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1 Introduction

The study of several variables of commuting operators has received great interest on the
part of many researchers during recent years, and the reader is referred to the papers
[3-6,10-12, 17, 19-21, 24, 26, 27]. In this framework, our present aim in this paper is to
give a new concept of multivariable operators, namely the left (m, C)-invertible p-tuple of
operators. It should be noted that some developments on this subject for single variable
operators have been carried out in [1, 8, 9, 13-15, 18, 22, 25, 28-30].

First, we introduce some concepts and symbols used in this work.

Let By[)] be the algebra of bounded linear operators on a separable complex Hilbert
space V. We use N = {1,2,...}, Ny = N U {0}, and C the set of complex numbers. For
peN,let A=(A;,...,A,) € By[V]? be a commuting p-tuple of operators (4;: Y — Y is
abounded operator ). Let it = (i1,..., f4p) € Nf and set || := 215;3? [l ! o= part- - - eyl
Further, denote by A* := A/1AL? ... A" where A;L’ =AjA;j-- A (1 <j<p)and A* =

<z 7
14j-times
(43,... ,A;';). Recall that an antilinear transformation C € B,[)] is a conjugation if C sat-
isfies (Cx | Cy) = (x| y) Vx,y € Y and C? = Iy, (see [16]). It should be noted that if C is a

conjugation on Y, then

(CAC) = CA*C, VkeN,
(CAC)* = CA*C.
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Let (A, B) € B,[V]? and define the map 4 5 : By[V] — By[V] by ¥4 5(X) = BXA. More-
over Iﬁﬁg (Iy) = B*A for all positive integer k, and consider the following quantity,

QB A) = Y (-1)1* (Z) B*AK, geN,. (1.1)

O<k=q

Equation (1.1) was the starting point of some authors to define classes of operators as
follows:

(1) If A € By[)] satisfies Q,,(A*, A) = 0 for some positive integer m,

A is said to be an m-isometric operator ([1]). If A satisfying Q,,(A*, CAC) = 0 for some
positive integer m and a conjugation C, A is said to be an (m, C)-isometric operator ( [8] ).

(2) Let A € B,[)] satisfying A**Q,,,(A*,A)A” = 0 for some positive integers m and #,
then A is called an n-quasi-m-isometric operator ([23, 27] ). If A satisfies

A"Q,,(A*,CAC)A" =0,

for some positive integers m, 1, and a conjugation C, then A is called an n-quasi-(m, C)-
isometric operator ( [22, 28] ).

(3) Let A € By[)] for which there exists B € B,[)] such that Q,,(B,A) = 0 for some
positive integer m, then A is called left m-invertible ( [14, 15, 18, 25] ). If A and B satisfy
A*Q,u(B,A)A" = 0, for some positive integers n and, m, then A is called an n-quasileft
m-invertible operator ([13] ).

Very recently, the authors of the present paper introduced the concepts of left (1, C)-
invertible and right (m, C)-invertible operators. Let A € 3,[)] for which there exists B €
By[V] such that Q,,(B, CAC) = 0 for some positive integer m and conjugation operator C,
then A is called a left (m, C)-invertible operator. If A and B satisfy Q,,(CAC, B) = 0, then
A is called right (m, C)-invertible ([2] ).

Let A =(Ay,...,A,) € By[V]? and B = (By,...,B,) € By[V]” be commuting p-tuples of
operators. By the same idea as in [17], we define the map Y¥ap : By[V] — Bp[Y] by
Yap(X) = Zlfjfm B;XA;. It is easy to check that

k!

(k) _ LAl B

Vaply) = E —!B A%, k=0,1,....
[l=k

We set

Q,B,A) = Y (-1t (Z) ( EBMAM). (1.2)
|ul=k

1
0<k=q w

The concept of an m-isometric p-tuple of operators was introduced by Gleason et al. in
[17] as follows: A p-tuple of commuting operators A = (A4,...,4,) € Bp[V]? is called an
m-isometric p-tuple if A satisfies Q,,(A*, A) = 0 for some positive integer m. However, the
concept of an (m, C)-isometric tuple was introduced by Sid Ahmed et al. in [27] as: A is
called an (m, C)-isometric p-tuple if Q,,(A*, CAC) = 0 for some positive integer m and a
conjugation C.
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Recall that the concepts of left m-invertible and right m-invertible p-tuples of opera-
tors was introduced and studied by the second named author in [26]. A p-tuple of com-
muting operators A = (Ay,...,A,) € Bp[V]? is called a left m-invertible p-tuple if there
exists a commuting p-tuple B = (By,...,B,) € By[V}? such that Q,,(B, A) = 0. However, if
Q,.(A,B) =0, then A is called a right m-invertible p-tuple.

In continuation of these studies that have been carried out by many researchers, in-
cluding our previous works in this field, our aim in this paper is to describe the class of
left (m, C)-invertible p-tuples of commuting operators, a generalization of the class of left
(m, C)-invertible of single operator on Hilbert spaces.

The outline of the paper is as follows. The second section is concerned with the main
themes of the study. Namely, after several examples and interesting remarks, which try to
clarify the context, we give some necessary, or even equivalent, conditions in order for a
tuple of operators to be a left (m, C)-invertible p-tuple (Theorem 2.13). Section three con-
tains the main results of the paper, namely Theorem 3.7, Theorem 3.9, and Theorem 3.11.
In Theorem 3.7 we are interested if the perturbation of a left (m, C)-invertible tuple of
operators by a nilpotent tuple remains a (r, C)-invertible p-tuple, where r depends on m
and on the order of nilpotency. On the other hand, Theorem 3.9 proves that if A is a
left (m, C)-invertible p-tuple and A is a left (1, C)-invertible p-tuple, then A % A s a left
(m+n—-1,C)-invertible p-tuple under suitable conditions. These results are used to obtain
some properties on the tensor product of left (m, C)-invertible p-tuples (Corollary 3.10
and Corollary 3.10 ). Theorem 3.11 proves that if A is a left (m, C)-invertible p-tuple and
A= (2/1,...,;1;) is such that each ;17( is a left (ng, C)-left invertible for k = 1,...,p, then
AeAisaleft (m+ Z15k5p ny — p, C)-invertible p-tuple.

2 Left (m, C)-invertible tuple of commuting operators
This section is concerned with the same themes of the study. Namely, we give some prop-
erties and several examples and interesting remarks, which try to clarify the concept.

Let A = (Ay,...,A,) € B[V, B = (By,...,B,) € By[V)P and D = (Dy,...,D,) € Bp[VV
be commuting p-tuples of operators, we set

QY(B,A) := Z (-1 k( ) (Z E'B“CA"C), (2.1)
0<k<m lul=k e
and
QYAD):= Y (-1 k( )( k CA"CD“) (2.2)
0<k<m k |ul= ku

Definition 2.1 Let A = (A4,...,4,) € By[V]” be a commuting p-tuple of operators. A is
said to be a left (m, C)-invertible p-tuple if there exists a p-tuple of commuting operators
B = (By,...,B,) € By[V]? and a conjugation C on Y such that

3 (-t (’Z) (Z %B“CA“C) ~0 (2.3)

0<k<m ||=k

or equivalently if nyl,)(B, A) = 0. However, A = (A;,...,4,) is said to be a right-(m, C)-
invertible tuple if there exists a p-tuple of commuting operators D = (Dy,...,D,) € By[V}?
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and a conjugation C on Y such that

PG (’/") (Z SCA“CD”> =0 (2.4)
\S

0<k=<m lul=k ©°
or equivalently if sz) (A,D)=0.

Remark 2.2 (1) When p = 1 this definition coincides with the definition of a left (m, C)-
invertible for a single variable operator introduced in [2].

(2) Note that if A;C = CA; forall j = 1,...,p, then A is a left (m, C)-invertible operator
p-tuple if and only if A is a left-m-invertible p-tuple.

Remark 2.3 (1) Since A;A; = AjA; for i,j € {1,..., p} it is easy to see that every permutation
of a left (m, C)-invertible p-tuple is also a left (1, C)-invertible p-tuple.

(2)For A = (Ay,...,Ap) € By[V]? and B = (By,...,B,) € By[H]? such that A;A; = A;A; and
B;B;j = B;B; for i,j € {1,..., p}, we have

3 -yt (’”) (Z E'B"A") = 3 (m) (Z E'B"C(CAC)“C)
0<k<m k |l=k pe: 0<k<m k |ul=k pe:

From the above identity, it follows that a p-tuple A = (A4,...,A,) is a left (m, C)-invertible
p-tuple with conjugation C if and only if CAC := (CA,C,...,CA,C) is a left-(m, C)-
invertible p-tuple with conjugation C.

We mention this relationship for commuting variables y = (y1,...,%,) (1 + -+ + )< =

k . k
D=k (M)y“. In particular, we have 3, | (u) = pk.

Remark 2.4 (1) For p =2 and let A = (A4}, 4,) € B,[H]? be a commuting pair of operators,
then A is a left-(1, C)-invertible pair for some conjugation C if

31CA1C+BQCA2C—1y =0, (25)
for some B = (B, By) € By[H]%. However, it is a left (2, C)-invertible pair if
BICA3C + B5CA3C + 2B1ByCA A2 C — 2(B1CA, C + ByCA,C) + Iy =0, (2.6)

for some B = (By, By) € By[)V]>.
(2) Let A= (Ay,...,A,) € By[V] be a commuting p-tuple of operators. A is a left (1, C)-
invertible p-tuple if and only if

> BiCAC-1Iy =0, (2.7)
1<j=<p

and it is a left (2, C)-invertible p-tuple if and only if

Iy-2 ) BICAC+ Y BICA’C+2 )  BBCAAC=0 (2.8)
lsj=d 1sj=p Lsj<k<p

for some B = (By,...,B,) € By[H]’.
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Example 2.5 Every (m, C)-isometric p-tuple A = (Ay,...,A,) is a left (m, C)-invertible p-
tuple and its adjoint A* is a right (m, C)-invertible p-tuple.

Example 2.6 Let C be a conjugation on ) = C? defined by C(z1,2,) = (z2,Z1). Consider

A = % ((1) ?) c Bb[CZ] and A= % ((1) _\l/g) € Bb[(c2].

Then, A = (4, A4),) is a left-(1, C)-invertible 2-tuple.
Indeed, observe that A1A, = AyA; and, moreover, consider

1 10 2 _i 1 0 2
31:E<ﬁ1)66b(C) and Bz—ﬁ<_\/§1>68h(C).

A direct calculation shows that BiCA;C = %( 2\1/5 ?) and B,CA,C = %(_21\@ ?).
Using these equalities, we now have Q(ll)(B, A) =BCA,C + ByCA,C - I2 = 0, and we

are done.

Example 2.7 Let C be a conjugation on ) = [2(C) defined by Ce; = ex, where (e;); is an
orthonormal basis. Define A; € B,[[?(C)] and A, € B,[[2(C)] by

k+2 k+m
Arex =/ ——e1 and  Azex =,/ ———ex1.
k+1 k+1

It was explained in [7] that A; is a (2, C)-isometric operator and A, is a (m, C)-isometric
operator. Let A = (41,0,...,0) € B,[2(C)]? and A = (0,...,A,) € By [I2(C)]r.

By elementary calculation we show that A is a left (2, C)-invertible p-tuple with conju-
gation C and A is a left (m, C)-invertible p-tuple with conjugation C.

Example 2.8 Let C be a conjugation on Y and A € B,[)] be a left (m, C)-invertible oper-
ator. Then, the operator tuple A = (A1,...,A,), where A; = A for every j = 1,...,p, is a left
(m, C)-invertible p-tuple of operators.

In fact, it is clear that A;A; = A;A; forall 1 < i;j < p. Since A is left (m, C)-invertible, then
there exists B € B,[)] such that }_,_,_,,(-1)"*(})B*CA*C = 0.

Consider B = (B,...,B) € Bp[YV]? and applying the multinomial expansion, we obtain

> (']”) (Z L!,B“CA“C>

0<j<m lul=f ©°

-3y (’]”) (Z L!'B'“CA"'C>

0<j<m lul=f 7

=y <m> BcAiC

0<j=m /

=0.

Hence, QSQ(B, A) = 0 and therefore, B is a left-(m, C)-inverse of A.
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Remark 2.9 1t should be noted that the question about left (m, C)-invertibility for a p-
tuple of commuting operators is nontrivial. There exists a p-tuple of commuting operators
A =(Ay,...,Ay) € By[V]? such that each A; is a left (m, C)-invertible for all j = 1,...,p,
however, A = (A;,...,4,) is not a left (m, C)-invertible p-tuple. (We refer the reader to
[27, Example 2.4].)

Lemma 2.10 Let A = (Ay,...,Ap) € By[VV and B = (By,...,B,) € By[VI? be commuting
p-tuples of operators. Then, the following identity holds

> <"; 1) B“CA*C=) (Z) (Z B,B“CA“C(CAjC)), (2.9)

lul=n+1 [pl=n 1<j<p

for all n € Ny and where (Z) =,

n!

Proof

1 1
3 (”* )B“CA”“C: 3 U+ Dipicanc
m

lul=n+1 e

I+ 1
-y "(”T )prcarc

|ul=n+1

Sy M ) e
patee pp!

[pul=n+1

Z Z B" CA“C

1<j=plul= n+1

> Z - 1)‘ B“CA"C

‘
15j=p lul=nr1 P Ky

> TB»B“CA“A,C

1<j=<plul=n

> Z BB*CA*C(CAC)

15j=p iuon !

> Z( )B,»B"CA“C(CA,C). .

1<j<p|ul=n

Proposition 2.11 LetA = (Ay,...,A,) € B[V andB = (By,...,By) € By[VI? be commut-
ing tuples of operators and C be a conjugation on ).
(1) The maps Q%,), o, Byl VP x Bp[VP —> BplY] satisfy the recursive relations

QY. (B,A)= > BQY(B,A)(CAC) - QU(B,A), (2.10)
I<j<p

QY (A,D)= ) (CAC)QY(A D)D) - QY(A,D). (2.11)
lsj=p

(2) If Ais a left (m, C)-invertible p-tuple, then A is a left (n, C)-invertible operator p-tuple
foralln>m.
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(3) If A is a right (m, C)-invertible p-tuple, then A is a right (n, C)-invertible operator
p-tuple for all n > m.

Proof (1) According to Eq. (2.1) and Lemma 2.10, we have

QY,.(B,A)
ik [M+1 k!
:0 kz 1(_1) 1 k( L ><|Z mB“CA“C)
<k=m+ )=k
k!
_ (_1)m+11y _ (_1)m—k|:<m> + ( m )]( _BMCA#C>
lszfm k k-1 WXI::k u!
s P Dpicanc
Inl=m+1 :
--QBA+ Y (m>( > (k+,1)!B”CA”C>
0<k<m-1 k |p|=k+1 M
+< 3 MB“CA“C)
wlemsr B
=-Q,)(B,A)

1<5j<p 0<k<m-1 |i|=k

m!
Y —!BjB"CA"C(CA,C)

1<j=plul=m

= Q®BA)+ Y B,( >yt (’Z) gB“CA“C><CA/C)

1<j<p  “o<ks=m lul=k ©

=-QY®B,A) + > BQY(B,A)CAC).

1<j<p
The statement in (2) follows immediately from (2.10). a

Proposition 2.12 Let A = (Ay,...,A,) € By[V)? be a commuting p-tuple and C be a con-
jugation operator on ).

(1) If A is a left (2, C)-invertible p-tuple with its left (2, C)-inverse p-tuple B = (By, ..., B,),
then the following identities hold

1
Z n—'B/"CAV’C =(1- l’l)]y + Vl< Z B]'CA}‘C), Vn € N, (2.12)
paten P 15j=p
Jim > " picanc) - Q" (B,A) (2.13)
n—-00 11 ! 1 e ’

ll=n ©"
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(2) If A is a right (2,C)-invertible p-tuple with its right (2,C)-inverse p-tuple D =
(D1,...,Dy), then the following identities hold

1
3 ZeAatept = (- n)y + n( 3 CA,-CD,-), Vi e Ny, (2.14)
lwl=n ©" 1<j<p

1 !
lim - (Z n—CA“CD") -Q"(A,D). (2.15)
n—-0o 11 o IJ/!

Proof (1) Eq. (2.12) is proved by induction. When 7 = 0 or n = 1 the statement is trivially
true. Assume that the statement is true for some integer # and prove it for n + 1. Indeed,

according to Lemma 2.10, we have

(m+1) . n!
Z B*CA“C = Z By Z EB“CA“C CA,C.

!
|ul=n+1 e 1<k<p |pel=n

From the induction hypothesis, we have

1)!
Z QB“CA“C

e
=y Bk((l —mly+n Yy B,CA,C) CAC
1<k<p Isj<p
=(1-n) Y BCAC+n Y BiBCAAC
1<k=<p 1<jk=<p
=(1-n) Y BCAC+n Yy BICAC
1<k=p 1<j<p
+ 2n< > BjBkCA/AkC>.
1<j<k=<p
Since A is a left (2, C)-invertible p-tuple with its left (2, C) inverse B, we have by (2.8)
1)!
(n - VBucarc
ESE
=(1-n) Y BCAC+ n(—ly +2 ) B,CA,C)
1<k=p 1<j<p
=—nly +(n+ 1)( > BkCAkC).
1<k=<p

This shows the claim is true in the case of n + 1. The identity (2.13) follows from the first
one by taking n — oc.
The results and techniques for proving (2.14) and (2.15) are very similar. (I

Theorem 2.13 Let A = (Ay,...,A,) € By[VV and B = (By,...,B,) € B[V be commuting
p-tuples of operators. The following statements hold

Page 8 of 21
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(i)

3 n—iB“CA“C: 3 (7) Q" (B,A), (2.16)

|i|=n K 0<j<n

for every n € N.
(i) A is a left (m, C)-invertible p-tuple if and only if there exists a p-tuple of operators
B =(By,...,B,) € B[V such that

> " BECALC = > (;’) Q"(B,A); VneN, (2.17)

|pl=n 0<j<m-1

(iii) If A is a left (m, C)-invertible p-tuple with its left (2, C)-inverse B = (By, ..., B,), then

Q" (B,A) = lim %(Z ”—!BMCAMC>. (2.18)
)

n—s 00 !
on=1)) Njon

Proof (i) Observe that when n = 0 or n = 1 the identity (2.16) is valued. Assume the state-
ment (2.16) is true for n. We shall deduce it at step # + 1. By virtue of (2.1) and (2.16) we

obtain

n! fn+1 n!
Y. —B'CA*C=Q),(BA)- Z(-1)”+1—1< ) )Z—'B“CA“C

lul=n+1 7 0<j<n =
(n+1 j
- QL (B.A)- Z<‘1’"+1_1< j )Z (i) Q(B,A)
O<j=n 0<k=j

=QLBA) - Y QVBA) Y (- (” * 1) n

0<k<n k<j<n J

=Q,B,A) - Y (”;1) Q) (B,A)

0<k<n

(X o (n}+ _1k—j>>

k<j<n

=1

- (";1) Q" (B,A).

0<k<n+1

This shows the claim is true in the case of n + 1.

(ii) If we assume that A is a left (m, C)-invertible p-tuple with its left (m, C)-inverse p-
tuple B, then Qg)(B, A) = 0 for all g > m (by Proposition 2.11). Therefore, (2.17) follows
from (2.16).

On the other hand, if (2.17) holds for all # > 1, then Q;l)(B, A) =0 for g > m by (2.16).
Therefore, A is a left (m, C)-invertible p-tuple.
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(iii) By (2.16) if A is a left (m, C)-invertible p-tuple, we obtain

Z n—!'BMCA“C = Z (;’) Q]@(B, A)+ (mn_ 1) le)_l(B,A).

lpl=n 0<j<m-2

and moreover,

1 ! 1
s Y TBrCAC= Y (j) Q" (B,A)+Q,(B,A).

n n
(m—l) |u|=n e 0<j<m-2 (m—l)
By taking n — oo we obtain the desired result. O

3 Perturbation, product, and tensor product

This section is devoted to the study of some questions related to the perturbation, product
and tensor product of a left (m, C)-invertible p-tuple of operators. In order to examine
these questions we introduce the following powerful lemmas.

Lemma 3.1 Let pu = (i1,...,14p) €N, k € Nand n €N be such that || + k = n + 1. For
1<r<pletl,=(0,..., 1 ,...,0) e N, Then,
——

r

n+1 n "
<M’k):1§Zr§:p<M_1”k)+<,U«:k—1)’ 3.1)

n!

where (;:k) =

Proof The proof is similar to the proof of [12, Lemma 2.3], hence we omit it. O

Lemma 3.2 Let A = (Ay,...,Ap) € By[VV, B = (By,...,B,) € Bp[VV, and N = (Ny,...,
N,) € By[VI? be commuting tuples operators such that [B;, Ni] = 0 for all (j, k) € {1,... P12
Then, the following identities hold.:

QY(B+N,A) = Z < ”k> NMQI((I)(B, A)CA*C, (3.2)
ll+k=n \"7

QYAB+N)= > ( "/) CA"*CQ\ (A, B)N*. (3.3)
|pl+k=n ’

Proof We prove the identity (3.2) by induction on n. When n = 1, we have

> (Mlk) (N)*QY(B,A)CA*C
[l +k=1 ?

= Y NiCAC+ Y BCAC-I
Isj<p 1<j=p

= > (B +N)CA,C-1I

1<j<p
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= Y B+ N)QJ(B +N,A)(CT;C) - Q) (B + N, A)

1sj=p

=Q”(B+N,A) (byProposition 2.11).
Assume that (3.2) holds for n. According to Proposition 2.11, it holds that

QY (B+N,A)

>~ B+ N)QY(B +N,A)(CA;C) - QYV(B +N,A)

1<r<p
-2 (Bz+N1)( > N“Qi”(B,A)CA“)
1<r< - 'L'L’k
<r<p |pl+k=n
- ( )N“Q;”(B,A)CAMC
|l +k=n ok

( . (B, +Nr)fo)(B,A)(CArC)—Q(kl)(B,A))CA"C
|| +k=n My K 1<r<p

1<r<p 1<r<p

CA"C

( ) > BQ)(B,A(CAC)+ ) NQ/(BA)
|\l +k=n

—Qk (B,A)

n n
(2 <M k) N'QLi(BA) - 3 (M k) > NN ®,A)
|| +k=n ’ il +k=n ) l<r=p

x (CA*C)

n 1) n
-( X N‘QY (B,A) + Y ( )
(u+k=n ('u’ k) || +k=n ’u’k

x Y NJNETLN,PQY (B, A)) (CA*C)

1<r<p
(2 <<u ‘- 1) > (M_nl k))N“Qi”(B,A)(CAuc)

|l +k=n+1 1<r<p
1
-y (’” )N“Q}(l)(B,A)(CA"C).
|| +k=n+1 M’k

Remark 3.3 When p = 1, Lemma 3.2 coincides with [18, Lemma 1].

Let A=(Ay,...,A,) € By[Y) and B = (By,...,By) € By[V]P. We set

AxB= (AlBl, .. .,Apr, .. .,AzBl, v ,AzBp, .. .,ApBl, .. .,Apo).

Page 11 of 21
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Lemma 3.4 Let A = (Ay,...,A,) € By[VI, B = (By,...,B,) € B[V, A = (4,,...,4,) €
B, [ V)P, and B-= (];1, ... ,BNP) € By V1P be commuting tuples of operators such that

(B, B,] = [A;,A,] = [B;, CA,Cl =0 forallj,re(l,...,p},

then
Q'B*BAxK) = > ("k) B*Q"(B,A)cA*CQ" (B, A) (3.4)
|l +k=n \"
- Y (") QP®.AB QY (B A)CAC). (3.5)
ken \WK

Proof For n=1 we have,

> < 1k> B"QV(B,A)CA*CQ",(B,A)

[l +k=1 ’
= Y BCACQYB,A) + Q(B,AQ) (B,A)

1<j=<p

( > B,CA,-C) ( > §,»CZ,C—Iy> + Y BCAC-1Iy

1<j=p 1<j=<p 1<j=p

> BCACBCAC-1Iy
1<jk=<p

> B ByCAAC -1y
1<j,k<p

= QB xB,A xA).

Assume that (3.4) is true for # and prove it for # + 1. In fact, from Proposition 2.11, we
have

Q" (B*B,AxA)

n+1

= Y (BB)QV(B+B,AxA)(CAA,C)-QV(B+B,AxA)
1<jr<p

=y (B,E)[ > (”k> BﬂQ?(&A)CAMCQSIk(ﬁ,K)]<CA,-£C>
1<jr<p || +k=n ’

’

- <”k> B Q' (B,A)CA*CQY, (B, K).

|l +k=n

Under the assumptions [Bj,gr] = [A,,Avr] = [Ej, CA,C]=0forallj,re{l,...,p}, we obtain

QY (B%B,AxA)

n+1

=2 ( nk)[ 3" B5,Q(B,A)(CA"4,C)B,QY, (B, X)(CA“,c}
M,

|| +k=n 1<jr<p
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-y <”k> B"Q"(B,A)CA*CQ" (B, A)

|| +k=n

=2 ( nk) B“(BfQi”(B,A)(CA,C))CAMc< > BQY, (B, K)(CA‘,C))
o 1<r<p

|\pl+k=n

- < " k) B"Q" (B,A)CA*CQ”, (B, A)
+k=n

=2 ( "k) B [Q{",(B,A) + Q"(B,A)]cA*C[Q", (B, &) + Q" (B, A)]
M,

- ( ”k) B Q" (B,A)CA*CQY, (B, K)
n M

n ~ ~
= ( )B“Qi’ll(B,A)CA“CQ,YL_k(B,A)

+ " 1B4Q",(B,A)CA*CQ" (B, A)
e Mok

n ~ ~
+ (u k) B“QY(B,A)CA*CQ”, ,(B,A).
|| +k=n ’

By observing that

2 ( n ) B QY (B, A)CA"CQ;l, (B, A)
73

|l +k=n+1

n+1 ~ ~
= lel(B,A) + Z (M k) BMQ]((I)(B, A)CAMCQ,(qlil_k(B’A)

|| +k=n+1

1 ~ ~
+ D <n+ )BMCA”CQE’L(B,A)
uw

[pl=n+1

n n
QL BA)+ Y (Z (u—lr,k) + (M’k_1>)B“Q¥)(B,A)CA"C

|pu|+k=n+1 “<r<p

x Qfﬁl-k(ﬁ’ A)

1 <~
> <"+ )BMCAMCQ}QI(B,A)

lul=ns1 \

n ~ ~
=Q)(BA)+ Y (u ‘ 1) B“Q(B,A)CA*CQY ,(B,A)

|l +k=n+1

1 -
> (’” )B“CA"CQ,%(B,AH

|ul=n+1 K

) Z( " )B“Q‘k”(B,A)CAMCQfﬁl_k(E,K)

|| +k=n+11<r<p //L—l,«,k

Page 13 of 21



Al Dohiman and Ould Ahmed Mahmoud Journal of Inequalities and Applications (2022) 2022:105

-QY,BA)+ Y ( "k) BQ", (B,A)(CAC)Q" (B, A)

|l +k=n

Y (Z) (Y B,(B"(CA"C)(CA,C))QY, (B, A)

lul=n 1<r=p

Yy (M) B“( > B,Q;”(B,A)(CA,C)) (ca*c)QY, (B,A)

|p|+k=n 1<r<p

-QY,BA)+ Y ( "k) B"Q", (B, A)(CAC)Q" (B, A)

|l +k=n

"z ( ) ( 2_ Bi(B"(CA"C)(CAC) Qs (B A)

[pl=n 1<r=<p

+ D ( )B“ QL’L(B,A)+Q¥><B,A>)(CA“C>)QEJLAEK)

|pl+k=n

=Q"”,(BxB,AxA).

Remark 3.5 When p = 1, Lemma 3.4 coincides with [18, Lemma 12].

For A=(Ay,...,A,) € By[V]” and B = (By,...,B,) € By[V]?, we set

= (A,B1,A2By, ..., A,B,).

Lemma 3.6 Let A = (Ay,...,A,) € By[V), B = (By,...,B,) € B[V, A = (4,,...,

B,[YV1?, and B- (B, ... ,BNP) € By [ V1P be commuting tuples of operators such that
[Bj,BN,] = [AJ,X,] = [Ej, CA,C1=0 foralljre{l,...,p},

then

p
QYBeB,AeA)-= > Z( ) B“Qn «(B,A)(CA*C) [ QB A
i=1

0<k=<n |u|=k
forallneN.

Proof We will prove (3.6) by mathematical induction. For # = 1, we have

p
Q'BeBAcA)= Y > ( ) —B"Q", (B, A)( AﬂC)]"[QfQ(E,A})

0<k=<1|u|=k
=Q"B,A)+ ) B(CAC)QV (B, 4)
1<j<p
=Q"(B,A)+ ) B(CA,C)(B,CA,C~1)

1<j<p

= > BiCACBCAC-1.

1<j<p

A) e

(3.6)

Page 14 of 21
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Therefore, by Proposition 2.11, we obtain that

Q'BeB AeR) = > (BBEQ(BeBAeA)(CAAC) -Q)BeB AeR)
1<j<p

= > BiCACBCAC-1I.

1<j<p

Hence, (3.6) is true for # = 1. Assume it is true for # and prove it for n + 1.
Following the conditions

[B;,B,] = [A;,A,] = [B,CA,C] =0 foralljrefl,...,p},
and Proposition 2.11 we obtain

Q" (BeB,AeA)

= > (BB)QVBeB,AeA)CAAC)-QV(BeB,AA)

1<j=p

= > (BB (Z > ( ) —B"Q),(B,A)CA"C [] QY(B, A ))
1<j<p 0<k<n |pu|=k 1<i<p
x (CAAC)- Y ) ( ) —B"Q),(B,A)CA"C [] QY(B,4)

0<k<n |pu|=k 1<i<p

=3 ¥ ( ) 5 ( > BB'QY (B, A)CA"ACE; ]‘[QU)(B,,A ))
0<k=<n|u|=k 1<j<p i=1
x (CAC)- Y > ( ) —B"Q},(B, A)CA“C]_[QM A)

0<k=<n|u|=k i=1

k! oA
3D ( ) K > BmeQmacA A CQ) 5D

0<k<n|p|=k T1<j<p

-BQY(B, A)CA,C--- Q) (B, A,)

-3 3 (1) At mcncl

0<k=<n |u|=k i=1
=y > ( ) > BB"QY (B, A)CA"4,CQ" (B}, A1)
0<k<n |pu|=k “1<j<p

- (Q.1 By A) + QB A) - Q) (B, Ay)

p
- Z( ) —B"Q),(B,A)CA"C] [ QV(B,, A))

0<k=<n|B|=k i=1
=y > ( ) > BB'QY(B,A)(CA/C) CA“CHQ (B, A)
0<k<n|u|=k " 1<j<p i=1
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+ Z Z < ) 9 Z BB"Q"”, (B,A)CA"A; CQY (B1,A Ay Qﬁ;H(E,,Zj)

0<k=n|ul=k 1<j=p

A= D) (/) —B"Q),(B, A)CA"CHQ (B, 4)
<

0<k<m|u|=k i=1

p
=> > ( ) (Q),_,(B,A) + Q) (B,A))CA*C] [ QB A))

0<k=<n|u|=k i=1
O (5 X
Y > < ) /M Y BB'Q)(B,A)CA*4,CQY (B, A) - Q). (B}, 4)
0<k=n|nl=k 1<j<p
-2 ( ) K puq?, @, arcarc] QUE, 5
0<k=<n|u|=k i=1
p ~ ~
=y > < ) —B"Q))), (B, A)CA*C[ [ Q(B; 4)
0<k<n |u|=k i=1
k+1
22 ( >( kD 8, acarc [ QU A).
0<k<n |pu|=k+1 i=1
On the other hand,

Z Z <n+ 1) Bule (B, A)CAMCHQH )

0<k=<n+1|u|=k i=1

QU BA+ > Y <”+1> =B QY (B, A)CA“CHQ (Bi, A7)

1<k<n|u|=k i=1

p
Z (n+ 1) BMQ (B, A)CA“CHQ%(EZ"AVI’)

|p|=n+1 i=1
k!
U)
_Q I(B A)+ Z Z(( ) <k 1)) Bﬂ n+1 k(B A)CAMC
L<k=n |u|=k
- ~ o~ (m+1)!
< [TQU@B.A)+ ) B“Q\(B,A)CA*C x HQW i)
i |p|=n+1 ! i1
Z Z ( ) Qi,lll «(B, A)CA“CHQ )
O<k=n |ul=k i
1 ~ ~
DD ( ) W Dgiq®, 8,A) CA“CHQ B, 7).
Osk=n |ul=k+1 i=11
Hence, we obtain this result. -

Let N = (Ny,...,N,) € Bp[V]? be a commuting p-tuple, we say that N is g-nilpotent if
Nt = NNy =0 forall w=(uy, ..., 1p) € Nj with oy + -+, = q ([19]).
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Theorem 3.7 Let A = (Ay,...,Ap) € B[V, B=(By,...,B,) € Bp[VI¥, and N = (Ny,...,
N,) € By[YVI? be commuting tuples of operators. Assume that [By,N;] = 0 for all (k,j) €
{1,...,p}? and N is a nilpotent tuple of order q. If B is a left (m, C)-inverse of A, then B + N =
(B1 + Ni,...,B, + Np) is a left (m + q — 1, C)-inverse of A.

Proof According to Lemma 3.2, we have

-1
QY B+NA)= Y (’” y qk ) N"“Q{(B,A)CA"C.
o

|l +k=m+q—1

If || > g, then N* = 0. If |u| < g — 1, then k > m and, hence, Q,((l)(B,A) =0.
Hence, Qifl)+q_1(B +N, A) =0 and therefore, B + N is a left-(m + g — 1, C)-inverse of A. [J

For A=(Ay,...,A,) € By[V]” and B = (By,...,B,) € By[V]?. Set
A®B=(A1®By,...,A, ® By) € B[ YRV

the tensor product of A and B. It should be noted that the following corollary is an inter-
esting consequence of Theorem 3.7.

Corollary3.8 LetA = (Ay,...,A,) € By[Y] bea left (m, C)-invertible p-tuple of commuting
operators with its left (m, C)-inverse B = (By,...,Bp) and let N = (Ny,...,N,) € By[V* bea
q-nilpotent p-tuple of commuting operators. Then,

BRI+IQN:=B, ®I+IQ®Ny,...,B,1+1®N,) € B,[YQYVV¥
isaleft(m+q—-1,CQ® C)-inverse p-tuple.

Proof By observing that (B; ® (I @ Ni) = (I ® Ni)(B; ® I) for all j,k € {1,...,p} and
moreover B® I € B[HQV? is a left (m, C ® C)-inverse p-tuple of A @ I € B,[HQV?.
I® N € B,[YQYY is a nilpotent p-tuple of order g. Hence, B® I and I ® N satisfy the
conditions of Theorem 3.7. Therefore, BRI + I ® N is a left (m + g — 1,C ® C)-inverse
p-tuple. d

Theorem 3.9 Let A = (A,,...,A,) € By[V1?, B=(By,...,B,) € BV, A= (Ay,...,A,) €
By YV, and B- (1?1, ... ,B;) € Bp[V]? be commuting tuples of operators such that

(B, B,] = [A4},A,] = [Bj,CA,Cl =0 forallj,re{l,...,p}.

IfBisaleft (m, C)-inverse of A and Bisa left (n, C)-inverse ofx, thenBxBisa (m+n-1,C)-
left inverse of A A.

Proof In view of Lemma 3.4, we have

Q" (BxB,AxA)

m+n—1

~1 —
_ (” i ) B Q" (B,A)CA*CQ”, | (BA).

|| +k=m+n-1 Ko k
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Ikam,thenQ,((l)(B,A):0andifk<mthenm+n—1—k>n—1andso

Q¥ (B,A) =0.

m+n—1-k

Therefore, Q(l) (B * E,A * K) =0. O

m+n—1

Corollary 3.10 Let A= (A4,...,Ap) € By[VI? be a left (m, C)-invertible p-tuple and A=
(;4\1,...,;1\;,) € By[VV? be a left (n,D)-invertible k-tuple. If B = (By,...,B,) is a left (m, C)-
inverse p-tuple of A and B=(B,... ,B;) is a left (n, D)-inverse p-tuple of1~\. Then,
AR A= (A1 ®AL..., A1 ®Ap,..., Ay ®AL,..., A, @ Ay)
is a left (m + n—1,C ® D)-invertible p*-tuple with its left (m + n— 1, C ® C)-inverse p>-tuple
B®*§ = (Bl ®§1)"'1B1 ®§;7)"'7Bp ®§11---;Bp ®B’;);
where C and D are conjugations on ), respectively.
Proof Since A = (Ay,...,A,) is a left (m, C)-invertible p-tuple and A= (21, . ,A:,) is a left
(n, D)-isometric tuple of operators, it follows that A® I = (4: ®1,...,A,®1) isaleft (m,C®
D)-invertible p-tuple with its left (1, C)-inverse p-tuple B® I = (B; ® I1,...,B, ® I) and

I®A-= I ®1:1\1/, eI ®;l;) is a left (n, C ® D)-invertible p-tuple with its left (n, C ® D)-
inverse p-tuple I B= (I ® By,...,I1 ® B;,)—p— tuple. However,

Bi®LI®B]=[A®LI®A]=[I®B,(C®D)A;®C®D)]=0,

forl<j<pandl<r<p.

Since
A®*A=(Ryy,...,Rip,Roty ..., Ropy Ry, Ryp),
where
Ry = (A,'®)(I®X,) forallj=1,...,pandr=1,...,p,
and
BR*B = (Si1,-..,S1p0Sa1s- s Sapr - Sp1s- 2 S,2),
where

Sy=(B;®NI®B,) forallj=1,...,pandr=1,...,p.

According to Theorem 3.9 we deduce that AQ*A is a left (m + n - 1,C ® D) invertible
p>-tuple with its left (m + 1 — 1,C ® D)-inverse p*-tuple B®*B. 0



Al Dohiman and Ould Ahmed Mahmoud Journal of Inequalities and Applications (2022) 2022:105 Page 19 of 21

Theorem 3.11 Let A = (Ay,...,A,) € By[V), B=(By,...,B,) € By[VIP, A= (A4,,...,4,) €
By VY, and B-= (gl, . ..,BNP) € By[V)? be commuting tuples of operators that satisfy the
following conditions

(B, B,] = [A4},A,] = [Bj,CA,C] =0 forallj,re{l,...,p}.

If B is a left (m, C)-inverse of A and Ek is a left (ny, C)-inverse of&for k=1,...,p, then
BeBisa left (m + 3, o, 1k — p, C)-inverse of A e A.

Proof Setd =m+n—p, where n=ny + - + np. According to Lemma 3.6, we have

p
QYBeBAcA) = > Z( ) —B"QY,(B,A)(CA*C) [ [QU(B:
i=1

0<k=d |u|=k

When k € {0,...,n — p} we have d — k > m and therefore Qgik(B, A)=0.
When k > n—p and |u| = k, then there exists iy € {1,..., p} such that u;, > #;, and, hence,
QY (BlO,A )=0. O

The following Corollary is a useful application of Theorem 3.11.

Corollary 3.12 Let A = (Ay,...,4p), A= (Z;,...,;\;), B =(By,...,B,) and B- (§1,...,§p)
be commuting p-tuples of operators. Assume that B is a left (m, C)-inverse p-tuple of A and
BNk is a left (nx, C)-inverse of;{?;(fork =1,...,p. Then,B® B-= (B1 ®B~1, ..,B, ®B~p) isaleft
(m + lekﬁp nx — p, C ® C)-inverse p-tuple of A ® A=A Q4. c Ay ®;l;).

Proof We will use the elementary identities,

B®B=(B®B,...,B,®B,)

(Bi®DU®BY),....,(B, ® ) ® By))

B®I)e(®B)

and similarly
ARA=(ARDe(IQA).

Since B is a left (m, C)-inverse p-tuple of A and B~k is a left (714, C)-inverse of;l\/: for k =
1,...,p, it is easily seen that B ® I is a left (m, C ® C)-left inverse p-tuple of A ® I and
I® §k is a left (11x, C ® C)-left inverse of I ®Z;< foreachk=1,...,p.

In addition, it is obvious that

B®LI®B]=[A®LI®A]=[I®B,(C®C)A4,N(C®C)] =
forallj,» € {1,..., p}. By applying Theorem 3.11 we deduce that B® B=B®I)e(I®B)

is a left (m + Zlikfp n; —p, C® C)-inverse p-tuple of A ® A=(A®I)e(I®A). The proof
is achieved. O
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