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1 Introduction

As it is well known, the classical windowed Fourier transform (WFT) is a useful mathe-
matical tool, which has been broadly studied in quantum physics, signal processing and
many other fields of science and engineering. In recent years, a number of efforts have
been made with an increasing interest in expanding various types of transformations in
the context of the linear canonical transform (LCT), we refer the reader to the papers [1—
4]. Some authors [5—7] have introduced an extension of the WFT in the LCT domain,
the so-called windowed linear canonical transform (WLCT). The generalized transform
is built by including the Fourier kernel with the LCT kernel in the definition of the win-
dowed Fourier transform. They also have investigated its essential properties like linearity,
orthogonality relation, inversion theorem, and the inequalities.

In [8], the author has discussed that the fractional Fourier transform is intimately related
to the Fourier transformation. According to this idea, some properties of the fractional
Fourier transform can be easily obtained using the basic connection between the frac-
tional Fourier transform and Fourier transform. In [9], the authors have investigated the
fundamental properties of the continuous shearlet transforms using the direct interaction
between the Fourier transform and shearlet transform. In this work, we developed this
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approach within the framework of the linear canonical transform. We have provided dif-
ferent proofs of the WLCT properties like the orthogonality relation, inversion theorem,
and complex conjugation using the direct interaction among the windowed linear canon-
ical transform, the windowed Fourier transform and the Fourier transform, the proofs of
which are simpler than those the authors proposed in [7]. As we know, the uncertainty
principle is one of the fundamental results of the WLCT, which explains how an original
function interacts with its WLCT. Therefore, we have proposed several versions of the
uncertainty principles associated with this transformation, which are quite different from
those investigated in [5, 7] as well as in [10].

The present work is structured in the following fashion. In Sect. 3, we provided a brief
review of the linear canonical transform and basic notations that will be useful later. Sec-
tion 4 is a part of the core of the article. This section presents the basic relation between
the windowed linear canonical transform and windowed Fourier transform. In it, some
famous properties for the windowed linear canonical transform are proved using this re-
lation. Section 5 is also a part of the core of the article. This section is devoted to some gen-
eralizations of the uncertainty principles related to the windowed linear canonical trans-

form. Lastly, the summary of this work is included in Sect. 6.

2 Generalities
In this segment, we state the definition of the linear canonical transform (LCT) and its
useful properties, as well as the basic notations, which will be used in the derivation of the

results of this work. For a detaled information on this transform, we refer to [11-15].

Definition 2.1 Let B = (a,b,c,d) = [‘Z ;’] € R?*? be a matrix parameter such that |B| = 1.
The LCT of a function f € L'(R) is expressed as

f]Rf(x)ICB(W, x)dx, b#0,

Cp{f}(w) = g "
Vet fdw),  b=0,
where KCp(w, x) is given by
Kg(w,x) = e%(%xz—%xw+zwz_7) o

— 1 ica
Kg-1(x, w) = Kp(w,x) = e 3G Fawr fwP-5

From equation (1), it can be observed that for b = 0 the LCT of a signal is a chirp product.
Therefore, in the current work, we always consider the case b > 0.

It is worth noting that for B = (a, b,¢,d) = (0,1,-1,0), equation (1) can be expressed as

F{f}(w) = /Rf(x)e""“w dx, (3)
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leading to the definition of the Fourier transform times ﬁ and providing that the infinite
integral exists. The inverse LCT is given by
fx) = / Ca{ft(W)Kg-1(x, w) dw
R
1 _i(ay2 24y, dy2 Ty
= | C{f}(w) e 2N TR T gy, (4)
R 2mh

The direct interaction between the LCT and the Fourier transform (FT) is described by
Varbet e 5" Ca{f Y (w) =F{e£‘2xzf}(%>. (5)
Definition 2.2 Given f a measurable function on R and 1 < r < oo, define
1/r
Wl = ( [l dx) <o,
R
I 1l (m) = esssup|f(x)| < 0. (6)
xeR
For r =2, we get

f 22w =/Rf(x)<@dx and |lf||i2(R) =,/ 2m)-

Based on the above definition we state the following fact, which is known as Parseval’s

formula and Planchel’s formula, respectively.

Lemma 2.1 Forevery f,g € L*(R), the following relation holds:
8w = (CB{f}rCB{g}>L2(R); (7)
and
122 = 1CBUM | 2y ()
The next result will be useful in this paper.

Theorem 2.2 ([7]) Let 1 <r <2 and s be such that % + % = 1. Then for all g € L'(R), it
holds

|Csig)

sw = gl )

It is straightforward to see that for r = 1, we get

ICsig} ||L00(R) < gl m)- (10)
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3 Windowed linear canonical transform (WLCT)
Below, we shortly introduce the windowed linear canonical transform (WLCT), which
was studied in [5-7, 16].

Definition 3.1 Let ¢ € L*(R) be a non-zero window function. The WLCT of f € L2(R)
with respect to ¢ denoted by Gg is given by

Gof (w,v) = J% /Rf(xw(x— V)es B -For =D gy (11)

for (x,v) e R x R.
The relation of the WLCT to the Fourier transform takes the form

T
e's

N2mh
_ O i) (%) (12)

Gof (w,v) =

id 2 _— 2 .
e'2n"” /f(x)q&(x—v)e‘za_h" e dx
R

where the shifting operator T,¢ is expressed as
Typ(x) = p(x —v).

The relation (12) above is equivalent to

\/27rbe’%eiZLiEWsz;f(w,v)=F{e%x2ﬂv<ﬁ}<%). (13)

Some useful consequences of the above definition are collected as the following:
« Especially, for B = (a,b,c,d) = (0,1,-1,0), Definition 3.1 changes to the classical WET
definition, namely,

1
B _

Gyaf(w,v) = m@,;f(w, V),
where

Gyf(w,v) = /f(x)d)(x — Ve dx, (14)

R

which means that

Gyof (w,v) = F{fT,$}(w). (15)

« If we take the Gaussian signal as ¢ in (11), it is often called the Gabor linear canonical
transformation.
« It is straightforward to verify that

Gof (w,v) = C{fT. ) (), (16)

Page 4 of 17
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which describes the connection between the windowed linear canonical transform
and linear canonical transform.

4 Essential properties of windowed linear canonical transform

We need the following simple lemma, which will be useful in deriving results in this
work. It demonstrates the interaction between the windowed linear canonical transform
(WLCT) and windowed Fourier transform.

Lemma 4.1 ([7]) The WLCT of a signal f € L*(R) with B = (a, b, ¢,d) can be changed to the

WFT via

e 5" GBf (w,v) = G¢f< ,v>, (17)
where

F) = J_Tezhxf(ao (18)

Let us now build the orthogonality property and inversion theorem associated with the
WLCT by applying the direct connection among the WLCT, WFT, and FT (in comparison
with [7]).

Theorem 4.2 Let ¢,V be two window functions related to the LCT. For each f,g € L*(R),

one has

| [ GirtnGEetu) dwy = G ) . (19)
In particular,

[ 16t dwy = 19122 112 20)

Proof With the help of the orthogonality relation for the WFT (see [17]), we obtain

1 - -
2 [ [ Gt G gGuv ey = 3 2 (21)

With (15), the relation (21) may be expressed as

1 n T T/ - -
T /R /R F{fT,p}w)F{gT, W} (w)dwdy = (¢, V) 12m) (&) 12() - (22)

Equation (22) may be rewritten as

/ / FleB T3 nFle B gT, i o dwav = 6,1 20 (e 577,57 g)

Putting w = , we can write the above identity in the form

271b.// ebefTv ( ) {ebengl/’}< >deV <¢;rl/}>L2(R)<f’g>L2(R)' (23)
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By virtue of (13), the left-hand side of (23) takes the form

/l;Aei%e"zihszgf(w,v)ei%e"'zibszﬁg(w,v)dde:((ﬁ,l/;)Lz(R)(f,g)Lz(R).

Hence,

/ / GEf (w, VGEf (w, V) dwadv = (&, 1) 120y U 28
RJR
and the proof is complete.
Let us implement Lemma 4.1 to derive a basic property of the WLCT.

Theorem 4.3 Ifa function f € L*(R) and ¢ is real-valued, then we have

Ghf (w,v) = GE ' f(w,v).

(24)

(25)

Proof Byincluding f into the complex conjugate theorem for the windowed Fourier trans-

form (see [17]) defined by (18), we see that

Gdj(%,v) - G¢f<_—”;),v>.

In view of (17), the expression on the left of (26) above can be expressed as
id 2 - =( W
~2Y GB ’ = G PR ’
e of (w,v) of ( Y v)
and thus, we obtain
id 2 - v[f W
“5" GEf(w,v) = Gof | —,v ).
e ¢f (w,v) of ( > V)

From equations (14) and (28), we observe that

e B f ()Pl —v)e D dx

i
ﬁwz/. e’
=e2b
R ~—27h
T
id 2 e

=e2"

R N 27h
= /f(x)¢(x— V)
R

e‘é%xzf(x)qﬁ(x - V)ei% dx

1 e—%(%xz—%xw+%w2—%)dx
2rh

= Gﬁflf(w, V),

which was to be proved.

(26)

(27)

(28)
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Theorem 4.4 Let ¢,V be two window functions related to the LCT. For any f € L*(R), one
has

fx)= / / G¢f(w, V)Kg-1(w, x)¥ (x — v) dwdv. (29)
Proof Due to the inversion theorem for the WFT, we obtain

f(x)— //G¢f(w Ve Y (x —v)dwdy

¢¢L2

-—g?;—//FWW})WwamMV (30)

According to (13), we see that

1a 2 1 la 2 Y iwx
ez_h"f(x)zm/ﬂ;/%lf{e% ST} (w)e™ yr (x — v) dwdv

W// (e ST, }( >e”1/f(x v)dwdy

W/ V2mbe' 4e—lsz Gq;f(w v)e' 13 Y(x —v)dwdv. (31)

The above relation can be expressed in the form

f@) = //Gwa

=———— | | GufwV)Kga(w, —v)dwab.
<¢’¢>L2R)/R/1;< of W, V)Kp1 (W, )¢ (x — v) dw dv (32)

d
e‘% 5 2_%’“‘”?’”2‘%)1#(96 —-v)dwdy

The proof is complete. d

5 Inequalities for windowed linear canonical transform
We first state the following result, which describes the Hausdorff—Young inequality related
to the WLCT.

Theorem 5.1 (WLCT Hausdorft—Young) For any 1 <r <2 such that % + % = 1. Suppose
that ¢ in L*(R) and f in L"(R), then we have

|Gaf W) | oy < N Nzs 1f Nl ey- (33)

Proof We assume that ||¢||zsr) = 1. An application of the identity (10) together with the
identity (16) will lead to

|Gar 0] e ey = ICEUT Y] o ey
< W@l
< Wl @ll@llzoe )
= f ) (34)
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For r = 2, we obtain

||G¢B,f(W» V) ||L2(R) = ol 2@ lf 2w < If 2w (35)

and applying Riesz—Thorin interpolation theorem yields

|Gof W) ey < If vy (36)
Let ¢ € L"(R) be a window function and putting ¢ = m, then we immediately get
1
Gif = Gaf. 37)
= olew ¥

From (36), we conclude that

|Gof W) iy < If v (38)
This implies that

| Gof W) | sy < N5 I N7y, (39)
and the proof is complete. O

We derive the following theorem, which is little different from those proposed in the
paper [5].

Theorem 5.2 Let ¢ be a window function belonging to L*(R) such that ||| 2m® = 1. Let
f € L*(R) be a function with 2wy = 1. If

/‘/;|G§f(w,v)|2dwdv21—e, (40)
then for every € > 0 one has

w(V) = V2rb(1-e). (41)
Here V C R x R is a measurable subset, and (V) is the Lebesgue measure of V.

Proof Applying the Cauchy—Schwarz inequality results in

Gof )] - )\/% /Rf(x)qs(x— Vyed - ber -3 g

) , A\ s\
l[pr4) (e

1
= —\fll2wlolrE), (42)
mlfL(]R)‘PL(R)

=
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which implies that
_e<//|Ggf(w,V)|2dwdv5HG;;fHLOC (V)§J;T_bM(V), (43)
O

This is the desired result
Theorem 5.3 Let ¢,y be two window functions, and f € L*(R), then for all r € [1,00), we

have
1
(//|G§J(W,V)ng w,v)| dwdv)
) =1
< (ﬁ> CIfle Il 2@ 1Pl 2 1V 112wy (44)
Proof According to the Cauchy—Schwarz inequality, we obtain

//\Gdf w, V)G g(w,v)| dwdv
(/fle;f(w,v)|2dde)%(/R/R|G¢ (w,v)| dwdv)l (45)

(46)

By virtue of (20), we see that
/ / GEF (w,v)GE g, )| dw v < I 20 I 2 N0l 2o I 2

1

Thus,

~l=

(//|Gdj w,v)|Ghg(w,v)|" dwdv>
< / / |GEf(w, )G g(w,v)wwv)7

r=1

(47)

( If1. ®Pl2@ gl ||W||L2(]R)) (Hf”LZ(R)“g”LZ AN 2@l Y]l )
O

r-1
W2 g 2y 1@ 2y 17 22

2h

which completes the proof of Theorem 5.3 as desired

As an easy consequence of Theorem 5.3 mentioned above, we get the following result

Corollary 5.4 Let ¢, be two window functions. Then for every f € L*(R) with r € [2,00)
(48)

N~
S
—

I N2 101l 2r)

one has

2h

)

(AA'GW(W»V)I’dde) - <
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Proof For r = 0o, we have

1
!Gﬁf(w, v)| < %|VI|L2(R)”¢”L2(R)' (49)

For all » € [1, 00), it holds

, 1N\
( | [latronnp dwdv) s(%) 15 191 (50)

Now putting s = 2r € [2,00) yields

s=2
s

, A
(/R | I6irou) dwdv) s(ﬁ> s 91 (51)

Hence,
LoonE
([ [1atronravar) = (52) " Wit 52)
We thus finish the proof. O

Below, we obtain an immediate generalization of Theorem 5.2 in the following form.

Theorem 5.5 With the notations of Theorem 5.2. For all r > 2, the following inequality
holds

w(V) > (1- )77 (21h). (53)

Proof Applying the Holder inequality, we easily obtain

1—65//V|Ggf(w,v)|2dwdv

5(LL}Gﬁf(w,v)|2'§dwdv>%(/R[RXV(w,v)ﬁ dwdv)r;z, (54)

where xy denotes the indicator function of the set V. Substituting relation (48) into the
first term in the right-hand side of the equation (54), we see that

r
5-1

2 2
l-e< <<§1b> ' |lf||L2(R)||¢||L2(R)) (M(V))¥~ (55)
For all r > 2, we get
1 7 r=2
l-€< (ﬁ) (n(V)) 7. (56)
After simplifying the above relation, we get
w(V) = (1- )7 (2b). (57)

This proves the claim. d
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Definition 5.1 A function f € L*(R) is said to be the e-concentrated on a measurable set
X C Rifforany € > 0, it holds

1/r
(/R\ lf(x)|rdx) <elfllrmy, O<r<oo. (58)
X

Below, based on Definition 5.1 above, we immediately obtain the alternative form of
Theorem 5.5.

Theorem 5.6 Let ¢ be a complex window function, and f € L*(R). If Ggf is the e-

concentrated on L*>-norm on measurable set X of R, then for all r > 2, one has
u(V) > (1-€2) 73 2b). (59)

Proof For simplicity, we first assume that |[f||§2(R> = ¢, ® = 1. Invoking (58), we get

/R\X-/R\X|Ggf(w’u)|2dwdu562‘/]1{{/1;|G§f(w,u)|2dwdu, )

An application of relation (8) together with relation (16) will lead to

/ / |G§f(w,u)|2dwdu562/f|cB{fTuq‘s}|2dwdu
R\X JR\X RJR

=€ Hf||i2(R) ”¢”%2(R)

262.

Hence,

fR/R}Ggf(w,u){zdwdugfxfx}c;;}f(w,u)fdwdmez. (61)

Applying equation (20) and the Holder inequality, we obtain

1—625//|Ggf(a),u)|2da)du
xJx

r=2

< (/R]R|Gﬁf(a),u)|2%da)du>r(u(X))T

1\7 v
§<ﬁ> (u00) 7,

which completes the proof of the theorem. d

Next, we present a lemma, which describes the basic concept of Nazarovs’s uncertainty

principle for the Fourier transform (see [18]).
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Lemma 5.7 Suppose that X; and X, are two finite, measurable subsets of R. Then for every
f € LX(R) there exists a constant C > 0 such that

/ lf(x)yzdx§CeCH<Xl>“<X2>( f ()| dx + / |F{f}(w)]2dw>. (62)
R R\X»

R\X1

We are ready to obtain a straightforward generalization of Nazarovs’s uncertainty prin-
ciple in the framework of the WLCT.

Theorem 5.8 With the notations of Lemma 5.7 above, if ¢ € L*(R), then

1612 [ V0

< CeCrX)nX2)

X (||¢>||i2(R) /R\Xl V(x)|2dx+2nAA\bX2|Gif(w, V)izdwdv) (63)

Proof Replacing f(x) by e%"szvq_b(x) on both sides of (62), we obtain

/ |e TG ()| dx
R

< CeCriXnunX2)
x ( f BT, ()| dx + / |F{eé—‘zx2ﬂvcz‘>}(w)|2dw>. (64)
R\X1 R\X»
Hence,

16112z /R f@)[ dx

< CeCrX)u(X2)

x (||¢||§2(R) / eofass [ ; |F{eé"2x2frvq‘>}(w)|2dwdv>. (65)
This further leads to

6122 [ V0

< CeCrX1)nX2)

2 1
X (”(’b”]Zﬂ(R) \/R\Xl lf(x)| dx + ZA[R\Z;XZ

Applying relation (13), we see that

2

Fles<fr,¢} <%)

dw dv) . (66)

161172z, /R [f@)[* dx

< CeCM(Xl)H(Xz)

Page 12 of 17
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x (||¢>||§2(R) /R \ ()" dx
X1
1 .
+—// |v2nhe’4e"zﬂzszff(w,v)’zdwdv), (67)
b Jr Jruwx,

and the required result follows. O

The following results concern some consequences of Nazarov’s uncertainty principles
described by equation (62).

Corollary 5.9 Using the notations as in Lemma 5.7, we have

/ f()|* dx < ceCu<X1>u<x2>< [f ()| dx + 27 / |CB{f}(w)|2dw>, (68)
R R\bX>

R\Xp

which is Nazarovs’s uncertainty principle in the context of the LCT.

Proof Including f (x) as % f(x) on both sides of (62) and then implementing (5) will lead
to the desired result. O

The above corollary is consistent with the result studied in [19], where, in this case, the
LCT is a particular case of the offset linear canonical transform.

Corollary 5.10 Under the assumptions of Lemma 5.7, if € L*(R), then one has

16112z, fR f@)| dx

< CeCrX)nX2)

x (||¢||§2(R) /R\Xl [f(x)|2dx+ZNAA\X2|G¢f(W,v)|2dwdv), (69)

which is Nazarovs's uncertainty principle associated with the WFT defined by (14).
Proof By (15), the proof is straightforward. O

Theorem 5.11 (WLCT local uncertainty principle) Let ¢ € L*(R) be a window function.
IfO0<ac< %, then there exists some constant C, such that for any f € L*(R) and X C R

measurable, one has

Calpll%, .
fR be|G§f<w,v)|2dwdv5 — ) /R 2 ) i, (70)

and for o > %, it holds

2a-1

2m /R /bXIGﬁf(w»v>|2dwdvs ConCOIl 5 ( A; [f(x)|2dx> .

X 19115z, ( /R |Ix|“f(x)|2dx> (71)
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Proof Let aset X C R with finite measure. The local uncertainty principle for the Fourier

transform is expressed as (see [20])

VG100 = CuluOO] 11 |y 72)
In fact, by inserting f(x) as fT,¢(x) on both sides of the relation (72) above, we get

/X [FYT,$Yw)|* dw < Ca[ )] 16T 2 (73)
Furthermore,

/ / (51,6 )w)|” dway

RJX
< Ca[M(X)]M/R/D;“xlae%xzf(x)mfdxdv. (74)

Setting w = 7, we obtain

[ e ()

< Cln00T* [ [ lttr @l dav 75)

2
dwdy

It follows from the expression (13) that

27 /R /b lGafon, W|* dwdv < Cu[ ()] 191122z, /R el |f ()| dx, (76)
which gives the proof of (70). Based on the local uncertainty principle for the Fourier
transform

fx |F(f Y w)|* dw < Cap(X) ILfIIiZ(i) [1xf]| fz(R), (77)
we apply the same arguments to get equation (71). d

Recently, Kubo et al. [21] have proposed the logarithmic Sobolev-type uncertainty prin-
ciple for the Fourier transform. Below, we search this uncertainty principle in the setting
of the WLCT. For this purpose, we present the following.

Definition 5.2 For 1 <r < oo and s > 0 define the weighted Lebesgue space as
WIR)={f e L'R): (x)’ € L'(R)}, (78)
where (x) = (1 + x2)% is the weight function.

We have the following.
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Theorem 5.12 Let ¢ € L*(R) be a window function. For every f € S(R) N W3(R), we have

||¢||Lz /[f(x)| In ( )dx+27r//1n|w| GJ(W,V)| dwdv

I’(1/2)
= (F(I/Z) +2m lnb)||¢||i2(R)/le(x)|2dx. 79)

In this case, S(R) is the Sobolev space on R defined by

={f € *(R):Df € L*(R)},
where D stands for the differential operator, and T indicates the Gamma function.

Proof From the logarithmic Sobolev-type uncertainty principle for the Fourier transform,
we obtain that (see [21])

1+ x| I'(1/2)
/R[f(x)|zln( = )dx+Aln|w||F{f}(w)|2dwz (F(l/z))/]R[f(x)de. (80)

Now replacing f(x) by % fT,¢(x) on both sides of identity (80) yields

A\e%xzﬁv&(x)\zln(l+2|"|2>dx+/Rln|w|yp{eéix2f:n¢3}(w)yzdw
> (Fam) [
Hence,
//[fTV¢_>(x)|Zln(1+2|x|2)dxdv+//Rln|w||F{e%"2fTV¢_S}(w)|2dwdv
> (F(m))//w(p | dxdv. (82)

¢_3(x)|2dx. (81)

This implies that
2
1612 [ VP (“"") b//ln—H (57T, }( ) dwv
I'(1/2)
> (T )19l [ 1l as. 53)

Applying (13) gives

—‘|G§j(w,v)’2dwdv

16122 /lf )!1(“"”) 2n/R/Rlnz

(12
> (T 100 [V ds &
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According to (20), we deduce that

2 1+« 2
II¢||§z(R)/;{lf(x)! ln<T> dx+27r/R/RMIWI|G§f(w,v)\ dw dv
I'(1/2)
> (m +27 lnb>||¢||i2(R)/R[f(x)|2dx,

and the proof is complete. O
As an immediate consequence of the above theorem, we obtain the following (see [7]).

Corollary 5.13 Let ¢ € L*(R) be a window function. For every f € S(R), we have

||¢||§2(R)/l;{ln|x|[f(x)|2dx+/H;/RIMWHGgf(W,V)’zdde

= D+ Bl [ [ d (85)
where D = CD(%) —Inm, d(x) = ;—x In[T"(x)].

6 Conclusion

In this paper, we have investigated some properties of the windowed linear canonical
transform like the orthogonality relation, inversion theorem, and conjugate function by
utilizing the direct interaction among the windowed linear canonical transform, win-
dowed Fourier transform and the Fourier transform. We have also discussed several gen-
eralizations of the uncertainty principles in the setting of the windowed linear canonical

transform.

Acknowledgements

This work is funded by Grant from Ministry of Research, Technology and Higher Education, Indonesia under WCR scheme.
The author is thankful to the anonymous reviewers and editor for their useful commments and suggestions that have
helped the presentation of this article.

Funding
Not applicable.

Availability of data and materials
No data were used to support this work.

Declarations

Competing interests
The author declares that he has no competing interest.

Authors’ contributions
The author read and approved the final manuscript.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 6 May 2021 Accepted: 10 December 2021 Published online: 03 January 2022



Bahri Journal of Inequalities and Applications (2022) 2022:4 Page 17 of 17

References

1.

2.

17.
18.
19.

20.
21

Bai, R-F, Li, B.Z, Cheng, Q.Y.: Wigner-Ville distribution associated with the linear canonical transform. J. Appl. Math.
2012, Article ID 740161 (2012)

Che, TW, Li, BZ, Xu, TZ: Ambiguity function associated with the linear canonical transform. EURASIP J. Adv. Signal
Process. 138, 1-14 (2012)

. Bahri, M,, Ashino, R.: Convolution and correlation theorems for Wigner-Ville distribution associated with linear

canonical transform. In: 12th International Conference on Information Technology-New Generations, Las Vegas, NV,
USA (2015)

. Bahri, M., Karim, S.A.A: On relationship between ambiguity function and linear canonical ambiguity function. In:

Karim, S.AA,, Shafie, A. (eds.) Towards Intelligent Systems Modeling and Simulation. Springer, Cham (2022)

. Kou, Kl Xu, RH., Zhang, Y.H. Paley-Wiener theorems and uncertainty principles for the windowed linear canonical

transform. Math. Methods Appl. Sci. 35,2122-2132 (2012)

. Kou, Kl Xu, RH.: Windowed linear canonical transform and its applications. Signal Process. 92(1), 179-188 (2012)
. Bahri, M., Ashino, R.: Some properties of windowed linear canonical transform and its logarithmic uncertainty

principle. Int. J. Wavelets Multiresolut. Inf. Process. 14(3), Article ID 1650015 (2016)

. Zayed, Z1.: On the relationship between the Fourier and fractional Fourier transforms. IEEE Signal Process. Lett. 3(12),

310-311(1996)

. Bahri, M, Shah, FA, Tantary, A.Y.: Uncertainty principles for the continuous shearlet transforms in arbitrary space

dimensions. Integral Transforms Spec. Funct. 31(7), 538-555 (2020)
Gao, W.B,, Li, B.Z.: Uncertainty principles for the short-time linear canonical transform of complex signals. Digit. Signal
Process. 111, 102953 (2021)

. Xu, T.Z, Li, B.Z: Linear Canonical Transform and Its Application. Science Press, Beijing (2013)

Guanlei, X, Xiaotong, W, Xiaogang, X.: New inequalities and uncertainty relations on linear canonical transform
revisit. EURASIP J. Adv. Signal Process. 2009, Article ID 563265 (2009). https://doi.org/10.1155/2009/563265
Tao, R, Li, Y.L, Wang, Y. Uncertainty principles for linear canonical transforms. IEEE Trans. Signal Process. 57(7),
2856-2858 (2009)

. Bahri, M., Ashino, R.: Correlation formulation using relationship between convolution and correlation in linear

canonical transform domain. In: International Conference on Wavelet Analysis and Pattern Recognition (ICWAPR),
Ningbo China (2017)

. Guanlei, X, Xiaotong, W.,, Xiaogang, X.: Uncertainty inequalities for linear canonical transform. IET Signal Process. 3(5),

392-402 (2009)

. Shah, FA, Teali, AA, Tantary, A.Y. Windowed special affine Fourier transform. J. Pseudodiffer. Oper. Appl 11,

1389-1420 (2020)

Gréchenig, K.: Foundation of Time-Frequency Analysis. Birkhduser, Boston (2001)

Jaming, P: Nazarov’s uncertainty principles in higher dimension. J. Approx. Theory 149(1), 30-41 (2007)

Huo, H.: Uncertainty principles for the offset linear canonical transform. Circuits Syst. Signal Process. 38, 395-406
(2019). https://doi.org/10.1007/500034-018-0863-z

Price, J.F: Inequalities for local uncertainty principles. J. Math. Phys. 24(7), 17111714 (1983)

Kubo, H., Ogawa, T, Suguro, T:: Beckner type of the logarithmic Sobolev and a new type of Shannon’s inequalities and
an application to the uncertainty principle. Proc. Am. Math. Soc. 147, 1511-1518 (2019)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



https://doi.org/10.1155/2009/563265
https://doi.org/10.1007/s00034-018-0863-z

	Windowed linear canonical transform: its relation to windowed Fourier transform and uncertainty principles
	Abstract
	MSC
	Keywords

	Introduction
	Generalities
	Windowed linear canonical transform (WLCT)
	Essential properties of windowed linear canonical transform
	Inequalities for windowed linear canonical transform
	Conclusion
	Acknowledgements
	Funding
	Availability of data and materials
	Declarations
	Competing interests
	Authors' contributions
	Publisher's Note
	References


