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1 Introduction

Let B, be the open unit ball in C”, and S, the boundary of B,,. Denote by H(B,,) the space
of all holomorphic functions on B,,. A function g € H(B,) induces an integration operator
(or a Volterra operator) /, given by the formula:

1
e [ fere ™, ze,

where f is holomorphic on B, and Rg is the radial derivative of g, that is,
n ag
Rg(z) = sz—(z), z=(z1,...,2,) € B,.
=y azk

In the one-dimensional case # = 1, the operator J, was first studied in the setting of
the Hardy spaces by Pommerenke [22] related to the functions of bounded mean oscilla-
tion. Some important papers include the pioneering works of Aleman, Cima and Siskakis
[3, 5, 6], where they described the boundedness of the operators J; acting on Hardy and
Bergman spaces in the unit disk. Since then, much research on the Volterra operator J, act-
ing on many spaces of holomorphic functions has been carried out (see [2, 4, 10, 24] for
example). The higher-dimensional variant of /, was introduced by Hu [12]. A fundamental
property of the operator J, is the following basic formula involving the radial derivative R
and the operator J,:

RU,f)(2) =f(2)Rg(2), ze€B,.
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The boundedness and compactness of /, have been extensively studied in many spaces
of holomorphic functions in the unit ball (see [20] for the corresponding study between
Hardy spaces, and [9, 19] from Bergman spaces to Hardy spaces, and others [16, 23, 25]
for example).

For 0 < t < 00, the Hardy space H*(B,,) consists of those holomorphic functions f on B,
with

W lhsgsy = w0 [ 1fe)] o) <,
0<r<lJS,

where do is the surface measure on the unit sphere S, := 9B, normalized so thato (S,) = 1.
For 0 < p,q < 0o and o > -1 — 1, the weighted tent space 7., (B,,) consists of all measur-
able functions f on B, such that

P _ a1 12\ 7
1 = [ ([ @I 0= ) a0) dote) <

where dv is the volume measure on B, normalized so that v(B,) =1,and I'(§) = {z € B, :
11— (z,€)| < (1 —|z|?)} is the admissible approach region. In particular, for o = 0, we write
77 (B,) instead of 7. (B,,).

Analogously, TZ(B,) consists of all measurable functions f on B, such that

”f”};'o’é(JBn) = /S;n (ess sup)[f(z)’)p do(€§) < oo,

zel'(&

and 7;";’ (B,) consists of measurable functions f with

1
1 n+o a
I l700(B,) = ess su (su 7/ 2)|7(1 - |z dV(Z)> < 00,
I—f 7:1, (]B ) p p (1_ |W|2)” Q(w)v | ( )

§€Sy \wel'(§)

where Qw) ={ze B, : |1 - (z, |_MW/\>| <1—|w|*} for w e B,\{0} and Q(0) = B,,.

For 0 <p,q < oo and & > —n — 1, the Hardy-type tent space H7? ,(B,) consists of holo-
morphic functions on B, that also belong to 7. (B,), with the same quasinorm, and
HT?,(B,) consists of holomorphic functions on B,, that also belong to 7% (B,,). The space
CT 4«(B,) consists of those holomorphic functions that belong to 7;02 (B,,) that is endowed
with the same norm. We refer the reader to [21] for more details on Hardy-type tent spaces.

As useful tools, tent spaces play important roles in the study of harmonic analysis and
partial differential equations. By the nontangential maximal function characterization of
the Hardy space, HT%,(B,) = H?(B,) € HT? ,(B,), see [26], and we can consider H(B,)
as the limit of 7—[7‘5’(1 (B,,) when g — oo. Hence, we describe the boundedness and com-
pactness of Jo : HT? ,(B,,) — H'(B,,) for all possible ranges 0 < p,q,t <oco and a > —n — 1.
Although only discrete characterizations are described in our theorems, continuous char-
acterizations also can be obtained from subsequent proofs.

Our main results are as follows.

Theorem 1.1 Let 0 < p,q,t < 00, a > —n — 1. Then, the integration operator J, :
HTY,(B,) — H'(B,) is bounded if and only if for any r € (0,1) and an r-lattice Z = {ay}
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in B, the sequence

g—(n+l+a)

u={uwe} = {|Rga)|(1 - lal?) — 7}

satisfies one of the following conditions:
pt

(@) Ifp>tandq>2, then u belongs to TZ; 2).
=

pt
(b) If p>tand q <2, then u belongs to TL" (Z).
(c) Ifp=tand q>2, then u belongs to T%, (Z).

q-2

(d) Ifp=tandq<2orp<t,then {u-(1- |ak|2)"(%_}’)} belongs to I*°.

Theorem 1.2 Let 0 < p,q,t < 00, a > —n — 1. Then, the integration operator J, :
’HT;a (B,) — H'(B,) is compact if and only if for any r € (0, 1) and an r-lattice Z = {ay} in

B, the sequence

g—(n+l+a)

u={ue} = {|Rg(ar)|(1 - lal?) 7}

satisfies one of the following conditions:
(@) Ifp>tandq>2,then

up a —(n+1+a) .
/ ( § |Rg( k)|%(1—|dk|2)%‘%)p— -
S

n agel(§)

(b) If p>tandq<2,then

. 9 g-(n+l+a)
lim ( sup  |Rg(a)|(1—laxl?) 7 )

P S0 Naper©)\D0,0)

(c) Ifp=tandq>2,then

) 1 n+l+a
Jim e 2 (Re@ol(1-la?) —7 )

areQ(w)

(d) Ifp=tandq<2orp<t,then

—(n+1l+a)

Jim [Rg(ap)| (1~ auf?) 7

+n(%—

)

=

This paper is organized as follows: Sect. 2 contains some background materials and the
tools used in the proofs. Theorems 1.1 and 1.2 are proved in Sect. 3 and Sect. 4, respec-

tively.

Throughout the paper, constants are used with no attempt to calculate their exact values,
and the value of a constant C may change from one occurrence to the next. We also use
the notion A < B to indicate that there is a constant C > 0 with A < CB. The converse
relation A 2> B is defined in an analogous manner, and if A < B and A 2, B both hold, we
write A < B. Given p € [1,00], we will denote by p’ = p/(p — 1) its Holder conjugate, and

we agree that 1’ = 0o and 00’ = 1 in this paper.

(1-1al?)" =0.

=0.

Page 3 of 19
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2 Preliminaries
In this section, we introduce some basic results that will be used for the proofs of our main

theorems.

2.1 Area methods and equivalent norms
For & €S, and y > 1, the admissible approach region I'), (£) is defined as

N

T, €)= {zel&%n:p-(z,g)y < (1—|z|2)}.

In this paper we agree that I'(£) := I'y(£). It is known that for every § > 1 and y > 1, there

exists ¥’ > 1 so that

| D@é)cry).

zely (§)
We will write F(é ) to indicate this change of aperture. Given z € B,,, we can define the
set I(z) =S, for z=0,and I(z) ={§ € S, : z € I'(§)} C S, for z # 0. Obviously, o(I(z)) <

(1-12|%)", and it follows from Fubini’s theorem that, for a positive measurable function ¢,

and a finite positive measure v, one has

dv(z)
d = ——)d .
/Bngo(Z) v(2) ,/sn</r(g)(p(2)(1—|z|2)”) o (&)

We will need the following well-known Calderdn’s area theorem [8], which will be very

important for our arguments, and the variant can be found in [1, 20].

Lemma A LetO<t<oo. Iff € HB,) and f(0) = 0, then

t/2
t 2 12 1-n
I 117¢ A./sn (/r(g)|Rf(Z)| (1-121%) dV(Z)) do ().

Note that Lemma A shows that f € H(B,,) belongs to H' if and only if Rf € %77, _,. This

explains the special role of number 2 in Theorem 1.1 and Theorem 1.2.

2.2 Embedding theorems
We need the following embedding theorems for Hardy-type tent spaces, which are the

generalizations of Lemma 15 and Lemma 23 in [21]. We prove them by a similar method.

Lemma B Let0<t§p<oo,0<q§s<oo,oz>—n—1,and,3:a+(§—1)(n+1+a).
Then,

HT? (B,) CHT 4(B,),

with bounded inclusion.
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Proof Let £ €S, and r > 0. For any z € I'(§) and f € H(B,,), by the subharmonicity, we

have

lf(Z)‘ S m(/;(zr)lf(w)’q(l - |a)|2)0‘ dV(a)))q

S ( / [fle)]*(1- |w|2)“dv(w>> E
(1-|z2) ¢ I'E)

Writing |f|° = |[f]7]f*~? and applying this estimate to the second factor gives

@) (1~ 121%) dv(z)

r'E)

s/q-1
/ v 1—|z| (/ [f |a)| dv(w)) dv(z)
< </~ IF@|"(1- |z|2)“dv(z)) 5.
L)

Then, for ¢ < p, we obtain HT?% ,(B,,) C ’HT’:/S (Bn) CHT S 5(B). O

LemmaC IfO<p<t<oo,0<g<ooanda>-n-1,then
HTY,(By) C A (B,)

with bounded inclusion, where A} (B,) is the weighted Bergman space and n = (157 - 1)n -

1+ t(n+1+a)
—

Proof First, recall that if p < ¢, then H?(B,,) C A(t . (B,,) with bounded inclusion. Ap-
p

1)n-1
plying this to a fractional differential operator R*® "7 and according to [21, Theorem G]J,

we have

HTY (B, CA’

(l%—l)n—lJr t(n+21+a) (Bn)'

)4
For any natural number &, we have f € HT%, ,(B,) if and only if f* € HT,(B,), and then

HTh, (B C AL,
p

o ( )
(t—l)n—l n+}(+ n

Let k be large enough such that 2k > g. Then, by Lemma B, we have

HT? ,(B,) C HT

2k, +( -1)(n+1+a)

(B,) C A’ (B,). 0

We will also need the following Dirichlet-type embedding theorem, which can be found
in [7].



Hu et al. Journal of Inequalities and Applications (2022) 2022:99 Page 6 of 19

Lemma D Assume that f € HB,) with f(0) =0.If0< p < g < 00, then

Wz, S NRFIl 42 B,

p—n-l+nplq
where {1y = i, @1~ 12) dv(z).

2.3 Khinchine and Kahane inequalities
Let () be a sequence of Rademacher functions. We recall first the classical Khinchine’s
inequality (see [11, Appendix A] for example).

Khinchine’s inequality: Let 0 < p < 0o. Then, for any sequence {c} € /2, we have

(X:lcklz)p/2 = /1 > cxri(u)
k 0

k
The next result is known as Kahane’s inequality, see for instance Lemma 5 of Luecking
[18].
Kahane's inequality: Let X be a Banach space, and 0 < p, g < 0o. For any sequence {x;} C
X, one has

1 q 1/q 1 V4 1/p
([ o] ) "= ([ on] )
0 X 0 X

2.4 Separated sequences and lattices
A sequence of points {z;} C B, is said to be separated if there exists § > 0 such that

»
dt.

> re(u

k

> relw
k

B(zi,z;) = & for all i and j with i #j, where B(z, w) denotes the Bergman metric on B,,. This
implies that there is § > 0 such that the Bergman metric balls D; = {z € B, : B(z,z;) < §} are
pairwise disjoint.

We need a well-known result on decomposition of the unit ball B,,. By Theorem 2.23 in
[26], there exists a positive integer N such that for any 0 < < 1 we can find a sequence
{ax} in B, with the following properties:

(i) By = Uy Dl 7).
(ii) The sets D(ax,r/4) are mutually disjoint.

(iii) Each point z € B, belongs to at most N of the sets D(ay, 47).

Any sequence {a;} satisfying the above conditions is called an r-lattice (in the Bergman
metric). Obviously any r-lattice is a separated sequence.

2.5 Tent spaces of sequences

Let Z = {ax} be an r-lattice. We consider the complex-valued sequences enumerated by
this lattice: Ax = f(ax). For 0 < p,q < 00, the tent space T%(Z) consists of those sequences
A = {Ax} satisfying

p 1
q p
nAnTg(z):( A ( > w) do(E)) < o0.
" Cagel'(§)

Analogously, the tent space Th(Z) consists of A with

1
7
”)‘”Té’c(z) = (-/S sup  |AxlP dU(&)) < 00.

n apel ()
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Another tent space Tq°° (Z) consists of A such that

1

1 i
e (Z):es”“p<s“p Ty lkqu(l—mkﬁ)") <o0.
£€Sy \wel'(§) Wprer

We will need the following duality results for the tent spaces of sequences. The proof
can be found in [13, 14, 17].

LemmaE Let 1 <p < oo and Z = {ay} be an r-lattice. If 1 < q < 0o, then the dual of T} (Z)

is isomorphic to T;’/l (Z) under the pairing

(6 d) g2 = k(1= |ax?)", ¢ = e} € T2(Z),d = {di} € T (2).
k

If0 < q < 1, then the dual of T (Z) is isomorphic to Tg;(Z) under the pairing above.

The following result originates from [20], which will be used to construct our test func-

tions.

Lemma F Let 0 < p,q < 00 and Z = {ay} be an r-lattice. If 6 > nmax(1, 1%, 117, %), then the
operator
o0
(1 - lax|?)’
Sz(M}@) =D e

k=1 (1 - <Zr ﬂk>) 1

is bounded from T} (Z) to HTE (B,).

We will also need the following result concerning factorization of sequence tent spaces,
which can be found in [19].

Theorem G Let 0 < p,q < 00 and Z = {ax} be a §-lattice. If p < p1,p2 < 00, 4 < q1,q2 < 0

and satisfying
1 1 1 1 1 1
—+—=— and —+—=-
b1 p2 P QU 9 9
then

TV(Z) = TVN(2) - T2(2).

2.6 Discretization

We will use Khinchine’s and Kahane’s inequalities throughout the proof of our main re-
sults. These tools provide discrete version of the conditions we really need, hence, we need
to obtain the continuous characterizations from the discrete ones. The following two re-

sults can be found in [19].
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LemmaH Let 0<p,q <00 and o >—n— 1. There exist ry € (0,1) so that if 0 <r < ry and
Z = {ay} is an r-lattice, then

/
[ ([ vera- |z|2)“dv(z))p "do®)
Sy \JT(§)

f ( 2 [f@of' (1=l )"”*“)p/qda@),

Sn Nagere)
whenever f is holomorphic on B, and in T} ,.

Lemmal Let 0<p < oo anda > 0. There exist ry € (0,1) so that if 0 < r <ro and Z = {ai}
is an r-lattice, then

/S sup V(z>|”( —|2*)* do(§) < f sup |f(ax)|” (1 - laxl?)" do (&),

n zel (& Sy axel'(§)
whenever f is holomorphic on B, such that the left-hand side is finite.
We also need the following similar result.

Lemma] LetO<p<oo,anda >-n—1, 8 >0. There exist ry € (0,1) so that if 0 <r<rg
and Z = {ay} is an r-lattice, then for any a € B,, we have

(1-lal®)
/Bﬁlﬂ)lp(l—m W(2)

() 1
<Z|1 (a, ax) |n+ﬁlfﬂk ’p(l_m | )n+ “

whenever f is holomorphic on B, such that the left-hand side is finite.

Proof For any a € B, and § > 0, note that

(1-laP)
fmll—aazwﬂv )7 (1 - 12*)" dv(z)

- Z/Dwkr Il( alaz| |)n+/s F@["(1-121)" dv(z)

11— (a,z)

2 : ~lal?) , e
< ~
- /D(akr |n+ﬂ f(@) ~fla)| (1 - 121%)" dv(z)

+Z/D (|7a||n+ﬂv( D7 (1-121%)" dv(z).

D@ 11

By [15, Lemma 2.2], there exist ry € (r,4r), such that for any z € D(ay, 7),

rp

- 14
lf(Z) f ak)‘ ~ (1 |ﬂk|2)n+l /D(ak,ro) lf(w)’ dV(w)
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Thus, we deduce that

/B |1(1|7d|n+ﬂlf( )" (1 - 12%)" dv(z)

(1 - |6l| )}S 1 V4 2\@
< P —
~7 Z/;(ak,r) 11— (ﬂ,Z)lmﬂ (1- 2)n+1 /;(ak,ro) lf(w)| dV(w)(l i ) )

p lak|

(1_|’1| 1+a
Y e el = )

1~ |aP?)
fgrpZ/me 11~ {a,®) |"+ﬁ[f ) (1 - lof’)" dv(w)

k

(1-lal? nelea
i a0 - )

(1-1al*)f «
grP/Bn . @) (1-0l)* dvw)

61 w |n+ﬁ

+ ; |1(_<|—a||n+ﬁlf(ﬂk)|p( |ﬂk|2)n+l+a-

Since the constants in “<” do not depend on 7, we can find the desired ry, which completes
the proof. O

3 Proof of Theorem 1.1
3.1 Necessity
Suppose that the integration operator J; : ’HTg,a (B,) — H'(B,) is bounded. We consider
first the case p = t, ¢ <2 or p < ¢. In this case, for any a € B, and 6 > 0, consider the test
functions

(1-1al?)’

F“(z) = wilian’ < € B”' (1)
(1- (Z’ﬂ>)9+ T

By the standard estimate for H*(B,,) functions, we have

”]g(Fu)”H (B,) < _ﬂ_l'

[Re(2)||Fal2)| < L S Well - I1Ealers, g,y (1= 121%)

Replacing z by a in the inequality above, we obtain

g—(n+l+a) (l 1
L

Rg(@)|(1-1aP?) 7 " <l < 0.

—(n+1+a)
In particular, we deduce that sup; |[Rg(ax)|(1 - |ak|2)q q

1 1
(275) < 00 as desired.
Finally, it remains to deal with the other cases. Let Z = {a;} be an r-lattice and r be small

enough. Consider the test functions

oo

FZ(Z)—Z)» (1 = |arl®)?ri(x)

g4 ntlia ’
o (L= (za)”
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where A = {Ai} € T?(Z), ri(x) are the Rademacher functions, and 6 is large enough such

that Lemma F holds. Then, by Lemma A and Lemma F, we have

VeED), = / ( / RULED)2 (1~ 12) " d(2)" do€)

Sl IIFzIIHTp , S el IIMITp(Z

which is equivalent to

© @@l | )”2
Rg(2) 11— 2?) " dvz) | do(e)
fsn</r(s) kzzlj(l_@,ak))@ e ( )

< ] t A t
SWEI UMy ,,

Integrating with respect to x from 0 to 1, and using Fubini’s theorem, Khinchine’s inequal-

ity, and Kahane’s inequality as in the proof of Theorem 7 in [19], we obtain

oo (1—|ﬂ | )29 t/2
f (Zw f i |Re( \(—le)”dv(z)) do (&)
S\ PO |1 (g,a) "

< ] t A t
Sl 121,

Write u = {1} and uy = |Rg(ax)|(1 - |ak|2) Usmg subharmonicity and bearing in

mind | J,cp ) D(z,4r) C ['(£), we obtain

/(Z 2| Rg(ai)|* (1 |ak|)

Sn Nager (@)

g—2(n+l+a)

t/2
1 ) do(§)

n t/2
2 (1 |2")" (1 - &) dv(z)) do (€)

(T wef e
P 1= (g T

" Capel'(§)

t/2
sl — et |z|2)1‘”dv<z)} dot)

o0 (
2 : 2
S/ [./: |)\-k| 20+ 2n+l+a)
S| JTE) 4 |1 —(z,ax)| K

< ] t A t
S Wl 11

Therefore,

t/2
/ ( 3 |Ak|2|uk|2) do () S Wl 1Ny

Sn Naper(e)

(2)

(a) If p > tand g > 2, for some s large enough such that 2s > 1 and ¢s > 1, we want to prove

. (Z). By the factorization result in Lemma G,

pts.
u's e Té’qf (Z), which is equivalent to u € T
q-2 q—2

we have

L pts
T4, (2)=(T"0" (2) = (sz: 2)- T2 (2))".
2 2gs—q+2 25-1

q-2
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pts
Ls—p+L
2gs

Take any v = {v;} € T?
2qs—q+2

A={At} € T,’;(Z). Then, by (2) and Holder’s inequalities, we obtain

(Z) and factor it as vg = px - Al/s where p = {ox} € T‘ L(2),
l

Z|kat”s — |axl?)"
x/ ( Z lpkl'l)»kll/s-lukllls> do (§)

Sn \aper(e)

</ ( 3 |pk|2?—fl> (Z ralPlos )zda@)

" Sarel'(§) axel (&
21 1 % %
S ts— ts
(f ( » |pk|2sl) do (e ) (/ ( Z Al |uk|2) do(%‘))
Sn arel (& Sn arel (&
< 1/s 1/s
ol ||fg|| 12175,
2.:251
||1g||1“||v||
2qs @)
iqs q+2

By the duality of tent spaces of sequences given in Lemma E, we have that u belongs to
Tp B (Z)

pts
(b) If p > t and g < 2, it is sufficient to show that u!* € T4 " (Z) for some s large enough

such that 2s > 1 and s > 1. By Lemma E and Lemma G, we have

pts

pts ts «
TZ'(2) = (T3 (2) - TE(2))".
25-1

1
qs

= % for some § < 1. Thus, making some adjustments to
2
the arguments in the proof of (a), we obtain that u belongs to 7% (Z).
(c) If p = t and q > 2, it suffices to prove u'* € T%:
q-2
2s>1and ts > 1. An appeal to Lemma G gives that

(Z2) for some s large enough such that

2qs 2)=(T" 5 @) =(T js 1(2) T7(2))".

2gs—q+2

Proceeding with the argument as above again, we have that u belongs to T (Z) which

finishes the proof of necessity.

3.2 Sufficiency
To prove the sufficiency of Theorem 1.1, we split it into four cases.
pt

(@Ifp>t,g>2and u e T (Z) letn=01-n- 7 - —4. By considering the dilated

functions Rg,(z) = Rg(pz) (0 < p < 1), an approximation argument (see [21, Lemma 7])
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shows that according to Lemma H, we have

q-2 pt

2 . T i
|Rg(2)| ™2 (1~ 12I)" dv(2) do (§)
Su \JT'(§)
q-2 pt
" q p-
f ( Y |Re(ay)] |7 (1~ axP?) “*") do (£)
Sn Naper(e)
Lt
= [lull” p <00
4, (@)
q-2
pt
which means Rg € HT . :; (IB%,,). Then, by Lemma A and Holder’s inequalities, we have
=
Ve e,

= [ ([ relire@Po-i)"ae) doe)
Sn \JT(§)
tq-2)

</ ( / e |z|2)“dv(z)>a< / |Rg<z>|fq2(1—|z|2)”dv(z))7da<s)
n ')
< q _ 2 D‘d a
N<f§(fr el a=iep) v(z))
tg-2) p p-t
( / ( f E!Rg(zﬁ( —|z|2)"dv(z)) i do(a)p

Wl - IR
o

do(&))p

t

=

~
4

Bn)
n

)
b

o

Q

pt

(b)Ifp>tandg<2anduce T (Z), define

q—(n+l+a)

Ug(§) = sup |Rg@)|(1-1z1*) 7 , £€S,
zel'(§)

Using the approximation argument with Lemma I, we obtain

/\ug(g)|%da(s)</ up il do €)=l <oc,
Su S, 012

n arel(§) @)

t
which means U, belongs to LI% (S,). Let B = + (% —1)(n + 1 + ). Then, applying
Lemma A, Holder’s inequality, and Lemma B, we have

ef e,

t/2
<[ ([ Jrerireara-ie)an) e
Sn \JT'(§)
1-n-p)t t/2
< [ s Re@l -1e) ([ r@P Q) o) dote

n z€L(£)
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pi2 tlp
< 200 2\
~ (/S;n </l:(é)lf(z)| (1 |z| ) dV(z)) dg(;’:))

p—t

—(n+l+a) b

(/ sup [Rete)| (1~ 124%) "% "szdo(s))"
S

n z€l(§)

=Wl oy M gt S W Ty, I
(Sy) t(Sn)

(0 Ifp=t,g>2and u € T%, (Z), by Lemma ], we can obtain
q—

2

1 2q 9 q—(n+l+a) 2 2q
SUP f Rg(2)| T2 (1-12l?) 7 7 dv(a) < lull i 2<%
weB, (1 - | ) Q(w) q 2
which means Rg € CT 24 ,(Bn), where n = (1-n— 7 = —4-. Applying the embedding theo-
2

rem for Hardy spaces, we obtain that for any £ € S,,,

[ Iret@[# (1~ 12P)" dvia) < | KOO )] (1 - |22)"" dv(z)
r) B, 11— (z,8)|"

xre) ()
(1-(,&)"

29
< -2
~ ”Rg”CTz—q g ) os<l;1<)1

q L (pSp)

< IRgIZE 2 G
-2 M

where xp) is the characteristic function of I'(£). Then, Lemma A and Hoélder’s inequality
give that

Wef s,

= [([ r@PRe@P- )" ae) doe)
Sn \JT(§)
tg-2)

< 401 1,12\% é qz__qz e 42
<[ (f pera-eprae) ([ R =g an) e

2q
< sup f [Re@| 7 (1= 12I")" dv(a) - Wf 5y s,
E Lo \Pn

§€Sy JI'(§)
Zq
SIRNET o) @ e o
’7

q—2

(d) First, the case for p = ¢, ¢ < 2 is particularly simple. Indeed, in this case, Lemma B
implies that HT7? ,(B,) C 7-[7'129’/5(15%,,), where B = a + (% - 1) + 1 + a). Since u(1 -

11 )
Iaklz)n( :7») € I°, we can obtain

g—(n+l+a)

sup |Rg(z)|(1 - Izlz) a

zeBy,

Then, we have

(n
Vef Wity S W s s, sup|Rg<z)| (1-11)"7 'S W Woer o
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Next, for the remaining case p < ¢, there exists some r such that p < r < t and denote that
n= ( —Dn-1+"7 ’”ql“" Then, according to Lemma D and Lemma C, we have

||]gf||§{t(]g,,) S ”R(]gf) H;’ 1, 0r (Br)
r—n-1+=

nr tir
= </1;3 V(z)V!Rg(Z)Ir(l - |Z|2)r_”_1JrT dv(z))

- (”; +) t+nt(———)

tir
5( i V(z)\’(1—|z|2)”dv(z)) - sup [Rg(2)|' (1 - 12?)

zeBy,

S Wy SNy

Theorem 1.1 is now proven.

4 Proof of Theorem 1.2

4.1 Necessity

Suppose J; : HT? ,(B,) > H t(B,,) is compact. It is obvious that (a) holds by Theorem 1.1,
so we only need to prove (b), (c), and (d). Denote

E={r={u}eTV(Z): 12172z = 1}
to be the unit sphere of Tf; (Z), and let

00 1 12y6
S@ =Y m—teD o,

gy mtlia’

k=1 (1 - (Z,ﬂk)) a

be the bounded operator defined in Lemma F, where Z = {a;} is an r-lattice and r is small
enough. Since Sz(E) is a bounded set and J, is compact, the set J; o Sz(E) is relatively
compact in H*(B,,). It is well known that a relatively compact set must be a totally bounded
set, and then for any ¢ > 0, there exist a ﬁnite number of functions #1,..., Ay, such that
Jg 0 Sz(E) C valB i 2) where B(h, £) := {f € J; 0 Sz( ) :Wf = Allae@,) < 5} Observing

.....

1/t

t2
. 200102 l—nd ) d ) £
lslupN(/ (/(s)\D( 2) I (L-1af) V&) @) < 2

whenever p > po. Thus, for any A € E, there exists some iy € {1,...,N} such that J,0Sz(}) €

B(hiy, 5), and we can deduce that

2 1 t/2 1/t
(/ (./ __|Re(2)Sz0)@)|" (1~ |2I") _ndv(z)) d0(5)>
Sn \JT(E\D(0,p)
2 1 t/2 1/t
. (f (/ s REESZ0)E) = Rhig D[ (1~ ) ”dv(z>> do(@)
Su \JT(EN\D(0,p0)

t/2 1/t
@R 1) " d ) P )
! (/S (/F(s>\D(o,p> o@| (1= 12) " dv(z) o (&)

I3
< ||]goSZ()»)—hi0 “Ht(m%,,) + 2 <&
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whenever p > pg, which is the same as
o0

[y —) 3"
Su T'(E)\D(0,p)

k=1 (1 - (Z,ﬂk))

(1 - |ax®?

n+l+a
9+q

2 t/2
|Rg(2)|* (1 - [217)"™" dv(z)) do ()

< glr*
Sell ”Tf;(z)

for any A € Tf; (Z) and p > po. Let ri(x) be the Rademacher functions. Replacing Ax by
Akri(x), and utilizing the same method as in the proof of the corresponding case in Theo-
rem 1.1, we obtain that

2q-2(n+1+a)

t/2
/ ( Y Il Re@ol’ (1= lal?) 7 'X{|z>p}(ﬂk)> do(€) S &' lxly,,
" \agel() !

for p > p; := inf{|ax| : D(ax, ) C {|z| > po}}, where x>, is the characteristic function.
Denote

q—(n+l+a)

U, = {up,k} = {‘Rg(ak)‘(l - |ﬂk|2) 1 . X{\zlz,o}(“k)}'

Then, we have

t/2
/ ( > |Ak|2|up,k|2) do(&) S eIl forany p> pp. (3)

akel“(é)

(b) If p > t and g < 2, applying the duality and factorization of sequence tent spaces as
in the proof of Theorem 1.1, we can obtain the desired result. To this end, it is sufficient to

prove that for some s large enough such that 2s > 1 and s > 1, ||ull7/5|| ms < e’ whenever
p-t

Ts (2)
p > pg e,
p-t
pt 9 q—-(n+l+a) pt pis .
sup sup  [Rglan)| 7 (1—|al®) 7 PPdo(§))  Se.
p>py \Sn ayeT(§)\D(0,0)

By Lemma E and Lemma G, we have

pts Pt

T5'(Z) = (15

@) =

_ts
ts—1
2s

2s-1

2)- TF(2))".

pis
Note that if g < 2, then 21 + % = 1 for some § < 1. Take v = {v} € T{" " (Z) and factor

_ts
itasvg =1 - )»,1(/5, wherel={l;} e T (Z), A= {M} € Tf;(Z). Then, using Holder’s inequal-

2s-1
ities, we obtain

va,ﬁfi(l—lakﬁ)”‘s / ( 3 |lk|-|Ak|1“~|up,k|m)do(5)

k Sn Nager ()

2s5-1

SL ( > |lk|23231) : ( > |Ak|2|up,k|2)25 do (£)

arel (€) arel'(§)
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t 1
2 s
i ([ (2 b)) ao)"
T @) \Js,
1

arel (§)

25—

Combining this with (3), we establish that

< 1/s 1/s
S, e A,
2s

2s-1

> vai (1= |ail?)”
k

whenever p > p). Considering all possible factorizations yields

Sl ps
Tﬁpts—pn )

Z Vkull)f;i(l —lax?)"

k

whenever p > p;. By the duality of tent spaces of sequences given in Lemma E, we have
lulsll ps < &' whenever p > pg.
%" (2)
(c) If p = t and g > 2, observing that

] 1 q—(n+l+a) qu
S 2 (Re@)l(-lax) )T (1= jail) =0,
areQ(w)

is equivalent to

lim sup 10,1244 (1 = |y 2)" = 0,
s e 2 ( )

areQ(w)

it suffices to prove for some s large enough such that 2s > 1 and ts > 1, || u;/s I T3 @) et

whenever p > p}. An appeal to Lemma G gives that

S @ =(T 4 () = (T (2) TE2)"

q- 2qs—q+2

Proceeding with the similar argument as above, we can obtain the desired result.
(d) If p =t, g <2 or p < t, note that |F,(z)| — 0 uniformly on any compact subsets of B,,,
as |a| — 17, where F, are defined in (1). The compactness of ], implies that

lim ||JoFallgt = 0.
lal—1

By the standard pointwise estimate for the derivative of H*(B,) functions, and replacing z
by a, we obtain

q—(n+l+a) 1 1
lim |[Re(a)|(1 - |al?) ¢ +VI(T“_’)ZO,
Jim_[Rg(@)[ (1~ lal)
which is the same as
q—(n+l+a) +n(%—}7) 0

Jim [Rg(a)| (1~ laxl?) ~

Then, the proof of necessity is complete.
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4.2 Sufficiency

To prove the compactness of J; : HT? ,(B,) — HY(B,), let {fi}32, C HT? ,(B,) and sat-
isty sup; ”ﬁ<”7i7'{'},a(Bn) < 00. Then, {f} is uniformly bounded on compact subsets of B,
and hence {fi} forms a normal family by Montel’s theorem. Therefore, we can extract
a subsequence {f;, }z2, that converges uniformly on compact subsets of B, to a holo-
morphic function f. Fatou’s Lemma shows that f € H7% ,(B,). Denote /i = f,, —f, then
hy € HTs,a(Bn)- We just need to prove that limy_, o |[/g/ ||z = 0, which can yield that
Jo: 7—[7“;’0{ (B,) — H'(B,) is compact.

(a) If p > t and g > 2 with

2q 9 g-(n+l+a) 2q %qz;qz
/ ( sup |Rg(ar)| 72 (1 - laxl?)  * qj) do (&) < 0o,
Sn “arel ()

bt
according to the proof of Theorem 1.1, we have Rg € HT ", (B,), where n = (1 -n -
2

27“) #. Thus, by the dominated convergence theorem, for any ¢ > 0, there exists po € (0,1)
such that

29
sup (/ </ |Rg(2)| 2 (1 - |Z|2)nd"(z))
p2p0 \JS, \JT(E)\D(0,00)

Observing that |/;(z)| — 0 uniformly on any compact subsets of B,,, we can choose kg

pt g2 p-t
p— t

o do—(s)> " e

large enough such that |/;(z)| < & for any k > ko and |z| < po, and then we have

”]ghk”;p(]gn)

t/2

= / ( / |hk(z)|2|Rg(z)|2(1—|z|2)1‘”dv(z)) do ()
Sn \JT(E)N{IzI<po}

2
' /n </r(g) __ |m@[[Rg@)|* (1~ 12) " dv(z)> do (€)

\D(0,p0)

pt g2
—t 2

p-t
2q p q Va
Sef gl </ (/ Rg(2)| 7 (1 - |z ndV(Z)) dU(E))
HTga®n\ Jg, r(s)\D(o,pm’ | )

<egf,

(b) If p > t and g < 2, the assumption

g-(n+l+a) p—_t
lim sup  |Re(@)|(1-lax?) @ )‘“da(g)zo
P71 IS0 Nager )\D(0,0)

implies that for any ¢ > 0, there exists po € (0, 1) such that

pt =t

2 g—(n+l+a) p-t Vza
sup (/ </ ‘Rg(z)’(l — |z ) 1 dV(Z)) dU(f)) <e.
PZpo \JSy \JT(§)\D(0,00)
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Choose ko such that sup; s |, 1<p, [/(2)| < €. By a similar argument as the previous case,

we have

”]ghk”;ﬂ(]ﬂgn)

q—(n+l+a) p—f pT?t
Set+Ihllyrr )< / (s |Re@|(1-12R) ) do(é))
PN S Yzer )\D(0,00)
<egt
(c) If p = t and ¢q > 2, the assumption
1 q-(n+l+a) 2q
lim ———— R L-la*) 7 )2 (1—]al*)" =0
ey 2 (Re@ol(L=lat®) =) (1~ fauf)
aieQ(w)
implies that
lim sup ;/ }Rg(z)|‘12jq(1 - |Z|z)n+n dv(z) =0
p=1" yer, (1= 1wI2)" Jown\Do,p) '

where n=(1-n- 27"‘ #. Thus, for any ¢ > 0, there exists pg € (0, 1) such that

1 29 n+n
sup —/ Re(2)| 72 (1 - |2 dv(z) < e.
weB,,,p2p9 (1= [W[2)" Q(W)\D(O,p)| a )

Then, we can obtain ||/ /]|%,, < & by a similar technique as the proof of Theorem 1.1.
(d) If p = t and g < 2 or p < £, the assumption implies that

q-(n+l+a)

: 2
Jim [Re(2)|(1 - 12I?)

+n($-3)

=0.

Then, we can complete the proof of Theorem 1.2 by following the standard modifying
arguments as in the proof of Theorem 1.1.
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