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1 Introduction

In 1912, Bernstein constructed Bernstein polynomials to prove Weierstrass Approxima-
tion Theorem [28], which says, for any continuous function f(x) on the closed interval
[a, D], there exists a sequence of polynomials p,(x) that converges uniformly to f(x). For

a given continuous function f(x) on [0, 1], Bernstein operators [6] B,C[0,1] — C[0,1] are

given by
" k
Bu(f;%) = an,kw(—), (1)
k=0 n
where
n\ k n-k
bn,k(x) = (k)x (1 _x) y X € [0’ 1]; (2)
and
( > — (n—k)'k! (3)
k 0, otherwise.
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Many extensions of Bernstein operators have been given in [15, 17, 24], and references
to many related works are also cited there. Later, Chen et al. (see [13]) extended Bernstein

operators to «-Bernstein operators with a parameter « € [0, 1], which are defined as
- k
Talf;x) = prq“k)(xv<;); (4)
k=0

where p) (x) = 1 - x, p*) (x) = x, and

P(,,Df/z(x) = [(1 —a)<n ; 2)96 +(1- oz)(z:j>(1 —x)

+ oz(n)x(l —x):|xk_1(1 —x)" kL
k

forn > 2,x € [0,1], f(x) € C[0, 1]. The a-Bernstein operators and their modifications have
been intensively studied by many researchers in recent papers (see [1, 3-5, 11, 21, 23]).
More recently, Aktuglu et al. (see [3]) introduced and studied generalized blending type

a-Bernstein operators by

n

L2 (i) = Z{(l ‘“)(Z :j)x““(l -y

k=0

+(1-a) (nlzs>xk(1 _x)n—s—k+l

+a<:)xk(1—x)”k}f(§> forn>s )

and

Ly (f3%) = Z (Z)xk(l —x)"_kf<g> forn<s, ©)

k=0

which depend on two parameters o and s, where s is a positive integer, « € [0, 1], x € [0, 1],
fx) e Clo,1].

One can see that when s = 1 and s = 2, then operators given by (5) and (6) reduce to
ordinary Bernstein operators given by (1) and a-Bernstein operators given by (4), respec-
tively. Aktuglu and Yashar (see [4]) initiated and investigated some properties of general-
ized parametric blending type Bernstein operators that depend on four parameters sy, s7,
a1, and a,.

In 2010, Ye et al. [29] introduced and studied new Bézier basis with a shape parameter
A € [-1,1], which is defined by

byo(x) — ﬁbmu(x), ifk=0,
7 b, A=kl
bucsx) = () + A5 bk (3)) .

- )‘(n;%]:lbml,ku(x)), ifl<k<n-1),

bn,n(x) - n)ﬁbn-*—l,n(x)y lf k =n.



Gezer et al. Journal of Inequalities and Applications (2022) 2022:96 Page 3 0of 19

More recently, Cai et al. [10] introduced new A-Bernstein operators
" k
By (fi) = an,k(x)f(—), (®)
k=0 n

where b, (%) is defined in equation (7). The A-Bernstein operators become a hot topic for
last years and are investigated by many researchers [2, 7-9, 12, 16, 18-20, 22, 25-27].

The main purpose of the present paper is to construct a generalization of blending type
Bernstein operators based on new type Bézier bases with a shape parameter A and positive
parameter s. A Korovkin-type approximation theorem will be proven. Moreover, approxi-
mation properties will also be discussed. For fixed s, «, X, 1, and specific function, detailed
graphs will be given.

2 Construction of the (¢, A, s)-Bernstein operators and some basic results

This section is devoted to the construction and some main properties of the opera-
tors L;D”;) (f; ) that include: classical Bernstein, «-Bernstein, generalized blending type a-
Bernstein and A-Bernstein operators given in ([3, 6, 10], and [13]) as a special case. We
introduce (@, X, s)-Bernstein operators as follows:

Definition 1 Let 0 <« <1,-1 <A <1 and s be a positive integer. Then define

oS - 7.0,8 k
i = > Biiany (),

k=0
where
i?n,k()»;x), ifn<s,
Ez,,li()‘"x) = (1 - a)[xén—s,k—s()";x) + (1 - x)l;n—s,k()";x)]
+Oli7n,k()»;x), ifn>s

and l;n,k(k;x) defined in equation (7).

In order to make the calculations easier, we will use the following representation of
Liﬁ‘f)(f;x). Forany 0 <a <1,-1 <A <1 and a positive integer s,

B, (fix) ifn<s,
L= " ‘ ©)
B, (f;x), ifn=>s.

Here, B, (f;%) is given by equation (8), and B (f;x) is defined by
B3 (i) = (1= )B, 5 (fi2) + By (fx), (10)

where

Bi;,(;)(f,x) = |:x En—s,k—s()‘;x) + (1 - x) Zén—s,k(k;x)],/(g)'
k=0 k=0
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Theorem 1 Forany 0 <« <1,-1 <A <1 and a positive integer s,

L& (frx) = {f“(ﬁx) yn<s (11)

1- )BS(*(fx)+aB“(f x) ifn=>s,

where

- k
Bmmm=iywmdﬁ)

k=0

n-1 — 2k — k A
+ }“Z %b;ﬁ-l,/ﬁ-l(x)[f( ; 1) _f(;():|
k=0

and

M(fx)—zbnsk(x [xf( ) 1- x)f( )i|

n-s—1

2k 1
+ Ax Z —3)2 bysike1(%)

X[f(k*i*l)-f(kzs)]

n—s— 1

2/( 1
+)\,(]. X) Z n—s+1,k+1(x)

) -f(’;‘ﬂ-

Proof Considering the definition of B,,; (f; x), we have

Bn,)»(f;x) = Zén,k()‘«:x)f(g)
k=0
n-1
= Bn,o(k;x)f<%) + Z@,k(kﬁf(%)

k=1
+ En,n()\;x)f(ﬁ)
n
=[bmaxy——ﬁ—meu@]f<9)
n+1 n
n-1

n-2k+1 n-2k-1 k
+Z|: nk(x)"'}\i_l by i(x) — )\—_1 n+1k+1(x)],/( )

1

k=
bt - it [ (2)
- by (0) }:awmy( >+amuy(g>

Page 4 of 19
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n-1
+Z|: n- 2/_<+1 n+1k(x)],/( > |: n+1n(x)],/< )
=1
A on-2k-1 k A 0
- - [Aﬁbrﬁl,lﬁl(x)}/(;) + [—mbml,l(x)]f(;)-

>

Hence,

" k
M(fx)-ank(x)f( >+ [ e Mk(x)}/( )

=1

“ron- 2k 1
|: n+lk+l x)i|,/( )
k=0 -

n

=y bn,k(x)f<§>

k=0
n-2k-1 k+1 k
+ A](X:o: 1’12 _1 bn+1,k+1(x)|:f< 7 ) _f(;)i|;

which completes the proof of the first part.

Using the same techniques, Bi,’,(;) (f;x) can be proved in a similar way. O

Lemma 1

(i) (Linearity) The (o, A, s)-Bernstein operators are satisfying the following equality:

LN arf + argsx) = ar L) (f;0) + L) (g5),

where ay, ay are real numbers, and f (x) and g(x) are defined on the closed interval
[0,1].

(i) (Monotonicity) The («, A, s)-Bernstein operators are monotone for A € [-1,1] and
a € [0,1]. Therefore, if f (x) > g(x), then L ‘“)(f x) > Ln“; (g;x) for x € [0,1].

(iii) (Positivity) For a given nonnegative function defined on [0, 1], the operators
L(noff) (f;x) are nonnegative for o € [0,1] and » € [-1,1].

(iv) (End-point interpolation) The («, A, s)-Bernstein operators satisfy the end point
interpolation property for f(x), that is

LY100=£0; L1 =£(1).

Remark 1 The operators Lifff) (f;x) have the following special cases:
a) Ife=1ors=1,then Liz‘f) (f;x) reduces to the operators given in [10].
b) If =0, Lff,{s) (f;x) reduces to the operators given in [3].
c) fa=1and A =0, Li,a,’\s (f;x) reduces to the operators given in [6].
d) fA=0ands=2,L; (evs) 7 (f; x) reduces to the operators given in [13].

Lemma 2 (see [10]) Ifn<s thenLnaAS (f;%) = By (f;%) forany0 <a <1,-1 <A <1and
(1) Bl’l,)u(l;x) = 1:

1 +1
(ii) Bn,k(t;x) =X+ M)\’.

n(n-1) ’
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1— Dx—da2 +2x1+1 n+l (1 x)ntl_q
(i) By (¢%2) = a2 + 2020 4 j[ 2l 2,

Theorem 2 Ifn>s, forany 0 <o <1and -1 <A <1, we have the following identities:

O LWL =1,

1= 2% + xm5t1 _ (1 — x)=s+1
(ii) Lil‘),tf)(t;x) =x+(1- Ol)k|: +Xx ( x) :|

nn—s—1)

|:1 —2x+x™l (1 _x)n+1]
+aA ’
n(n-1)
[+ (1 - a)s(s = D]x(1 - )
+ n2
ar |:2x_4x2 + 2xn+1]
+ - _——
n (n _ 1)
(1 - Ol))\, 2x — 4'962 + zxn—s+1
|: (n-s-1) :|
ar[am! 4 (1 _x)n+1 1
n [ (n—1) ]
(1-a)Ar |:xns+1 +(1 _x)n—s+1 _ 1]
+
(n—s-1)
|:2$x(xn—s+1 _ (1 _ x)n—s+1)]
+ .
(n-s-1)

(i) L& (%) =«

+

n

n2

Proof Recall that for n > s,
L (f;0) = (1 - B (f32) + aBy ().

Now,
M) L (12) = (1 - )BLY (1;%) + @B,y (L) = 1.

(ii) Since B, (¢;x) is given in Lemma 2, we only need to find Bi;f;)(t; x).

6= L heto (5 +a-a()]

k=0
n—s—1
n-s—2k-1 k+s+1 k+s
+ Ax Z —(I’I—S)z 1 bn—s+1,k+1(x)|:< P ) - ( P )]
k=0
n—s—1
n-s—-2k-1 k+1 k
+ (1 -x) Z mbn—sﬂ,kﬂ(x)l:( » ) - <;)]
k=0
n-s k
= an—s,k(x)<_ + g)
k=0 n
n-s—1
n-s—-2k-1 1
Ay mbn-ﬁl,ku(x);

Page 6 of 19
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n—-s—1

= 7x+ . m Z by s+1k+1(x)

n-s—1

- (I’l — S Z kbn s+1, k+1

Define A1(n,s;x) and Ay (n,s;x) as

n-s—1
Ar(n,s5%) = Z Dycsit a1 (%) (12)
and
n—s—1
Do) = Y Kbpeserin (0): (13)
k=0

Now, we need to calculate A;(n,s;x) and A, (n, s;x)

n—-s—1 n—
7’1 $% Z b —s+1k+1 an s+1k
n—-s+1
= Z by_g1x(x) — bn—s+1,0(x) —bysi1p-se1(%)
k=0

=1- (1 _x)n—s+1 _xn—s+1

and
n—-s—1
As(m,s5%) = Z kbj_si1 ka1 (%)
k=0
n—-s—1
k(n - 1)!
— Z (I’l kS'-"k) - 'xk+1(1 _x)n—s—k
P (n—s— )k +1)!
n—-s—1 (}’l S+1)' n—s—1
_ - © Lkl yn-s—k
=2 oo A=) Y busiikn @)
k=0 k=0
n-s—1
=(n=s+1)x Y by ok(®) = Ai(m,5%)
k=0

= (I’I—S+ 1 (Zb —s,k x) bn sn—s(x)> - AI(I’I,S;JC)

k=0
= (Vl —-S+ 1)96(1 —x”_s) — [1 _ (1 _x)n—s+l _xn—s+1]‘

Hence, we get

() (p ) 1 ) 2 .
B (t,x)—x+A|:n(n_S+1)A1(n,s,x) n((n—s)z—l)AZ(n’s’x):|

1= (1 _x)n—s+1 _ xn—s+l
=x+A
nn-s+1)

Page 7 of 19
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_ Z)LI:(VI —s+ D)x(l — ") = [1 - (1 —x)"*1 - xn—s+1]]

n((n-s)>-1)
|:1 —Dx + xSt (1 _ x)n—s+1:|
=X+ A .
nn-s-1)

Finally, using above equality and Lemma 2, we have

1-2x+ xn—s+1 —(1-x n—-s+1
L (tx) =%+ 2 (1-2)

nn-—s-1)
|:1_2x+xn+1_(1_x)n+l]
+ar
n(n-1)
1-2x+ xn—s+1 _ (1 _x)n—s+1
- [ nn—s—1) ]

(iii) Direct calculations yield that

n-s 2 2
2 x) = an_svk(x)[x(%) +(1 —x)(%) ]
k=0
n—-s—1

k- k 2 (k+s\?
+sz (n—s)i lbns+1,k+1(x)[( +;+1) —( +S)i|

n

n—-s—1 2 2
-s-2k-1 k+1 k
+ )‘(1 _x) n( i )2 1 bn—s+l,k+l(x)|:< ) - <_> :|
Py n-—Ss)” — n n

2

2
Zb _Sk(x)[k 2sxk sn_;c:|

n—-s—1

2k -1 2k 2sx+1
A 7bn —s+1,k+
+ g 971 1k 1(?6)[ s }

5 (s(s—1)+mx(l —x)
+ "

2) A ) (2sx + 1) Al )
4+ —Ao(1,85%) + —————A1(n, 85
n?(n—s+1) 2 n2(n—-s+1) !

-4\ -2(2sx + 1)A
Asz(n, s %) + ( )

T (n—-s2-1) g1 25

where

n—-s—1

As(ms;x) = D Kbusiipn(®). (14)
k=0

After similar calculations, we may write

—s—1
Asz(n,s%) = (n—s+ 1)( |:Z by—s1k(x n—s—l,n—s—l(x)]

n-s

+(n—s+ 1)9{2 bysi(x) - bn—s,n—s(x):| = 245(n,53%) = A (1, 5%),

k=0



Gezer et al. Journal of Inequalities and Applications (2022) 2022:96 Page 9 of 19

which implies that

B ) =

n—-s—1

, (ss—1)+mx(l-x) A |:2x —4x? + 2x"‘5+1:|
+ > +=
n n

A [_1 +xn—s+1 + (1 _x)n—s+1:|

n? n—-s—1

A 2sx(xn—s+1 _ (1 _x)n—s+1)
+— .

n? n-s—1

Finally, using above equality and Lemma 2, we have

LY9(8%5%) = (1 - )BEY (65%) + aB,, . (8 %)

n-1

, (ss=1)+mx(l-x) o[ 2x—4x* +2x"!
+ — =
n? n

(1-a)r |:2x —4a® + 2x"‘5+1i| ar [x"“ +(1—x)l = 1}
+ +

n n-s-1 n? n-1
(l _ Ol))» 1+ xn—s+l + (1 _x)n—s+l + st(xn—s+l _ (1 _x)n—s+l)
TR n-s—1 - H

Corollary 1 For fixed a,x € [0,1], A € [-1,1] and n > s, where s is a positive integer, we
have

1-2 n—s+1 _ 1— n—-s+1
() LL“;)(t—x;x)=(1—a>x[ e - }

nn-s-1)
|:1 — 2+ (1 —x)”+1:|
+ oA ,
n(n-1)
() L9 ((6 ) = 24 _“)SSZ_ Dixt1 =)
(1 _x)n+l (1 _ x)n—s+l
+2ak[—n(n_ D ] +2(1 —a))h[in(n_s_ 1)]
N xn+1 + (1 _x)n+1 -1
e [ ni(n-1) :|
xn—s+1 + (1 _ x)n—s+1 -1
+(1—oz)k[ 25— 1) ]
xn—s+l _ (1 _ x)n—s+l
+2(1—a)ksx|: 05— 1) i|

Lemma 3 For f € C[0,1], a,x € [0,1], A € [-1,1] and a positive integer s, we have the
following inequality:

|50 < 1AL 5)

where | - || represents the uniform norm on C[0, 1].
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Proof

s L k
L] <3 ,,;ku;x)p(;)\
k=0
< WL W) = 1. .

Corollary 2 Forn € {1,2,...}, we have the following inequalities:

L(Vto,(),»S)((t - x)’x) = \Ijn,s,l (%5 c)
and

L (6= 552) < Wnsa(wsa)

where

1-2x+x 1 (1—x)"*1 .
BT T= E— ifn<s,

n-s+1 n-s+1
W1(150) = § (1= ) [ L2ty

[1+2x+x”*1+(1—x)"*1]
n(n-1)

+a ifn>s,
#(1-x) | 2(1-x)"*!
n n(n-1)
xn+l+(1_x)n+l+1
n2(n-1)
[n+(1-a)s(s—1)]x(1-x) , 2a(1-x)"*!
n? n(n-1)
2(1-er)(1-x)"~5*1 AL (1w 41
n(n—s—1) + [ n2(n-1) ]

n—s+l 4 (1 _,)n—s+1,1
+ (- )t

n—s+1 —s+1
+(1—a)2sx[%] ifn>s.

ifn<s,

\Ijn,s,Z (x; O[) =
+

3 Approximation properties of («, A, s)-Bernstein operators

This section is devoted to the approximation properties of the operators Lg:ff) (f;%). In
this section, we will prove a Korovkin-type approximation theorem and approximation
theorems by means of modulus of continuity and the Lipschitz function.

Theorem 3 Iff € C[0,1], o,x € [0,1], A € [-1,1], and s is a positive integer, then Lfﬁ‘f) (f; %)
converge uniformly to f(x) on the closed interval [0, 1].

Proof By the Korovkin Theorem, it is enough to show that Lfff/’\s) (e;; %) converges uniformly
to e;(x), where e;(x) = %, i=0,1,2. From Lemma 2 and Theorem 2, L;""is)(l;x) = 1 for positive

integer s and

1-2x+x™t - (1-x)"*1

X+ 1) ifn<s,
(0,8) ¢, _ 1-2. n=s+1_(1_yyn-s+l
L7 (Gx) = o+ (1 — o)A [ 22 n(n—s—(l) ci—
n+l n+l
N e Ty ifn>s

n(n-1)
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and

2, x(1-x) 2x—dx2 4251 A (1—g)n1 1 .
a?+ By i) 20-D) ] ifn<s,
1— —1 1- ) n+l
X2+ [n+( oz)s;(qs2 )]ax(1-x) +0l)»[2x i,(cnt%;c ]
Dx—dx2 425+
L)) = MRS s vl
n,A ) - x”+1+(1—x)”+1—1
+ ak[w]
n—s+1 1- n—s+171
+(1- a))\[%]
n—s+1_1_,\n—-s+1 .
+23x(1—a)k[%] ifn>s

Itis easily to see that for each case, L' (¢;x) and L' (% x) converge uniformly to e; (x) =

and e;(x) = 2, respectively. This completes the proof. d

We use modulus of continuity to give quantitative error estimates for (¢, A, s)-Bernstein

operators. We denote the usual modulus of continuity for f € C[0, 1] as

w(f;8) = sup  sup V(x+h)—f(x)|.

0<h<8 xx+he(0,1]

Theorem 4 For any f € C[0, 1], s positive integer, x,« € [0,1] and A € [-1,1], we have
L (F32) — ()] < 20(f; Wnsa (5 0)),
where w is the usual modulus of the continuity.

Proof Since L%S)(l;x) =1 and l;‘:,‘:,s(()\;x) > 0 on [0, 1], we can write

Lo (i) f ()| < Z@ﬁ;ﬁ(k;x)}j(%) )
k=0

If we use the following properties of the modulus of continuity

-5 <o (5 1)

and
o(f;y8) < (1 +y)o(f;d),

where y is a positive constant, we obtain

7(%)-re

Page 11 0of 19
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Consequently, we can write

1501~ = DB )P( )—f(x)

k
<Zb‘n’; (A; x)(1+ g‘——x
n

k=0

s

)w(f ;8).
If we apply the Cauchy—Schwarz inequality, we get

- [Soasis (__x)T

= [quo‘z),hs)((t_x)Z;x)]% = [ nsZ(x:a)]

1 7 k
= <1+§k20:b%k(}‘;x)‘;_x

——x

Zb‘n)’i (A;%)

NI»—A

So, we have

L (f32) - ()| < ( —”’”'3’25;““”2)6()«;5).

Choosing § = [W,, 52 (x; )] %, we complete the proof. O

Theorem 5 Iff € C'[0,1], s positive integer, x,a € [0,1] and 1 € [-1,1], then

’L(‘” %) —f(®)] < |Wsa ()| [ ()| + 23/ W52 (6 )0 (F s v/ W52 (5 ).

Proof We have the following equality by applying the mean value theorem of differential

calculus:

f(%) ) = (g —x)/’(x> : (’5 —x> @ @],

where ¢ = ¢, k(%) € (x, ) If we multiply both sides of the above equality by bn (%;x) and
sum from 0 to n, we get

n

Z[f(i) - f(x) ]bg;(,\ x) Zb AL [— —x}/ (x)
k=0

+ Z B )[ ( ‘) —f(x)](f’(c) ().
Equivalently,

L9 (f2) = f(x) = Lt — % x)f (%)

+Z B >[( )—f(x)](f’(c)—f’(x)).
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Therefore, we can write
L (f5x) — ()| < |L90(¢ - x50)| | ()|

+> Bz;;(x;x)L/(g) —f(x)
k=0

() =f )]

Here, we observe that
! '/ 1 !
If'(c)—f'x)| = (1+ glc—xl)w(f;é)
1|k ,
=< (1+ g‘;—x)w(f,8),

where § is any positive number, which does not depend on &, and w is the usual modulus.

Consequently, we get

——x

|L(as(fx) fx)| |L(as(t x,x)Hf(X)| Zb ()\.x

o(f';8)
~ k
+ % Zbﬁ:,i(k;x)(; —x) o(f';9)
k=0

——x

< |- x|l @ Zb‘;‘ikx o(f)

(a,5)
8 Ln A - )w(f )
Using the Cauchy—Schwarz inequality

1L (F2) - f )| < [L (= w0 ||f ()]

1

272
|:Zb )»x)( ) i| a)(f’;S)
+ gLL?a”((t ~x)%x)o(f;9)
= |L£,°‘f)(t—x;x)Hf/(x)] + [Lff,’\s) ((t—x)z;x)]%w(f/;(s)
+ 8L(‘“((t %)% x)0(f';8)

= [L(t — x| |f ()|
(L9((t - %)% %)]2

R A G
. |qln,s,1(x;a)| lf/(x)|

rofrso) (1 L0 S5 )

S

and choosing § = /W, ;2 (x; o), we complete the proof. g
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The Petree K-functional is given by

Ky(f;8):= inf {|If —gl +8]g"||]} (6>0andf€(0,1]),
2eC2[0,1]

where C2[0,1] = {g € C[0,1] : ¢, g" € C[0,1]}. It is given in [14] that there exists C > 0 such
that

I(Q(fQ(S) < sz(f; \/g),
where the second order modulus of continuity of smoothness for f € C[0, 1] is defined as

ws(f;8) = sup sup V(x+2h)—2f(x+h) +f(x)|.

0<h<8 x,x+h,x+2he[0,1]

Now, we can prove the following theorem:

Theorem 6 Iff € C[0,1], a,x € [0,1], A € [-1,1], and s is arbitrary positive integer, then

LS (f32) — f )] < Ca (f; %\/q}n,s,z(x;a) + (\I/n,s,l(x;a))2>

+ U)(f; \Ijn,s,l(x; Ol)),
where C is a positive constant.

Proof We denote s;‘j‘f) (%) = Liff)(t; x) and define the auxiliary operator

LEDf3) = L () +£6) —£ (157 9) (16)
Using Lemma 2 and Theorem 2, one can easily see that

L9150 = L% (1) = 1,
and

LE‘ZS) (%) = L (G2) + 3 — £ () = .

So, we have L%”(¢ - x;x) = 0.

Let g € C2[0,1]. By the Taylor expansion, we have the following equality:

() = ge) + (- g (x) + / (¢ - u)g () d. 17)
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Applying the operators L ) on both sides of (17), we get
t
:AS (gx) =gx) + L(as (/ (t—u)g"(u) du;x)

=g(x) + Liz‘f) (/t(t —u)g"(u) du;x)

8(05 5) )

_ / " ) - u)g () du,

Hence,

L(M (gx) —gx) = as) </ (t — u)g" (u) du; x)

(a5)

gn,)» )
- / (e (x) — u)g" () du

Using the above equation, we get the following inequality:

t
Ly ( f (¢ — u)g () du; x)

(@)

e
/ ( not),\s (x) )g//(u) dl/l

<L ‘”(/(tu” du)
)

(o

s )
+/ |£ ) (x) — u||g" ()| du,

L) (%) - g()] <

+

which implies that

- t
u%ﬂg@—gwﬂgLﬁfola—mpm
X

)le'] (18)

(a0,8)
En,h.

5 (%)
+/ e () — u| dull¢”|

<L (e -2%) '] + (e @ - )|l
[MA&M+(nMWWD]MW. (19)
So, we have
1299 (g3.0) - ()] < [Waas ) + (W1 (:0))°] "]

On the other hand, from Lemma 3 and the auxiliary operators (16), we get

L] < (LD F0)] + [F)] + (650 )]
< WFNLE (5] + 211F1 < 3IIF (20)

for all f € C[0,1] and x € [0, 1].

Page 15 0f 19



Gezer et al. Journal of Inequalities and Applications (2022) 2022:96 Page 16 of 19

Now for f € C[0,1] and g € C?[0, 1], using (18) and (20), we obtain that

L fi) —£)] < LD (i) - L ()] + L (@) - )|
+le@ —f @]+ |f (655 @) —f )|
< 41 — gll + [Whoa(0) + (Vo1 () 2|
+ o(f; U1 (550)).

Therefore, taking infimum on the right-hand side over all g € C2[0, 1], we get

|L(a)‘f) (f: x) —f(x)| E 4](2 (f, \IJVI,S,Z(x; a) + (‘"Ijn,s,l(x; a))z)

4
+ o (f; Wns1 (60)). O

4 Conclusion remarks

In the present research paper, we introduce the operators Liffl’\s) (f;x). Our operators
L(n"ff) (f;x) are based on new type Bézier bases with a shape parameter A and positive pa-
rameter s. Moreover, operators Lffff) (f;x) include classical Bernstein, «-Bernstein, gener-
alized blending type o-Bernstein and A-Bernstein operators as a special case. It should be
mentioned that for A = 0 and s = 2, our operators reduce to the operators defined by Chen
et al. [13]. In this paper, some approximation properties of Liﬁ’f) (f;x) are proved and also
are illustrated by graphical representations (see Fig. 1, Fig. 2, Fig. 3, Fig. 4). Our operators
LL’J’T) (f;x) have better approximation for A = 1 (see Fig. 2). Therefore, our operators have
better approximation in comparison with the operators suggested and studied by Chen
et al. (see Fig. 2). Finally, it should be mentioned that since our operators have better ap-
proximation for A = 1, it gives better approximation than the other operators that can be
obtained from our operators for A = 0. For example, taking A = 0 and « = 1, our operators
reduce to Bernstein operators, and our operators for o = 1 and A = 1 give better approxi-
mation than Bernstein operators.

1(x) = x3-3/2x2+1/2x
77777 a=1/4

a=1/2
———a=34

0.03

-0.02

-0.03

-0.04

-0.05 L L L L L L L 1 L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 1 Approximation of L;"‘A’”(f;x) to i) =x>-3x> + Ixforn=10,5=2, A =1and & =0.25,05,0.75
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0.05 T
1(x) = x3-8/2x2 +1/2x

Figure 2 Approximation ongXS)(f;x) to f(x)=x3 - %xz + %x forn=10,5=2,a = % and A=-1,0,1

0.05 T

1(x) = x°-3/2¢+1/2x
25

-0.01 -

-0.02 -

-0.03 -

-0.04 -

1 1 1 1 1 1 1 B— 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

-0.05

. ; : (a.s) (1. _ 3 1 _ _ N
Figure 3 Approximation ofLrﬁ‘; (f:x)t0 f(x) =x3 — 5)(2 +sxforA=-1,s=2anda =5 n=25,50,100

0.05 T T T T T T T T T

1(x) = x3-8/2x2+1/2x
0.04

0.03

0.02

0.01

-0.01

-0.02

-0.03

-0.04

1 1 1 1 1

-0.05 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 4 Approximation ofo‘fW;x) to fl)=x>-3x>+ IxforA=1,n=10,and = § 5=5,15,25
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