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1 Introduction

According to the well-known Ostrowski theorem [1], any nontrivial valuation on the field
of rational numbers Q is equivalent either to the p-adic valuation | - |, or to one of real
valuations | - |, where p is a prime number. The former norm is defined as follows: if any
rational number x # 0 is denoted as x = p”s/t, where y = y(x) € Z and the integers s, ¢
are not divisible by p, then |x|, = p?, |0], = 0. The norm | - |, satisfies the strong triangle
inequality |x + y|, < max(|x[,, |y],). The extended form of any x # 0 € Q, (field of p-adic

numbers) is given in [2] as
o0
x=p’ Y ap, (1)
i=0

where o,y €Z, a; € 1%, oo #0.
In what follows the -dimensional vector space Q) over Q, is equipped with the follow-

ing absolute value:

x|, = 1@3;1 [y |- (2)
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Let B, (a) and S, (a) represent respectively the ball and sphere of Q5 centered at a € Qy

and radius p? > 0:

B,(a) = {xe QZ tx—al, fp”}, and

Sy(a) = {XGQ;:|x—a|p:pV}.

Since @ is a locally compact commutative group with respect to addition, in Qj; there
exists a positive Haar measure dx invariant under shift d(x + a) = d(x)- It is worth noting
that dx is normalized by the equality [, o dx = 1. It is easy to find 5,@dx=p" and
fsy(a) dx =p" (1-p™") forany a e Q.

The field of p-adic numbers can be applied in many scientific fields. In physics, the
groundbreaking application is the p-adic AdS/CFT [3]. Khrennikov et al. [4] enhanced p-
adic wavelet for modeling reaction-diffusion dynamics. Its application in biology includes
the models for hierarchical structures of genetic code [5] and protein [6]. Furthermore,
p-adic numbers have found a novel application in harmonic analysis and mathematical
physics (see, for example, [2, 7-11] and related references).

The topic of fractional calculus is undergoing fast development with more and more
appealing applications in the real world (see, for instance, [12—16]). One of the principal
options behind the popularity of the area is that fractional-order differentiations and inte-
grations are more beneficial tools in expressing real-world matters than the integer-order
ones. Moreover, it is applied in the solution of linear constant coefficient fractional differ-
ential equations of any commensurate order and the CRONE control-system design tool-
box for the control engineering community (see [17, 18] and related references therein).
Recently many researchers have made tremendous contributions to the topic of fractional
calculus by developing multiple fractional expressions in diverse publications (see, for in-
stance, [19-25]). Also, its applications have been found in various fields of science and
engineering, such as rheology, fluid flow, probability, and electrical networks. In this con-
text, fractional integral operators are an important part of the mathematical analysis as
they construct and formulate inequalities which have multiple applications in scientific
areas that can be seen in the existing literature [26—28]. The boundedness of fractional in-
tegral operator on several function spaces is a key area not only in harmonic analysis but
also in differentiation theory, partial differential equation, and potential theory [29-31].

In this link, Taibleson [32] defined the p-adic fractional integral operator as

If;f(x) = &d

= o |x—t|Z_ﬁ t 0<B<mn
In the past, the above operator has received a considerable attention. The explicit formula
of p-adic fractional integral Q, along with the development of analytical potential the-
ory on () is acquired in [33] and [34] respectively. The fundamental properties of p-adic
fractional integral operator on () can be seen in [32]. Moreover, the boundedness of com-
mutators of p-adic fractional integral operator respectively on central Morrey spaces and
generalized Morrey spaces in the p-adic field is obtained in [11] and [35]. Recently, the

boundedness of Ig on Herz spaces has been reported in [36].
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Furthermore, suppose that b: Q) — R and f: Q) — R are measurable mappings, then

the commutators of fractional integral operator can be defined as follows:

Bre- [ YU,

P Ix — t|P

Motivated by the above results, we obtain the boundedness of p-adic fractional integral
operator on Morrey—Herz spaces. Furthermore, CMO and Lipschitz estimates for com-
mutators of p-adic fractional integral operator on Morrey—Herz spaces are also studied.
Before turning to our main results, let us specify that y is the characteristic function of
the sphere and a letter C denotes a constant with values that may differ at its occurrence.
Also, we use the following generalized Holder inequality in the article. Let ¢ > 1 be a real

;_ e q (n P

number such that 1/g + 1/¢' = 1, and let f € L7(Q}) and g € L7 (Qy), then fg is integrable
on QZ and

V(X)g(x)| dx < |lf||Lq(Qg) ”g”Lq/(QZ)'
Q

Definition 1.1 ([37]) Let 1 < p < 0o. The p-adic space (CMO) is defined as follows:

1 1/p
Wf Wl caror @y = sup( / [f(t) ~Jz, |p dt) < 00, (3)
? yEeL |By |H By

where f3, = /; B, f(t)dt, |B, |y denotes the Haar measure of B,,.

1Byl \H

Definition 1.2 ([38]) Letw € R, A > 0, 0 < p < 00, and 0 < g < 0. The homogeneous p-
adic Morrey—Herz space is defined by

MK (@) = {f € Lioe (@ \ (00) < If iy ap < o0}

where
ko l/q
Wz o = SUp p~0* U xilon |
MG (@)~ k;o LP(@Q))

The above space is reduced to Herz space in p-adic field if MI (Q”) I‘(pa ’q(@;), see
[39] for details.

Definition 1.3 ([38]) Let y € R*. The Lipschitz space A, (Qy) is the space of all measur-
able function f on Q) such that

(x+h) - f(x)]
Iflla,@y=sup Yfler ) Z7 00l h f <0
xheQh70 |hl,

Now, we move towards the first key result of the article.
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2 Estimates for I‘;
In the following section we obtain the boundedness of p-adic fractional integral operator

on Morrey—Herz spaces.

Theorem 2.1 Let 0< B <n, 1< p,ps <00, p) <p2<oo,0<q1,q2<oo,andp—l—p% = g
Suppose that —n/p, <o <nlp} and 0 <\ < «, then
”IﬂfHMK;”p @ = C”f”MKglApl(Q;)
n
forallf e MK“I"1 " (Q;’).
n ; .
Proof of Theorem 2.1 Since f € MK;‘1 "5 (Qy) and i € Z, we can write
oo oo
f) =Y fOxx) = Y fix).
i=—00 i=—00
We proceed as
/g2
150 ke, = sup ™ e VATV [
150 i = 0 ZN 18000 B
1/q2
<o ( 307 Y il )
ko€Z
1/q2
Y POTEED WA
koeZ i=k+1
=I+1I (4)

Now, we estimate I, noticing that for each x € Sx and t € S; with i < k. Now, since % =

pil - p% and applying Holder’s inequality, we have

” B f(t) 2
(1AGrd @ —/Sk R dt| dx
< e dx
/Sk /i |X—t|;_ﬂ

< kpz(ﬁ / (/ lf(t ’dt) dx
1/p1 1/ /1 )
pkpz(ﬂ—n)pkn((/ lf(t)|p1 dt) 4 (/ dt) p )p
S; i

NN g (5)

Page 4 of 17
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By means of Jensen’s inequality and (5), we have

1/q2
I1=C supp (Z Pkaqz Z “Ip Xk“m(@;))

ko X 1/q1
< Csup pk‘)k< Z pen Z ||I§(ﬂ)Xk||Z;z<@,’,'))
k=—00 i=—00

koGZ

koEZ

ko k Uq
<Csup pko)\< Z kaq Z LA @ )! ) .
k=—00

From now on, we divide our proof in two cases. When 1 < ¢; < 00 and « < n/p). Applying

Holder’s inequality, we get

q1
I =Csupp~ koA Z (Zp Hf”l}’l QP )(W/Pi—a)>
'

koeZ P

ko€Z

k
<Csupp —koA Z (Z plaq1|V||Ml(Q”)pl )(n/pl—a)ql/Z)
o0

k=-00
a1/qy
(Zp k)(nlp)-a LI1/2)
k() oo
—koX i—k ! — 2
=Csuppfo Z pwlql ”f”Lm @ Zp(t K)(n/p)~e)q1/
koeZ i=—00 k=i
<CIfI?” ..
MKq1 Pl QP

When 0 < g1 < 1, we tackle the case as follows:

ko k

Iql < C sup p —koX Z pkotql Z (p(ifk)n/p/l ”ﬂ”l}’l(@z))ql

koeZ k=-00 i=—00

ko q1
=Csupp™* Y (Z P fillon g1 )>

k()EZ k=—00 \i=

_ C Supp —kor Z Z plolql ”f‘” i—k)( n/pl—ot)

/(QEZ k=—00 i=—00

ko o9

=C supp —kok Z pw‘ql ”f”l,m @ Zp(ifk)(n/pl—a)m

koe i=—00 k=i

<
W Wiy, op
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Now we evaluate /I for each x € Sg and t € S; with k+1 < i. By means of Holder’s inequality,

we arrive at

P2

CH

b
160k sy = /Sk s Ix—t "

< /5 ( /S | PP dt)m dx

< CPE A1 - (6)

dt

Now, by Jensen’s inequality and (6), we have

koeZ k=—c0 i=k+1

ko 00 Uq
n<c Supp_ko}‘< Z pkotq1 Z (p(k—i)n/pz il (Q;))!h) )

In the rest of the proof we consider a couple of cases. When 1 < g1 < 00, since a > —n/p;
and by the application of Holder’s inequality, we have

91
(H)ql < Csupp_ko)‘ql Z (Zp P —i)(n/pa+a) |[f||LP1 @) )

koeZ k=—00 \i=k+1

<Csup p—ko)»ql Z (Z pwzq1 Hf”l,!’l Q” k—i) n/p2+a)q1/2>

koeZ

k=— i=k+1
a/qy
(Z p —i)(n/py+a) q1/2>
i=k+1
_ —koA o —i)(n/py+a)q1/2
= C sup p~forat Z(Zp ql”f”[,h(@ﬂ)l’ pa+a)q1 )
koeZ k=—00 \i=k+1
ko ko+1
—ko A (n/p+ /2
= C SUPP oML Z Zplaql ”f”l,pl Qn l lez Ot)ql
koeZ k=—00 i=k+1

+Csupp —korq1 Z Z pwtql Hf”Lm Q”)P —i)(n/pa+a)q1/2
koeZ k=—00 i=ko+2

:111 +112.

Because of « > —n/p,, the estimation of II; is given by

ko+1 i-1
—koA (k—i)(n/ /2
II; = C sup p~ko*a Zplaql “f”l}’l @ Z p i)(n/pa+a)q1
ko€Z =00 k=00
ko+1
—koX
= C sup p~forn prqu ”f”Ll’l @
koeZ i——00
C q1
Wi p
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Next, since A < a/2, we have

ko oo
koA 2
II, = C sup p~*o*a Z Z plaqlp —i)(n/pa+a)q1/ ”f”‘h -
koeZ k=—00 i=kg+2
ko oo
—ko io (k—=i)(n/pa+a)q1/2 i
<Csupp oqlz qulp par@)qn 12 pirn
koeZ k=—00 i=ko+2
—iA al
q1<zp q1|m||Lp1(Qn>
I=
ko %)
koA i k—i)(n/pa+a /2 ik
< Csup p~o*1 Z Z ploa plk-dnip+eq qlllf”MK‘“ @
ko€Z _ q1:P1 P
k=—00 i=kp+2
ko oo
—koX kogy/2 irg1 (A—a/2) q1
=Csupp” °'“<ZP n )(ZP‘“ )”f"MKaA B
ko€Z ke—oo imko+2 q1P1 <P
q1
= Wiz, opy
If0<q; <1, we have
o0
—ko (n/
(I < Csupprion Y 3 premplmsan gyt
koeZ k=—00 i=k+1
ko  ko+1
X
= Csupp @ % N " pe U £, pp" e
koeZ k=—00 i=k+1

+Csupp” korq1 Z Z pwtql |lf||LP1 Q")P k—i)(n/pa+a)q

koeZ k=—00 i=ko+2

= I} + II),.
Since a > —n/p,, the estimate of II is done as follows:

ko+1

I,=C supp ~korq1 meql ”f”U’l(Qz

i-1
k—i)(n/pa+a)q1
]9
koeZ i=—00 k=—00

ko+1

=Csupp —korq1 Z pwtql “f”z}’l @
ko€Z

< CIfIY

MR by (@)

i=—00

Now « > 0 and A < ¢, the estimation of II’, is carried out as follows:

ko o0
koA (n/,
II, = C sup p~orn Z Z pzaqlp —)nlpr+a)q1 ”f”LPI(Q;)
koeZ k=—00 i=ko+2
ko oo

<Csup p—ko)»ql Z Z piaqlp(k—i)(n/m+a)q1pi)»q1
koeZ k=—00 i=kg+2
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i
« i (Z PN, (Q?z))
I

ko oo
<Csupp —koAq1 Z Z plaqlp =i)(nlpy+e)q1 pha ”f”Z/IIK @
ko€Z K=—o0 i=kg+2 a1 p1 D
_ Csupp korq1 pkaql pl)uql —a) ”f‘| q1 .
koeZ k_X_: ; %;2 MKG, (@
=C .
”f”MKgfm @)
By combining the estimates of I and I, the proof of Theorem 2.1 is completed. d

3 CMO and Lipschitz estimates for IZ"’
In the present section we establish the CM O(Q;) and Lipschitz estimates for commutators
of p-adic fractional integral operator on Morrey—Herz spaces. However, before doing that,

we need an important result which is as follows.

Lemma 3.1 ([40]) Let b € CMO"(QY) and let k, i € 7. Then
|b(0) - by, | < [b(V) - by, | + p" 1k = il bl ciror p)-

Theorem 3.2 Let< B <n be CMOmaX{p/l'pz}(QZ), 1<p1,p2 <00, P <p2<00,0<q1,q2 <
00, and 1%1 - piz = é Suppose —n/py <o < n/p| and 0 < & < «, then

14
”1 f”MKa)" @ = C”b”CMomax(plpz @) ”f”MKgl)},l(Qp)

for all f € MK, (Q).

q1:P1

Theorem 3.3 Let0< B <n,be Ay(Q)) (0<y <1),1<p1, pa<00, p; <p2<00,0<qi,
_ 1

b = ﬁ% Suppose —n/p, <o <nlp| and 0 <\ < «, then

1
<00, and —
92 ’ o

D:b L
|1 f”MkZZ;ﬁQ(QZ) = ClBla, @p W asicer, o

for all f € MK** @)

q1.P1

Proof of Theorem 3.2 For i € Z, we can write

F00= Y foxt) = 3 Ax).

Page 8 of 17
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Thus, we begin
1/q2
||1pb(f) ||MK P2 (Qp ksolg%p ( Z paqzk ||1p b(f)Xk ||Lp2 Qn )

koeZ

1/q2
<c supp (Z paqzk Z ”Ipb(f)Xk”Lpz @ )

/g2
e supp <Z paqzk Z ”Ipb(f))(k”z}ﬂ @ )

koeZ i=k+1

=L+LL. (7)

The estimate of L is carried out as follows. For each x € Sy and t € S; with i < k, we

have

P2

f dx

e ——— (b(x) - b(t)) dt

226 a2 o = fs

k

< Cplrb- f ( / If®)(b(x) - b(t))|dt> dx

< Cplrh- / ( / If®) (b(x) - ka)|dt> dx
+ Cp'r B / ( / [f(©)(b(t) - ka)|dt) dx

=L1 +L2. (8)

By noticing that 2 o p—z = % and applying Holder’s inequality, we get

Ly < CpP2P | |b(x) - bg, |
By
Up 1p\ p2
x((/Lf(t)V”‘dt) (/ dt> ) dx
Si ;
< C”b”?Mopz @) {p(i—k)n/P1 Ifillen @ }192. )

Next we move towards the estimation of L,, for this we use Lemma 3.1.

L, < Cpfr2 B /S ( /5 [f(t)(b(t)—bgi)|dt)p2 dx
s,

+ CIBI o1 g / ((k—z) / [ft)|dt> ix

= L21 + L22. (10)
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We make use of Holder’s inequality along with L — L = % to evaluate Ly;.

P2
1/p}
mzcpmi [ (([o-smtia)
Sk Si
lip1\ P2
x(/ [f(t)|p1dt> ) dx
Si

< C||b|*? (i~K)np2/p)
181t V153

L71(Qp)

- C|Ib|IP ) (i-knlpy | £ P2
1617 s B W1 )

In a similar way we can estimate Ly;. Since pil - piz = %, using Holder’s inequality, we obtain

Loz = ClIbIG o gy ™"
1/p1 p\ p2
x / <(k—i)( / F () dt> ( / dt) ) dx
Sk Si Si
= ClIBIZ o Q;)((k AT )

Combining the above values and by means of Jensen’s inequality, we have
ko k q1\ lq
L < Cllbllcatorn ez supp‘“”( > ( > Pl g ) )
koeZ k=—oc0 i=—00
k a1\ lq
k Ynlp),
* Clblyept g S0 P ( > P ( > P f ) )
k=—00

—00

q1\ lq1
+ C”b”CM()l(Q;‘,) ksu%p < Z pk(ﬂh < Z (k (l n/p] ”f”l}gl Qp ) )
0€
q1\ lq1
= C”b”CMO"““(Pl 2@ . SUPP ( Z P <Z (k- ip e Will e @p) ) ) ’

From here on, we consider a couple of cases. When 1 < g; < 0o, applying Holder’s inequal-
ity from the outset, we have

ko k
L9 = C”b”ﬂ m“(p pz sup p —koAq1 Z (Zpla|lﬁ||M1(QZ)

ko€Z k=00

i=—00

q1
x (k _ l-)p(i—k)(n/p’l—a)>

q1 —korq1 E E gy i—k)(nlp}—a)q1/2
< ( p 1
”b”CMOmax{p P2} @) k su pp ”f”L"l Q”

k=—00 i=—

ald;
(Z (k qlp i—k) n/pl—a)ql/Z)

Page 10 of 17
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_ q1 —korq1 Z ioq1
CIIbIICMOmdx(p g kuelép PUUIANT, @

x ZP )(nip—a)q1/2

=C||19||q1

i=—00

orvienp ks, cpy

We consider the other case, when 0 < g; < 1, since « < n/p/, we handle the case as

k

koMl kaqy —q
CMOmax(pl b2} (Q Z p ( Z l)

Lo = Cljp)”
i=—00
q1
s PR £ 1] (@1’3)>

. v 3 3 g
<

C”b”CMOmdxfpl P2} Qn ](Se%p . p ”f”l/pl Qn
—00 i=—

x (k — )1 p(i—k)(n/pi—a)ql

— q1 kot o
_ C“b” max(p o) Q” ksli%p Z p ||.f||[,p1 Qn
i=—00
" Z( k- i~k)(n/p —a)q1
=C|b|™ ¢
|| ”C Omdx(pl P2 Q" Hf“ :111)\P1 (Qp)

Next we turn our attention towards estimating LL. Foreachx € Sy and t € S; withk+1 <

P2

i, we proceed as follows:
t

()
s = ||, g
P2
i(B—n) B
S/sk(/ 7 () b(t))\dt> dx
P2
i(B—n) B
SCL(LP If (®)(b(x) ka)|dt> i

1 P2
+ C/Sk (/ipl(ﬂ—n) [f(t)(b(t) - ka) | dt) dx

=LL, +LL,. (11)

(b(x) - b(V)) dt

We apply Holder’s inequality for evaluating LL,. Since pil - piz = g, we obtain

, 1/p1 1pi\ p2
L <C / |b(x)—b3k|p2<p’(ﬁ_”)( / Gl dt) ( / dt) ) dx
By Si Si

< C|b|I*A Cror (@) (p(kfi)n/pz Ifill 221 (Qz))lﬂz‘ (12)
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The estimation of LL, is done by using Lemma 3.1.

Lngcfgk(f f()(b(t b3)|dt>2dx
I o / (z-m / ">Lf(t)|dt)m ix

= LLZI + LL22. (13)

Implying Holder’s inequality to evaluate LLy;, we have

Uph
LL21<C/< </|b(t) bg, |"1dt) ’
1/p1\ P2
x ( / ()] dt) ’ )p dx
Si

<Clp|”> (k=inlpa | £, )2
S CIBIZ g o @ il p)

Now, we estimate LLy,, for this Holder’s inequality is helpful, therefore we arrive at

LLy < C”b”CMOl @
1/p1 1pi\ p2
(e {fror ) ()
_ —i)nlpy 2
= CIBI 1 (6 = OB 1 ) (14)

Combining the above values and by means of Jensen’s inequality, we have

q1\ lq
LLfcnbncMopz(Q;)ksu%p (Zpk“‘”(Zp ’”/mm?nm(@;)) )
0€E

i=k+1

a1\ Vg
+ C||b||CMOp1 @ Supp (Z pron (ZP ln/pzuﬁ.”l},l((@z)) )

i=k+1
+ Clbll ciror gy sup p7™ Z e Z (i—k)
ko<Z i=k+1
q1\ l/q1
>(lj(k—i)n/pz ”fi”L!’l (QZ)> )
I3 .
< C||b||CMOmax(p/l,p2)(Q;)1(501317 ( Z pron (Z (i-k)

i=k+1
a1\ a1
% p(k—z)n/pz ||fi||l}’1 (@Z>> ) .
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From this point on, we consider two cases. When 1 < ¢g; < oo and by Holder’s inequality,

we get

ko 0 q1
(LL)™ < C”b”ql I sup p ~korq1 Z (sz p(k i)(nlpy+a) ”f”LPI(Q”

ko<Z k=—00 \i=k+1

0 (0]
< Cllb q1 , su —korq1 iogy || £1191 Y
DI gt gy S22 | 20 P Wil g

k=—00 \i=k+1
00 /g
Xp(k—i)(n/p2+a)q1/2) Z p(k—i)(n/pzwt)q’l/z
i=k+1
_ C||b||q1 , —kokql Z szaql ”f” —i)(n/pa+a)q1/2
max{py ,py} LP1( @"
CHO ! (Qp) k=—00 i=k+1
ko ko+1
_ q1 —korq1 Z Z gy k—=i)(n/py+a)q1/2
CIIbIICMOme,,lpZ) ap PP P @pP
k=—00 i=k+1
+Cllb| "

kokql Z Z ioqy —i)(n/pa+a)q1/2
CMOmdxw/l’pz)(Qn)k Z p ”f”Lpl(Qn)p

k=—00 i=ko+2

=LL| +LL).

Since a > —n/p,, the evaluation of LL| is obtained by

ko+1
/ ql —koX
LLy = CUBIT, i) gy S 2 P il g
k €7 PEES
x Z p —i)(n/pa+a)q1/2
ko+1
q1 —koA
- C”b”CMO‘"a"mpz supp o meql”f”l}’l @p
i=—00

= CIIbIIq1 WY s

om Py p2) @y MKgp, @)

Next, by noticing that A < «/2, we have

/ q1 —korq1 iaqy
A= U, 0™ 3 3 0

M
MO k=—00 i=kog+2
k—i)(n/, /2
Xp( i)(n/pa+a)q1 ”f”LPl @
< C”b”ql mdxp ” upp—ko)»ql Z Z plaqlp —i)(n/p+a) q1/2pl)»q1
CMO 2(@)) kyez

k=—00 i=kg+2

1)»q1 ( Z palql Hﬁ“l}’l @ )
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<C b q1 su —korq1 § Z g
| ”CMO"‘“”"’P”2 (@) ko e};p k= k 2p
—00 i= 0+

(k— z)(n/p2+01)q1/2 iAg1
xp IlflMKM @

oo

— C”b”q1 ko)»ql Z pkaq1/2 Z pi)»ql()»—ot/Z)
CMOmaxwl;Pz (Qn) Rl

X FIT
MEKG ) (@)

=C|b|" .
1B st g Wi

For the second case 0 < g1 < 1, we are down to

(L™ < CIIbIIqC1

, ko)»ql Z prtql
Momaxml »2} (Qp)

k=—00 i=k+1

% p(k—i)(n/p2+a)q1 ”fi ||Z}71 @
P

ko  ko+1
_ q kO)\‘h Z Z iorqy
CIBI, i g PN oy

k=—00 i=k+1

sup p —koAq1

Xp(k—i)(n/p2+a)q1 + C”b”ql
c Qp) koeZ

/
Momaxtpyp2) (

/
x Z Z p‘“‘“llfllm Q” =i)(nlp2+a)q1

k=—00 i=ko+2
" "
=LL] +LL;.
Because « > —n/p,, we estimate LL] as

ko+1

—ki
LL’I’ = C||b||q1 . . I%P 0rq1 prqu ”f”l}’l @
€

x Z p —i)(n/pa+a)q

i=—00

ko+1

k A
01 prqu”f”Lpl @

—00

q
=ClBI" i o
CcMO 1 (Qp)ker

ql
<Cllb)” WWMQJWM%%@>

Since & > 0 and A < «, the estimation of LL] is given by

” q1 —kokql gy
L = CUBIT et g Z Z p
k=-00 i=kog+2

k—i)(n/,
xp( i)(n/pa+a)q1 M”gq @
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—koA o —i)(n/pa+a i
uppomz qulp P2 qlp q1

<Clp|"
MO koeZ k=—00 j=ko+2

max Pl‘PZ Qn

i
i I
x p irq1 Z pot 11 ”fl”ﬁl @

_ q1 k())»ql Z kaqy
C“b”CMOmdxw/l’pz)(Qn)k 7 p

Aq1(A—
x Zpl Sl 1V oeey

(@p)
i~kg+2 q1.01 ep

=C||" .
1PN g '@ I MKy (@)

Combining the estimates of L and LL, we are done with the proof of Theorem 3.2. O

Proof of Theorem 3.3 When b € A, (Qy) , the inequality
52 (%)| < Cllblla, |22 f )]

can be easily obtained under the assumptions of Theorem 3.3, and the proof of Theo-

rem 3.3 is a consequence of Theorem 2.1. d

4 Application
As an application, we can characterize p-adic Morrey—Herz space in terms of p-adic
wavelets as they are used to construct solutions of p-adic Navier—Stokes equation and

semi-linear evolutionary pseudo-differential equations, see for instance [41, 42].

5 Conclusion

Herein, the boundedness of a p-adic fractional integral operator on p-adic Morrey—Herz
spaces is studied. In addition, the property of boundedness for commutators of the p-adic
fractional integral operator on Morrey—Herz spaces in the p-adic field is also obtained

when the symbol function is from CMO and Lipschitz spaces.
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