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1 Introduction
Let A = (a;,iy..i,,) € RI™1 be an mth-order n-dimensional real tensor, x be a real n-vector
and N = {1,2,...,n}. Denote by Ax"! the vector in R” with entries

(Ax’”’l)i = Z Qi iy Kig ** " Ky

i2,mim €N

Consider the tensor eigenvalue complementarity problems of finding (A, x) € R x R”\{0}
such that

Ofo(kx—Axm_l) >0 and x'x=1,

where a1 b means that vectors a and b are perpendicular to each other. For the problem,
its solution (%,x) € R x R7\{0} is called a Pareto Z-eigenpair of tensor A.

The Pareto Z-eigenpair of a tensor was introduced by Song [1], which is a natural gen-
eralization of that of a matrix [2-5]. It is worth noting that Pareto Z-eigenvalues of A are

closely related to Z (Z*)-eigenvalues of A introduced by Lim [6] and Qi [7, 8], respectively.
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Definition 1 For a tensor A = (a;,;,...i,,) € R if there exist (A,x) € R x R”\{0} such
that

Ax" P =xx, x'x=1,

then (%, ) is called a Z-eigenpair of tensor A. Further, Z-eigenvalue A of A is said to be a

Z* -eigenvalue, if its eigenvector x € R”\{0}.

Obviously, Z*-eigenvalues of A are Pareto Z-eigenvalues. However, the converse may
not hold as pointed by Zeng [9]. Therefore, the tensor Pareto Z-eigenvalue received much
attentions of researchers [9—-12]. For instance, Zeng [9] proposed a semidefinite relaxation
algorithm to obtain Pareto Z-eigenvalues of tensor eigenvalue complementarity problems.
Since it is not easy to find all Pareto Z-eigenvalues in practice [1, 9, 13], it is significant to
make some characterizations to the distribution of Pareto Z-eigenvalues. Inspired by the
results obtained in [14—18], we establish some Pareto Z-eigenvalues inclusion intervals,
give comparisons among these Pareto Z-eigenvalue inclusion intervals, and propose a suf-
ficient condition to identify the strict copositivity of real tensors in this paper.

The remainder of this paper is organized as follows. In Sect. 2, we recall some prelimi-
nary results and establish Pareto Z-eigenvalue inclusion intervals. Further, we give com-
parisons among these Pareto Z-eigenvalue inclusion intervals. In Sect. 3, we propose a
sufficient condition to identify the strict copositivity of tensors.

To end this section, we give some notations needed. The set of all real numbers is de-
noted by R, and the #-dimensional real Euclidean space is denoted by R”. For any a € R,
we denote [a], := max{0,a} and [a]_ := max{0, —a}. For any x € R”, x®" denotes a tensor
whose entries are defined by (®");,;,...;,, = %, %, - %;,,, for all i1,6s,...,i, € N. For any
A e R and x € R”, we define

n
mo,_ T m-1 _ 2
.Ax =X A)C = Aitin--igXiyXin *** Kiyy
i15i2eim=1

1

n 2
2
Al := ( Z ﬂi1i2...im> ’

i150250sim =1

[A]+ = ([“i1i2-~im]+) € R[m,n], [A]_ = ([ﬂilh‘“im]—) € R[m,n].

For any i,j € N, set

n

Ri(A), := Z (@iiy iy ] 5 Ri(A)_:= Z (@iiy iy ] -

12yeenlm= 02,eenim=1
R(A), = Ri(A), =~ agz)es  B(A)- = R(A)- - [ag.]-,
PUA) = Y @iyl PUA= Y i,

195l EN 195l EN
jé{iz»'~'vim} jé{i2»'~'»im}
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2 Pareto Z-eigenvalues inclusion intervals
First, we recall some results of strictly copositive tensors [19, 20], and then establish Pareto
Z-eigenvalue inclusion theorems of tensor .A. Some comparisons among different Pareto

Z-eigenvalue inclusion intervals are also made in this section.

Definition 2 Tensor A € Rl is said to be:
(i) strictly copositive if Ax™ > 0 for any x € R7\{0};

o Vr € I'y,, where I', is the permutation group of m

(ii) symmetric if a;,;,...;,, = Ay (g)i(

indices.

Lemma 1 ([1, Corollary 3.5]) Let A = (a;,iy...i,,) € R be symmetric. Then A always has
Pareto Z-eigenvalues; A is strictly copositive if and only if all of its Pareto Z-eigenvalues

are positive.

Lemma 2 ([20, Proposition 2.1]) Let A = (a;,iy...;,,) € RU™7 I A is strictly copositive, then
a..;>0,VieN.

Based on the above lemmas, we have the following conclusion.

Theorem 1 Let A € R, Denote the set of Pareto Z-eigenvalues by o (A) and assume
o(A)#@. Then,

o(A) CW(A):= {A € R:max{—Zz . n%,—” [A]—”p} <A< min{Zz n?,

(AL @

.....

Proof Suppose that (1, x) is a Pareto Z-eigenpair of 4. Then

P30 = A < (AL < AL 5],
i=1

" 3
:n[ALnF( 3 )
01,0250 0im=1

m

| [ALHF(Zx?) ALl ®
i=1

and

A = A < (AL < LA [
i=1

" 3
=H[A]||F( 3 )
01,0250 0im=1

m

| w_up(ixf) o, ®

i=1
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Combining (2) with (3) yields
(LAl =2 =< JLAL - 4)

Meanwhile, from the definition of Pareto Z-eigenpair, we obtain

.Ax'" Zlgn, x;)™ _ m
[A| = |n |2§ ( =1 ;) §a< x%+x%+---+x3~«/1+1+---+1>
i=1""i i=1""i

= Zm%, (5)

where the second inequality holds via Cauchy—Schwartz inequality. The desired result
follows by combining (4) and (5). O

In the following, we will use some important elements of tensor to describe Pareto Z-

eigenvalues inclusion intervals.

Theorem 2 Let A € R gnd o (A) # 0. Then,

o(A) S QA) = JQu(A) = {r e R: |A] < max{R;(A),, Ri(A)_}}.

ieN

Proof Suppose that (1,x) is a Pareto Z-eigenpair of A. Then
)Lxlz = Z Aijo iy KiKin * * * Kiyyy « (6)

Denote x, = max;en{x;}. Then, 0 <x, <1 as x"x = 1. Recalling the pth equation of (6),

we get

n
2 § :
Axp = Apiy-iggKpXiy =+ Kipy+
i25emim=1

Taking the absolute value of the equation above, one has

n n
2
|Alx, = Z [Gpisy- i 421+~ iy = Z (@pisipg | -XpiXiy -+ i,
iy =1 ipreim=1
n n
§max{ Z (@pigecipg )+ Xp Ky =+ Ky Z [apiz...im]_xpx,-2~~~xim}
inseeim=1 i =1
n n
2
fmaX{ > (apigeinle Y [apiz...im]}xp. 7)
25e0im=1 i25elm=

Dividing both sides by x?, one has
4] < max{R,(A)., Ry(A)-},

which implies A € ©2,(A), and hence o (A) € Q(A). O
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Theorem 3 Let A € R and o (A) # . Then,

oAU =] M 2y,

ieN jeN,iZj
where

®;;(A) = {h € R:|A = RI(A). |7l < [ay.;], max{R;(A),, R(A)_}}
U{reR: A= R(A)_|IAl < [ag.;]- max|R;(A),, Ri(A)_}}.

Proof Suppose that (A,x) is a Pareto Z-eigenpair of A. Setting 0 < x, = max;en{x;} and
referring to the pth equation of (6), for any g € N, q # p, we obtain

n
2 _ L .
|A|xp = E Apiy...iygXpXiy -+ * Xiy,y
iy =1
n n
= E [Gpisy- iy 421y -~ iy = E (@pis-ipg | -Xpiy -+ i,
i, =1 i =1
n n
< max E (@pigecipg )+ Kp Ky =+ Ky E (@piyveips | ~XpKiy -+ i,
iy =1 iy =1
-1
pq---ql+p pio-im I+ Vpig T T T iy
< max] [a ]qu + [@iy...i,, |+ Xpi X;
i i =

-1
[Apg-ql-2xpxy " + Z [apizu.im]xpxizuwim}

Sz .ipg =0

2
§max{[apquq]+xpxq+ Z [apiz...im]+xp,

‘Sqiz.,.im =0

2
[Apg...ql-Xpxg + Z [ap,»z...l-m]xp}

8qip...imy =0

= max{Rg(A)er; + [aqu“q]fopxq,Rg(A)_x; + [apq.“q]_xpxq},

which implies

|)»|x12, < maX{RZ(.A)er; + [apq...q]+xpxq,RZ(A)_x; + [apq...q]_xpxq}. (8)

Recalling the gth equation of (6), one has

n
2 _ Z o ,
|A|xq— Agiy.ipgXqXiy * * * Xiyy
195eenim=1
n n
< max E (@gin iy )+ % g%y * * * Ky E (@ginwivg | - g iy - -~ X,
i9perim=1 i9perim=1

n n
< max{ Z (Agiy-wipy |+ X g% Z [Agiy..ipp | -%g%p }
) j
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= max{Rq(A)+xpxq,Rq(A)_xpxq},
which shows
|A|x§ < max{Rq(A)+,Rq(A)_}xpxq. 9)
We now break up the argument into two cases for (8).
Case L [Alx} < Rj(A).x) + [@pq.. ). %p%4. In this case, if x, > 0, multiplying (8) with (9)
and dividing x7x? yields
(|}‘| - RZ(-A)Jr) Al < [ﬂpq---q]Jr maX{Rq(A)+:Rq(A)—};

which implies A € ®,,4(A).
Otherwise, x, = 0. From (8), it holds that

(|)‘| - RZ(A)+) |)\| = 0 = [apq~~~q]+ maX{Rq(A)+;Rq(A)—};
which shows that A € @, ,(A).
Case IL. |A|x) < R (A)_x2 + [@py.. 4] x,%4. Following similar arguments as in the proof of
Case I, we obtain A € ®,,,(A).

Combining Cases I and II, we obtain the desired results. O

Compared with Theorem 2, the result of Theorem 3 requires relatively many calcula-
tions but has accurate results. Detailed investigation is given in Corollary 1.

Corollary 1 For a tensor A € RV it holds that
D(A) € Q(A),
where ®(A) and Q(A) are defined in Theorems 2 and 3.
Proof For any A € ®(A), there exist p,q € N with p # g such that
(131 = RICA). )] = (g, max{Ry(A),, Ry(A)_},
or
(1AM = RI(A)-) M| < [apg..q)- max{Ry(A)., Ry(A)_}.
We now break up the argument into two cases.
Case L (|A] = RI(A),)|A| < [pg.-ql+ max{R,(A),, R;(A)_}.
If [apg...q]+ max{R,(A)., R;(A)_} = 0, it holds that
A1 < RI(A), < Ry(A), < max{R,(A),, R,(A)_},

or

Al = 0 < max{R,(A)., Ry, (A)-},
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which indicates that
reQy(A) S QA or e (A CQA). (10)
Otherwise, [dyq...q]+ max{R;(A),, R;(A)_} > 0. Then,

A - Rp(A). |A] .
[ﬂpqwq]Jr maX{Rq(A)HRq(-A)—} -

which implies

MR, 2 .
[ﬂpqwq]Jr - max{Rq(A)+,Rq(A)_} -

Consequently, (10) holds.

Case IL (JA| = RE(A)2)|A] < [apg..q]- max{R,(A),, R;(A)_}. Following similar arguments
as in the proof of Case I, we can prove that A € Q(A).

Combining Case I with Case II, we conclude that ®(A) € Q(A). d

To get accurate results, we divide precisely the index set of A and establish Theorem 4.

Theorem 4 Let A € R gnd o(A) # 9. Then,

s(A SN =] [ Ny,

ieN jeN,j#i

where Nij(A) = (1 € R: (|A] - max{P|(A),, P/(A) DIA| < max{Ri(A), - P)(A),, Ri(A)- -
P/(A)_} - max{R;(A),, Ri(A)_}}.

Proof Suppose that (A,x) is a Pareto Z-eigenpair of A. Setting 0 < x,, = max;en{x;} and
referring to the pth equation of (6), for any g € N, q # p, one has

Axp— E Apiy..iygXpXin * * * Kiyy + E Apiy..iygXpXin * * * Kiyy-

Taking the absolute value of the equation above, we obtain

2
|)‘|xp = 2 : [api2~~im]+xpxi2 C Ky T § [apizu.im]—xpxiz s Ky,
02,0l EN 095l EN
q€liz,im} qefio,..im)
+ E (@piy..ipg )+ XpKiy = Ky — E (piy...ivy | -HpXiy - X,
i2,mim €N i9,eeim €N
qE{igserim} GE{iyeerim )
=< maX{ > " iy ) 5pXiy Ky D iy ] Xk, xlm}
12, 0im €N i2,eenim €N
qe{i,im} qefio,..im)
+ maX{ E (Bpiy..ipg ) +Xp Ky Kiyy s E (@pis...ipy ] -XpKiy - xlm}
i2,mim €N i2,eesim €N
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= XpXq max{ Z [ﬂpiz...im]+? Z [apiz...im]}

i2,nim €N 2, im €N
q€{in,esim) GE{i2seeim)
2
+xpmaX{ E (@piy..iyy )+ E [apiz.‘.im]—}
iy €N 9, €N
qE{ig,im} q&lio,eim}

where the third inequality holds from 0 < x;"’l <%, <1and 0 <x, < 1. Further,

|:|?»|—max{ Z [@pis..im ]+ Z [apiz"'im]_”x;

i2,lm EN i2,.0im €N
q&{in,im} q&lio,eim}
Expxqmax{ E (@piy..ipy) 45 E [“piz...im]—}' (11)
i2,0lm €N 2,0l €EN
qelin,...im} qe{in.im}

In view of the gth equation of (6), we deduce

2 _ E : .y e
Iklxq = ‘ Agiy..iygXqXiy * * * Kiyy
12,0l €N
= E [aql'z---im]+qui2 c Ky, — E [aqiz--'im]—quiz Xy,
i2,mimEN i2,mimEN
< max{ E (@gigig | +% g%y -+ * Kiyys E (@giywivg 1 -KgXiy - - Xy, }
i2,mim €N i2,mimEN
< XXy max{ E [Agiy-wipy ]+ E [aq,-2...im]_}. (12)
12,eenim €N i2,eenim €N

We now break up the argument into two cases.

Case I x, > 0. Multiplying (11) with (12) and dividing xx7, we obtain

(Il - maX{PZ(A)JﬁPZ(A)f})')\'l < max{R,(A), = Pi(A), Ry(A)- —PZ(A),}
X max{Rq(A)HRq(.A),},

which implies A € N, ,(A) SN (A).
Case IL: x,; = 0. It follows from (11) that

|A|5max{ Y (@il Y [apiz.‘.im]_}

2,0l €N 19,0l €N
qe{in,.im} q&io,eim}

that is,

[1A] - max{PZ(A)+,PZ(A)_}]|A| < max{R,(A), = PI(A):, Ry(A)- —PZ(-A)-}
X max{Rq(A)MRq(.A)_},

which implies A € N, ,(A) S N (A). O
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In what follows, we now test the efficiency of the obtained results.

Example 1 Consider a 3rd order 3-dimensional tensor A = (a;%) defined by

aim =1 ain =-1; aiz =1; aiz=1;
ar = -1; any =2; a3 =1;

Ajjk =
asin = 1; asy = 3; asz=1;

a;c =0, otherwise.
By calculating, we have

LA, =v2,  |lAL],=v19, @ -n% =953
Ri(A), =3, Ri(A)_=1,  Ry(A), =3 Ry(A)_ =1,
R3(A), =5 R3(A)-=0,

RX(A), =3  RYA)_=1, R(A,=2,  RYA_=1,
Ry(A), =3, R)A)_-=0, R}A),=3  R(A_=1,
RY(A), =4, R3(A)_=0, R3(A).,=2  R3(A)_=0,
PX(A), =3, PX(A)_ =0, Pi(A), =1, PA_=1,
Py(A), =3,  PMA)_=0, P}A),=2  PiA)_=1,
Py(A), =4, PMA)_=0, Pi(A),=1,  P3A)_=0.

According to Theorem 1, we obtain
W(A) ={AeR:=v/2<x1<+19)}.
Referring to Theorem 2, we deduce

QA) = JQu(A) = {reR: 2| <5}.

ieN

Recalling Theorem 3, one has

o) = (] @A) ={reR:|rl<1++10},

ieN jeN,ij
where
®1(A) = {reR:|A| <3} P13(A) =L eR:[A] <1+/6)
®r1(A) = {LeR:|A| <3} ®y3(A) = {reR:|A| <3}

D31(A) = (L eR: A <247} ®32(A) = (L eR: x| <1+4/10}.

It follows from Theorem 4 that

Na=U N M,;(A):{AeRles :

ieN jeN,i#j

1+«/ﬁ},
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where

Ma(A) ={heR: 2] <32} Nig(A) = (1 eR: |y < 2
Noa(A) = eR: A <352} Npp(A)=heR: (A <1476
Nag(A) =L eR: A <2+7) N3p(A)={reR:|r[ <3}

3 Judging strict copositivity of tensors

In this section, we mainly propose a sufficient condition for judging strict copositivity of A.

Theorem 5 Let A = (a;,iy.,) € RV e symmetric with a;..; > 0 for i € N. Then A is
strictly copositive provided that

1 m—2
ﬂi.“i(ﬁ) —Rl‘(A)_ > 0. (13)

Proof Suppose that (,x) is a Pareto Z-eigenpair of A. Setting 0 < x, = max;en{x;} and

referring to the pth equation of (6), we obtain

n
2
)»xpz E Apiy..iygXpXiy * * * Xiyyy

i2yeesim=1
_ m
= dp..pX), + E (Apin.ipg | +XpKiy + + * %Kiy — E (Apiy iy | -XpKiy =+ * Xy
Spiz...,'m=0 spiz--»im=0
Further,
2 m
Ax, > ap..pX, — E (@pivivg | -Xp iy - -+ X,
Spig iy =0
> dy. X — [@piyi ]-&2
> dp..pX, pin-wip |-
Bpiceveipy =0
Dividing both sides by x?, we have
m-2 _ m—2
A= ap.px, " = E (@piy i)~ = Ap..px) " = Ry(A)-. (14)

)

pio i =0

Since x, = max;en{x;} and x'x =1, we deduce xXp > % It follows from a;..; > 0 and (14)
that
1 m-2 1 m-2
A de...p(ﬁ> —6 ’Z_O[dpiz...im], :dp...p(ﬁ> —Rp(.A),. (15)
pin-wim =
Combining (13) with (15), we have A > 0 and A is strictly copositive. O

From the conclusion, identifying the strict copositivity of tensor A requires that it is

symmetric. For general tensors, symmetry is a relatively strict condition. To tackle this
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problem, we may symmetrize the tensors A = (a;,;,...;,,) € R a5 follows:

~ Aijig-ip ifil = iz == im,
ailiZ"'im = 1
ml

Ziz---imel‘m Qiyiyi,, Otherwise,

where A = (@iyiy-iy,) € R ig the symmetrization tensor under permutation group I',,.
The following example shows that the result given in Theorem 5 can verify the strict

copositivity of tensors.

Example 2 Consider a 3rd order 2-dimensional tensor A = (a;%) defined by

aim =4% ain =-1; ai =-1; aizn =0;
Ajjk =
axn =2; axi =-1; az» =0; a1 = 0.

It is easy to see that A is symmetric with
Ri(A)- =2, Ry(A)-=1.

According to Theorem 5, we have

3-2
ain (%) ~Ri(A)-=2(v2-1)>0,

32
ﬂzzz(%) —Ry(A)_=+2-1>0,

which means that A is strictly copositive.
When A is asymmetric, we still identify the strict copositivity by Theorem 5.

Example 3 Consider a 3rd order 2-dimensional tensor A = (a;%) defined by

am =4% an =-1 apni =-2; aiz =0;
Ajjk =
az =2; a = —1; az =0; a1 =0.

Since aj12 = —1,a121 = =2, and ay1; = —1, we know that A is asymmetric. Therefore, we
cannot directly use Theorem 5 to judge whether A is strictly copositive. Symmetrizing A,
we obtain A with

~ ~ ~ 4 ~
~ aim =4 ais =-—3; a1 =—3; a1z = 0;

4

3

Ajjk = ~ ~ 4
dxnn =2 asi = —3

; a2 = 0; a1 =0.

It is easy to see that Ais symmetric with

~ 8 ~ 4
Ri(A)- = 3 Ry(A)- = 3
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According to Theorem 5, we have

1\*72 ~  642-8
ﬂ111<ﬁ> _RI(A)—sz>0,

1\>2 ~  3J2-4
61222(3) —Ry(A)_= \/—T >0,

which implies that Ais strictly copositive. Taking into account that Ax® = Ax® >0, we
deduce that A is strictly copositive.

4 Conclusion

In this paper, we proposed sharp Pareto Z-eigenvalue inclusion intervals and established
comparisons among different Pareto Z-eigenvalue inclusion intervals for tensor eigen-
value complementarity problems. Meanwhile, we gave a sufficient condition to check strict
copositivity of real tensors. Further studies can be considered to develop some algorithms
by Pareto Z-eigenvalue inclusion intervals for tensor eigenvalue complementarity prob-

lems, as done in [5] for solving the matrix eigenvalue complementarity problems.
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