Etemad et al. Journal of Inequalities and Applications (2022) 2022:84 ® Journal of Inequalities and Applications
https://doi.org/10.1186/513660-022-02819-8 a SpringerOpen Journal

RESEARCH Open Access
()]

Check for
updates

Some inequalities on multi-functions for
applying in the fractional Caputo—-Hadamard
jerk inclusion system

Sina Etemad’, Iram Igbal?, Mohammad Esmael Samei®, Shahram Rezapour'*"®, Jehad Alzabut>®”,
Weerawat Sudsutad’ and Izzet Goksel®

“Correspondence:
sh.rezapour@azaruniv.ac.ir; Abstract

rezapourshahram@yahoo.ca; . . . . .
jalzabut@psu.edusa Results reported in this paper establish the existence of solutions for a class of

' Department of Mathematics, generalized fractional inclusions based on the Caputo—Hadamard jerk system. Under
Azarbaijan Shahid Madani some inequalities between multi-functions and with the help of special contractions
University, Tabriz, Iran d admissibl . . h . iteria. Fixed . dend
*Department of Mathematics and and admissible maps, we investigate the existence criteria. Fixed points and en
Sciences, Prince Sultan University, points are key roles in this manuscript, and the approximate property for end points
11586 Riyadh, Saudi Arabia helps us to derive the desired result for existence theory. An example is prepared to

Full list of author information is . : .
available at the end of the article demonstrate the consistency and correctness of analytical findings.
MSC: Primary 34A08; secondary 34A12

Keywords: ¢-1r-contraction; Caputo—Hadamard derivative; End point; Fixed point;
Jerk equation; Multi-function

1 Introduction
With the presentation of new analytical results in recent years, the power of fractional
calculus in describing processes and modeling physical events and engineering tools has
become clear to everyone. In most published papers we are able to observe different gen-
eralized fractional modelings of standard equations in which the Caputo or Riemann—
Liouville derivatives or their extensions have been utilized in fractional differential equa-
tions (FDEs) and fractional differential inclusions (FDIs) such as pantograph inclusion [1],
hybrid thermostat inclusion [2], g-differential inclusion on time scale [3], Langevin inclu-
sion [4], and higher order fractional differential inequalities [5]. One can find many pub-
lished works on various applications of fractional calculus in different fields of science (see,
for example, [6-16]).

In 2016, the authors considered the following mixed initial value problem involving

Hadamard derivative and Riemann—-Liouville fractional integrals given by

ADa(y(e) - Y0 BT wi(t, y(2)) € H (8, y(1),  t e [1,M],
¥(1) =0,
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where D denotes the Hadamard fractional derivative of order 0 < g < 1, R°T¢ is the
Riemann-Liouville fractional integral of order o > 0,0 € {01,03,...,0,4}, 9: [, M] xR —
PR), w; € C([1,M] x R,R) with w;(1,0) =0,i=1,2,...,m [17].In 2017, Ahmad et al. con-
sidered the existence and uniqueness of solutions to the initial value problem of Caputo—

Hadamard sequential fractional order neutral functional differential equations as follows:

DCD72y(t) - fi(6y)] = ot 3e), € [1,M],
y(2) = ¢(2), te[l-r1],
D2y(1)=neR,

where €D, €D are the Caputo—Hadamard fractional derivatives, 0 < o, 8 < 1, f; :
[1,M] x C([-r,0],R) — R is a given function, i = 1,2, and ¢ € C([1 — r,1],R) [18]. The
authors in [19] introduced a new class of boundary value problems consisting of Caputo—
Hadamard type fractional differential equations and Hadamard type fractional integral

boundary conditions:

(D1 + ACDNy(8) = wi (L, 9(2), 2(2), CDPz(L), 1<0y <2,
(D2 + ACDO2N)z(t) = wa (L, y(2), CDPy (), 2(2)), 1<09 <2,
(1) = 0,a11 1" v(n1) + a1pu(s) = K, y1>0,1<n <9,
z(1) = 0,a211"2u(ny) + axnv(s) = Ky, 12 >0,1<my <,

where 0 < 8 < 1, DV, IV respectively denote the Caputo—Hadamard fractional deriva-
tive and Hadamard fractional integral (to be defined later), w; : [0,8] x R® — R is a given
appropriate function and a;;, K; are real constants, here i,j = 1,2 [19].

More precisely, in [1], Thabet et al. formulated a version of FDI taken from the
pantograph BVP in the sense of Caputo-conformable equipped with three-point RL-

conformable integral conditions:

DI y(t) € H(t, (), =«(A*E)), te[r,M],

2(r) =

p14M) + poRCT” () = 52+
Here, ““D!*! indicates the derivative of the Caputo-conformable type of order 1 < oy < 2
along with 0 < g < 1, ®T?** is the integral of the RL-conformable type of order o > 0,
Ce(rM),p1,pry €R,0<A<1,and H: [r,M] x R?2 - P(R) is a multifunction. Also,
Baleanu et al. in [2] investigated the hybrid problem caused by the thermostat model

DY) + it y(1) =0,
D(55) =0 = 0,

|
cpi- 1( I Vet + ( y() Ve = 0
DG (o)t * (gt lica =0,

so that “DY is the Caputo derivation of fractional order 1 < g <2, D = % the function
w:[0,1] x R — Ris continuous, »c € C([0, 1] x R, R\ {0}), n is a positive real parameter and



Etemad et al. Journal of Inequalities and Applications (2022) 2022:84 Page 3 of 28

0 < a < 1. Furthermore, Samei et al. in [3] discussed the fractional g-differential inclusion

“DIy(e) € H(6y(), 5 (8), D y(t),..., “Dy"y(t), t€0,1],
¥(0) +¢y”(0) =0, ary(t) + azo(1) =0, ¢y'(1) + azp(1) = 0.

Here, C]D)g denotes the Caputo fractional quantum derivative of order2 <o < 3,1 < p; <2,
(i=1,2,...,m),0<t<1,c= 2;21% ¢ €R, 0:[0,00) — [0,00) defined by

@ : [0,00) = [0,00), 5 :[0,1] x R™?2 — P(R) is a compact-valued multifunction and
ai,az,as € R. Recently, Rezapour et al. introduced and investigated a new BVP consist-
ing of a generalized fractional integro-Langevin equation with constant coefficient and
nonlocal fractional boundary conditions (BCs) given by

DELCDE () - By()] = RLT, h(t, y(2), te0,1],
¥0)=0,  “D¥y0)=0,
“Dg.y(1)°Dy.y(t) = 0, T €(0,1),

where0<q1<1,1<q2<2,p>0, B €R*, DJ,, (n € {q1,42}) and R IF, denote the Caputo
fractional derivative operators and the Riemann-Liouville fractional integral of orders p
and 7, respectively, and the function /: [0,1] x R — R is continuous [4].

The authors in [5] showed how fractional differential inequalities can be useful to es-
tablish the properties of solutions of different problems in biomathematics and flow phe-
nomena. The nonexistence of global solutions to a higher order fractional differential in-
equality with a nonlinearity involving Caputo fractional derivative has been obtained [5].
On the other hand in [20] the authors analyzed the properties of fractional operators with
fixed memory length in the context of Laplace transform of the Riemann-Liouville frac-
tional integral and derivative with fixed memory length [20] on the fractional differential
equation

JDLy(e) ~ o Dly(t), t>a+L.

These facts could be used to better explain the motivation behind the present study [20].
Jleli et al. studied the wave inequality with a Hardy potential

A

0y — Ay +
DT

y> |y in(0,00) x ,
where € is the exterior of the unit ball in RN, (N > 2), p > 1, and
N-2)\2
Ax-(—=),
- 2

under the inhomogeneous boundary condition a%(t, x) + By(t,x) > w(x) on (0,00) x 9L,
where «, 8 > 0 and (o, 8) # (0,0) [21]. The Caputo—Hadamard derivation operator [22]
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is another extension of the above operators that many researchers got help from it in
their modelings. For instance, we can find the applications of this generalized operator
in modeling of the Sturm-Liouville-Langevin problem [23], investigation of the combi-
nation synchronization of a Caputo—Hadamard system [24], description of an uncertain
BVP* [25], studying the proportional Langevin BVP [26], etc.

Our main novelty in this work is to use the Caputo—Hadamard operator for generalizing
the standard jerk problem in the form of a fractional inclusion problem. In fact, a jerk
system is a simple form of a nonlinear ODE of third order depicted by

d3y _F dy d%
w T\ war)

where, in mechanics, the nonlinear mapping F(-, -, -) is equivalent to the 1st-derivative of
acceleration. For this reason, it is introduced as a jerk [27, 28].

The mathematical analysis of this generalized system is our main purpose in this
work. To do this, we decided to utilize a new family of multi-functions belonging to ¢-
admissibles and ¢--contractions for proving theorems based on fixed point methods.
Also, those multi-functions that have approximate property for their end points play a
fundamental role in our analysis. These items present the novelty and contribution of our
work in this regard, because most researchers get help from standard fixed point tech-
niques in their papers. For example, the Leray—Schauder, the Banach principle, Krasnosel-
skii, degree principle, Schaefer are the most famous of them, and they are applied in more
papers including the generalized proportional equation by Das et al. in [29], impulsive
implicit problem by Ali et al. in [30], nonlinear ¢-Hilfer problem on compact domain by
Mottaghi et al. in [31], multi-term multi-strip coupled system by Ahmad et 4l. in [32],
y-Hilfer system of coupled Langevin equations by Sudsutad ez al. in [33], sequential RL-
Hadamard—Caputo problem by Ntouyas et 4l. in [34], sequential post-quantum integro-
difference problem by Soontharanon et al. in [35] and Samei in [36—38], Neumann sym-
metric Hahn problem by Dumrongpokaphan et al. in [39], etc.

By virtue of the idea of a standard jerk equation and extending it to the generalized frac-
tional Caputo—Hadamard settings, we here introduce and study new existence methods
based on some special multi-functions to guarantee the existence of solution for the ex-
tended fractional jerk inclusion problem illustrated as

(CHDLIL (CHD% (CHDLI3+y)))(t)
€ G(¢t,y(t), CH]D)Lﬁy(t), CH]D)‘IZ+ (CH]D)lliy(t))), (1)
y1) +ye)=0,  FDEy(m)=0,  HDE(MDEy(e) =0,

inwhich 1, 1,13 € (0,1] and ““DY, displays the derivative operator in the sense of Caputo—
Hadamard subject to p € {t1,15,t3} and also ¢ € I := [1,¢e] and 5 € (1, €). In addition to these,
we have considered the operator G : I x R?® — P(R) as a multi-function in which P(R)
illustrates all nonempty subsets of R.

This research is conducted as follows. Section 2 is fundamental and necessary in its
nature since it collects definitions and required results. Section 3 is divided into two parts:
one is in relation to the existence criterion via fixed points and the second is in relation to
the existence criterion via end points. In fact, in Sect. 3.1, some inequalities between multi-
functions and contractions and admissible functions play the role to prove the desired
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results via fixed point notion. Accordingly, Sect. 3.2 is devoted to proving similar results
via end points and approximate property for end points. Section 4 discusses an example
for simulating and analyzing the results numerically. Section 5 completes our research via
conclusions.

2 Preliminaries

Here, we shall review some primitive and fundamental concepts in the direction of used
approaches and techniques in the present study. As you will observe, these notions and
properties are utilized throughout the paper. The readers can find more details in [22, 40,
41].

Definition 2.1 ([40, 41]) Let g > 0. Then the Hadamard fractional ¢g""-integral of a con-
tinuous function y: (a,00) — R of order ¢ is formulated by 712, y(¢) = y(¢) and

1 [t/ e\ d
Mly(6) = — / =) yn=, g>o.
g J. \ r r

Definition 2.2 ([22]) The Caputo—Hadamard fractional g"-derivative for y €
AC{([a, b],R) is illustrated as

- 1 trop\et d
CHIY, y(£) = HT"18"y(¢) = / In- S”y(r)—r,
4 4 Fn-q) J. r r

inwhichn-1<g<nandé§= t%. Note that, for g = n € N, we have

d n
CHD™, y(t) = 8"y(t) = (ta> ¥(t), CHDO, () = y(2).

From here onwards, we denote the abbreviations HF-integral and CHF-derivative for the
above fractional operators. To find other information on the CHF-operators, we direct the
interested readers to [22].

Lemma 2.3 ([22, 40, 41]) Let q,p € R*. Then:
(1) HILHTE, y(t) = TP y(¢), (Semi-group property for HF-integrals);
(2) Forn—-1<q<n,m—-1<p<mandy(t) e C{""[a,b], we have

CH]DZ+ CHDi;.y(t) — CH]DZ‘:Py(t)’

(Semi-group property for CHF-derivatives);
(3) Forg>p,

CHTW H Hyd-
D% L. y(0) = "I y (),
(Composition property for HF-CHF-operators).

Example 2.4 ([40, 41]) Let g,t € R*. For y(¢) = (In 5)‘, we have

£\ Tl+1 A
HHZ+y(t):HHZ+ In— :L In— , Vt>a.
a Fg+t+1)\ a
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Further, if y(t) = c € R, then

t q
HE sy =H,c= — S (i), Vesa
) a+€ I'(g+1) na >4

Lemma 2.5 ([22]) Lety € AC{([a,b],R)andn—-1<q<n.

n-1 ¢

H2, (MDD y) (#) = y(8) - Z S‘yi_fa) (ln ;)l, Vt > a.

i=0

For the homogeneous CHF-differential equation “D?, y(¢) = 0, its general solution, by

virtue of Lemma 2.5, is obtained by

2 n-1
t t t

y(£) =so +sl<ln —) +sz(ln—> o +sn_1<ln —) ,
a a a

subject to s; € R and n = [g] + 1 [22]. Hence
t £\
HIL (MDD y) (&) = y(8) + 50 + 1 <ln —) + 589 <1n ;)
a

( t)nl
+o 4+ 81| In—

a
for t > a [22].

In what follows we give a brief introduction to some special function spaces and multi-
valued operators. We assume (4, || - ||) as a normed space. We mean by Pc;(A), Pan(A),
Pcp(A), and Pcy(A) the category of all closed, bounded, compact, and convex sets, re-
spectively, belonging to A.

Definition 2.6 ([42]) The (Pompeiu—Hausdorff) metric, displayed by
H,: (P(4))’ - RU (oo},

is introduced as

Hp(Wl:WZ):maX[ sup p(vi,v2), sup p(Wb‘)Z)];

vIeEW] v eWs

in which p is a metric of A and
IO(WI)UZ) = inf IO(VI)VZ)y P(VI, WZ) = inf IO(UI’V2)‘
v1eW] vyeWo
Definition 2.7 ([42]) For G: A — Pcr(A) and y1,y: € A, let

H,(G(y1), G(y2)) < Lo(y1,92).

Then G is called: (1) Lipschitz if L > 0; (2) a contraction if L € (0, 1).
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In the next step, we recall a specific family of multi-functions introduced by Amini-

Harandi [42] in 2010 which we utilize in our proofs.
Definition 2.8 ([42]) Let A be a metric space and G be a multi-valued operator on it.
Then

(1) ye Aisanend point of G: A — P(A) if Gy = {y}.
(2) G admits the AEP-property (approximate end point property) whenever

inf sup p(v,y) = 0.
veA yeGy

Later, in 2013, Mohammadi, Rezapour, and Shahzad [43] provided another family of
multi-functions based on two operators ¥ and ¢ which is a generalized structure of a
similar notion pertinent to single-valued operators given by Samet et al. [44] in 2012.
Definition 2.9 ([43]) Let W be a family of all increasing mappings ¥ : R=% — R=0 s t.

VE>0,> 7 ¢i(t) <ocoand ¥ (¢) < £. Let G: A — P(A) and ¢ : A x A — R=°. In this case:
(1) G:A — Pcrpn(A) is ¢p-yr-contraction if Yy, y, € A,

o1, 72)H, (Gy1, Gya) < ¥ (01, 92))-

(2) Gis ¢-admissible if Vy; € A and Yy, € Gy,
d01y2) =21 = ¢02y3) =1, Vy3€Gya.

(3) A admits the property (Cy) if for each {y,},>1 C A with y, — y and ¢y, yus1) = 1,
Hyw} Clmb st @Ompy) =1, VieN

To follow the required arguments on the existence of a solution for the Caputo—
Hadamard fractional jerk problem (CHF-jerk problem) (1), we begin this section by in-
troducing a Banach space as follows:

A ={y(t): 9(8), D% y(6), MDY (D% (1)) € CULR)),
equipped with
ylla = sup|[y(£)] + sup| “DEy()] + sup| DY (VDL y(0)) |
tel tel tel
forally € A.
3 Existence results via fixed-points and end points

Now, in the next proposition, the solution’s structure for the supposed CHF-jerk problem

(1) is exhibited in the format of an integral equation.

Page 7 of 28
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Proposition 3.1 Let t1,t5,t3 € (0,1], n € (1,e) and T € C(I,R). Then the solution of the
linear CHF-jerk problem

(MDY (CHDE(TDEY)N(E) = T(t), tel,
y1) +y(e)=0,  ““DEy(n) =0, (2)
CHDE (MDY y(e)) = 0,

is obtained as

1 t ¢ 11+tp+13-1 dr
)= —— In - T(r)—
0 F(L1+L2+L3),/;(nr) (r)r
1 e 11+tp+13—1 d
S f n ()<
20 (1 +1p + 13) J; r r

Fl(t) n n t1+ip-1 dr
" 2 (1 +63)T(1g + t2) /1 <ln r) o) r

N Fy (1)
2 (1 + 1 + 3)T(1 + )T + 13)T(11)

e/ e\t dr
x/l <ln ;) T(r)T, (3)

where

Fi(¢) =1-2(In2),
Fy(t) = T(1 + 12)T(1 + t3)[1 = 2(In£)2+3] (4)
—T'(1+ +3)(Ann)2[1-2(Int)3].

Proof Let y satisfy the linear CHF-jerk problem (2). In view of the semi-group property
for HF-integrals given in Lemma 2.3, since (; € (0,1], so by utilizing the HF-integral of

1 troop\at dr
F(Ll) /1‘ <1n ;) T(I")7 + Cop, (5)

where ¢y € R. Again, utilizing the HF-integral of order ¢, € (0,1] to both sides of (5), we

order (1, we get

CHD112+ (CHD113+y) () =

get

1 Lo\ttt gr (Int)2
CHDY'3 y(¢) = —/ In- T(r)— _ , 6
() (i +12) J; nr (r)r +COI“(1+L2)+C1 ©)

where ¢; € R. At last, utilizing the HF-integral of order t3 € (0, 1] to both sides of (6), the
general series solution of (2) can be derived by

1 t t t]+tp+13-1 dI‘
=———— | (In- T(r)—
¥ r‘(L1+l2+l3)/1(nr) (r)r

(Ing)2tss (Ing)
+¢ +c +cy,
0F(1+L2+L3) 1F(1+L3) >
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where ¢, € R. To obtain the values ¢; (i = 0,1,2), we first consider the third boundary

condition and (5), and so the coefficient ¢y is obtained as

1 e/ e\t dr
Coz—m/l‘ (ln;) T(r)7 (8)

In the sequel, the second boundary condition and the obtained value for ¢, in (8) yield

1 n t1+ip-1 d
512_7/ I’ T(r)—r
(i +2) J; r r

(Inn)*=2 e/ e\t dr
T+l ) <1“?) T

)

Finally, (8) and (9) and the first boundary condition give

1 e e 11+tp+13-1 dr
cz:——/ In- T(r)—
20 (e + 12 +13) J; r r

1 n n t1+ip-1 dr
+ / In — T(r)—
2N (1 +3) (e +12) 4 r r

F'(1+ )1 +3)—T( + 1ty +t3)(Inn)2
2 (1 + 1o + 3)T (1 + )T (1 + 13)T(11)

e -1 d
x / (m f) (). (10)
1 r r
At this moment, we insert the value of the coefficients c;, by (8)—(10), into (7) and obtain
1 t t 11+t +13-1 dr
)= ———— In - T(r)—
() F(L1+12+L3)[(nr) (r)r
1 e t1+i2+13-1 d
S / In ()<
2I(1g + 12 +13) Jy r r

Fy(t) nop\'Tt  dr
" 2 (1 +63)(1g + t2) /1 (ln;) T(F)T

Fy(t) ¢ e u-1 dr
+ 201+ 13+ 3)0 (1 + )T +¢3)T (1) /1 (ln;) T(r)T,

showing that y satisfies (3) and F;(¢), F»(¢) are continuous functions represented in (4).
This ends the proof. d

3.1 Fixed-point and jerk model (1)
In this part, we define the solution to the CHF-jerk problem (1).

Definition 3.2 The function y € C(I,A) is named the solution to the supposed CHF-jerk
problem (1) whenever it fulfills the given BCs and 3g € L'(J) s.t.

2(®) € G(t,y(t), "D y(0), "D (MDD y(0)))

Page 9 of 28
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for almost all £ € I and

1 t t 1] +tp+13-1 dI‘
H=————| (In= —
() N +L2+L3)/1 (nr) g(r)r

1 e e 11+tp+13-1 dr

- —/ In - glr)—

20 (1 + 12 +13) J; r r

R T
n— r)—
2 (1 +3)T (1 + 12) J; r g r

E5(¢) € e a-l ()dr
* 20 (1 + 63 + 3)0(1 + )T +3)C (1) J4 <n;) s

Vt € I. For each y € A, we specify selections of G as

Sey = g € L) ¢(0) € G(1,3(0), DYy (0)
CHDL, (D2 y(2))) (ae) t €1}

In the sequel, define the multi-function K : A — P(A) by
K(y) = {z € A : there exists g € Sg,, such that z(t) = 7 (¢) Vt € I}, (11)

for which

1 t ¢ 11+ip+3-1 dr
)=— | (= a
m(®) F(11+L2+t3),/1 (nr> g(r)r
1 e e 11+tp+13-1 dr
- - In= =
2F(L1+t2+L3)/1 (n;") &) r

Fl(t) /’I | E 11 +p-1 ()g
" 21+ 3) (e + 12) N4 f r v r

F(t) e/ e\ dr
" 2 (1 + g + 3) (1 + 1) (1 + 13)T(11) /1 (ln ;) g(r)T. (12)

By making use of the following theorem relying on some inequalities between special
multi-functions such as ¢--contractions and ¢-admissible, we establish the first crite-

rion guaranteeing the existence of solution for the CHF-jerk problem (1).

Theorem 3.3 ([43]) Regard the complete metric space (A, p), ¥ € ¥, ¢ : A x A — R=° and
G:A — Pcrpn(A). Assume that:

(1) G is ¢p-admissible and ¢-r-contraction;

(2) ¢(o,y1) = 1 for some yo € A and y1 € Gyo;

(3) A involves the (Cp)-property.
Then G admits a fixed point.



Etemad et al. Journal of Inequalities and Applications (2022) 2022:84

Remark 3.4 For the sake of simplicity, we define

v 3 Fi(Innp)ate
Al = +
2(t1 +tp +13+1) 2 +3)T (1 + 15 + 1)
F;
+ b
21+ + )1+ )T +3)T (g + 1)
. 1 Fik* (In 77)“ +1y
Ag = +
Tty +2+1) 2IA +3)T (1 + 12+ 1)
3
+ 2 ,
21+ + )T + )T +3)T (g + 1)
N 1 Fy*
As= 2 , 13
3 I'(ip+1) " 21+t +3) (1 + )T+ 3)T (g + 1) (13)
where for t € I = [1,¢],
sup,; [F1(t)| < sup,;(1+2(Int)3) =3:=F; >0,
sup,; |F2(t)] < sup,e;(T'(1 + i)' (1 + ¢3)[1 + 2(In £)2*43]
+ (1 + 19 +13)(Inn)2[1 + 2(Int)3]) (14)
< 3T +)l'(1 +¢3) + 30 (1 + ¢5 + t3)(Inn)2
:=F; >0,
and
Supte] |(CH]D)L13+F1)(t)| =< Suptel(zr(tb’ + 1))
=2I'(13+1):=F* >0,
CHTY'3
su D3 Fy)(t
Prer (7D F)(2)] (15)
<sup,; (2T (1 + t3)T'(1 + 13 + t3)(In )2
+2I(1 + 15 +13)['(1 + ¢3)(Inn)'2)
<2I'(1 + 1 +13) (1 +t3)(1 + (Inn)2) := F5* > 0,
and

sup,e; DR (HDEF))(#)] < sup,e;(0) = 0:= Ff*,
supye; | D (HDE F)(8)|
< sup, (2T (1 + i3)'(1 + 02 + 3)I'(1 +12))
=21+ )L (1 + 0 + 1)L (1 +12) := F3* > 0.

(16)

Theorem 3.5 Let G : 1 x A®> — Pcp(A) be a multifunction and assume the following sce-
nario:
(H1) The multifunction G is bounded and integrable with G(-,y1,y2,¥3) : I = Pcp(A) is
measurable for all y,, € A (m =1,2,3);
(Ha) There exist k € C(I,[0,00)) and W € V s.t.

llll

9* &
Hp(G(t;)’hyz,)’B»);G(t,J_/lJ_’z;j_/s) SK(t)< )1/f( |J’m—3_’m|> (17)
m=1

Page 11 of 28
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forallt €I and y,,,ym € A (m=1,2,3), where sup,; |«(2)] = x|,

1

ﬁ*:ﬁ,
A1+A2+A3

and A, (m=1,2,3) are given by (13);
(H3) A function Q, : R® x R3 — R ewxists such that, for all y,,, ¥, € A (m = 1,2,3), we
have

Q* (()/1,3’2,)’3), @115’2:5’3)) Z 0;
(Ha) Ifly,},;s>1 CAst.y, > yand

2. (0, (0, "Dy, (0, DR (D, (1)),

(y]+1(t)¢ CHDt13+y]+1(t); CHDt12+ (CHDL13+y/+1(t)))) > 01
then Ay, }s=1 C {y,} exists such that, for all t € I and s > 1, we have

Q. (1, (0), DRy, (6), FDE (HDEy L (8))s

(10,530, D (D3 0) 2 0
(Hs) There exist a member y° € A and p € K(5°) such that, for any t € I,
Q((yo (t), CHDLI3+yO(t), CHDller (CHDlngryO(t))),
(@), DL u(®), DI (TDE () 2 0,

where the multifunction K : A — P(A) is specified by (11);
(He) Foreveryy e A and u € K(y) with

Q. (), DR y(@), DR (D)),

(100, D o), D, (1D ) =
there exists a member v € K(y) such that the inequality

Qu((10), D 1 (0), D (DY (1)),

(v@®, DL v(®), DR (FDR () = 0

holds forall t € 1.
Then, the CHF-jerk problem (1) owns a solution.

Proof Definitely, the fixed point of the mapping K : A — P(A) is a solution of the CHF-
jerk problem (1). Note that Sg, is nonempty. Indeed, the multifunction

t > G(t,y(8), "D y(t), DL (MDD y(2)))
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is both measurable and closed-valued for any y € A, so Sg,, # #. Firstly, we will claim that
K(y) € A is closed Vy € A. As for, take a sequence {y,},>1 in K(y) such that y, — y as
n — 00. For each n > 1, there is g, € Sg,, such that

1 t t 11+tp+13—1 dr
)=———— [ (In= —
yn( ) F(t1+L2+L3)‘/1‘ <nr> gn(r) r

1 /e | e 11+ip+3-1 ( )dr

- n- 7)) —

20(t1 + 12 +13) J; r &=

. () /" ) &
4 () —
21 +3)T (e + 12) 4 r g r

E>(¢) € né u-1 ()dr
M1 +n+ o)1+ +e)T0) /), (n;> &l

for all £ € I. Since the multifunction G has compact values, there is indeed a subsequence
of {g,}»>1 (following the same notation) that converges to some g € L!(I). Subsequently,

g€Sg,yand

Yu(t) = y(2)

1 /t | ¢ 11+tp+13-1 ( )dr
Tt ++13) J; r g r

1 /e : e 1]+ip+t3-1 ( )dr
- - n- ) —
20t + 1 +13) b r g r

310 AR
+ n-— r)—
21 +3) (e + 12) 4 r g r

N Fy(t)
2 (1L + 1 + 3)T (1 + )T (1 + ¢3)T (1)

e -1
X / (ln E) g(r)g
1 r r

for all ¢ € I. As a result, we can deduce that y € K(y) and K is closed-valued. The bound-
edness of K(y) is obvious from the compactness of multifunction G. Next, we prove that
K is a ¢-yr-contraction. To do this, we regard ¢ : A2 R~ by ¢(3,7) = 1 whenever

Q. ((60), DY), DR (TR (D)),
(), Dy 3@, VDE(TDEF®))) 2 0,

and ¢(y,y) = 0 otherwise, where 7,y € A. Consider y,y € A and ¢; € K(y) and choose g; €
Sg,5 such that

1 t t 11+ip+i3-1 dr
0L(t) = ——— In - hal
1() F(L1+L2+L3)/; (nl"> gl(r) r

1 /e | e 11+p+13-1 ( )dr
2 (e + 12 +13) g r & r

. () ()" &
) ) —
21 +3)T (g + 12) Sy r & r

Page 13 of 28
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. Fy(t)
2 (1 + 1 + 13)T (1 + 1) (1 + 13)T(11)

e/ e\t dr
In= -
x/1 (nr> a1(r) "

for all ¢ € I. By making use of (17), we get

H, (G (2, y(2), "D y(0), DL (D y(0))),

G(_)_/(t), CHD113+5/(t)’ CHDtler (CHDﬁj/(t))))

o _ . a —
< K(t)( i )w(|y—y| +| Dy - DRy

+ 4D (VD) - D5 (B 5))
with

Q* ((y(t)¢ CHDt13+y(lf), C'H]D)ll2+ (CHDL13+y(t))),

(@), “ DLy, VDL (D)) = 0.
Thus, there exists
o € G(t,y(t), "DEy(e), DL (DL y(2)))

such that

19*

[l

lg(®) - 9| < K(t)( )w(|y—y| + D%y - DLy

+ 9D (D) - D7 (D1 5) ),
Now, consider a mapping U: I — P(A) defined by

o* _ . -
U(t) = {so €A:|nt)-p| < K(t)(m)lﬂly =31+ | DEy - DRy

+ 9D (D) - i (D 5) |

for any ¢ € I. Since g; and

19* by L (3 —
U= K(t)( T )W(bf —y+ |CHD13+y _ CH]D>13+y
+ 9D (M) - D (D7)

are measurable, so the multivalued function

UC) NGy, FDEy (), FDE (D y()
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is also measurable. Now, suppose
& € G(t,y(@®), "D y(e), DR (DR y(0)),

so that we have

lg1() - gz(t)|<l<(t)(” i

|CHID)52 (CHDlS y) _ CHD?E (CHD113+5/) |)'

Define ¢, € K(y) by

1 t ¢ 11+ip+t3-1 dr
ly(t) = ——8M8 In-= el
20 (17 + 1t +13) [ (n r) () r
1 e e 11+tp+13—1 dr
- - In<
200 (11 + tg + 13) /1 ( n r) gz(i")

Ei(t) f"l n‘“”l()dr
i 21+ :3) (e + 12) 4 1 r 4 r

. F(t)
21 + g + 3) (1 + 1) (1 + 13)T(11)

e 11-1 d
x/ <1n E) g2(r) f
1 r

for any £ € I. Then we get the following inequalities as a result.

|€1(8) = €2(0)]

1 t t 11+ +13-1 dr
“tirarm ) () lm0-e0l]

11 +ip+i3-1 dr
- né ~ dr
2F(t1+12+L3)/ <n > €1(r) = g ()] .

.\ [F1(8)] rz( n
2 (1 + ¢3)T(eq + t2)

N |F> ()]
2 (1 + 1o + 3)T (1 + )T (1 + 13)T(17)

e -1 d
xﬁ@{) 80 -2@)|

(ln t)tl +i2+(3

EFET:E:;:3¢|H<””)w0w—ym
! ||n(f])w0w—ym

+
2F(L1+L2+L3+1)
F*(ln n)tlﬂg 19* _
+ - i ¥ (lly - 1l)
21+ 3)' (g + 12 + 1) || II
F*
2F(1 4+ 3) A +0)lA+i3)0 (i +1)

)w(ly—&l + |,y - D 5

11+ip—-1 dr
In —> lg1(r) — g2(2)| —
r r

Page 15 of 28
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x ||:<||< i )w(ny—yn)

[l

3 Fi(lnn)1*e2

= +
[ZF(LI +ip+i3+1) 2 +3)(tg + 19 + 1)

Fy
+
21+t + 3)T (A + )T (A + 3)T (e + 1)]

x ||x||< i )z/f(uy—yu)

llxl]
=9* Ay (Ily - 7).
Also, we have

|HDE, 01(8) — D5 (2)]

- 1 F*(Inn)atz
T T +t+1) 2(A +3)T (11 + 12 + 1)

Fy*
i 2 (1 + 1o + 3)T (1 + 12)T (1 + 13)T (01 + 1):|

x ||x||( A )w(ny—yn)

[l

=0 Ay (ly - 71)
and

|CHD112+ (CHDL13+K1(t)) _ CHDLIZ+ (CHDL13+€2(1')) |

1
< | -
- [F(tl +1)

Fik**
+
21+t + 3)T (A + )T (1 + 13)T (17 + 1)}

x ||:<||< o )w(ny—yn)

[l

=0 A3y (ly - 71)

for all t € I. Consequently,

[1€1 — €5l = sup|€1(2) — £2(2)] + sup|“F D, €1(8) — D 45(2)|
tel tel

+ suP‘CHDLﬁ (CHD113+51(t)) - "D (CHDlls*ez(t)) |

tel

<9*(Ay+ Aa+ A3y (ly = 71) = v (lly - 71l).

Accordingly, ¢(y,%)H,(K(¥),K(»)) < ¥ (lly — ¥l for all 3,5 € A. This confirms that K is a
¢-y-contraction. Next, suppose that y € A and y € K(y) s.t. ¢(y,) > 1 and

Q. ((r@®), MDE (), DL (MDED))),
()_/(t), CH]D)llerj/(t), CH]D)ll%r (CH]D)113+J—/(t)))) > 0’

Page 16 of 28
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so there exists g € K(y) such that

Q*((y( ) CHD1+y( ) CHID)lIZJr (CHDL13+_)_/(t))),
(9(0), 'DE (1), "DE (DR 0(2)))) = 0,

which further implies that ¢(y, ) > 1 and accordingly K is ¢-admissible. Finally, let PeA
and y € K(3°) so that

Q*((_)/O(t) CHDlBy (t) CHDQ (CHDlBy (t)))

(5(e), "D y(E), DL (MDD 3(E))) = 0

for all ¢ € I. It follows that ¢(»°,y) > 1. Assume {y,},>1 CAs.t.y, > yand ¢(y,,7,+1) > 1
for all ;. Then we have

Q((y,(®), "Dy, @), D (YD y, (1)),

0, HDLy,n (0), DR (CHD1+J/J+1( ) = 0.

Then hypothesis (H4) confirms the existence of a subsequence {y,}s>1 of {y,} satisfying

((yfs(t) CHDl‘fyjs(t) CH]D)Q (CHDpJ’]S(t)));
(7(2), D y(8), DL (D y(0)))) = 0

for all ¢ € I. Thus, ¢(y,,,y) = 1 for all ¢, and accordingly it possesses the (C4) condition.
Hence, Theorem 3.3 allows that K possesses a fixed point which is a solution for the CHE-

jerk inclusion (1). O

3.2 End point and jerk model (1)
Now, in the next place, by utilizing another theorem based on some other special multi-
functions containing the AEP-property, we derive the second criterion guaranteeing the

existence of solution for the supposed CHF-jerk problem (1).

Theorem 3.6 ([42]) Consider (A, p) as a complete metric space. Assume:
(1) ¢ €V is u.s.c along with liminf,_, (¢ — ¥ (¢)) > 0 for ¢ > 0;
(2) G:A — Pcran(A) admits the property

Hy(Gy1,Gy) < ¥ (p(1,92)),  Vy1,02 €A.
Then G admits one and exactly one end point iff G contains the AEP-property.

Theorem 3.7 Tauke G :I x A% — Pcp(A). Assume that
(H7) There exists a nondecreasing and upper semi-continuous mapping ¥ : Rsog — Rx¢
which satisfies Y (t) <t, Vt > 0 and liminf,_, (t — ¥ (£)) > 0;
(Hg) Multifunction G : I x A® — Pcp(A) is bounded and integrable such that the map
G(>y1,¥2,y3) : I > Pcp(A) is measurable for all y,, € A (m =1,2,3);
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(Ho) There is a function k € C(1,[0,00)) s.t.

3
Hp(G(t:ylryZ:y?)): G(t’j/lrjlbj//?)) S K(t)w*l/f (Z |J’m _5IWI|> (18)

m=1

forallt €I and y,Jm €A (m=1,2,3), where

— Em = k| A (Wl =1,2, 3);
2+ &3

(H10) The AEP-property is valid for the multi-function K.
Then the CHF-jerk problem (1) has a solution.

Proof We want to establish that the multifunction K : A — P(A) possesses an end point.
Initially, we claim that K(y) is closed Yy € A. As the multifunction

£ G(t,y(t),CHDllery( ) CH]D)LZ (CHDLS y(t)))

is both measurable and closed-valued for any y € A, so the G has a measurable selection
and Sg,, # ¥. By using the same procedure as that given in Theorem 3.5, it can be easily
deduced that K(y) is closed-valued. Also, the compactness of G ensures the boundedness
of K(y). Next, assume that y,y € A and £; € K(y) and choose g, € Sgj such that

1 t ¢ 11+ip+3-1 dr
)z ———M— In - -
1®) I‘(t1+L2+t3)/1 (nr> &) r
1 e e 11+tp+13-1 dr
- - In=
2F(L1+t2+L3)/1 <nr> gl(r)

Fl(t) n n 11+2-1 dr
+2r<1+t3>r<z1+m/1 (ln?> at)s

Fy(t) ne) &
2F(l +1+3)0(A + )T+ 3) (1) f (n ) alr r

forall ¢ € I. Also, for all y,y € A and ¢ € I, we have

H, (G (8, y(0), D3 y(0), TDE (DR (D)),
G(3(), DR 5(), HDE (MDL5()))
k(@ (|y(0) - 5(@0)] + [ DR y() - D)
ICHD” (DR y() - DR (DEI) ).

There exists

© € G(t,y(t), "DEy(e), DR (DR y(1)))
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such that

@ (8) - 9| < k@Y (|y(e) - 3(0)| + [T DE () - FDE(2)|
[, (M 5(0) ~ D (B 50) )

We give a mapping F : I — P(A) by

Ft)={pcA:|a@®) -p| <c@m*y(|y@) -5
+ DS p(6) - D 30|

+ |CH]DL12+ (CHID)L13+y(t)) _ C'H]D)llz+ (CHDLIS+5’(t)) |) }
for any ¢ € I. Because g; and

k =@y (ly -l +|“DPy - “DEy

+ [D2 (VD) - D (VD))

are measurable, thus

FONG(y0), FDEy), MR (HDRy()))
is too. Take

@ € G(t,y(0), "D y(0), DL (DE ),
s.t. forall £ € I we get

g1(t) - ©0)| < kO * Y (|y@) - 5@)| + |TDEy(E) - D)
+ ‘CHDll%r (CHDlngry(t)) _ CH]D)leJr (CHDL13+5/(1’)) |)

Define ¢, € K(y) by

1 t ¢ 11+ +t3-1 dr
tot)= — [ (< ar
20 T(tq +ty +13) [ (n r) () r
1 e e 11+tp+13—1 dr
- - In< -
200 (11 + Lg + 3) /1 (nr> &() r

Fl(t) fﬂ | n 11+2-1 ( )dr
i 21+ :3) (e + 12) 4 1 r £ r

il (0) " an®
+2I‘(1+L2+L3)F(1+L2)F(1+L3)F(L1),/1 (nr) & r

for any ¢ € I. Using the same techniques that were employed in the proof of Theorem 3.5,

we get that

[1€1 = €3] = sup|€1(£) — £2()] + sup| D €1(£) — D £(2)|
tel tel
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+ su?|CHID)Lf+ (UDP e (8)) - PDE (YD (1)
te
<@*(E1+ 8+ E)y (lly-yl) = v (ly - 3I)-
We get

H,(Ky),K®) <v¥(lly-7ll), Vy.)eA.

Hypothesis (#H10) gives the approximate property for the end points of K. Hence, due to
Theorem 3.6, Iy, € A s.t. K(y,) = {y«}. Asaresult, y, is a solution of the CHF-jerk problem
(1). O

4 Example
We give an example for simulating and analyzing the results numerically.

Example 4.1 We model the following CHF-jerk inclusion BVP by assuming the constant
values t; = 0.5, 1, = 0.7, 13 = 0.99 as

(CADY(CHDYT (CHDY)))(2) € [0, 1 (¢l sin(y(2))] + £| DY y(2))|
+0.5¢] tan~ 1 (CFDY7 (KD y) (1)) + 2 exp (8)], (19)
y(1) +y(e) =0, CHDYy(2.69) = 0, DY (FDYPy(e)) = 0,

where t € I := [1,e], and we choose n = 2.69 € (1,e). Now, consider the multi-function
G :1 x A3 — Pcp(A) defined by

G(1092(013(0) =05 (esin ()
+t[y2(t)| + 0.5¢|tan™! (y3(2))|) + 2exp (t)j|,
where
A= 1y(0) : y(8), DIPy(0), MDY (MDY y(t)) € C([1, €], R) ).
Some calculations, by the above data and using (13), give F} = 3,

F3 =301 +)(1 +13) +3T(1 + t2 + t3)(In )

= 3(1.7)T(1.99) + 3T(2.69)(In 2.69)°7 ~ 7.278176,
F* =2I'(1.99) = 1.991626,

F* =2 (1+ ¢ +u3)l(1+ t3)(1 + (In n)‘z)

= 2T"(2.69)I"(1.99)(1 + (In2.69)*7) ~ 6.0818,
F* =0,

F3™ =2 (1 + 3)T(1 + tg + 13)[(1 + 12)



Etemad et al. Journal of Inequalities and Applications (2022) 2022:84 Page 21 of 28

=2I'(1.99)I'(2.69)I"(1.7) ~ 2.773247,

and

3 Fi(Inn)1+2
2I0(t; + 13 + 13+ 1) " 2 (1 +e3)T (e + 1 + 1)
F;
A+ + )T+ ) (1L + ) +1)
3 3(ln2.69)'2
T 2r(3.19) | 2r(1.99)T(2.2)
7.278176
T Or(2.69)T(1.7)I(1.99)T(1.5)

Ki-

~4.936355,
o 1 F** l 11+
Ry = + 1 (Inn)
F(Ll +t2+1) 2F(1+L3)F(t1+t2+1)
F3*
+
21+ + )T + )T +3)T (g + 1)
1 1.991626(In 2.69)12
= +
2.2) 2I'(1.99)I'(2.2)
6.0818
+
2I'(2.69)I'(1.7)T°(1.99)I"(1.5)

~4.278391,
N 1 Fy**
Ag = + 2
IFtp+1) 2IA + 6+ ) TA + )0+ i) +1)
1 2.7732476

T T(15) " 2T(269)T(1.7)(L99)T(1.5)
~ 2.256758.

For each y,,,y,, € R (m =1,2,3), we have

H, (G(6,21(2),52(0),73(2)), G(2,71(8), 72(2), y3(9)) )
< 2 ([sin(n(0) ~ sin(, ()| + [92(0) 720
+ ’tan_1 (y3(0)) - tan~! (73(0) ‘)

< £(|y1(t) =71 O] + 3200 = 720] + 30 - 3:0)])

3

- 2(;\%@) —mm)

3
= L—iw(Zlyi(t) —W)I)
i=1
3
= k()Y (Z’yi(t) —&i(t)|>
i=1



Etemad et al. Journal of Inequalities and Applications (2022) 2022:84

3
<k(O)w*y (ZIW —y,-<t>|>.

i=1

Hence, from the above, it is found a function ¥ € C(1,[0,00)) as k(¢) = L forallt € I = [1,€].

-2
Then

~1.355.

el "" ¢
k|l =sup|=|==
tel 2 2

Next, define v : [0, 00) — [0,00) by ¥(¢£) = £ for (a.e.) t > 0. It is simple to verify that

2

htrgg}f(t - w(t)) >0,
and ¥ (t) < ¢ for all £ > 0. Also, we obtain
s Bw=lkllA,, (m=1,2,3),

in which

1~ |k || Ag ~ 6.688761,

o]

5 > |lKk|| Ay ~ 5.797221,

]

3~ |Ik||As ~ 3.057907.

]

1 1
w* = ~ ~0.064333
81+ &2+ E; 15.543889

for all £ € I. In the sequel, we regard the multi-function K : A — P(A) by
K(y) = {z € A : there exists g € Sg,, such that z(t) = 7 (¢),Vt € 1},

for which

1 [t M dr
() = r(2.19)/1 <ln?) g

1 € e\’ dr
_2F(2.19)/1 <ln F) &=

Fi(2) n . 02 ()dr
TN J, (n?) g

5 (t) e/ e\ dr
T AT (2.69)T(1.7)(1.99)T(0.5) 1<ln?> g 20)

Page 22 of 28
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where

Fi(t)=1-2(Int)3 =1 -2(Int)**,
F(t) =T (1 + )1 +3)[1-2(Ine)2*?]
—T'(1++3)(Inn)2[1 - 2(Inz)3] (21)
=T(1.7)T(1.99)[1 - 2(In£)**°]
- T(2.69)(In2.69)*7[1 — 2(In £)*%°].

One can see the results of F(¢), F»(¢) for t € [1, €] in Table 1 and can see a graphical repre-

sentation of them in Fig. 1. As the multi-function K possesses an approximate end point

Table 1 Numerical results of F7(t) and Fy(t) fort € /

t Fy Fa

1.00 1.0000 -0.6164
1.10 0.8048 -0.3536
1.20 0.6291 -0.1541
1.30 0.4682 0.0040
1.40 0.3197 0.1313
1.50 0.1817 0.2348
1.60 0.0529 0.3192
1.70 -0.0680 0.3881
1.80 -0.1818 04443
1.90 -0.2894 04897
2.00 -03914 0.5261
2.10 -0.4883 0.5549
2.20 -0.5807 0.5771
2.30 -0.6689 0.5937
240 -0.7533 0.6053
2.50 -0.8342 06127
2.60 -09119 0.6163
2.70 -0.9866 0.6167
2.80 -1.0586 06141

R(t), 1 ()

Figure 1 Graphical representation of F;(t) and F,(t) for t € /
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property, hence by using Theorem 3.7, the supposed CHF-jerk problem (19) admits a so-

lution.

5 Conclusion

In this research work, a generalization of the standard jerk equation in the context of the
Caputo—Hadamard differential inclusion (1) was provided, in which we used some in-
equalities and important properties of multi-valued functions in the framework of the
special contractions and admissible mappings. We extracted existence properties of solu-
tions of the mentioned inclusion (1) by applying two different notions of fixed points and
end points in functional analysis. This type of the Caputo—Hadamard structure for a jerk
problem is a newly-defined FBVP, and we tried to establish our results based on some new
non-routine techniques of fixed point and end point theories. With the help of an exam-
ple, we described our method numerically and graphically. Due to the importance of jerk
in the modern physics, it is necessary that we continue our study on the extended models
of such physical structures and investigate other qualitative properties of them.
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Appendix: Supplement

Algorithm 1 MATLAB lines for calculation of all variables in Example 4.1

*

: clear;
: format long;

syms v e;
g 1=0.5; g 2=0.7; g 3=0.99; eta=2.69;

: F_last=3;
: F_2ast=3*gamma (1+g_2) *gamma (1+ g_3)

+ 3xgamma (1 + g 2 + g 3)
* (log(eta)) "~ (g_2);

9: F_lastast=2+«gamma(g_3 +1 );

10:

11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24
25:
26:
27:
28:
29:
30:
31:
32:
33:
34
35:
36:
37:
38:
39:
40:
41:
42:
43:
44
45:
46:
47:
48:
49:
50:
51:
52:
53:
54:

F_l2astast=2*gamma (1 + g 2 + g 3)=*gamma (l+q_3)
*(1 + (log(eta))"(a_2));

F_lastastast=0;

F_2astastast=2xgamma (1+ g _3) *gamma (1+ g_2 + g_3)xgamma (l+g_2);

checkLambda_1=3/ (2xgamma (g_l+g 2+g 3+1))
+ F_last* (log(eta))”™(g_l+g 2)...
/(2xgamma (1 + g 3)*gamma (g 1 + g 2+1))...
+ F_2ast/(2*gamma (1l+g_2 + g 3 )*gamma(l + g 2)...
+rgamma (1 + g _3)*gamma (g _1+1));

checkLambda_2=1/gamma (q_l+qg_2+1)
+ F_lastast=* (log(eta))” (g _l+g 2)...
/(2+gamma (1 + g 3)*gamma (g 1 + g 2+1))...
+F_2astast/ (2*gamma (1+g 2 + g 3)*gamma (l+qg 2)...
+gamma (1+q_3) *gamma (gq_1+1)) ;

checkLambda_3=1/gamma (g _1+1)+ F_2astastast...
/(2xgamma (1+g_ 2 + g 3)*gamma(l + g 2)*gamma(l + g 3)...
* gamma (q_1+1));

kappa=1.355;

Xi_1= kappa * checkLambda_1;

Xi_2= kappa * checkLambda_2;

Xi_3= kappa * checkLambda_3;
ss=Xi_1 + Xi_2+ Xi_3;

varpistar = 1/(Xi_1 + Xi_2+ Xi_3);

F_1=1- 2 (log(v))"(a_3);

F_2=gamma (1+g_2)* gamma (1+ g 3)*
(1- 2 x(log(v))*(g 2 + g 3))-gamma(l + g 2 + g _3)...
* (log(eta))”(q_2) *( 1-2x (log(v))~(a_3));

column=1;

nn=1;

a=1;

b=exp (1) ;

t=1;

while t<=b+0.1
MI (nn, column) nn;
MI (nn,column+l) = t;

)
MI (nn, column+2) =eval (subs(F_1, {v}, {t}));
MI (nn,column+3) =eval (subs(F_2, {v}, {t}));
t=t+0.1;
nn=nn+1;
end;
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