (2.3)

Similarly, if j is even, we have

σ (�2ı̀+2,�2ı̀+3) < σ (�2ı̀+1,�2i+2)η. (2.4)

Now, we have

σ (�j,�j+1) < σ (�j–1,�j)η for all j ∈N. (2.5)

Therefore,

σ (�j,�j+1) < σ (�j–1,�j)η < σ (�j–2,�j–1)η
2

< σ (�j–3,�j–2)η
3

< σ (�j–4,�j–3)η
4

< · . . . · < σ (�0,�1)j. (2.6)

Now,

σ (�0,�j+1) ≤ σ (�0,�1)� · σ (�1,�2)�
2 · σ (�2,�3)�

3 · . . . · σ (�j,�j+1)�
j+1

≤ σ (�0,�1)� · σ (�0,�1)η�2 · σ (�0,�1)�
3η2 · σ (�0,�1)�

4η3

· σ (�0,�1)�
5η4 · . . . · σ (�0,�1)�

j+1ηj
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≤ σ (�0,�1)�(η0+�η+�2η2+�3η3+···+�jηj)

≤ σ (�0,�1)�( 1
1–�η

).

Then, we have

σ (�0,�j+1) ≤ r
1–l(η)×l
l×1–l(η) ≤ r,

which implies �j+1 ∈ βσm (�0, r). Hence, by induction �n ∈ βσm (�0, r) for all n ∈ N. Also,
α(�n,�n+1) ≥ 1 for all n ∈N∪ {0}. Now,

σ (�n,�n+1) < σ (�0,�1)η
n

for all n ∈N. (2.7)

Now, for any positive integers m, n (n > m), we have

σ (�m,�n) ≤ σ (�m,�m+1)� · σ (�m+1,�m+2)�
2 · σ (�m+2,�m+3)�

3

· . . . · σ (�n–1,�n)�
n

≤ σ (�0,�1)�η
m · σ (�0,�1)�

2ηm+1 · . . .

· σ (�0,�1)�
nηn–1

(by (2.7))

≤ σ (�0,�1)(�ηm+�2ηm+1+�3ηm+2+···+�nηn–1)

< σ (�0,�1)(�ηm+�2ηm+1+�3ηm+2+··· ),

σ (�m,�n) < σ (�0,�1)( �ηm
1–�η

).

Clearly, σ (�m,�n) → 1 as m, n → ∞. Hence, {HŠ(�n)} is a Cauchy sequence in a complete
multiplicative metric space (βσm (�0, r),σ ). So, there is a μ ∈ βσm (�0, r) and {HŠ(�n)} → μ

such that n → ∞. Then

lim
n→∞σ (�n,μ) = 1. (2.8)

Now

σ (μ,Hμ) ≤ σ (μ,�2n+1)� · σ (�2n+1,Hμ)�.

So, there exists �2n+1 ∈ Š�2n and σ (�2n, Š�2n) = σ (�2n,�2n+1). Using Lemma 1.12 and (2.1),
we obtain

σ (μ,Hμ) ≤ σ (μ,�2n+1)� · Hσ (Š�2n,Hμ)� (2.9)

By assumption, α(�n,μ) ≥ 1. Suppose that σ (μ,Hμ) > 0, there exists a positive integer k
such that σ (�n,Hμ) > 0 for all n ≥ k. For n ≥ k, we have

σ (μ,Hμ) < σ (μ,�2n+1)�.

⎛

⎜
⎝max

⎧
⎪⎨

⎪⎩

σ (�2n,μ),σ (�2n,Hμ),
σ (�2n+1,Hμ),

σ (�2n ,�2n+1).σ (�2n+1,Hμ)
1+σ (�2n ,�2n+1)

⎫
⎪⎬

⎪⎭

κ⎞

⎟
⎠

�

< σ (μ,�2n+1)� · (max
{
σ (�2n,μ),σ (�2n+1,Hμ)

})�κ . (2.10)
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Taking limit n → ∞ and inequality (2.8) from both sides of (2.9), we get σ (μ,Hμ) <
σ (μ,Hμ)�κ that is not true in general. Our supposition is wrong because �κ < 1. Hence,
σ (μ,Hμ) = 1 or μ ∈ Hμ. Similarly, adopting the similar way and using Lemma 1.12 and
inequality (2.8), we can get σ (μ, Šμ) = 1 or μ ∈ Šμ. So, Š and H have a common fixed point
μ in βσm (�0, r). Now,

σ (μ,μ) ≤ [
σ (μ, Šμ).σ (Šμ,μ)

]�.

This implies that σ (μ,μ) = 1. �

Example 2.2 Let � = R+ ∪ {0} and the function σ : � × � → � defined by

σ (ı̀, j) = e|i–j|2 for all i, j ∈ �.

Define the mappings Š,H : � × � → ℘(�) by

Š� =

⎧
⎨

⎩

[�5 , 2
5�] if � ∈ [0, 15] ∩ �,

[2�, 3�] if � ∈ (15,∞) ∩ �

and,

H� =

⎧
⎨

⎩

[�7 , 3
7�] if � ∈ [0, 15] ∩ �,

[4�, 5�] if � ∈ (15,∞) ∩ �.

Suppose that, �0 = 1, � = 2, r = 81, Bσ (�0, r) = [0, 15] ∩ �. Now, σ (�0, Š�0) = σ (1, Š1) =
σ (1, 1

5 ). So �1 = 1
5 . Now, σ (�1,H�1) = σ ( 1

5 ,H 1
5 ) = σ ( 1

5 , 1
35 ). So �2 = 1

35 . Now, σ (�2, Š�2) =
σ ( 1

35 , Š 1
35 ) = σ ( 1

35 , 1
175 ). So �3 = 1

175 . Continuing in this way, we have {HŠ(�n)} = {1, 1
5 , 1

35 ,
1

175 , . . .}. Moreover, taking κ = 7
23 ∈ (0, 1

2 ) and η = 7
17 ∈ (0, 1). From (2.2), we also have

σ (�0, Š�0) = e|1– 1
5 |2 < 81

9
46 .

Consider the mapping α : � × � → [0,∞) by

α(a, b) =

{
1 if a > b
1
2 otherwise

}

.

Now, if �, v ∈ βσm (�0, r) ∩ {HŠ(�n)} with α(�, v) ≥ 1, we have

Hσ (Š�,Hv) = max
{

sup
a∈Š�

σ (a,Hv), sup
b∈Hv

σ (Š�, b)
}

= max

{

sup
a∈S�

σ

(

a,
[

v
7

,
3v
7

])

, sup
b∈Tv

σ

([
�

5
,

2�
5

]

, b
)}

= max

{

σ

(
2�
5

,
[

v
7

,
3v
7

])

,σ
([

�

5
,

2�
5

]

,
3v
7

)}

= max

{

σ

(
2�
5

,
v
7

)

,σ
(
�

5
,

3v
7

)}
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= max
{

e| 2�
5 – v

7 |2 , e|�5 – 3v
7 |2}

< max

⎛

⎝
e|�–v|2 , e|�– �

5 |2 , e|v– v
7 |2 ,

e|�– �

5 |2 ·e|v– v
7 |2

1+e|�– �

5 |2

⎞

⎠

κ

< max

(
σ (�, v), σ (�,[ �5 , 2

5�]).σ (v,[ v
7 , 3

7 v])
1+σ (�,v) ,

σ (�, [�5 , 2
5�]),σ (�, [ v

7 , 3
7 v])

)κ

.

Thus,

Hσ (Š�,Hv)) <
(∇(�, v)

)
,

this implies that if there is τ ∈ (0, 11
91 ], and F is a strictly increasing function defined as

F (�) = ln� + �, we have

Hσ (Š�,Hv)eHσ (Š�,Hv)–∇(�,v)+τ ≤ ∇(�, v),

ln
(
Hσ (Š�,Hv)

)
+ Hσ (Š�,Hv) + τ ≤ ln

(∇(�, v)
)

+ ∇(�, v)),

τ + F
(
Hσ (Š�,Hv)

)
+ Hσ (Š�,Hv) ≤F

(∇(�, v)
)

+ ∇(�, v).

Note that, taking 17, 18 ∈ �, then α(17, 18) ≥ 1. Now, we have

τ + F
(
Hσ (Š18,H17)

)
+ Hσ (Š18,H17) > F

(∇(18, 17)
)
) + ∇(18, 17).

So, the condition (2.1) is not satisfied on �. Hence, Š and H are satisfied all conditions of
Theorem 2.1 for all �, v ∈ βσm (�0, r) ∩ {HŠ(�n)} with α(�, v) ≥ 1. Hence, Š and H admit a
common fixed point.

Corollary 2.3 Let (�,σ ) be a complete BMMS. Suppose there exists a function α : � ×
� → [0,∞). Let r > 0, �0 ∈ βσm (�0, r) ⊆ �, and Š,H : � → ℘(�) are α∗-dominated multi-
functions on βσm (�0, r). Assume that τ > 0, and there exists κ ∈ (0, 1

�
) with η = κ

1–κ
, and F

be a strictly increasing function satisfying:

τ + F
(
σ (Še,Hy)

)≤F
(∇(e, y)

)
, (2.11)

for all e, y ∈ βσm (�0, r) ∩ {�n}, α(e, y) ≥ 1, and σ (Še,Hy) > 0 such that,

σ (�0, Š�0) ≤ r
1–�η

� .

Then, {HŠ(�n)} is a sequence in βσm (�0, r), α(�n,�n+1) ≥ 1 for all n ∈ N and {HŠ(�n)} →
μ ∈ βσm (�0, r). Also, if μ satisfies (2.11) α(�n,μ) ≥ 1 and α(μ,�n) ≥ 1 for all naturals n ≥ 0,
then Š and H admit a common fixed point μ in βσm (�0, r).

Corollary 2.4 Let (�,σ ) be a complete BMMS. Suppose there exists a function α : � ×
� → [0,∞). Let r > 0, �0 ∈ βσm (�0, r) ⊆ � and Š : � → ℘(�) be a α∗-dominated multi-
function on βσm (�0, r). Assume that τ > 0, and there exists κ ∈ (0, 1

�
) with η = κ

1–κ
, and F
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be a strictly increasing function satisfying:

τ + F
(
Hσ (Še, Šy)

)≤F
(∇(e, y)

)
, (2.12)

for all e, y ∈ βσm (�0, r) ∩ {�Š(�n)}, α(e, y) ≥ 1, and Hσ (Še,Hy) > 0, such that,

σ (�0, Š�0) ≤ r
1–�η

� .

Then, {�Š(�n)} is a sequence in βσm (�0, r), α(�n,�n+1) ≥ 1 for all n ∈ N and {�Š(�n)} →
μ ∈ βσm (�0, r). Also, if μ satisfies (2.12), α(�n,μ) ≥ 1 and α(μ,�n) ≥ 1 for all natural n ≥ 0,
then Š and H admit a fixed point μ in βσm (�0, r).

3 Results for multigraph dominated mappings
In this section, we will prove an application of Theorem 2.1 in graph theory. Jachymski
[15] established a significant result related to the contraction mappings in a metric space
endowed with a graph. Hussain et al. [13] showed fixed point results for graphic contrac-
tions and presented an application. For more results on graphical fixed point theory, see
([9, 30]).

Definition 3.1 Let Y �= � and ζ = (V (ζ ),�(ζ )) be a graph such that V (ζ ) = X, D ⊆ R.
A function F : R → ℘(R) is said to be a multigraph dominated on D if (δ,γ ) ∈ �(ζ ), for
each γ ∈ Fδ and γ ∈ D.

Theorem 3.2 Let (�,σ ) be a complete BMMS endowed with a graph ζ . Let r > 0, �0 ∈
βσm (�0, r), and Š,H : � → ℘(�), and {HŠ(�n)} be a sequence in βσm (�0, r) generated by �0.
Assume that the following satisfy:

(i) Š, H are dominated on βσm (�0, r) ∩ {HŠ(�n)}.
(ii) There exists τ > 0 and F is a strictly increasing function satisfying

τ + F
(
Hσ (Šx,Hq)

)≤F
(∇(x, q)

)
, (3.1)

for all x, q ∈ βσm (�0, r) ∩ {HŠ(�n)}, (x, q) ∈ �(ζ ) and Hσ (Šx,Hq) > 0.
(iii) σ (�0, Š�0) ≤ r

1–�η
� .

Then, {HŠ(�n)} is a sequence in βσm (�0, r), (�n,�n+1) ∈ �(ζ ) and {HŠ(�n)} → μ. Also, if μ

satisfies (3.1) and (�n,μ) ∈ �(ζ ) or (μ,�n) ∈ �(ζ ) for all naturals n = 1, 2, 3, . . . , then Š and
H have a common fixed point μ in βσm (�0, r).

Proof Define the function α : � × � → [0,∞) by

α(x, q) =

⎧
⎨

⎩

1, if x ∈ βσm (�0, r), (x, q) ∈ �(ζ ),

0, otherwise.

Since Š andH are graph dominated on βσm (�0, r), then for all e ∈ βσm (�0, r), (x, q) ∈ �(ζ ) for
each q ∈ Šx and (x, q) ∈ �(ζ ) for every q ∈Hx. So, α(x, q) = 1 for each q ∈ Šx and α(x, q) = 1
for each q ∈ Hx. This implies that inf{α(x, q) : q ∈ Šx} = 1 and inf{α(x, q) : q ∈ Hx} = 1.
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Hence, α∗(x, Šx) = 1, α∗(x,Hx) = 1 for each x ∈ βσm (�0, r). So, Š,H : � → ℘(�) are α∗-
dominated multifunctions on βσm (�0, r). Furthermore, inequality (3.1) can be rewritten
as

τ + F
(
Hσ (Šx,Hq)

)≤F
(∇(x, q)

)

for all x, q ∈ βσm (�0, r) ∩ {HŠ(�n)}, α(x, q) ≥ 1 and Hσ (Šx,Hq) > 0. Also, (iii) holds. Then,
from Theorem 2.1, we have {HŠ(�n)} is a sequence in βσm (�0, r) and {HŠ(�n)} → μ ∈
βσm (�0, r). Now, �n,μ ∈ βσm (�0, r) and either (�n,μ) ∈ �(ζ ) or (μ,�n) ∈ �(ζ ) implies that
either α(�n,μ) ≥ 1 or α(μ,�n) ≥ 1. Hence, all the conditions of Theorem 2.1 are satis-
fied. Hence, by Theorem 2.1, Š and H have a common fixed point μ in βσm (�0, r) and
σ (μ,μ) = 0. �

4 Application to integral equations
Theorem 4.1 Let (�,σ ) be a complete BMMS. Let �0 ∈ � and Š,H : �→� be the self-
mappings. Assume that there are τ > 0 and a function F : R+ → R strictly increasing so
that satisfying the following condition:

τ + F
(
σ (Šx,Hq)

)≤F
(∇(x, q)

)
, (4.1)

whenever x, q ∈ {�n} and σ (Šx,Hq) > 0. Then {�n} → f ∈ �. Also, if (4.1) holds for x, q ∈ {f },
then Š and H have a unique common fixed point f in �.

Proof The proof of this theorem is similar to that of Theorem 2.1. �

In this section, we discuss the application of fixed point Theorem 4.1 in form of unique
solution of two operator of Volterra-type integral equations given below:

f (k) =
∫ k

0
H(k, h, f ) dh, (4.2)

κ(k) =
∫ k

0
G(k, h,κ)) dh (4.3)

for all k ∈ [0, 1] and H , G are mappings from [0, 1] × [0, 1] × £([0, 1],R+) to R. We find
the solution of (4.2) and (4.3). Let � = £([0, 1],R+) be the set of all continuous functions
on [0, 1]. For f ∈ £([0, 1],R+), define a norm as: ‖f ‖2

τ = supk∈[0,1]{e|f (k)|2 e–τk}, where τ > 0.
Then define

στ (f ,κ) =
[

sup
k∈[0,1]

{
e|f (k)–κ(k)|e–τk}

]2
= e‖f –κ‖2

τ

for all f ,κ ∈ £([0, 1],R+), with these settings, (£([0, 1],R+),στ ) becomes a complete BMMS.
Now, we are proving an existence theorem to investigate the solution of a coupled system

of nonlinear integral equations.

Theorem 4.2 Assume that the following are satisfied:
(i) H , G : [0, 1] × [0, 1] × £([0, 1],R+) →R;
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(ii) Define

(Šf )(k) =
∫ k

0
H(k, h, f ) dh,

(Hκ)(k) =
∫ k

0
G(k, h,κ) dh.

Suppose that there exist τ > 0 such that

e|H(k,h,f )–G(k,h,c)|2 ≤ τ∇(f ,κ)(e∇(f ,κ)–e‖Šf –Hx‖2
τ )

eτ (1–h)

for all k, h ∈ [0, 1] and f ,κ ∈ £([0, 1],R), where

∇(f ,κ) = max

⎧
⎨

⎩

e‖f –κ‖2
τ , e‖f –Šf )‖2

τ , e‖κ–Hκ)‖2
τ ,

e‖f –Šf )‖4
τ .e‖κ–Hκ)‖2

τ

1+e‖f (h)–κ(h)‖4
τ

⎫
⎬

⎭
.

Then, integral equations (4.2) and (4.3) have a common solution in £([0, 1],R+).

Proof By assumption (ii)

e|Šf –Hκ|2 =
∫ k

0
e|H(k,h,f )–G(k,h,κ)|2 dh

≤
∫ k

0

τ∇(f ,κ)(e∇(f ,κ)–e‖Šf –Hx‖2
τ )

eτ (1–h) dh

≤ τ∇(f ,κ)(e∇(f ,κ)–e‖Šf –Hx‖2
τ )

eτ

∫ k

0
eτh dh

≤ ∇(f ,κ)(e∇(f ,κ)–e‖Šf –Hx‖2
τ )

eτ
eτk .

This implies

e|Šf –Hκ|2 e–τk ≤ e∇(f ,κ)–e‖Šf –Hx‖2
τ

eτ
,

e‖Šf –Hκ‖2
τ

∇(f ,κ)
≤ e∇(f ,κ)–e‖Šf –Hx‖2

τ

eτ
,

e‖Šf –Hκ‖2
τ

e∇(f ,κ)–e‖Šf –Hx‖2
τ

≤ ∇(f ,κ)
eτ

.

Taking ln both sides, we have

ln
(
e‖Šf –Hκ‖2

τ
)

– ∇(f ,κ) + e‖Šf –Hκ‖2
τ ≤ ln

(∇(f ,κ)
)

+ ln e–τ ,

which further implies

τ + ln
(
e‖Šf –Hκ‖2

τ
)

+ e‖Šf –Hκ‖2
τ ≤ ln

(∇(f ,κ)
)

+ ∇(f ,κ).
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So, all the requirements of Theorem 4.1 are satisfied for F (κ) = lnκ + κ; κ > 0 and
dτ (f ,κ) = e‖f –κ‖2

τ . Hence, integral equations in (4.2) and (4.3) have a common solution. �

5 Application to functional equations
Here, we present an application for the solution of a functional equation in dynamic pro-
gramming. Let Â and � be two Banach spaces, £ ⊆ Â, � ⊆ � and

σ : £ × � → £,

�,� : £ × � → R,

L, M : £ × � ×R →R.

Further useful results relevant to dynamic programming are shown in [7, 8, 22]. We can
assume that £ and � appear for the decisions spaces. The problem related to dynamic
programming is to find the solution of the given equations:

p(ϑ) = sup
ϑ∈�

{
�(ϑ ,�) + L

(
ϑ ,�, p

(
σ (ϑ ,�)

))}
, (5.1)

q(ϑ) = sup
�∈�

{
� (ϑ ,�) + M

(
ϑ ,�, q

(
σ (ϑ ,�)

))}
, (5.2)

for ϑ ∈ £. We want to show that equations (5.1) and (5.2) unique solution. Suppose R(£)
represents the class of all positive valued functions on £. Consider,

σ (υ, w) =
∥
∥eυ–w∥∥2

∞ = sup
ϑ∈N

e|υ(ϑ)–w(ϑ)|2 (5.3)

for all υ, w ∈ R(£), (R(£),σ ) becomes a complete BMMS. Assume that:
(Ĉ1): L, M, �, and � are bounded.
(Ĉ2): For ϑ ∈ £, υ ∈ R(£), let P, Â : R(£) → R(£) be multivalued mappings, so that

Pυ(ϑ) = sup
�∈�

{
�(ϑ ,�) + L

(
ϑ ,�,υ

(
σ (ϑ ,�)

))}
, (5.4)

Âυ(ϑ) = sup
�∈�

{
� (ϑ ,�) + M

(
ϑ ,�,υ

(
σ (ϑ ,�)

))}
. (5.5)

Furthermore, for each (ϑ ,�) ∈ £ × �, υ, w ∈ R(£), t ∈ £ and for a τ > 0,

e|L(ϑ ,�,υ(t))–M(ϑ ,�,w(t)|2 ≤ ∇(υ, w)
(
e∇(υ,w)–e|(ϒυ1)(ϑ)–(Âυ2)(ϑ)|2–τ )

(5.6)

where

∇(υ, w) = sup

⎧
⎪⎪⎨

⎪⎪⎩

⎛

⎜
⎜
⎝

e|υ(t)–w(t)|2 ,
e|υ(t)–ϒυ(t)|2 , e|υ(t)–Âw(t)|2

e|υ(t)–ϒυ(t)|4 .e|υ(t)–Âw(t)|2

1+e|υ(t)–w(t)|4 ,

⎞

⎟
⎟
⎠

κ⎫
⎪⎪⎬

⎪⎪⎭

.

Theorem 5.1 Assume that (Ĉ1), (Ĉ2), and (5.6) hold. Then, the equations (5.1) and (5.2)
have a unique common and bounded solution in R(£).
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Proof Take any c > 0. From (5.4) and (5.5), there are υ1,υ2 ∈ R(£), and �1,�2 ∈ � such
that

(Pυ1) < �(ϑ ,�1) + L
(
ϑ ,�1,υ1

(
σ (ϑ ,�1)

))
+ c, (5.7)

(Âυ2) < �(ϑ ,�2) + M
(
ϑ ,�2,υ2

(
σ (ϑ ,�2)

))
+ c. (5.8)

Using the definition of supremum, we get

(Pυ1) ≥ �(ϑ ,�2) + L
(
ϑ ,�2,υ1

(
σ (ϑ ,�2)

))
, (5.9)

(Âυ2) ≥ �(ϑ ,�1) + M
(
ϑ ,�1,υ2

(
σ (ϑ ,�1)

))
. (5.10)

Then, from (5.6), (5.7), and (5.10), we have

e|(Pυ1)(ϑ)–(Âυ2)(ϑ)|2

≤ e|L(ϑ ,�1,υ1(σ (ϑ ,�1)))–M(ϑ ,�1,υ2(σ (ϑ ,�1)))| + c

≤ e|L(ϑ ,�1,υ1(σ (ϑ ,�1)))–M(ϑ ,�1,υ2(σ (ϑ ,�1)))|2 + c

≤ ∇(υ, w)
(
e∇(υ,w)–e|(Pυ1)(ϑ)–(Âυ2)(ϑ)|2–τ )

≤ ∇(υ, w)e–τ
(
e∇(υ,w)–e|(Pυ1)(ϑ)–(Âυ2)(ϑ)|2 )

+ c.

Since, c > 0 is arbitrary, we obtain

e|Pυ1(ϑ)–Âυ2(ϑ)|2 ≤ ∇(υ, w)e–τ
(
e∇(υ,w)–e|(Pυ1)(ϑ)–(Âυ2)(ϑ)|2 )

,

eτ e|Pυ1(ϑ)–Âυ2(ϑ)|2 ≤ ∇(υ, w)e∇(υ,w)–e|(Pυ1)(ϑ)–(Âυ2)(ϑ)|2
.

It implies that,

τ + ln
(
e|Pυ1(ϑ)–Âυ2(ϑ)|2) + e|Pυ1(ϑ)–Âυ2(ϑ)|2 ≤ ln

(∇(υ, w)
)

+ ∇(υ, w)).

Hence, all the conditions of Theorem 4.1 are satisfied for F (� ) = ln� + � ; � > 0 and
στ (υ, w) = e‖υ–w‖2

τ . Thus, P and Â both have a unique common bounded solution of the
equations (5.1) and (5.2). �

6 Conclusion
In this research, we have achieved some new fixed point results for a pair of multifunctions
satisfying a generalized contractive conditions only on a closed ball with an intersection of
an iterative sequence in complete b-multiplicative metric space. We have used a strictly in-
creasing mapping F instead of the class of mappings used by Wardowski [31]. The notion
of multigraph-dominated mappings is introduced. Furthermore, some new fixed point re-
sults are obtained for graphic contraction in a b-multiplicative metric space. Applications
are given to approximate the unique common bounded solution for a coupled system of
nonlinear integral equations and functional equations in dynamical programming. Our
results extended and generalized many results appearing in the literature, such as Rasham
et al. [23–25], Wordowski’s result [31], Acar et al. [2], and many more classical results
[11, 28, 29].
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