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Abstract

The aim of this paper is to prove some new fixed point results for a pair of multivalued
dominated locally contractive mappings in b-multiplicative metric space. Further,
fixed point theorems for multigraph-dominated mappings are also established. Some
new fixed point results on a closed ball are obtained for a pair of
multigraph-dominated mappings endowed with graphic structure in b-multiplicative
metric space. An illustrative example is given to show the validity of the hypothesis of
our obtained result. Moreover, applications for a coupled system of nonlinear
Volterra-type integral equations and functional equations in dynamic programming
are presented to show the novelty of our results.

MSC: 46Txx; 47H04; 47H10; 54H25

Keywords: Fixed point; Generalized F-contraction; Closed ball; ez,-dominated
multivalued mappings; Graph contraction; Integral equations; Functional equations

1 Introduction and preliminaries

Fixed point theory is the mixture of modern mathematical analysis with broad applications
in the study of various significant fields of mathematics. It has numerous applications in
different areas of the mathematical sciences, such as modern optimization, theories of
control, functional analysis, topology, geometry, and economic modeling in both pure and
applied mathematics. In fixed point theorem, we deal with the self-mappings T from set X
to itself has more than one or unique fixed points and the fundamental equation is Tx = x
has many solutions. Contractive conditions play a significant role in solving fixed point
problems in the field of metric fixed point theory. In 1922 [6] Banach proved a fixed point
result called the Banach contraction principle. Because of its significance, many authors
demonstrated various generalizations of his result (see [1-31]).

Ozavsar and Cevikel [21] introduced the notion of multiplicative metric spaces and
showed some new fixed point results satisfying contraction mappings in multiplicative
metric space and some related topological properties. Mongkolkeha et al. [18] proved the
best proximity fixed point results for multiplicative proximal contraction in such spaces.
In 2017, Ali et al. [3] established the concept of b-multiplicative metric space and proved
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some new fixed point theorems endowed with graph and also applied their main result to
solve a Fredholm type nonlinear multiplicative integral equations. As an application, they
established an existence theorem for solving a system of Fredholm multiplicative integral
equations. Shoaib et al. [29] investigated fixed point theorems for self-mappings fulfilling
contractions on the closed ball in complete b-multiplicative metric space.

Wardowski [31] introduced the notion of F-contraction, which is the most important
generalization of the Banach contraction. Lateral, a huge number of researchers proved
different variants of F-contraction and introduced various important fixed point results
that can be seen in [2, 11, 24, 25, 28]. Recently, Rasham et al. [23] established fixed point
results for a pair of dominated fuzzy contractions on closed balls in b-metric like spaces.
They also presented applications to find the unique solution of nonlinear integral equa-
tions and functional equations in dynamics programming. In this paper, we prove some
new fixed point results for multivalued generalized rational type F-contractive dominated
mappings on closed balls in b-multiplicative metric space. Furthermore, we demonstrate
applications for a coupled system of nonlinear integral and functional equations. Let us
state the following preliminary concepts.

Definition 1.1 ([3]) Let A be anonempty set, and let £ > 1 be a given real number. A map-
pingo : A x A — [1,00) is called a b-multiplicative metric with coefficient ¢ if the follow-
ing conditions hold:
(i) o(@,v)>1forall ¥,v € A with ¥ #v and o(,v) =1 if and only if ¥ = v;

(i) o(?,v)=0c(v,?) forall ¥,v € A;

(iii) o(®,0) <[o(®,v).0(v,0)] for all ¥,v,0 € A.
The triplet (A,0,¢) is a b-multiplicative metric space or shortly BMMS. For e € A and
r>0, W ={ve A:o(ev) <r}isaclosed ball in BMMS.

Example 1.2 ([3]) Let A =[0,00). Define the mapping o : A x A — [1,00) by

2
o(t,v) =V,

where v > 1 is any fixed real number. Then, o is a b-multiplicative metric on A with £ =2.
Note that ¢ is not a multiplicative metric on A. Taking v =3, r = 3% and ¢ = 1, then

Bo,, (o, 1) = [0,3] is a closed ball in A.

Example 1.3 ([3]) If p € (0,1), then #(R) = {{x,} CR:Y 7, |x4|” < 00} endowed with the
functional

1
00 P(R) x P(R) = [1,00), ({0}, {yu}) = €&t lonnl?)?

for each {x,},{y,} € ’(R), is a b-multiplicative metric space with s = 2117 ! Note that o, is

neither a metric nor a b-metric on A.

Definition 1.4 ([29]) Let (A,o) be a BMMS.
(i) A sequence {p,} is convergent if there exists a point p € A such that o (p,,p) — 1 as
n—> +00.
(i) A sequence {p,} is said to be b-multiplicative Cauchy in A iff o (p,,, p1y) — 1 as

m,n — +00.



Rasham and De La Sen Journal of Inequalities and Applications (2022) 2022:107 Page 3 of 15

(iii) A b-multiplicative metric space (A, o) is said to be complete if every multiplicative
Cauchy sequence in A is convergent to some p € A.

Definition 1.5 ([26]) Let A be a nonempty set and £ > 1 be a real number. A mapping
0: A x A — R+ U{0} is said to be b-metric with coefficient ‘¢’ if for all #,v,0 € A, the
following conditions hold:
(i) p(¥,v)=0ifand onlyif ¥ = v;
(i) p(@,v) = p(v,P);
(iii) p(,0) =Llp(?,v) + p(v,0)].
The pair (A, p) is a b-metric space.

Remark 1.6 ([3]) Every b-metric space (A, p) generates a b-multiplicative metric space
(A, o) defined as o (x, v) = e?@V),

Definition 1.7 Let Y is not an empty subset of a BMMS, and let £ € A. A point ¢y € Y is
the best approximation of £ in Y if

o(t,Y)=0(c), whereo({,Y)= inﬁa((,c).
ce

We say that Y is a closed compact set if for any € in A, there exists a point of the best
approximation in Y.

Definition 1.8 Define the mapping H, : (A) X p(A) = R* by

H,(Q,E) = max{supo(l,E), supo(Q,f)}.
leQ feE

H, is said to be a Hausdorff multiplicative metric on gp(A).

Definition 1.9 ([27]) Let Z,E: A — gp(A) are set-valued mappings and 8: A X A —
[0, +00) be a function of positive real valued. Then both Z and R are called 8,-admissible
ifforeach g, € A,

Bgh>1 = PB.(ZgEh)>1, and PB,(Eh Zg)>1,

where B,(Zg,Ee) = inf{S(a,s) : a € Zg,s € Ee}. When Z intersect with E, in this instance,
we get the definition of o,-admissible mapping shown by [5].

Definition 1.10 ([23]) Let (A, dp) be a b-metric space. Let B: A — p(A) be a multi-valued
mapping, and « : A x A — [0,+00) is a function, and U € A. Then, B is said to be a,-
dominated on U if for all w € U, o (w, Bw) = inf{a(w,y) : y € Bw} > 1.

Definition 1.11 ([31]) Let (A,d) be a metric and B: A — A be a self-mapping. It is said
to be an F-contraction if for each u, £ € A, there is a T > 0 so that d(Bu, B) > 0 implies

T+ F(d(Bu, BL)) < F(d(u, 1)),

where F : R, — R is such that:
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(F1) For each ¢,d >0 sothatc<d, F(c) < F(d);
(F2) lim,— +00 fu = 0 if and only if lim,,_, , oo F(f,;) = —00, for every positive sequence
hnins
(F3) For some r € (0,1) then lims_, o+ f" F(f) = 0.
Let F denotes the set of mappings so that (F1)-(F3) hold.

Lemma1.12 Let(A,0) bea BMMS. Let (9(A), H, ) be a Hausdorff b-multiplicative metric
space. Iffor allu € M and for each M,N € (M), thereis h; € N such that o (u,N) = o (u, hy),
then H,(M,N) > o (u, h;) holds.

Example 1.13 Let A =R. We definea: A x A — [0, +00) by

1 ify>h
Jh) = .
b h) i otherwise}

2
Define L, M : A — P(A) by

Lj=[j-2,j—1] and Mgq=I[q-54-4].
This means L and M are «,-dominated but not «,-admissible.

2 Main results

Let (A,0) be a BMMS, hg € A, and let S,H : A — (A) be multivalued mappings on A.
Let 7i; € Shy be an element such that o (fig, Sho) = o (fig, i1). Let fiy € Hh; be such that
o (P, Hh) =o(hi,hy). Let Az € Shz be such that o(h2,§h2) = o (fip, h3). In this way, we get
a sequence {H:?(fi,,)} in A, where fizy1 € Shoy, fions € Hhgne1, 1 € N. Also U(ﬁzn,gﬁzn) =
0 (Ao, Biope1), 0 (Rops1, Hbzpe1) = 0 (Aone1, honsn). Then, {’Hg(hn)} is said to be a sequence
in A generated by hg. If S = H, then we say {AS(%,)} instead of {HS(#,)}. For e,v € A,
k €(0,1), we define V(e,y) as

a(e,), 0 (e, 3¢), 0 Hy), |\
V(e, y) = | max o2(e,S¢).0(y, Hy) :
ey

Theorem 2.1 Let (A, o) bea complete BMMS. Suppose there exists a functiono : A x A —
[0,00). Let ¥ > 0, ho € B,,(Ro,7) € A, and SH:A— ©(A) be a-dominated mappings on
Bo,, (R0, 7). Assume that © > 0, and there exists k € (0, %) with n = 1=, and F is a strictly

increasing function satisfying:
T+ F(H, (Se, Hy)) < F(V(e)), (2.1)
forall ey € B, (ho,r) N (HS(7,)}, ale,y) > 1, and H, (Se, Hy) > 0 such that,
v 1-tn
o (ho,Sho) <r T (2.2)
Then, {HS(h,)} is a sequence in By, (ho, 1), (fiy, Bps1) > 1 for all n € N and (HS(H,)} —

W € B, (T, r). Also, if u satisfies (2.1), a(hy, o) > 1, and a(u, hy,) > 1 for all integers n > 0,
then S and H have a common fixed point | in B, (ho, ).
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Proof Consider a sequence {H.?(ﬁn)}. From (2.2), we get

1-¢n

o (fig, 1n) = o (ho, Sho) <r T <.
It follows that,

i € By, (o, 7).
Let hy,...,Nh; € By, (ho,r) for some j € N. If j is odd, then j = 2i + 1 for some i € N.
Since $,H: A — g©(A) are a,-dominated mappings on f,,, (i, 1), s0 o (Figi, Stiy) > 1and
o (Figi 1, Hhoie1) = 1. As o (B, Stiy) > 1, this implies inf{a(fiy;, ) : b € Shy} > 1. Also

Figi+1 € Sy, 50 at(Figs, Hipie1) > 1 and Figysn € Hhgis1. Now using Lemma 1.12, we have

T+ f(U(hziﬂ; ﬁ22+2)) =T+ f(Ha (§ﬁ2;,7-[ﬁ2;+1)) = -F(V(ﬁzi, ﬁziu))

K
<F o (hai, hoi1), 0 (hais i),
= max Bos 1 Fios 0 (figy gy 41)-0 (Figi 11,703 19)
0 (hgi 1, i 42), Tro (g Fain1)

< F(max{o (i, Mo 1), 0 (Tigis1, Tigis2) } ).
Thus,

T+ f(a(ﬁ2;+1, h2i+2)) = ]:(Cf(ﬁzz,flzm))n,
foralli e N, where n = 1. As 7 : R, — R is a strictly increasing function then

0 (i1, hai2) < 0 (Rg;, Pigir)". (2.3)
Similarly, if j is even, we have

0 (Mai 2, Mai3) < 0 (Rgis1, Faia) " (2.4)
Now, we have

o (hy, hje1) <o (i, )" foralljeN. (2.5)

Therefore,

2 3
o (hj, Ajs1) < o (1, )" < o (o, Fy_1)" < o (B3, f2)"

<o (g hys)" <-...- <o (fig, iy ). (2.6)
Now,

a (ho, hjs1) < o (ho, m)" - o (fin, ﬁz)/é2 o (hy, 53)l3 oo (B, ﬁ;url)ﬂ+1
< o (lio, )" - 0 (Bio, )" - o (Ho, ln) ™ - & (g, Tiy) ™
co(ho, i) - o (g )T
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< O'(ho, hl)Z(no+Zn+£2n2+l3n?’+m+€jnj)
1
< o (fig, )T,

Then, we have

1-l(n)x!
o (hg, Bjy1) < r>-00 <,

which implies %1 € B, (ho, 7). Hence, by induction %, € B,,,(fio,r) for all n € N. Also,
a(hy, Bye1) > 1 for all m € NU {0}. Now,

0 (Fip, Fins1) < 0 (hio, 1iy)"" forallm e N. 2.7)
Now, for any positive integers m, n (n > m), we have

(s Tis) < 0 (s Fis)" - 0 (it Fins2)” - 0 (s Fimas)
o0 (B, Fi) "
< o (g, )" - o (o, i)™ L
~o(ho, i)™ (by (2.7))

m, p2 m+l_ p3 m+2 . pn n-1
So_(ho,hl)(ln Al R Al RV A Lo

< U(h@, hl)(ln’”%znm*l+f3nm+2+"')

n™m
0 (Fins ) < 0 (Fig, Ty ) 00

Clearly, o (fiy, hy) — 1 as m,n — 00. Hence, (HS(h,)} is a Cauchy sequence in a complete
multiplicative metric space (B, (fio,7), o). So, there is a u € B, (Fo, ) and (HS(F)} = u

such that # — co. Then

nli)ngoa(ﬁn,pc) =1. (2.8)
Now

o (") < 0 (1, Tigin)" - 0 (Fower, Hi)'.

So, there exists hy,.1 € §ﬁ2n and o (hy,, §ﬁ2n) = o (fign, hous1)- Using Lemma 1.12 and (2.1),

we obtain
o(u, Hp) <o(u, hZVHlyZ -H, (§h2n: ,HM)E (2.9)

By assumption, «(#,, ) > 1. Suppose that o (u, Hu) > 0, there exists a positive integer k
such that o (%, Hu) > 0 for all # > k. For n > k, we have

o (ﬁ2n, :u')r o (th: HM); ‘

O'(/L, H/'L) < O'([/L, ﬁ2n+1)z' max G(h2n+l;HM);
o (han,fign+1).0 (Figne1, Ht)
1+o (honhanse1)

<o(u, ﬁ2n+1)(Z : (max{a(th 1), 0 (Mo, /HM)})ZK- (2.10)

Page 6 of 15
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Taking limit » — oo and inequality (2.8) from both sides of (2.9), we get o (i, Hu) <
o (1, Hp)® that is not true in general. Our supposition is wrong because £« < 1. Hence,
o(u,Hp) =1 or n € Hu. Similarly, adopting the similar way and using Lemma 1.12 and
inequality (2.8), we can get o (u, Su) = 1or pu € Si. So, § and H have a common fixed point
win By, (ho,r). Now,

¢ < ¢
o () < [o (s Sp).o (S, )] -

This implies that o (u, u) = 1. g
Example 2.2 Let A = R* U {0} and the function o : A X A — A defined by

o(l,)) = e for all ihj€A.

Define the mappings S, : A x A — ©(A) by

S [£,2n] iffie[0,15]NA,
[25,3h] if hie (15,00) N A

and,
- [£,2h] ifhel0,15]NA,
[45,5h] if hie (15,00) N A.

Suppose that, ig =1, £ =2, r = 81, By (ho,7) = [0,15] N A. Now, o (Fo, Sho) = 0(1,§1) =
o(1, %). So Ay = % Now, o (h, Hhy) = U(é,?‘[%) =0 é, 3—2). So Ay = % Now, o (i, Sty) =
0(%,3’%) = o(%, 1—;5). So hz = % Continuing in this way, we have (HS(h,)} = {1, é, %,
%, ...}. Moreover, taking k = % € (0, %) and n = 17—7 € (0,1). From (2.2), we also have

o (Fo, Sho) = -5 < 817,

Consider the mapping o : A x A — [0,00) by

% otherwise

a(a,b):{l ifa>b }

Now, if 71, v € By, (Fo, ) N {HS(,,)} with ae(5,v) > 1, we have

H,(Sh, Hv) = max{ sup o(a,?—[v),bsg_;[) o (Sh, b)]
acSh €y

=max{supo|(a,|=,—|],supol||=,—|.b
aeSh 77 beTy 5 5
2h [v 3v h 2h1 3v
=maxjo|—,|=— | )ol|=—=| =
517 7 5517
2h v h 3v
=maxjo|—,= )0 = —
57 57

Page 7 of 15
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|ﬁ_1|2 ‘ﬁ_ﬁﬁ
:max{es 7 ,e's 7 }
I Kk
el olh=% 12 g3
< max e\rk%\le“,_%‘z

_hp2
1+em 5

Thus,

Hy(Sh,HY)) < (V(B,v)),

11

this implies that if there is T € (0, 57], and F is a strictly increasing function defined as

F()=Inl + £, we have

H, (Sh, Hv)e o (SBHV-V(H)+e < V(h,v),
In(H, (Sh, Hv)) + Hy (Sh, Hv) + T < In(V(%,v)) + V(5 v)),
T+ .F(Ha (§ﬁ,’Hv)) + Ha(.?fi,’Hv) < f(V(ﬁ, v)) +V(h,v).

Note that, taking 17, 18 € A, then «(17,18) > 1. Now, we have
T+ F(H,(S18,117)) + H,(518,H17) > F(V(18,17))) + V(18,17).

So, the condition (2.1) is not satisfied on A. Hence, S and # are satisfied all conditions of
Theorem 2.1 for all &, v € B, (fio,r) N {Hﬁ(ﬁn)} with a(#,v) > 1. Hence, S and H admit a

common fixed point.

Corollary 2.3 Let (A,0) be a complete BMMS. Suppose there exists a function a : A x
A — [0,00). Letr >0, fig € B, (ho,7) € A, and SSH:A— ©(A) are a-dominated multi-
functions on By, (ho, r). Assume that T > 0, and there exists k € (0, %) with n = {—, and F

be a strictly increasing function satisfying:
7+ F(0(Se, Hy)) < F(Vie)), (2.11)
foralley € B, (ho,r) N {An}, (e, y) > 1, and o (Se, Hy) > 0 such that,
v 1-¢n
o (ho, Sho) <r T .

Then, {’Hg(ﬁ,,)} is a sequence in B, (Fo,7), (B, hyr1) > 1 for all n € N and {’Hg(h,,)} —
W € By, (ho, r). Also, if u satisfies (2.11) a(hy, ) > 1 and a(u, hy,) > 1 for all naturals n > 0,
then S and H admit a common fixed point | in B, (Fo, 7).

Corollary 2.4 Let (A,0) be a complete BMMS. Suppose there exists a function o : A X
A — [0,00). Let ¥ > 0, kg € By, (Fo,7) C A and S:A— ©(A) be a a,-dominated multi-

K

function on B,,(ho, 7). Assume that T > 0, and there exists k € (0, %) with n = 7=, and F

Kk’
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be a strictly increasing function satisfying:
T+ F(H, (Se, $y)) < F(V(e)), (2.12)
foralley € B, (ho,r) N (AS(,)}, ale,y) > 1, and H, (Se, Hy) > 0, such that,
v 1-6n
o (ho,Sho) <r T .

Then, {AS(h,)} is a sequence in By, (ho, 1), (P, fiye1) > 1 for all n € N and (AS(h,)} —
W € B, (ho, r). Also, if 1 satisfies (2.12), a(hy, &) > 1 and a(u, hy,) > 1 for all natural n > 0,
then S and H admit a fixed point w in B, (ho,r).

3 Results for multigraph dominated mappings

In this section, we will prove an application of Theorem 2.1 in graph theory. Jachymski
[15] established a significant result related to the contraction mappings in a metric space
endowed with a graph. Hussain et al. [13] showed fixed point results for graphic contrac-
tions and presented an application. For more results on graphical fixed point theory, see
(19, 30]).

Definition 3.1 Let Y # ® and ¢ = (V(¢), E(¢)) be a graph such that V(¢) = X, D C R.
A function F: R — ©(R) is said to be a multigraph dominated on D if (§,y) € E(¢), for
each y e F§and y € D.

Theorem 3.2 Let (A,0) be a complete BMMS endowed with a graph ¢. Let r > 0, iy €
m and S, H: A — @A), and {’H.?(ﬁ,,)} be a sequence in mgenemted by hy.
Assume that the following satisfy:

(i) S, H are dominated on m N {’H§(ﬁy,)}.

(ii) There exists T >0 and F is a strictly increasing function satisfying

T+ F(Hy (Sx,Hq)) < F(V(x.9)), (3.1)

forallx,q € m N {’HS’(ﬁn)}, (x,q) € E(¢) and H, (§x, Hq) > 0.
(iil) o (Ho, Sho) <r 7.
Then, {H§(ﬁn)} is a sequence in W, (P Bysr) € E(C) and {H§(ﬁn)} — . Also, if u
satisfies (3.1) and (hy,, 1) € E(C) or (i, hiy) € BE(C) for all naturalsn=1,2,3,..., then Sand
H have a common fixed point w in Bo,, (o, 7).

Proof Define the function o : A x A — [0,00) by

1, ifxe By, (o), (x,9) € E(),

0, otherwise.

alx,q) =

Since S and  are graph dominated on S,,, (%, 7), thenforalle € B,,,(ho,7), (x,q) € E(¢) for
eachg e Sxand (x, q) € E(¢) for every g € Hx. So, a(x,q) = 1 foreachqg € Sx and a(x, q) =1
for each g € Hx. This implies that inf{c(x,q) : ¢ € Sx} = 1 and inf{a(x,q) : g € Hx} = 1.
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Hence, a.(x,Sx) = 1, a.(x, Hx) = 1 for each x € Bs,, (Fo, 7). So, SH:A— ©(A) are -
dominated multifunctions on f,,, (o, r). Furthermore, inequality (3.1) can be rewritten
as

T+ F(Hy (Sx, Hq)) < F(V(x,q))

for all x, g € B, (Fio, ) N {HS(h,)}, a(x,q) > 1 and H, (Sx, Hgq) > 0. Also, (iii) holds. Then,
from Theorem 2.1, we have {#S3(%,)} is a sequence in m and {HS(h,)} — U e
m. Now, h,, 4 € W and either (A, u) € E(¢) or (u, h,) € E(¢) implies that
either a(h,,, 1) > 1 or a(u, h,) > 1. Hence, all the conditions of Theorem 2.1 are satis-
fied. Hence, by Theorem 2.1, S and # have a common fixed point jx in Bo,, (ho, ) and
o(u,p)=0. O

4 Application to integral equations

Theorem 4.1 Let (A,0) be a complete BMMS. Let hy € A and S,H : A— A be the self-
mappings. Assume that there are T > 0 and a function F : R, — R strictly increasing so
that satisfying the following condition:

T+ f(a(§x, Hq) < F(V(x,q), (4.1)

whenever x,q € {h,} and o (Sx, Hq) > 0. Then {h,} — f € A.Also, if (4.1) holds for x,q € {f},

then S and H have a unique common fixed point f in A.
Proof The proof of this theorem is similar to that of Theorem 2.1. d

In this section, we discuss the application of fixed point Theorem 4.1 in form of unique

solution of two operator of Volterra-type integral equations given below:

k
£k = /0 Hk, I f)dh, 42)
k
%(k):/ G(k, h, »))dh (4.3)
0

for all k € [0,1] and H, G are mappings from [0,1] x [0,1] x £([0,1],R,) to R. We find
the solution of (4.2) and (4.3). Let A = £([0,1],R,) be the set of all continuous functions
on [0,1]. For f € £([0, 1], R,), define a norm as: ||f||? = supke[oyl]{elﬂk”ze”k}, where 7 > 0.
Then define

o (f, ) = [ sup {eV"(k)—%(k)Ie—rk}]2 = elf—?
ke[0,1]

forallf, s« € £([0, 1], R,), with these settings, (£([0, 1], R, ), o) becomes a complete BMMS.
Now, we are proving an existence theorem to investigate the solution of a coupled system
of nonlinear integral equations.

Theorem 4.2 Assume that the following are satisfied:
(1) H,G: [O, 1] X [Or 1] X £([0¢ 1];R+) - R;
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(i) Define

. k
(k) = / Hk, I f)dh,
0
k
(H%)(k):/ G(k, h, ) dh.
0

Suppose that there exist T > 0 such that

)—elISF—Hal?

H(kh f)- Gk c) 2 rV(f »)(e¥V) )

ot (1-1)

forallk,h € [0,1] and f, >« € £([0, 1], R), where

elf =17 olIf -3NIF gllse=Ho)I7
V(f, ») = max M-3N12 Glse—H 5012
Leelf -}

Then, integral equations (4.2) and (4.3) have a common solution in £([0,1],R,).

Proof By assumption (ii)

k
elis‘ffHuP’:f Hkhf)-Gkh)* gp,
0

dh

)f e dn

—ell3r-Hal?
V(f, ) (e" V) ) ok

o
- /‘k TV(f, %)(ev(f,%)—e\\sf H i
B 0

ot(1-M)

v, %)(ev(f% )—elSf-Hal1?

e?.'
This implies

) , V{f0)—elSf~HalE
ele—’H%l e—rk < ,
< =
- & 2
el -Hx2  V(f30)-elS HlT

< ’
V(f,») — e’

15 ~H5¢ )12
e _ V(f, ») .

ev(/,%)_euif—ﬂxu% - e

Taking In both sides, we have

ln(e”sf‘H"”%) —V(f, )+ IS -Horlt < In(V(f,5)) +Ine’"

which further implies

T+ ln(e”gf’H””%) + el S-HIE <In(V(f,5)) + V(f, »).

Page 11 of 15
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So, all the requirements of Theorem 4.1 are satisfied for F(5¢) = Ins + 35 3 > 0 and
d.(f, ») = e/~ Hence, integral equations in (4.2) and (4.3) have a common solution. [J

5 Application to functional equations
Here, we present an application for the solution of a functional equation in dynamic pro-
gramming. Let A and T be two Banach spaces, £ C A, Q CT and

0:£ExXQ—>&
ho:£xQ2—R,
LM:£xQxR—R.
Further useful results relevant to dynamic programming are shown in [7, 8, 22]. We can

assume that £ and Q appear for the decisions spaces. The problem related to dynamic

programming is to find the solution of the given equations:

p(®) = ﬁug{ﬁ(ﬁ, ®) +L(z9, @,p(a(ﬂ,@)))}, (5.1)
q(®) = ;ug{w(z?, ©) + M(9,0,q9(c(9,0)))}, (5.2)

for ¢ € £. We want to show that equations (5.1) and (5.2) unique solution. Suppose R(£)
represents the class of all positive valued functions on £. Consider,

o(v,w) = ||e“""’||io = sup V@)1 (5.3)

for all v, w € R(£), (R(£), o) becomes a complete BMMS. Assume that:
(C1): L, M, i, and @ are bounded.
(C2): For © € £, v € R(£), let P,A : R(£) — R(£) be multivalued mappings, so that

Pu(®) = sup{7(¥,0) + L(¢,0,v(c (,0)))}, (5.4)
MeR

Av(®) = sup|@ (9,0) + M(,0,v(c (2, 9)))}. (5.5)
[CISY]

Furthermore, for each (¢,0) € £ x Q, v,w e R(£), t e £and fora t >0,

Q e Tvu —(Av 2 ¢
oILD,0,0(0)-M(,O,(0) 2 SV(u,w)(eV(“’W)’e‘( DO ) (5.6)

where

elvO-wO”, ‘

2 A 2

V(u,w) = sup { | eVO-TVOP (lO-Awi)
vO-Tv@ Ju@-Aw)?
1% ’

Lielv®-w(®

Theorem 5.1 Assume that (C1), (C2), and (5.6) hold. Then, the equations (5.1) and (5.2)
have a unique common and bounded solution in R(£).
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Proof Take any ¢ > 0. From (5.4) and (5.5), there are vy, v, € R(£), and ®1,0, € Q such
that

(Pu1) < (¥, 01) + L(, 01,01 (0 (9, 01))) + ¢, (5.7)
(Auy) < (9, ©3) + M(9, 0, 0(0(9,0,))) +c. (5.8)

Using the definition of supremum, we get

(Pu1) = (9, ©) + L(D, O, v1 (0(8, ©,))), (5.9)
(Auvp) = (9, ©1) + M(9, 01,12 (0(9,01))). (5.10)

Then, from (5.6), (5.7), and (5.10), we have

ol (PrD@)-(Av2) ()2

< e|L(19,®l)Ul (0(,01)))-M(,01,v2(0 (2,01))) iy

< e|L(79:®1:U1(U(ﬁ:(’)l)))—M(ﬁv@bl&(g(ﬁv@l)))‘2 +c

el Pu1)(2)~(Aug) )1~
< V(u, w) (Ve ATy

2

_el(Pu)(0)~(Avp) ()]
(eV(v,W) el (Pu1 2 ) ‘e

<V(v,w)e*
Since, ¢ > 0 is arbitrary, we obtain

_A 2 _ el Pu)(@)-(Auvg)(0)1?
Pr-An@” < v (y, w)e T(ev(“'w) et 2 )

’

er P ~An0P <y, y) oV (ow)-el PD-An)

It implies that,
T+ ln(e‘Pulw)_A”(”)'z) + elPr®)-An®P* o In(V(v,w)) + V(v,w)).

Hence, all the conditions of Theorem 4.1 are satisfied for (o) = Inw + @w; @ > 0 and
o (v, w) = eV, Thus, P and A both have a unique common bounded solution of the
equations (5.1) and (5.2). O

6 Conclusion

In this research, we have achieved some new fixed point results for a pair of multifunctions
satisfying a generalized contractive conditions only on a closed ball with an intersection of
an iterative sequence in complete b-multiplicative metric space. We have used a strictly in-
creasing mapping F instead of the class of mappings used by Wardowski [31]. The notion
of multigraph-dominated mappings is introduced. Furthermore, some new fixed point re-
sults are obtained for graphic contraction in a b-multiplicative metric space. Applications
are given to approximate the unique common bounded solution for a coupled system of
nonlinear integral equations and functional equations in dynamical programming. Our
results extended and generalized many results appearing in the literature, such as Rasham
et al. [23-25], Wordowski’s result [31], Acar et al. [2], and many more classical results
[11, 28, 29].
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