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1 Introduction
The following inequality is one of the well-known results in the literature called Simpson’s
inequality.

Theorem 1 Let [ : [k1,k2] — R be a four times continuously differentiable mapping on
(k1,K2) and || F*||oo = sup |F*(x)| < 0o. Then, the following inequality holds:

‘E[F(Kmp("”"z)+F(,<2)}— : /KZF(x)dx

6 2 K2 =K1 Jiy

1
R Pt e)E
< o [ e )

For recent refinements, counterparts, generalizations, and new Simpson’s type inequal-
ities, see [1, 4-8, 11-17, 19-28].
A formal definition for co-ordinated convex function may be stated as follows:

Definition 1 A function f : A : [k1,k3] X [k3,k4] = R is called co-ordinated convex on A
for all (x,u), (y,v) € A and ¢,s € [0, 1] if it satisfies the following inequality:

F(tx +(1-8)y,su+(1- s)v)

<tsF(xu)+t(1=s)F (x,v) +s(L = t)F (y,u) + (L = s)(L = O)F (y,v). (1.1)
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The mapping F is co-ordinated concave on A, and the inequality (1.1) holds in reversed
direction for all ¢,s € [0,1] and (x, u), (y,v) € A.

In [5], Dragomir et al. proved the following some recent developments on Simpson’s
inequality for which the remainder is expressed in terms of lower derivatives than the
fourth.

Theorem 2 Suppose F : [«1,k2] — R is an absolutely continuous mapping on [k1, k3]
whose derivative belongs to L,[k1,k>]. Then, the following inequality holds:

1 K1+ K “2
‘—[F(K1)+4F<¥)+F(K2)i|— / F(x)dx
6 2 Ko — K1 K1
1
1290 +1 6( );”F,
< — I — q
=63+ 2T v

where L + 1 =1.
Ty

In [19], Sarikaya et al. obtained inequalities for differentiable convex mappings that are
connected with Simpson’s inequality, and they used the following lemma to prove it.

Lemmal Let f :I C R — R be an absolutely continuous mapping on I° (I° is the interior
of I) such that F' € Ly[k1,k3], where k1,ky € I° with k1 < ko, then the following equality
holds:

é[F(Kl)wF(%)w(@)}- ! /:F(x)dx

(k2 — K1)

Ky — K1 1 t 1 ’ (1+lf)K1 (l—t)Kz
=[G ()
+(1_£)F/<(1+t)/€1 . (1_t)K2):|dt.

3 2 2 2

The main aim of this article is to set up new Simpson’s type inequalities for mappings

whose twice partially derivatives in absolute value are co-ordinated convex via generalized

fractional integral operators.

2 Generalized fractional integrals operators
In this section, we summarize the generalized fractional integrals defined by Sarikaya and
Ertugral in [18].

Let us define a function ¢ : [0, 00) — [0, 0o) satisfying the following condition:

1
/ @dt«)o.
0 t

We consider the following left-sided and right-sided generalized fractional integral oper-

ators

arlof (%) = / i “’i"_‘f)f(r) dt, x>a 2.1)
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and

Pt

p-Igf (%) —/ f(t) dt, x<b, (2.2)
respectively.

Some forms of fractional integrals, namely, Riemann-Liouville fractional integrals, k-
Riemann-Liouville fractional integrals, Katugampola fractional integrals, conformable
fractional integrals, Hadamard fractional integrals, etc. are generalized as the most sig-
nificant feature of generalized fractional integrals. These important special cases of the
integral operators (2.1) and (2.2) are mentioned below:

(1) If we choose ¢(t) = ¢, the operators (2.1) and (2.2) reduce to the Riemann integral.

(2) Considering ¢(t) = =— and a > 0, the operators (2.1) and (2.2) reduce to the

Riemann-Liouville fractlonal integrals J&, f(x) and J; f(x), respectively. Here, I' is
the Gamma function

(3) For ¢(t) = t and a, k > 0, the operators (2.1) and (2.2) reduce to the

k- Rlemann L10uv1lle fractional integrals J, .f(x) and J;_ ,f(x), respectively. Here,
'y is the k-Gamma function.

There are several papers on inequalities for generalized fractional integrals in the litera-
ture. In [18], Sarikaya and Ertugral also proved Hermite—Hadamard inequalities for gener-
alized fractional integrals. In addition, Budak et al. proved Midpoint type inequalities and
extensions of Hermite—Hadamard inequalities in the papers [2] and [3], respectively. In
[9], Ertugral and Sarikaya presented some Simpson-type inequalities for these fractional
integral operators.

Generalized double fractional integrals are given by Turkay et al. in [26], as follows:

Definition 2 The Generalized double fractional integrals 4. cidpys avd-Ipws b-crlpws
b-d-Iyy are defined by

avcrlpuf(®,y) = / /yd) f(t s)dsdt, x>a,y>c (2.3)

wradouf () = f ‘b("__tt) V’S(S__yy ) f(ts)dsdt, x>ay<d, (2.4)
y

b C+I¢1/,f(x,y)—‘/ / ¢ )f(t s)dsdt, x<by>c, (2.5)

and

d
Pt —x) tﬁ(s—y)f(tys)dsdt, x<by<d. (2.6)

b
b-d-Lpuf(x,y) = /

x Jy L—-x s—y

Here, f € Li([a, b] % [c,d]), and the functions ¢, ¢ : [0,00) — [0, 00) satisfy fl 20 gt < 0o
1 y(s) .
and [, ¥ ds < 0o, respectively.

Using Definition 2, well-known fractional integrals can be obtained by some special
choices. For example,
(1) If we choose ¢(t) = ¢ and ¥ (s) = s, the operators (2.3), (2.4), (2.5) and (2.6) reduce to
the double Riemann integral.
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(2) Considering ¢(t) = 1//(5) then for «, B > 0, the operators (2.3), (2.4), (2.5)
and (2.6) reduce to the Rlemann L10uv1lle fractional integrals ]ﬂ+,c+f x,),
I P fxy ]g " JS(x,9) and ]“’ﬁ (%,), respectively.

(3) For (k) = ka ) and Y (s) = kr (ﬂ , for @, B, k > 0, the operators (2.3), (2.4), (2 5) and

(2.6) reduce to the k-Riemann—Liouville fractional integrals ]ﬂ+,c+f (), I Py j (),
]aﬁk (%, )and]aﬂk (x,9), respectively ([10]).
In this paper, utilizing generalized double fractional integrals, we extend the results
proved in [9] to co-ordinated convex functions.

3 An identity for generalized double fractional integrals
Throughout this paper, for conciseness, we define

b-a s o (9=¢
_ [t v(s):/ v
0 u 0 u

In this section, we start the usage of generalized fractional essential operators by subse-

quent lemma:

Lemma 2 Let [ : A := [k1,k3] X [Kg,K4] — R be a twice partially differentiable mapping
on A° (A° is the interior of A). If dtds € L(A), then we have the following equality for gen-
eralized fractional integrals:

N(k1, ko3 K3, Ka)

(k4 — K3) (K2 — K1)
4A(1) v (1)

{/ / <_ﬂ_&)(m_m)a_2
2 3 )oatos

F —t 1+¢ 1-s 1+s dsdt
X K1+ K2, +
p T Ty Ty T T fas

//<w_&)(m_w)i
3 2 ot ds

—t 1+¢ 1+s 1-s
X F K1+ SRR K3+ 5k dsdt

i (&&)(m vy
2 3 ot ds

1+¢ 1-t 1-s 1+s
x F K1+ 5 Ko, 5 K3 + 5 K4 | dsdt

/ / <__M)(@_¥)3tas

F 1+¢ 1-t 1+s 1-s dsdt
X + K9, K3 + )
gy Ty Ty TR fas

where

N(k1, ko5 K3, K4)

Page 4 of 20
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_ F(k1,63) + F (Ko, ka) + F (K2, k3) + F (K1, k4)
36

1 + + + +
+ §[F<Kl 2K2,K4) +F(K2, i 2K4) + F(Kl 2K2,K3> +F(K1, b 2K4>
Ko + Ky K3+ Ky 1 K1+ Ky K3+ Ky
v (2550 el e (57557
2 2 4nD) v (1) Lz, g 2 2

K1+ Ky K3 + K4 K1+ Ky K3+ K4
+ KZ_’K3+I¢’1//F< B ) 9 ) +K1+:Kzzl¢’1/’F< 9 ) P )

K1+ Ky K3+ Ka
+K1+,K3+1¢_,,,F< 9 ’T)]

1 ILF K1+ Ko ILF K1+ K2 ILF K1 + K2
- yKa | + > yK3 | + et y K.
12AM L, 2 )T 2 TP T 2 Tt

K1+ K K1+ Ky K3tk
+K1+]¢F< 12 2,/{3)+4K2‘1¢F( 12 2, 32 4)

K1+ Ky K3+ Ky
g (13, 02)]

1 K3 + Kg K3 + Ky K3 + Kg
| L (kS ) b Iy F (k) by F (k2
oot (55 et (52 ) sor (s 25%)
K3 + K K1 +Ky K3+Kk

+K§1¢F<K1, 32 4)+4K;11[/F<%)%)

K1+ Ky K3+ Ka
+4K3+1,,,r< et )}

Proof 1t suffices to be aware that

- [ (M- A (o)
2 3 dt ds

-t 1+t 1-s 1+s
XF( K1+ K2, K3 + 5 K4)dsdt

2 2 2

//(M_&Xm_m)i
3 2 dt ds

F -t 1+t 1+s 1-s dsdt
X + s +
) K1 5 Ko 5 K3 B Ka S

(A a0y ()
2 3 dt ds

r 1+¢ 1-t 1-s 1+s dsdt
X + , +
K1 ) Ko ) K3 ) Ka S

SERIERTE
2 dt ds

F 1+t 1-t 1+s 1-s dsdt
X + s +
5 K1 5 Ko 5 K3 ) Ka S

:Il +12 +13 +14.
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Integrating with the aid of using by parts, we obtain

[ L))

F 1-¢ 1+¢ 1-s 1+s dsdt
X K1+ K2, K3 + K s
g Ty Ty Ty

_/1<M_A(1))[ 2 <v(1)_v(1)>
- 0 2 3 Ka — K3 2 3

oF (1-t 1+t 1-s l+s !
X — K1+ K, K3 + K
AN A A

1 1\I’(MS)BF 1- 1+t 1-5s 1+s
- K2, K3 + Ky | ds | dt
K4 —K3 Jo S t 2 2 2

2 ) A\ [/v(s) v() 1-¢ 1+t
_K4—K3/0 (—_T> T_ 3 )a;r( 2 1T Kz"“‘)‘#
2 1 _A@))/va 1-t 1+t  Kkyp+ks
/( )( ) (2 e, K )dt

//(__&)w(““)
K4—K3 3

oF (1-t 1+t 1-s 1+s
X — K1+ K2, K3 + Ky | dsdt.
ot 2 2 2 2

By changing the variables and applying integration on integrals, we obtain

B A(1)v(1) ey kca) + 2A(1) v (1) <K2 + K1 . )
b (kg — Kk3) (K2 — K1) 2 9k — k3) (k2 — K1) 2
_ v(1) I F(K1+K2 K) 2A(1) v (1) (K K4+K3)
(ks — K3) (K2 = K1) 5 2 ) T 90— ) ea — 1) S

4A(1)V(1) (K1+K2 K4+K3>

(kg — k3) (k2 — K1) 2 72

2V(1) K1+ Ky K3+ Ka
- I | —, ————
3(kca — K3) (K2 = K1) 5 2 2

A(l) < K4+K3)
- I F ey ——2
3(ka—k3)ka—k1) o '\ 2

2A(1) (/q + Ky K3+ K4>
_ I, ,
3(ka — k3) (K2 _Kl);q 2 2

1 / F<K1+K2 /c3+/c4>
B , .
(k4 — K3) (K2 — KI)K;K; oV 2 2

Similarly, we obtain

//(_r)_wxm_m) 9
3 2 0t ds

F -t 1+t 1+s 1-s dsdt
X + , +
D) K1 5 Ko 5 K3 5 Ka S

Page 6 of 20
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B 9(K4—K3)(K2—K1)F(K2’K3)+ (ks — K3) (K2 — K1) 2

B v(1) Ny F(Kl + K2 . ) . 2A(1) v (1) F(/( K4+K3)
B(ica — fe3) (i — k1) 27 2 ") T 90k — k3 (a — 1) ¥

4A(1) v (1) (;q + Ko K4+K3)
(kg — Kk3) (K2 — K1) ’

A(1)v(1) 2A(1) v (1) </<2 + K1 K3>

2 2
ZV(I) 1F<K1+K2 K3+K4>

" Bk —K3)(ca — k1) 27 2 72

A(1 Kg + K
(1) IlpF(Kz, 42 3)

33 — Ka) (K2 — K1) ot
2A(1) K1+ K2 K3+ Kg
Blica — ke3) iy — k1) Y 2 72
1 K1+ Ky K3+ K4.>
+ - ~; I ) F( y T~ )
(K4 — K3) (Ko — Kl)g,xg o 2 2

YA AW\ (V) v 97
13%[,(7‘7)(7‘7)%

F 1+t 1-t 1-s 1+s dsdt
X K1+ K9, K3 + K s
g 1T By Ty

B A(1)V(1) o ) 2A(1) v (1) Ky + K1
T 9ka k)2 — k1) T O — k) (ha — K1) ( 2 ’”‘*)

v() I F<K1+K2,K4> 5 2A(1) v (1) F<K1,K4+K3)

- 3tcq = 1e3) (K2 = K1) it ’ 2 kg —k3) (K2 — K1) 2

4A(1) v (1) (K1 + Ko /<4+/<3)
(kg — Kk3) (K2 — K1) ’

2 2
2V(1) IF<K1+K2 K3+K4)

" Blka—ka)(k2 — K1) o ’

2 2

A1) ( Ka +/<3>
- Iy, 22222
3(K3—K4)(K2—K1)KA: v YT

2A(1) I F(Kl + Ko K3+K4)

Big — k3) (K2 = K1) v ’

2 2

1 K1 + K2 K3+K4.>
+— I, F ) )
(ka— k3) k2 — 1) o " ( 2 2

and

B Lrtra@) A®\ (v vis)) 92
1/ f (T_T>(T_T>atas

1+t 1-t 1+s 1-s
xf( K1+ K2, K3 + 5 /c4)dsdt

2 2 2

__ AMvQA) (kL) + 2A(1) v (1) <K2+/<1 K)
T ca—rea)iea — k1) T 9y — res) iy — K1) 2

B v(1) I F(Kl +K2’K3> . 5 2A(1) v (1) F<K1’ Kg + Ks)

Bicq — ic3) (K2 = K1) ot ¢ 2 kg —k3)(K2 — K1) 2

Page 7 of 20
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4A(1)V(1) (K1+K2 K4+K3>

9(rq — 3) (K2 — K1) 2 2
~ 2v (1) 1F<K1+K2 /<3+/<4>
Blaa—ra)lea—k1) g © N 2 2
_ A(l) I F<K1+K2 K4+K3>
(k3 — ka) (K2 = K1) 1 2 72
2A(1) ( K3 +K4>
_ I F | ey, —=—=
3icq = ic3) (K2 = K1) ot v )
1 K1+ Ky K3+ Ka
1¢¢f< 5 ,——ES——).

+ e —
(K4 — K3) (K2 — Kl),(; iy

w, we can write

By adding the above integrals and multiply by AT

(k4 — K3) (k2 — K1)
L+ D+ I3+ 1] = Nk, k95 K3, K4),
A1)y (1) [+ 1y + I3+ 14] (k15 k23 K3, K4)
which completes the proof. d

Corollary 1 Under the assumption of Lemma 2, with ¢(t) = t and y (s) = s, then we obtain

the following equality for Riemann integrals:

Y (K1, K25 k3, Ka)

et L G-5)63)

82 —t 1+t 1-s 1+s
F( D) 1+ K2, K3 + K4)dsdt

8t8s 2 2
(K4—K3)K2—K1// t 1 __5
2
32 1-t 1+t 1 1-
F K1+ * K9, +S/<3+ S/c4 dsdt
atas 2 2 2

st ()

82f 1+t

+ /c, K3 + K
“aras\ 2 YTy BT
+(K4—K3 K2 = K1) / / 1t __i

2

82F 1+t -t 1l+s 1-s

K1+ K2, K3 + ks | dsdt,
3tas 2 2 2 2

where Y (k1,ko; k3, k4) is defined by

Y k1, k23 K3, Ka)
Fien, B52) + F (ke S5552) + 4 (9572, B35 + [ (552, k3) + F (2572, k4)

9
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s F(k1,K3) + F (ko k3) + F (K2, k4) + F (K2, k4)
36

_mf 2|:F(x,K3)+4F<x’K3;K4>+F(X,K4)]dx
ar (22 (x,ica) | &
6(/<4_,<3)/ |: (k1,9) + F( 5 ,y)+Fx,K4} ly

' m/’q /KB F(x,y)dydx.

Corollary 2 Under the assumption of Lemma 2, with ¢(t) = F(a and ¥ (s) =

obtain the following equality for Riemann—Liouville fractional integrals:

Q(k1, k25 k3, Ka)

(K4 - Ks)(Kz - K1)

{/ / (%--)(-—%)

1- t 1+t 1-5s 1+s
Ko, K3 + Ka dsdt
8t83 2 2

2

[NAG 1><1 3)
+ —_—— — —_—— —
o Jo\2 3J\3 2
92 [ 1-t¢ 1+t 1+s 1-5s s dt
— + ) +
atgs \ 2 AT Tl Tye T Tk ) as
/1/1 1 2\ /s 1
+ L 1
o Jo\3 2J\2 3
92 1+t 1-t 1-s 1+
, dsdt
atasF(2K1+2K2 2 T )S
/1/1<1 t“)(l sﬁ)
+ —_——_ — —_— —
o Jo\3 2/J\3 2
9?2 1+t 1-¢t 1+s 1-s
— , dsdt
8t83F< gt oy K — > s }

where

Q(K1, k23 K3, Ka)

_ F(k1,63) + F (Ko, ka) + F (k2,k3) + F (K1, k4)
36

1 + + +
+§[F<K12K2,K4)+F(K2,K32K4)+F<K12K2,K3>+F(K1,
Ko + Ko K3+ K4
+4F | —,
F( 2 2 ﬂ

2P 20 (a+ DT(B+ 1) [ ap K1+ Ky K3+ Ka
* vl \ 3

(k3 — k1)* (kg — K3)P 2 72

")

then we

Page 9 of 20
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, K1+K2 K3+K4
+]i(:ﬂk+F(
27%3

]a K1+K2 K3 + K4 K1+ Ky K3+ Kg
i\ T2 2 *w T2 T2
2% (a + 1) 1+ K N K1+ K2 N K1+ K>y
) +JF )
6(’<2 —K1)* |: ( ) ]KZ ( 2 s ]"1 2 Ka
+ + +
+],‘()‘1+F<K1 2K2,K3) +4],‘j‘2F(—K1 2 KTk

K1+ Ky K3+ Ka
y T~ 40[+ A 2
2 2 >+ ]HF( 2
21T (B + 1) P
6(ks — k3)P

2
K3 + K4 B K3 + Ky B
o ( T) +]K;F(K1,T> +]K3+F<K2,
K3 + K4 K1+ Ky K3+ K4 K1+ Ky K3+ Kg
+]5§F(K1,T>+4]54F< D) ’ 2 )+4‘]5§F(— >

2 7 2

Corollary 3 Under the assumption of Lemma 2, with ¢(t) =

j kF (a and Y (s) =
we obtain the following equality for k-Riemann—Liouville fractional mtegmls

$(rc1, k25 K3, K4)

_ (k4 — K3) (k2 — K1)

92 F —t 1+t 1-s 1+s dsdt
X K1 + K9, K3 + K. S
3t ds g Tty Ty

3 2
92 [ —t 1+t 1+s 1-s dsds
X K1+ K, K3+ ks | ds
3t ds g Mg T BT
[ 1G53
+ —_——_ — —_— — —
s o372 )2 73

-5

+ dsdty,
5 D) K3 ) K4) S }
where

$(k1, k25 k3, K4)

F (k15 k3) + F (2, k4) + F (K2, k3) + F (k1,K4)
N 36

1
+ §[F(¥,K4> +F<Kz, KB;“) +F<K1 ;KZ,K:»;) +F(K1,K3+K4>

2

Page 10 of 20
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Ko + Ko K3 + K4
+4F .
(3")]

22T + KT (B + &) []a,ﬁ,k <K1 +Ky K3+ K4)

(k3 — K1)* (ks — K3)P 2k '

2 2
Bk K1+ Ky K3 + K4
Hast ( 2 2 )
Bk K1+ K2 K3+ Ky a.Bk K1+ Ky K3+ Kg
+ xmf(—z T ) Hdme T
2 T (a + Kk K1 +K K1 +K K1 +K
_ k( g) ]glkf 1 2,/(4 +]:Lk/» 1 Z;Ks +],(:4kf 1 2,/{4
6, —k)k [0\ 2 2\ 2 P2
ak K1+ K2 ok K1+ Ky K3+ K4 ok K1+ Ky K3+ K4
+]Kf'L (—2 ,K3)+4]K21L< 5 » 5 >+4]Kf/‘< 5 ) 9 >:|
2?’1Fk(,3+k) K3 + K K3 + K K3 + K
- B (e P ) I (e, S ) T (e
6(K4—K3)F 2 ! 2 ’ 2

k K3 + K4 k K1+ Ky K3+ K4 k K1+ Ky K3+ K4
+/5;+F(K1,—2 )+4/54F< o K >+4153+F< o K )}

4 Simpson type inequalities for generalized double fractional integrals

In this section, we present some Simpson-type inequalities for generalized fractional in-

tegrals.

Theorem 3 We assume that the conditions of Lemma 2 hold. If the mapping | % | is convex

on A, then we have the following inequality for generalized fractional integrals:

]m(xl,fcz; K3, K4)|

§(K4_K3)(K2_K1 (/ / At) dd)
4A(1)V(1)
aZF aZF azr 2
Hata (k1,k3)| + 395 ——(k1,K4) 9205 —— (Ko, k3)| + ataS(Kz,Kz;) j|,
where N(k1, ko5 k3, K4) is defined as in Lemma 2.
Proof By taking modulus in Lemma 2, we obtain
|W(K1,K2;K3,K4)| (4.1)
_ (ka = K3) (K2 — k1)
4A(1) v (1)
/./ MO _AWY) (96 v
2 3
y azF 1-t +1+:: 1-s +1+s Jsds
K K2, K3 + —K. s
atas' \ 2 1o Mg BT g

[ee-e-)
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dsdt

1- 1+t 1+s 1-s
‘8t8$r( 2 Ty K“)
(ﬂ- “’)H(@-E)}

3 2

r 1+¢ —s 1+s
K ’ K3+ —K
3t ds gy at oy Tk
1

dsdt

N

NG A“’)H@-ﬂ)b
92 1+¢ 1-t 1+s 1-s

X‘atasF( y Ty K“)

Since the mapping |%| is co-ordinated convex on A, we obtain

lee-yee-2)

92 r 1-t¢ 1+¢ 1-s 1+s
K1 + Ko, K3 + —K.
3t ds 2 ! Vg T

/ / A(t A(l) V(S) v(l) 1—t 1—gs 82F
( )H( )‘(( )( 2 )‘3tas(K1,Ks)
—t\ [1+s\|9%*F 1+¢ a2F

+( 2 )( 2 >’8t8 (1, kea) + ( ) >( 5 )‘MBS(KZ,KB,)

2
+<1;t)(1;s)‘§ PR (Kz,m))dsdt.

Similarly, we obtain

dsdt}.

LA
(020 (22 -22)
2 3 3 2
92 - 1-¢ 1+t 1+s 1-s s ds
X 9% 0s 5 K1+ 5 Ka, ) K3 + ) Ka S

/ / A _ Al 90 Les\| 02
2 2 P (Kl,Kg)
tos
—t\[(1- 92r Lae\/145\|92F
+< 2 )( 2 >3t8S ( 2 )( 2 )‘atas(K%KS)
_ 2p
+(1;)(128>‘§t3 (KZ’K‘*))det'
[ )e-)
o Jo
92 1+t —t 1—5s l+s
1,1 ) )
<[ LN -=D (55 et
1+¢\[/1+s\|d%F L6\ /1os\|82F
+( 2 )( 2 )‘atas(Kl’M) +< 2 >( 5 )‘ataS(Kz,K?))

(K1, ka)| +
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B 2
+(12t>(1gs>‘§t;0{2,l(4))det
/f (ﬂ_ﬂﬂ‘(@_@)‘ (4.5)
o Jo

9’ 1+t 1-t 1+s 1-s
x 8t85F< 2 i+ 5 Ty K3+ 5 K4>
A(1) A(t) (1) v(s) 1+t\/1+s\|0*F
ARG o (GG
tas
1+t 1-s\|d82%F 1-t 1+s\|92F
X( 2 )( 2 )‘31?33(’(1”(4) +< 2 )( ) )‘atas(Kz,Ks)

and

dsdt

1-t\[1-s\|d%F
, dsdt.
+< 2 )( 2 ) 2105 "2 K“)) s
Using the inequalities (4.2)—(4.5) in (4.1), the proof is completed. d

Corollary 4 If we take ¢(t) = t and (s) = s in Theorem 3, then Theorem 3 reduces to [15,
Theorem 3].

Corollary 5 In Theorem 3, if we use ¢(¢) = cmd Y(s) = 2 then we obtain the follow-
ing inequality for Riemann—Loiuville fmctlonal integrals:

’Q(KHKZ;KS;KAL)‘

< (k4 — k3) (K2 — K1)

o 4
( o (2)‘:‘+1 1 1)( B (2>é+1 1 1)
x 3 + iy = + _Z
a+1\3 20@+1) 3)\B+1\3 28+1) 3
2 2
Hat—a( K1,K3) ‘g Q(Kl’ Ka)| + 3 ar(/cz, K3)| + ‘—(K2,K4):|

where |S2(k1, k2; k3,k4)| is defined as in Corollary 2.

ﬁ
Corollary 6 Ifwe take ¢(t) = kl“k s and Y (s) = kr ﬂ) in Theorem 3, we obtain the following

inequality for k—Riemann—Louwlle fractional integrals:

|$(K1, K25K3,K4)|

W4—K9W2—M)< o (z)§“ k 1)
< — + — — —
- 4 a+k\3 20@+k) 3

B 2\ k1
X(ﬂ+k<§> +2m+k)‘§>

02 02
|:‘ F( K1, K 3) + a

%F

(K2, K3)| + m

(Kl,K4) + (KZ:K4)

Jdt ds

%F
ot as ot ds

J

where $(k1, k2; k3, k4) is defined as in Corollary 3.
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Theorem 4 Suppose that the assumptions of Lemma 2 hold. If the mapping |gj—§s |1 is co-

ordinated convex on A, then we have the following inequality for generalized fractional

integrals:

|m(K1,K2; K3, K4)|

(K4 — K3) (K2 — K1)
4A(1) v (1)

(- o)

) ((5-57)
2 3

« | 3t s (K17K3)|q + 3' 3[35(K1:K4)|q + 3| 3t s (KZ’K3)|q + 9| 3“}5(/(21 K4)|q>

16
dt)”(ﬂ_ﬂ )
0 3 2

% ( |3tas(K1’K3)|q + |3tas(K1JK4)|q + 9| 9t os (KZ)K?))'q + 3' ataS(KZ’K‘l)lq)

A(t)

+

16

dt)'_’( v _ i) pds>1;
2 3

|3ti)s K1,K3 | +9|3tas(K1rK4)|q+ |6t85(K2’K3)| +3|3t33(K27K4)|q>
16

1

A(l)

+

0

X

v v

t)

+

p 3 1 12 5
-2
0

« (9| 3t35(K1’K3)|q + 3| 3t s (KI:K4-)|q + 3' 3t35(K21 KS)lq + |3t35(K21 K4)|q> i|
16 ’

3 2

where N(k1, ko; k3, ka) is defined as in Lemma 2 and }7 + é =1

Proof From Holder’s inequality and co-ordinated convexity of | FTER L 14, we have

9?2 1-t 1+t 1-s 1+s
‘ F( K1+ K2, K3 + TK4)

0t ds 2 2 2
AN
ds)

1 ;

=(/ ) (15
1+t 1-s 1+s

( atos ( at T mTe T K‘*)

0 (st

<([]52-4
S L)) s+ (59 (52)

dsdt

Al AQ)
2 3

.\
dtds)

aZF q
——(K1,K4)

(KI’K3) 9t os
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1
1+t\[/1-s\]|d*F T /1+t\[1+s\]|3%F 1\ 1
, s dsdt
+< 2 )( 2 >’8t3s(K2 ) +< 2 )( 2 )‘atas('(2 ) ) s

:</1 "dt>ﬁ( v(s) v(l)"ds)f
0

2 3
X( atas(Kl)K3)|q+3|3t35(K11K4)|q+3|3t35(K2’K3)|q+9|at3S(K21K4)|q> )
16

Alt) A1)

2 3

Similarly, we obtain

A(t Al 1
) ( )HV( ) V(S) 4.7)
. 92 - 1-t¢ +1+:: 1+s +1—s Usdt
K K2, K K.
atas' \ 2 1T Mg BT g
1 » 1 » 1
(LI 50) a) (5720 )
o [\ 2 3 3 2
(33l ka)I7 + 1B G, )1+ 91 T Gea k)1 + 315 )l @
16 ’
1 (1) At 1)
[ eg-sppee-e
o Jo
y 92 - 1+t +1—t 1-s +1+s s dt
gtos \ 2 AT Ty Ty A
1 p i p i
(L1 -5) a) (-5 )
, U3 2 2 3
« 3|dt65(K1,K3)|q + 9| 3tds(K1:K4~)|q + |3t()s(K27K3)|q + BldtdS(KZ;KéL)lq
16 ’
and
L el AL A 1
// 1)  A@||v@) V) (49)
o Jo| 3 2 || 3 2
y 92 - 1+¢ +1—t 1+s +1—s s ds
atds g AT Ty ey Ty as
1 p 1 » 1
(L1622 (322
SIAE 2 , U3 2
« |3t35(K1!K3)|q + 3| 3t s (KI’K4-)|q + 3' 8t35(K2’ KS)lq + |8t35(K2’ K4)|q
16 ’
Using the inequalities (4.6)—(4.9) in (4.1), we obtain the required result. O

Corollary 7 If we take ¢(t) = t and v (s) = s in Theorem 3, we have the following Simpson

inequality for Riemann integrals:

| Y (1, k23 3, k4|
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< (K2—K1)(K4—K3) 1+2p+1 1_27 1 %
- 144 3p+1) 16
q 2
X [(‘ 9t 0s (K1,K3) atas(Kl,KzL)
82F q 2
+ (3 9% 95 ——(K1,K3) (Kl; Ka)
82F q 2
3 ) )
+< 9138 ——(K1,K3) ‘ata (K1, K4)
aZF q 82
9 b 3 b
+< 8t85(K1 K3) ‘8tas(K1 Ka)

q BZF
’ 9tos (KZ: K3)
q
+ 9‘—(K2,K3)
q 2 q
3¢ 9s ——(K2,K3)
q 82
3 ’
+ ‘8tas (2, k3)

where Y (k1,ko; k3, k4) is defined as in Corollary 1.

Corollary 8 If we take ¢(t) =
Simpson inequality for Rzemann—Lzouwlle fractional integrals:

|Q(K1,K2;K3,K4)|

1 P 1 p }7 1| s 1 V4 }7 1 q
< / S / Sl as) (=
0ol12 3 o112 3 16
52 q 2 q 2
X [(‘81:3 (Kk1,K3) Btas(Kl'M) ’81‘8 (K2, K3)
92 q 2 q 2 q
3 — » 1 ’
+< 8tas(K1 K3) EYER ——(k1,K4) ‘8t8 (K2, k3)
92 q 2 q 92 q
3| —(x1, 9| —— k1, — (Ko, 3
+< 8t85(K1 Kk3)| + ‘atas('“ Ka)| + 8tas(K2 Kk3)| +
92F q 2 q 2 q
9 P ’ ) 3 ~ A )
+< 8t85(K1 K3) ‘8t8 (K1, ka)| + ‘8&95(’(2 Kk3)| +

and Y(s) =

F(ﬁ

where Qk1, k2; ks3,k4) is defined as in Corollary 2.

Corollary 9 Ifwe take ¢(t) =
Simpson inequality for k- Rzemann—Lzouwlle fractional integrals:

’$(K11 K2;K3, K4-)’

t*

2

<

(

X

3

+

3

(
(0

It

o 44y
2 3
%(KI:KS) ' +3 %(qu) ' 3‘%(162,163)
q 2 a 52
‘Bta (1, k3) 32 9s (K1, k4) ‘mas(/{zyks)
q 2
W(KHKS) +9’—(K1»K4) 3295 —— (K2, k3)

q
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q 2 a\ 3
’8t8 (KZ:KAL) )
92F a\ 3
m( 2, K ) )

2 N
3 M(KWM) )

82 q %
L ) }

q ’

2

9t ds (K27K4

2

F
9t 9s —— (K2, K4)

O
—— (K2, ka)

ot ds

%r
(KZ: K4)

at as

q

in Theorem 3, we obtain the following

)

1
Q)q

1
q
1
q

q

N7

)
)
)l

ﬂ
omd v(s) = kF ﬁ) in Theorem 3, we obtain the following

q ‘

q

+9‘

2
0t ds
2

9t os (KZ’ K4-)

+ 3’—(’(2,/(4)

(KZ’ K4)

q? :
,,) :
)

q
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q 2 q 5 2 q 2
8t8s dt ds

+ ﬁ(/@,m)

(K1,K4) (KZ’ KB)

+< aZF( \
K1,K:
atas

)]

where $(k1, k2; k3, ka) is defined as in Corollary 3.

. . 02 .
Theorem 5 Suppose that the assumptions of Lemma 2 hold. If the mapping | gti)Fs 1,q>1,is

co-ordinated convex on A, then we have the following inequality for generalized fractional

integrals:

|91, 23 3, kea) |

(K4 - Ks)(Kz k1) (1
= )v (1) (./0

1-1
2 3

1-1
ORI
3
{ H (1) ‘
X —_
1-s\[°F T (1-t\[(1+s\]|d*F
X|:<< >( 2 )‘atas(Kl’Kg) +( 2 )( D) >‘atas(K1,K4)
_ 2 q , ] :
+(1+t)( 28)‘51:32(’(2,[{3) +(1;t)(l;rs)‘§tg;(,<2,x4) ]dsdt)
M_&H__ (1)’
3
1 1-t\[/1=-s\]|d*F q
+< 2 )( 2 )‘atas(’“"“*)

[(( )<1+s>
X R
2 2
2 q _ 9 g %
+(1+t)(1;s)‘§t§(lcz,x3) +(1;t><125)‘3t;(,@,{4) }dsdt)
q

q

3 9s K1,K3)

A1) A(t) vis)  w(l)
(/f 2 s ‘
1+t\[1-s T /1+t\[1+s\]|d*F
(5 )( z ) (5 (5 s
(5)C 5 geates] + (45°)(5°) Jasar)’
v(1) vl
‘// ‘—’T‘T
L+t [1+s\|0*F T (1+t\[1-s\]|0*F 1
X[(( 2 )( 2 )‘atas(m’m +( 2 >< 2 >‘8t8s(K1’K4)
()05 e+ (45) (55) Jesar)')
2 2 dat os 2 2

where N(k1, ko; k3, k) is defined as in Lemma 2.

%r
dt ds

(k1,K3)

9%F

m(/@m)

(K2! KB)

%r
dt ds

(KZ’ K4)

Proof Using the power mean inequality and coordinate-convexity of | oros L 14, we have

___H___‘ (4.10)
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dsdt

a2r 1-t 1+t 1-s  1+s
x K1+ K2, K3+ —K
o0t os 2 1 2 2 2 3 2 4
1
1 -7

(s v()‘ds>

! (t) A1) -

( M_A_Hm_v(l)‘

_ _ q %
‘8t8$r(12t’(1+1;tK2’128K3+%K4> dtds>
HA@®) AQ) v(s)  v(1) 1-1
L2210 (21
A(t) A(l) v(s)

Al) Al v(l)‘

% -t 82F( )q+ 1-¢ 1+s aZF( )
2 2 0t ds Kl ) 5 FYER K1,Ka

1

1+¢ 1-s\|02F q 14+t 1+s\|a2F q 1
+< 2 )( 2 >‘8t85(K2’K3) +( 2 )( 9 )‘Btas(KZ’M) :|dsdt) .

Similarly, we obtain

q

1w_ﬂuw_m

9’ r -t 1+t 1+s 1-s
X K1+ K2, K3 + K.
ot ds 9 1 9 BTy 3 o k4

(4.11)

dsdt

HA® AW NI @) v )
5(/ sl) ([ -2 l)
___U‘v_S)_ (1)’
3 2
1+s\|8%F )q 1-t\[(1-s 82F( q
X[(<T)<T> aas 0 < 2 )( 2 )‘Eﬁas 1, Ka)

7\
]dsdt) ,

(4.12)

L+t\(1+s 82F( )‘1 1+t\[1-5s BZF( )
+ ’ + ,
2 2 dros 2N 2 B 9L 05 ke

1) A(t)Hv(s) v(l‘

‘ 92 (1+t 1-t 1-s 1+s )
x F K1+ K2, K3+TK4

[

dsdt
dt 0s 2 2 2

([ [A A0 ) ([ )
B 0 3 2 0 2 3

A(2) A(1)‘

v(s) @‘

2 3 2
% 1+¢ BZF( )q+ 1+¢ 1+s 32F( )q
K1,k K1,k
2 2 atas 2 P 979 1k
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1—t\[/1-s\|92F T 1o\ [1+s\]|92F i
) A A ) ddt ’
+<2 )(2 )awﬁ“Kﬂ +<2 ><2 )aw(”K”} S)
and
1 (1) Al 1
// W ()Hv()_@ wis)
0 0
" 92 F 1+t +1—t 1+s +1—s Jsds
gras \ o AT Ty eyt

([ A<t>' ) ([ )
= o | 3 2
(1) v(s) w(l)
(// T’T‘

q

1+t [/1+s\|d%F q 142\ /1—s\| 82/

* |:(< 2 )( 2 )latas(Kl’Kg) +( 2 >< 9 >’atas(K1,K4)

(5N (2 el o)
2 2 )|otos 2 5

By substituting the inequalities (4.10)—(4.12) in (4.1), we obtain the desired result. O

%r
dt ds

(KZr K4)

Remark 1 By special choices of the functions ¢ and ¥ in Theorem 5, one can obtain several
new Simpson-type inequalities. These are left to the reader.

5 Concluding remarks

In this paper, we present several generalized fractional Simpson-type inequalities for func-
tions whose partial derivatives in absolute value are co-ordinated convex functions. We
also show that the results given here are a strong generalization of some already published
ones. In the forthcoming papers, researchers can use the techniques of this work to obtain
similar inequalities for other kinds of co-ordinated convexity.
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