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1 Introduction and auxiliary results
The well-known Bernstein polynomials belonging to a function f(x) defined on the inter-

val [0, 1] are defined as follows:

) — - VAW n-k _
B,(f;%) = gf(;) L) F A= =120,
If f(x) is continuous on [0, 1], the polynomials converge uniformly to f(x). These polyno-
mials have an important role in approximation theory and also in other fields of mathe-
matics.

In 1950, for f € C[0, 00), Szdsz [23] defined the operators

= k
Sn(ﬂx)zzpn,k(x)_f(;): xE[0,00),n:l,Z,...,
k=0

where p, x(x) = ™™ k!
In [5], Dubey and Jain proposed the integral modification of the Szdsz—Mirakjan operators
to approximate integrable functions on the interval [0,00], and in [9], Gupta and Sinha
studied some direct results on certain Szasz—Mirakjan operators. Some related problems
were considered by many authors, see for example [1, 2, 5, 10, 13-23] and the references

therein.
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An operator L : C[0,1] — C[0, 1] is said to be convex of order [ — 1 if it preserves con-
vexity of order [ — 1, [ € N, where N is the set of natural numbers. The classical Bernstein
operator is an example of a mapping convex of all orders / — 1, [ € N. For an operator L
being convex of order [ — 1, consider

I;: C[0,1] — C[0,1]
given by
If=f, ifi=0,
ae- [ Co0 a1,

Suppose that L(C'[0,1]) c C'[0,1]. Let

dl
Q':=D'oLol;, whereD' = —.

dxt
Q' may be considered as an Ith order Kantorovich modification of L. The construction
of positive operators Q', [ > 0, is most useful in simultaneous approximation where for
appropriate mappings L the difference

D'Lf - DIf

is considered (see [6, 7, 11]).
On the other hand, we know that Kantorovich-type Szasz—Mirakjan operators can be
defined as follows:

> _nx(nx)k L lk+t

k=0

By using the /th order integral and the above definition of the Kantorovich-type Szasz—
Mirakjan operators, we define a new /th order Kantorovich-type Szasz—Mirakjan operator
as follows:

s 1 1 k+t R—
1<,§(f;x)zzpn,k(x)/ .../f<u>dt1...dt,,
-0 0 0 n+l

where p, i (x) = e 2 k)

[0, 00).
The paper is organized as follows. In the preliminaries section we give some known re-

neN, x>0, f is a real-valued continuous function defined on

sults and we derive a recurrence formula for the /th order Szasz—Mirakjan—Kantorovich
operators K (f;x). With the help of the derived recurrence formula, we calculate the mo-
ments K (¢";x) for m = 0,1,2,3,4 and we calculate the central moments K((¢ — x)";x)
for some m. In Sect. 3, we prove a local approximation theorem, a Korovkin-type approx-
imation theorem, and a Voronovskaja-type theorem. We obtain the rate of convergence
of these types of operators for Lipschitz-type maximal functions, second order modulus



Sabancigil et al. Journal of Inequalities and Applications (2022) 2022:91 Page 3 of 15

of smoothness and Peetre’s K-functional. In Sect. 4, we investigate weighted approxima-
tion properties of the /th order Szidsz—Mirakjan—Kantorovich operators in terms of the
modulus of continuity.

2 Preliminaries
We consider the following class of functions.

Let Cg[0, 00) be the space of all real-valued continuous bounded functions f on [0, 00),
endowed with the norm [|f| = sup,¢(o,) [f (x)!-

C3(0,00) := {g € Cp[0,00) : ', g" € C5[0,00)}.

Let B,,[0,00) be the set of all functions f satisfying the condition that |f(x)| < M/(1 +x™),
x € [0, 00) with some constant My depending on f. Introduce

Cm[O,oo):{feBm[O,oo)ﬂC[O,oo):|[f||m:: sup )] <oo},
xe[O,oo)1+xm
C;,[0,00) = {feC [0,00) : lim 1lf+(92*|” <oo}.

In the following lemma we give the moments of the Szdsz operator up to the fourth
order.

Lemma 1 ([23]) We have
Sy(1L,x)=1,
S,(t,x) = x,

Sn(t2,x) =x*+ g,

3 1
3 .\_ .3, 5.2
Su(£,x) = =2+ %,
6 7 1
4 N_.4, 093 2
Su(thx) =a* + L SE .

In the following lemma we derive a recurrence formula for K*(£”; x) which will be used
to calculate moments of the /th order Kantorovich-type Szasz—Mirakjan operators.

Lemma 2 ForallneN, x € [0,00), we have

Lim. N m Wo o
Gl - Z (jO:-~-:jl> ("+l)’"(il+1)-"(/z+1)sn(ﬂ %):

otz

where S,(f, x) is the Szdsz—Mirakjan operator defined in [23].
Proof We can obtain the recurrence formula with the help of the following equality:

k+tp+--+5\" m Ko £l L ko) .. 1
() - X <jo,...,j1> <n+1)m/ ), T

Jo+-4jj=m
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k/ 0

TG 1) G+ 1)

Now by direct calculation we write

KL(¢";%) ip (x)/1 /lf(ik””m”l)mdt dt,

W(E75x) = ik edh

Py 0 0 }’l+l !
> ol ... g™
Zp,,k(x) ( )/ / T l dt, - dt
k=0 Jot--tji=m Jor- o]

m /o
dt---dt
Z (jo,. ,)(n+l)”‘(]1+1 -G+ 1) ! !

Mg

k=0 Jo+:--+ji=m
m o o
= > | — , Z —Pnk()
Jo+eHjj=m (]0’ . -Jl) (n+1) (]1 +1)--- (]l + 1 o
m wo 4
= > | . ——8,(£°, %),
P (]0,...,],> (m+ DG +1)---(y+ 1)
where S,(f,x) is the Szdsz—Mirakjan operator. O

Moments and central moments play an important role in approximation theory. In the
following lemma we give explicit formulas for the mth (m = 0,1, 2, 3,4,) order moments of
the /th order Kantorovich-type Szdsz—Mirakjan operators K (f;x).

Lemma 3 Forall n € N and x € [0,00), we have the following equalities:

Ki(Lx) =1,

!
n+l  2n+l)

Kl < n(l + 1) [(3l+1)

) (m+1)? xr 12(n + )2’
K. () 3n2l+6n 2+3n12+7nl+4nx+ P-1+2l
2(n +1)3 4(n+1)3 8(n + )3
Kl t x ( )
n+l

Kl(t;x) =

23l +6n® 5 3nP*+13n*l + 14n*

e T 2ty
nl® +2nl? + 7nl + 2nx N 1504 = 5003 + 185/% — 102/
2(n + 1)* 240(n + [)*

Proof The proof is done by using the recurrence formula given in Lemma 2.

Kfl(l; x) is obvious.

l 1 7o ;
) = S (29,
K, (tx) Z (jo,...,jl> (m+DG+1)---(Gy+1) (t x)

o<1

(! 1 R
“\1) 200+ T usl”
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n/ 0

2
Sn
,‘mg;,:z (1'0’-"»}'1> (m+ DG+ 1) (i + 1)

B / 2 ) 1 [ n n \? , X
o) a0 T\ s Tt (n+l)2x+<m) (x+5>

( n )22 n(l+1)  I(3l+1)
= X

“\n+l +(n+l)2x+12(n+l)2’

Kl(t%%) = (£°,%)

K!(£%x) and K.(¢* x) can be done in a similar way. O

In the following lemma we give formulas for the mth order central moments of the /th
order Kantorovich-type Szasz—Mirakjan operators for m = 1,2, 4.

Lemma 4 For all n € N, we have the following central moments:
_I(1-2x)
T 2m+l)
A 2 n—1? - 3P +1
(n+1)? (m+027  12m+ D%

Kfl((t—x)‘*;x):( l )4 o 6nP 420 5 —12nP +6n® -8nl+ 304+ B

KL (( - x);)

’

K,ﬁ ((t - x)z;x) =

i+l el 0" 2+ 1)
L 3nlaSale2n— 1+ P22 150~ 508 + 1857 - 1021
2(m + 1)* 240(n + [)*

Proof The proof is done by using Lemma 3 and the linearity of the operators.

I I(1 - 2x)

n
nel 2+ D) T 2nel)

K,l,((t —x);x) = I(é(t;x) —x=
KL((t - x)%x) = KL (855 %) — 22K (85 %) + 27
(7 2x2+n(l+1)x+ 1(31+1) ) n . ) a2
"\l n+ 02 T mer” \u T 2men) T

o, L P2 N 32+
= x x ,
(n+1)? (n+1)? 12(n + 1)2

KL((t-x)%x)

= K, (t* %) — 4K} (£5%) + 627K (£%5 %) — 4 KL (£5%) + x*

( n )4 , 2831+ 6n , 3n2P +13n%+ 14n%
= — X
n+l

(n+0)* o 2(n + 1)*
. nl® +2nl? + 7nl + 2nx . 1504 = 5003 + 185/% — 102/
2n + 1)* 240(n + [)*

A n\° 3, 3ni2l+6n* , 3nl+7nl+4n P -1P+2]
—dx| [ — x%+ X+
/ 2(nm +1)3 4(n +1)3 8(m +1)3

n \? n(l+1) I(31+1) n l
6x2( (=) &2 _a43( 4
Tox <(n+l> x +(n+l)2x+12(n+l)2) x <n+lx+2(n+l)>+x

I \*, eénP+20* , —12n+6n>—8nl+31*+P
xt+ X+
(m+0)* 2(m + )

ntl
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. 3nl +5ul+2n—1*+1° - 212x N 150 = 50/% + 1852 — 102/
2(n +1)* 240(n + 1)*

O

One of the main problems in approximation theory is to estimate the rate of convergence
for sequences of positive linear operators. Voronovskaja-type formulas are one of the most
important tools for studying their asymptotic behavior. In the following lemma we give
two limits that later will be used to prove Voronovskaja-type theorem for the /th order

Kantorovich-type Szasz—Mirakjan operators.

Lemma 5 For x € [0,00) and n — 0o, we have the following limits:

I(1-2x)
2

(i)  lim nK.((t-x)%x%) = .
n—00

’

({) lim nl(i(t —X;%) =
n— 00

Proof The proof is trivial with the use of the formulas K (£ — x;x) and K*((¢ - x)%; x) given
in Lemma 3,
nl(1-2x) 1(1-2x)

; . Lip_ w1 _
(@) nlin;onl(n(t X;%) nlggo 201+ ) B

nl> . n? —anx N 3nl* + nl
02 T2 2 02

(i) lim nK.((t-x)%x) = lim
n—00 n—00

=X. O

3 Local approximation
In this section, we establish local approximation theorem for the /th order Kantorovich-

type Szdsz—Mirakjan operators. We consider the Peetre’s K-functional
Ky(f,8) ==inf{|lf - gll + 8|¢"| : g € C3[0,00)}, 8=>0.
Then from the known result in [4], there exists an absolute constant C > 0 such that
K(f,8) < Con(f, V/6), (m
where

a)z(f,\/g) = sup  sup V(x—h)—Zf(x) +f(x+h)|

0<h<+/8§ x£he[0,00)

is the second modulus of smoothness of f € Cp[0, 00).
In the following theorem we state the first main result for the local approximation of our

operators K (f;x).

Theorem 6 There exists an absolute constant C > 0 such that

|KL(f32) = f(x)| < Con(f,v/84(x)) + 0(f, 0, (%)),
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where

feCalo,00],  8,(x) = KL((t —%)%5%) + (KA ((t - 0);%))°
6+l n-2P 28,
T 12(n + )2 i (n+l)2x+ (n+l)2x ’

I(1-2x)

2(n+1)

0,(x) = |K,[,((t—x);x)| = ‘ , 0<x<oo.

Proof Let
RUf;2) = KA(F52) +£ (%) — f (1)),

where f € Cg[0,00], u,(x) = K,i((t —X);X) + X = é’('ffr’;‘) Note that I~(,i((t —x);x) = 0. By using

Taylor’s formula, we have
t
g(t) =glx) + g (x)(t —x) + / (t-s)g"(s)ds, ge C3[0,00).
Applying K; ! to both sides of the above equation, we have
Ky (g:2) - g(x)

= I?}i((t - x)g (x);x) + K (/t(t —5)g’(s) ds;x)

- t ()
=g (WK ((t - x);x) + K. ( / (t-s)g"(s) ds;x) - / (1n(x) - 5)g" (s) ds
t Hn(x)
=K! (/ (t—s5)g"(s)ds; x) - / () - s)g"(s) ds.
On the other hand,

/ (t-9)g'(s)ds| < / t-9)|g'()|ds < '] / (t-s)ds < |¢"]| (¢ -5

and

Mo (%)
/ (@) = 5)g" () ls| < ¢ | (1n(x) = 2)" = ¢ | (K} (¢ - 29)),

which implies

KL (g %) —g(x)| < +

Jn(x)
/ (n(x) —5)g" (s) ds

K! < / t(t —5)g"(s)ds; x)

< |l AR (£ = 2)%) + (Kh(e — 2))°}
= |lg"]|8n(a). )

We also have

IRL(f;0)| < |KEF50)| + [F@)] + [f (1a @) | < KE(IF152) + 2071 < 3IIF 1.
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Using (2) and the uniform boundedness of I?}i, we get

IKL(F%) — )| < |RL(F - gs)| + | KL (g5 ) — )] + |f (%) — g@)| + [f (1)) —F )|
<4l —gll + || g" 8, ) + o (f, 0u(x)).

If we take the infimum on the right hand side over all g € C3[0, 00), we obtain

[KL(F5%) ()] < 4K (f3 84(%)) + @ (f, 6, (%)),
which together with (1) gives the proof of the theorem. O

Corollary 7 Let A > 0. Then, for each f € C[0, cc), the sequence of operators K. (f;x) con-
verges to [ uniformly on [0, A].

Theorem 8 Let f € C;[0,00). Then lim,,_, Kfl(f; x) = f(x), uniformly on [0, A].
Proof Since
Kfl(l;x) — 1, K,ll(t;x) — X, K,’l(t2;x) —> x> asn— 00,

uniformly in [0,00). By the Korovkin theorem, K!(f;x) converges to f(x) uniformly on
[0,A]. 0

Theorem 9 Let n > I?, f € C3[0,00) and wa(f,8) = SUpy,_ <5 SUP, scio.a.1) I (£) — f(%)| be
the modulus of continuity on the interval [0,A + 1] C [0, 00), where A > 0. Then we have

”1<£,(f;x) _f(x) ”C[O,A] S 4Mf(]- +A2)a}’l(A) + 20)A+1(f’ \Y a}’l(A))J
where a,(A) = K,l,((t —x)%A).
Proof For x € [0,A] and ¢ > 0, we can get (see [8], Eq. 3.3)

[f(6) —f(x)| < 4Ms (1 + A%) (¢ —x)* + (1 + @)a)ml(fﬁ).

Now, by the Cauchy—Schwarz inequality, we have

K, (f5) = f(x)| < Ky (|f () —f (%)

;%)

<4My(1+A*)K((t - x)%x) + (1 +I(fl(|t;x|;x))a),4+1(f,8)

<My (1+ AR (6 - %) + a)A+1(f,8)(1 - (KL _x>2;x))%).

For x € [0, A], using Lemma 4,

X xm-DP) 32 +1 -
T el T 12mrl? s

KL((t- %)% %) an(A).
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Thus we get

[T

[KL(f520) — f(x)| < 4M (1 + A?)at,(A) + a)A+1(f,8)<1 + %(an(A))

By taking § = /&, (A), we get the desired result. O

In the following theorem we give a Voronovskaja-type result for the /th order
Kantorovich-type Szisz—Mirakjan operators.

Theorem 10 For any f € C3[0, 00), the following asymptotic equality holds:

(1-2x) , 1

f'(x) + Exf”(x)

Jim 7 (K(f) ~f() = =

uniformly on [0, A].

Proof Let f € C3[0,00) and « € [0, 00) be fixed. By using Taylor’s formula, we write

f@) =f(x) +f ()t - x) + %f”(x)(t - x)2 +r(t, %)(t - x)%, 3)

where the function r(¢,x) is the Peano form of the remainder, r(¢,x) € Cz[0,00) and
lim;_, , r(¢,x) = 0. Applying Kfl to (3), we obtain

n(KL(f:%) ()

= nf' ()KL (t — x;x) + gf”(x)K,i ((t - x)z;x) + nK,l,(r(t,x)(t - x)z;x).

By using the Cauchy—Schwarz inequality, we get

KA (r(, 2t — 50) < /KL (26,015 KL (2 - %), 4

We observe that r%(x,x) = 0 and r%(.,x) € Cp[0, 00). Now from Corollary 7 it follows that
lim K. (r*(t,%);x) = r*(x%,x) = 0 (5)
n—00

uniformly with respect to x € [0, A]. Finally, from (4), (5), and Lemma 5, we get immedi-
ately

lim nKyl, (r(t, x)(t - x)z;x) =0,

n—00

which completes the proof. 0

Theorem 11 Let o € (0,1] and S be any subset of the interval [0, 00). Then, if f € Cg[0, 00)
is locally Lip(@), i.e., the condition

[f) —f@)| <Lly-=*, yeSandxe[0,00) (6)
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holds, then, for each x € [0, 00), we have

IKL(f30) - f@)] < L{E @) +2(d, 5))"),

3240 | i 2
202 ¥ w2® T e

is the distance between x and S defined as

where A, (x) = 2x L is a constant depending on « and f, and d(x, S)

d(x,S) :inf{|t—x| S S}.

Proof Let S be the closure of S in [0, 00). Then there exists a point xy € S such that |x—xo| =
d(x,S). By the triangle inequality

[f (&) = f )| < [f(®) = f (o) | + [ () = flxo)|
and by (6), we get

|KL(f5) — ()] < K (
< L{K(It = x0|% %) + |2 — x0|*}

;x)+K,i(

;%)

< L{KL(1t = x* + |x — x0|%;) + | — 0|}

< L{Kfl(|t —x|°‘;x) +2|x - x0|“}.

Now, by using the Holder inequality with p = 2 and q = 7%, we get

KL (F;2) — £ ()| < L{[KL (1t - 173 ) |7 [KL (1% )] 7 +2(d(x, 5))”)
= L{[KL (1t - 252)]? +2(d,5))")
32+1 n-P I b o
:L{[IZ(n+l)2 (n+1)2x+(n+1)2x} +2(d(x’5))}
= L{(10) " +2(dx9)")
and the proof is completed. O

4 Weighted approximation
In this section, we give weighted approximation theorems for the /th order Kantorovich-

type Szasz—Mirakjan operators. We will use the following two lemmas which can be found
n [3] and [12].

Lemma 12 For m € N, we have

(005 % Z “/o/ prw— @)

j=1

where

Ajo+1,f = jajo; + Ajo,j-1 jo=0,j>1,
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aopo =1, Ajp,0 = 0, jo>0, Ajoj = 0, jo <J.

Lemma 13 Letm € NU{0} and | € Z* be fixed. Then there exists a positive constant C,,(l)
such that

KL (1+£%%)||, < Cu(), neN. (8)
Moreover, for every f € C;[0,00), we have

|KL(f59)],, < Cu®Ilf s mEN. )
Thus I(,ﬂ is a linear positive operator from C;,[0,00) into C;,[0, 00) for any m € NU {0}.

Proof Inequality (8) is obvious for m = 0. Let m > 1. Then, by Lemma 12, we have

KL (1+27x)

1+xm
1 1 Z (I m ) wo i Y
= + . , ; - Ajoj =+
1+xm  1+xM o Vo, i) m+ DG+ 1) (r+ 1) =, wo—J
Thus
I . _
: +xm1<n(1 +1"5x) < 1+ k() = Cu(),

where C,, (/) is a positive constant depending on m and I. On the other hand,

|F501,, = Ul £, (1 +£755) ],
for every f € C;, [0, 00). By applying (8), we obtain (9). O
Theorem 14 For each f € C;[0,00), one has

Tim [|K;(fi%) - f@)]], = 0.

Proof To prove this theorem, we need to use a Korovkin-type theorem on weighted ap-
proximation. That is, it is sufficient to verify the following three conditions:

: 1 (gm, _ _ _
lim |, (¢755) - 2|, =0, m=0,1,2.

For m = 0, it is obvious. For m = 1, we have

. IKL(t; %) — x|
lim |K.(tx) - x|, = sup —2———
Jim [[K(e52) =], = sup ===
1 [ n
= Su + X —X
ngl+x2 20n+l) (m+1)
l 1 l x

< Su + su
EDTUTY D S R P i S
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/ l 3l
< + = ,
T2n+l) (m+l) 2m+]))

and by a similar way, we can write

lim ||I(,i (t2;x) - x||2

n—00
K (£%5%) — %%
=sup ————
sz 1 +x2

Cw 1 n? 2y n(l+1)x+ 32 +1 2

N ng 1+x2|(n+1)2 (m+1)? 12(n + 1)?

_ —1>-2nl w x? N n(l+1) w5 32+ w 1
| (m+1)? leg 1+x2 (n+1)? leg 1+x2  12(nm + )2 ng 1+ x2

P+2nl n(l+1)  3P+1
< + + ,
m+D? (m+D?2 12(n+1)?

which implies that
; 4 . _ _
Tim |G (¢75%) =2, =0, m=0,1,2. 0
Theorem 15 For each f € C5[0,00) and all B > 0, one has

IKL(f5%) — f(®)]

lim sup =0.

n—>00 o0 (1 +x2)1+F
Proof For any fixed 0 < A < oo and by Lemma 13, we have

K52 @ _ G @)K - f@)]

w20 (L+a?)l+h v (La?)ith wxa (L+a?)ih

IKL(f52)] + |f (%)
(1 +x2)1+8

IA

sup|KL(f;x) - f(x)| + sup
x<A x>A

IKL(L + 25 x]
(1 +x2)1+8

IA

KL () ~fleton + Ilfllziglj

P 0]
ok (L4 a2)1P

=h+h+/s. (10)

Using Theorem 9, we can see that J; goes to zero as n — oo.

By Theorem 14, we can get

. |KL(1 + % x|
= lim sup —2%————
J2 |lf||2n_>00x2£ (11 D)1P

~ sup (£ 1l < I1f 12 '
w4 (L+x2)F 7 (1+A%)F
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Since |f(x)| < Ms(1 +x?),

@) My M
= _— < < .
S =S ey =S ey S (e A0

If we choose A large enough, we get
Job—0 and J3—0 asn— oo.

Hence by (10) we obtain the desired result

. [KG(f5%) —f ()]
T i .

For f € C;[0, 00), the weighted modulus of continuity is defined as

s+ 1) ~f )

Qm ;8 =
(f ) x>0,0<h<$ 1+ (x + h)m

Lemma 16 Iff € C;,[0,00),m € N, then
(i) Qu(f,8) is a monotone increasing function of 8,
(i) lims— 0o 2 (f,8) =0,
(ili) for any p € [0,00), L (f, p8) < (1 + p)2u(f,5).

Theorem 17 Iff € C},[0, 00), then

! < 1
1K) —f||m+1—/<9m<f, ﬁ)

where k is a constant independent of f and n.
Proof From the definition of 2,,(f,§) and Lemma 16, we may write

|t —x]

If(6) -f)| < (1+(x+|t—x|)m)( +1>Qm(f,8)

|t —xl
)

<(L+(@x+ t)'”)( + 1) Quulf,9).

Then we have

|KL(F5) —f )] < KEI(F(8) = f (0)]5)
< Qm(f,é)K,l,(l +(2x + t)'”;x) + K,ll((l +(2x + t)'”);x)

= Qm(f,B)Kyl,(l +(2x + t)"‘;x) +1h.

Applying the Cauchy—Schwarz inequality to I3, we get

2 = V)"
L<KL((1+@x+0™) ;x))“2<1(,i< = x)) .
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Therefore,
KL (F5) = ()] < Q' )KL (1 + (26 + £);.%)

+ KL((1+ @x+2)7)52)) 12 (Id ( o= w))m
n ’ n 82 ’ .

From Lemmas 13 and 12, we have

Kyl,(l + (2% + t)m;x) < Cm(l)(l +x"’),

|t —x|?

1/2
1<,i((1+(2x+t)’”)z;x))W(K,i( 9 x)) <C(O(1+x™).

Also, from Lemma 4, we have

« |t -2 ”2<1 22 xn-P) 32+
" 52 o — 8\ (m+1)? i (n+1)2 " 12(n + 1)?
- I(1+x)
N T

So, if we combine all these results, we get

KL (f5) — ()] < szm(f,a)(cm(l)(l +a") + CL(0) (L+2"){ + x)l)

So/(m+1)

1+ x’””))
= Qu(f,8)| Cu(D(1+2™) + CL(NCI———== |,
(9 (Culd(1 +47) + CLOC
where
1+ +x +xm+L
Cl=sup—0 """
! ff;g 14 xml
In the above inequality, if we substitute ﬁ instead of §, we obtain the desired result. (J

5 Conclusion

In this paper, by using the /th order integration and the definition of the Kantorovich type
Szasz—Mirakjan operators, we defined a new /th order Kantorovich-type Szasz—Mirakjan
operator. We derived a recurrence formula, and with the help of this formula we calcu-
lated the moments K’ (£";x) for m = 0,1,2,3,4 and we calculated the central moments
Kfl((t —x)";x) for m = 1,2,4. We established a local approximation theorem, a Korovkin-
type approximation theorem, and a Voronovskaja-type theorem. We obtained the rate
of convergence of these types of operators for Lipschitz-type maximal functions, sec-
ond order modulus of smoothness, and Peetre’s K-functional. At last we investigated
weighted approximation properties of the /th order Szasz—Mirakjan—Kantorovich opera-
tors in terms of the modulus of continuity.
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