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1 Introduction
Fractional integral inequalities are very important in theoretical mathematics and are a
substantial tool in dealing with fractional calculus science, which plays a vital role in mod-
eling procedures for a variety of engineering issues [1, 14, 18, 24, 32]. Many fractional
models yield better outcomes than identical equivalent models with integer derivatives, as
illustrated in [27]. This drives the need for more exact inequalities when working with frac-
tional calculus-based mathematical models. In the existing modification of a certain study,
we concentrate on the most prominent Hermite—Hadamard-type inequality [2, 8]. Be-
cause of the nature of its definition, convexity is crucial in analyzing inequality for convex
functions; for other classes of convex functions and attributes; see [5, 15, 16, 19, 20, 25, 26].
Recently, generalized fractional operators have been used to construct a Hermite—
Hadamard-type inequality allowing the ordinary version to be regained in its limit for the
generalized fractional parameter, as shown in [1]. In [7] a generalized k-fractional integral
inequality is proposed, as well as the Minkowski and Chebyshev integral inequalities that
involve the generalized k-fractional integrals. Inequalities of Hermite—Hadamard type un-
der generalized k-fractional integrals were studied in [9]. Guessab and Schmeisser [6] ex-
amined the sharp integral inequalities of the Hermite—Hadamard type. Also, Nisar et al.
[22] employed the Minkowski and Hermite—Hadamard inequalities to expand the results
of Dahmani [4] and proposed a more powerful integral inequality. Hyder et al. [12] utilized
some generalized fractional integrals to examine specific fractional-order inequalities in
Minkowski and Hermite—Hadamard manners.
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Let us start with the traditional Hermite—Hadamard inequality: If u: BC R — R is a
convex function and 81,y € B with 8; < 85,then

81 + 82 1 & f(al) +f(82)
u< 7 >§ 82—81/5. u(l’)dl’ff. (1)

Additional generalizations and expansions can be found, for instance, in [21, 23, 28, 30].
Moreover, we can begin by recalling some basic fractional notions.

Definition 1.1 ([27]) The Riemann-Liouville fractional left and right integrals of a func-
tion H are respectively defined by

~V _ 1 ! _\r-1

JVH(t) = F(y)/x (t-7)""H(r)dr (t>x,Re(y)>0) 2)
and

~VHt——1 ’ )" H(t)dr (t<y,R 0 3

Jy- ()_F(y)/t (t-1) (r)dt  (t<yRe(y)>0), (3)

where I' is the gamma function.

Definition 1.2 ([13]) The left and right fractional obedient (conformable) integral oper-
ators are respectively defined by

i B (t-x)7 - (x-x)"\"" H)

VH(t) T, )/( > ) T dr, t>ux, (4)
and

sy 1 =0 —(-7 T H(D)

"y‘H(”‘my)/t( y ) oo Y ®

where A € C with Re(A) > 0.

Hyder and Barakat [10] enhanced the fractional obedient integral operators and offered
more general definitions of the fractional integral operators as follows.

Definition 1.3 The general improved fractional left and right integral operators of a func-
tion H are respectively given by

AJLH(t):%y)/ hk’l(t—x,r—x,y)ﬁ(f%tx)y)dr, t>x, (6)
and
3)-H /h* 'o-ty-r, V)ﬁ(y (t)y)dT t<y, 7)
where
t d *
h(t,l’,}/)=/ 0(%*7/), (8)
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and ¥ : R, x (0,1] — R, is a continuous function fulfilling the conditions:
. 9t 1)=1VteR,,
¢ 0(ty) #0V(ty) e R, x (0,1],
¢ P0n) #9006 02) Yy € 10,11

In 2020, Hyder and Soliman [11] introduced the new generalized theta-obedient integral

() - / (g br,yDHE) o

0 (T = q)0(t,v)

where 7 #q € R, and §, : R, x (0,1] — R is a continuous function satisfying the following
conditions:

.« 0,61)=1VteR,,

o O4t,y) #0V(t,y) e R, x (0,1],

o 050, 11) #04(v2) Yy, 72 €[0,1],

* bo(t,y) =0t y) V(t,y) € R, x (0,1].
Using the Cauchy formula for iterated integrals, we can iterate the integral (9) # times and
obtain the following result:

i~y =g+ 0 (r,y))dr [T (ta—q(1 +6,(12, ¥)) dr
JQ,qH(t) - fO (tl - 4)9(1(?1, J/) /0 (t2 - q)eq(tZ! J/)

“/.Tn_l (Tn_qu"'eq(fmy))H(Tn) dr
0 (tn — q)eq(fm Y) !
_ (r —q(1 +6,(t,y)H(7)
) r(n)/o S e TR o (10
where
tu—-q(l+6,(u,
it [ (u(uci(q;e (qbiuy)y))d”‘ an
T q )

Replacing the natural number # by a complex number X, we define the generalized frac-
tional theta-obedient integral as follows.

Definition 1.4 The generalized fractional theta-obedient integral of a function H is de-
fined by

(r —q(1 +64(7, ¥)H(z)
(T = q)04(T,v)

1 t
M3 HE) = —— / & 6T, y) dr, (12)
0

()
where A € C with Re(}) > 0, and g is defined by (11).

In this paper, we employ recently developed generalized fractional operators to con-
struct novel fractional inequalities for integrable nonnegative functions. These inequali-
ties concern the Hermite—Hadamard and Minkowski inequalities. Our outcomes can be
compared by the previous results established in [3, 12, 22]. The inequalities obtained in
these references can be derived as particular cases. Also, we show in this work that the in-
equality of [22, Theorem 2.5] is incorrect. Finally, this paper is organized as follows: Sect. 2
contains the main results, and Sect. 3 provides concluding remarks.
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2 Main results

In this section, we establish generalized fractional inequalities in the Hermite—Hadamard
and Minkowski settings using newly discovered fractional integral operators. To support
this claim, we offer the following theorems.

Theorem 2.1 Let A,y >0 and s> 1, and let H, B be twofunctions on [0 00) such that for

allt>0,H(t),B(t) >0,3) A1) <00, and r3r o 7 €[0,¢t], and
T > q(1+6,4(t,y)), then we have the following mequalzty
~ s 1/s ~ S 1/s 1+ (] + 2)] s 1/s
(AJZqH (t)) (Adqu (t)) =< m( deq(H +B) (t)) (13)
T €[0,¢],£ >0, we get
U +1)’H(z) < J°(H + B)(7). (14)
Therefore we have
J+1) 1 (- 61(1 + Qq(l’, V)))Hs(t)
o ) oyt y)
(t —q(1 +04(t,y))(H + B)'(r)
T,y ! 15
- 1"()\) o) (t = q)0,(t,v) (19
Using (12), we can integrate inequality (15) from O to ¢ with respect to 7:
N7 gy P s s
3 H(0) < T 30,4 H + BY (). (16)
Hence
(30 1o 0) " < ]f—l( 3 (H + BF) " 17)

r)

Now, according to the condition 35 > j, we have

( j)sBs(r) < (j)S(H +B)’(1) (18)

and

1 (1 . _) 0,y T =00+ 8,0, Y)B D)

r) &) T ey

1 (1 (t —q(1 +6,(z,y))(H + B)'(7)
=r(; ) S X 0 19
Using (14), we can integrate inequality (19) from 0 to ¢ with respect to t:
~ s s 1 ~ s s
3y, B®)" < (g B )", (20)

Thus by adding inequalities (17) and (20) we obtain the required inequality (13). O
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Theorem 2.2 Lety >0,s> 1,and ) € C,Re(r) >0, and let H, B be two functions on [0, 00)

such that for all t >0, H(¢), B(t) > 0, ’\Gg,qHs(t) <00, and AGg’qu(t) <00 If0<j< % <],

7 €[0,t], and v = q(1 + 0,(t, y)), then we have the following inequality:
N S m s (U+1)(+1) N s
(L H W) + (3 B 0) (+ e, H B0 @
Proof By multiplying the two inequalities (17) and (20) we get

(W) (35 H0)" (3 B 0)" < (35 ,(H + By (1)™". (22)

By the Minkowski inequality we obtain
(Asg’q(H + B)s(t))Z/s < ((Asg’qHS(t))l/s n (Aﬁg’qBS(t))l/S)Z
= (3 H0) + (3 B )"

w2030 1) " 3y B®) ™. (23)

Thus we can derive the desired inequality (21) using inequalities (22) and (23). O

Lemma 2.1 ([4]) Let H be a concave function on [a, b]. Then we have the following inequal-

ities:
H(a)+H(b) <H(a+b—1t)+H({) < 2H<#). (24)

Theorem 2.3 Let 1,y >0, € C,and c,d > 1, and let H, B be two functions on [0, 00) such
that H(t),B(t) > 0 for t > 0. If the functions H, B* are concave on [0, 00), then we have the
following inequality:
1 ¢ d _ _ 2
5era (H(0) + H(yg,(1,0,7))) (BO) + B(rg,(£,0,))" (35, (v'"'g; " (6.0.)))
<",y g 60, ) H (v, (£,0,1))) 35,

X (V)\_lg;_l(t, O,y)Bd(ng(t, 0,)))- -

Proof By Lemma 2.1 and the concavity of the functions H¢,B%, for t >0,y >0, and 7 €

[0, £], we have

HE(0) + H*(yg,(t,0,¥)) < H(vg,(t,T,)) + H (v g,(t,0,7))
< 2HC<§gq(t, 0, y)), (26)
BY(0) + Bd(ygq(t, 0, y)) < Bd(ygq(t, T, y)) + Bd(ygq(r, 0, y))

< 2Bd(§gq(a 0, y)>. (27)
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Multiplying inequalities (26) and (27) by T=4(+0g(r,7))

grating the resulting inequalities from O to ¢, we get

H(0) + H(yg,(t,0,y)) [* w1 T —q(1+6,(z,y))dr
() /0 (ng(t’fr V)gq("-"or V)) (r —Q)gq(fﬁ/)
w1(T - q(l + eq(fx )/)))HC(]/gq(t, 7,¥) d
T
(t—q)0(t,v)

1 ¢
= m/o (ng(t»f’y)gq(f’ory))

1 t
+ m/(; (ygq(t7r!y)gq('[70: V)) (‘L' —q)9q(r,)/)

2H(%g,(t,0,y)) [* w-1(t —q(1+0,(t,y)))dr
<—Tta (vt 7,7)gq(7,0,7)) (= 00(7)

and

B4(0) + B (y g,(t,0,7))
(v

A-1 (T - Q(l + Qq('l,', V))) dt
(- 9)04 (T, ¥)

/0 (ng(tv T, V)gq(fv 0, V))

o1 (T = q(L+0,(t, ¥))B(yg,(t, T, y)

d
(t —Q)Qq(f: 7/) ’

1 t
< m/{) (v&(t,T,¥)gy(z,0,7))

o1 (T = q(1+6,(t,7))B(vg,(t,0,¥)
(t —q)by(z,y)

11 (T —q(1+04(z, ¥))) dt
(T = q)04(7,7)

1 t
+ mfo (v&4(6:7,7)g4(1,0, 7))

2B°(5g,(t:0,y)) [*
= #/\0 (ng(t,fx)/)gq(ﬁo,y))

Setting g,(¢,7,v) = g,(n,0,y), we have

-1 (T = q(1 +64(z, y))) dr
(T = q@)0(7,v)

1 t
m /(; (ng(tr T, V)gq(fr 0, V))

=435 ((rg(6,0,7))" ™),

w1 (T =q(1+0,(7,¥)H (vgy(t, T, ¥)
(t —q)by(t,y)

1 t
o /0 (veu(tst7)2,(7.0,7) dr

=430 (r8e(:0,7)) " H (vg(£,0,7)),

and

a1 (T — 6I(1 + aq(fr ]/)))Bd()/gq(l’, T,v) dr

1 t
m/g (ng(t:":’y)gq(fro’y)) (‘L’—q)eq(‘f,)/)

= AfSé’,,,(()’gq(f, 0, )/))A_IBd (ygq(tr 0, V))
Therefore by (28), (30), and (31) we get
(HE(0) + H (y,(6,0,)) (30, ((&,(:0,7))" "))
<23 (g,(,0,7))" " H(vg,(t,0,7))

<2H° (ggq(t, 0, V)) (3, (rg£0.1) ™),

w1 (T —q(1 +04(z, ¥)))H(y g,(7,0,7) Jr

dr

m(ygq(t, 7,¥)g,(7,0,¥))*"! and inte-

(28)

(29)

(30)

(31)

(32)

(33)

Page 6 of 12
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and by (29), (30), and (32) we get

(BY(0) + B (yg,(t,0,) ("3}, (&,(£:0,1))" ™))

<23 ((rg,(:0,))" " B (vg,(£,0,7))

14 A-1
=< 2Bd(§gq(tr 0’ )’)) (Aﬁg,q((ygq(t’ O;V)) ))
Hence by multiplying both inequalities (33) and (34) it follows that

(HE(0) + H (vg4(£,0,)) (B(0) + B (yg4(£,0,)) (3}, ((v&4(:0,1)) 7))’
<4030, (rgy(6.0,7)) " H (vgy(6,0,7))

x (35 . ((g4(6:0,9)) 7 B (rg,(£,0,))).

Since H(t)B(t) > 0 for ¢ > 0, for y > 0,c > 0, and d > 0, we have

’

(HC(O) +H(ygy(t,0, y))“c _ H(0) + H(yg(t,0,y)
2 - 2

and

(Bd(O) + BU(ygy(t,0, y))“d _ BO) + Blygy(t,0,y)
2 - 2 '

Therefore

H*(0) + H°(yg,(£,0,y) o _
( + 2ng 4 )(Adg,q((ygq(t,O,y))k 1))

H@O)+H ,0, ¢ -
> ( ( )+ (;/gq(t V)) (Agg,q((ygq(t’o,y)))» l))’

and

B*(0) + B* 0, )
( (0) + ;ng(t V))(Aﬁg’q((ygq(t,o’y));\ 1))

B(0) + B(ng(t: 0,¥)

- ( 2 )d(kﬁg,q((ygq(t, 0,1)" 7).

Using inequalities (38) and (39), we obtain

(HE(0) + H (v4(£,0, 7)) (B(0) + B (yg4(£,0,)) (3}, ((v&(:0,1) 7))’

> 227cfd(H(0) + H(ygq(tr 0, )/))C(B(O) + B()/gq(t, 0, )/))d

% (374 ((r&60,)))"

Hence we derive the needed inequality (25) by combining inequalities (35) and (40).

(34)

(35)

(36)

37)

(38)

(39)

(40)

O

Page 7 of 12
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Theorem 2.4 Let A,y,v >0, A, v e€C,andc,d>1, and let H, B be two functions on [0, 00)
such that H(t), B(t) > 0 for t > 0. If H°, B* are concave on [0, 00), then we have the following
inequality:

v (HO) + HOY (BO) + Bo) (3], (71 .0,1))°

v )LF v
< [VT);W 3y(yl_1g3_l(t,0,y)HC(ygq(t,o,y)))

+ 304 (v" ey (8,0, 1) H (v 8, o,y)))]

v Ar‘ v
X [yT);w 3V(yk lg;» l(t O:V)Bd()/gq(t,o,y)))

+730, (v g (5,0,7)BY (v, (8,0, y)))]. (41)

6, -
Proof Multiplying inequalities (26) and (27) by %gq T, 7)(rg(t,0,y)"

and then integrating the resulting inequalities with respect to t from 0 to ¢, we obtain

HC(O) + HC(ng(t, O) )/)) t a—1 v-1T — 61(1 + Qq(rr )’))
rG) [, & ernaon) TR

) 1(t —q(L +6,(z,y)H (v g,(t,T,v)

drd
(T - 90, (T, 7) rer

-1
< F(A)/ t,7,7)(rg(r,0,y)

. -1 (T —q(1+6,(7, ¥)))H (v g,(,0,¥)
k),/ (t,T,y) ng(f 0, V)) (t —q)0,(t,y) @
< w ¢, 1, y)(ygq(T,O, J/))‘HM dr, (42)

- () (t —by(t,y)

and

BY0) + B (yg,(t,0,) ', v1 T —q(1+0,(z, 7))
T / e )re00) = e

-1 (T = q(1 +0,(t, 7)) B (v gt T, )
= m)/ HET (g (©0.7) - 0,(t7) drdr

vo1 (T = q(1 +6,4(t,7))B (v g(7,0,7)

-1
' T)/ (&2 v)(re(r,0) (c = 6y(w.) i
2B(2g,(t,0,7)) i 1T —q(1+0,4(t,y))
< e (t,r,y)(ygq(t,O,y)) m (43)
Setting g,(¢,7,v) = g;,(n,0, y),we have
L g A—1 v—lf_q(l"'eq(r’ V))
F()\,) /0 gq (t:f’y)()’gq(":’()’y)) ('C—q)eq(f,]/)
=43, (v, ,0.)"™), (44)
1 g a—1 v-1_ ¢ f—Q(l +9q(t’y))
m o gq (t,‘lf, V)(ng(f,O:J/)) H (ng(trrr V) (t—q)@,,(t,y)
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7o)

=T 3 (et O,y))/\_ch(ygq(t, 0,%)), (45)

and

v-1T — q(l + eq(‘u J/))

d
C—y(r,y) © WalbTy)dr

1 t
W/O &6 T,¥)(vg(t,0,7))

y" T’

=0 (260 7)) B (v 6:0.7)). 6

Therefore, by (41), (44), and (45) we get

(HE(0) + HE (y2,(6,0,)) (3., (£, 6:0,1)" ™))

_ 7T
- M

23 (v&(6,0,)) ™ H (vg,(£,0,7)). (47)

3 ((r2(8,0,7))" " H (yg,(£,0,7))

Also, by (43), (44), and (46) we get

(BY0) + B (yg,(t,0,7)) (3, (v&: (&0, 7)) ™))

_ T
= TR

137 (rg,(t,0,)" ™ B! (vg,(£,0,7)). (48)

3 (vg,(5,0,9))" " B} (vg,(t,0,7))

By multiplying inequalities (47) and (48) we get

(HE(0) + H (yg,(£,0,))) (B(0) + B! (vy(£,0,1))) (3 ,((v£4(£,0,7)) ™))’
[V”“’\F(V)V

<

. 3 (vg,(5,0,9))  H(yg,t,0,7))

23 (ve(6,0,1) ™ H (vgy (.0, y))] (49)

y T ()"
"

3 (v24(8,0,9))" " B (vg,(t,0,7))

=<
13 (v (6:0,1) ™ B (yg,(t,0, y))]. (50)

According to inequalities (38) and (39), we obtain

(H(0) + H (v24(6,0,))) (BY(©0) + B! (v,(£,0,1))) ("3} (v (8, 0,))) )
> 225 (H(0) + H(yg,(£,0,7))) (B(0) + B(yg,(t,0, y)))d

x (34 ((re6,0,7)) ™))" (51)

Hence we derive the needed inequality (41) by combining inequalities (49) and (51). O

Page 9 of 12
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3 Comparative cases
In this study, we establish the Hermite—Hadamard and Minkowski inequalities in the con-
text of newly generalized fractional integral operators.

We examine some specific cases arising from our findings in this section by presenting
some particular examples of our fractional integral operator described by equation (12)
as the following cases.

Case I If we put g = 0 in (12), then we get the general improved fractional operator
defined in [10]. When this operator is applied to the Hermite—Hadamard and Minkowski
inequalities, the obtained results are reduced to the following corollaries.

Corollary 3.1 Let A,y >0, 2 € C, and ¢,d > 1. Let H, B be two functions on [0,00) such
that H(t),B(t) > 0 for t > 0. If the functions H¢, B% are concave on [0,00), then we have the
following inequality:

2%,(Hw) + H(yg(t,0,7))) (BO) + B(yg(t,0,)))* (3L (v '€ (£,0,)))

<3 (TN 0,)H (vg(1,0,0))) 3, (v g TN (5,0, 7)BY (vg(t,0,7))).  (52)

Corollary 3.2 Let 1, y,v>0,A,v € C,and c,d > 1, and let H, B be two functions on [0, 00)
such that H(t), B(t) > 0 for t > 0. If H, BY are concave functions on [0,00), then we have the
following inequality:

o2 (HO) + HOY (BO) + BO) (3] (' (¢.0,))’

Y r)”
R

=

I (v g7 (t,0,7)H (vg(5,0,7)))

+35 (v 1" (8,0, ) H (vg(5,0, y)))}

U*AF v
X [V?k)(") 3 (y)»—lg/\—l(t, O,V)Bd(yg(t, 0.1)

+13 (g (6 0.)BY (ve(t. 0, V)))} (53)

Case II. If we put y =1 and g(¢,7,y) = Int — Int in Corollary 3.2, then we obtain the

integral inequalities due to Hadamard fractional integral operator as follows.

Corollary 3.3 Let A,v >0, A,v e C, and k,I > 1, and let H, B be two functions on [0, 00)
such that H(t), B(t) > 0 for t > 0. If H, BY are concave functions on [0,00), then we have the
following inequality:

1

s (HO) + HO) (BO) + B@) (3" (0o ™))’

F(U)v“l A=lpgc A Al v-1gyc
[m 3Ny H(Ing)) +* 3 ((ne)" ' H (lnt)]

A

X [%UJI((IH t)"'BY(Int)) +* 3' ((In2)"~"B*(In t))]' (54)
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=g
y
inequalities due to Nizar et al. [22].

Case III. If we put g(t,7,y) = in Corollaries 3.1, 3.2, we will obtain the integral

Case IV. If g(t,T,y) = % and y = 1, then we obtain all the fractional inequalities in-

troduced by Dahmani [4].
Case V. If we put g(t,t,y) =

tY -tV
Y

the traditional inequalities introduced in [3].

and y = A = 1, then all the outcomes will reduced to

4 Conclusions

In the context of the generalized fractional theta-obedient integral, a variety of research
directions related to integral inequalities can be examined in equation (12). More re-
search on the Hermite—Hadamard inequality with differentiable /-convex functions [31],
Hermite—Hadamard inequality for s-convex functions [29], the binary Brunn—Minkowski
inequality [17], and other topics are predicted under this operator.
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