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Abstract
In this paper, we focus on a 2 x 2 operator matrix T, as follows:

A C
Tek(ekD B)’

where € is a positive sequence such that lim_, o €, = 0. We first explore how T, has
several local spectral properties such as the single-valued extension property, the
property (8), and decomposable. We next study the relationship between some
spectra of T, and spectra of its diagonal entries, and find some hypotheses by which
Te, satisfies Weyl's theorem and a-Weyl's theorem. Finally, we give some conditions
that such an operator matrix T¢, has a nontrivial hyperinvariant subspace.
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1 Introduction

Let £(#) denote the algebra of bounded linear operators on a separable Hilbert space
H. Let {TY, the commutant of T, be the collection of all bounded linear operators such
that commute with T. A subspace G C H is invariant for T € L(H) if an inclusion TG C
G holds, and is hyperinvariant for T if the inclusion SG C G holds for all S € {T'}'. The
hyperinvariant subspace problem is asking whether every operator on a separable complex
Hilbert space has a nontrivial hyperinvariant subspace. It has been known that this is one
of unresolved problems in operator theory and it has attracted a lot of interest by many
authors.

For the study of this problem, in 2011, H. J. Kim [8] proved that, if T = (f)l ;:) €
L(H & H) where Ty, T, and T3 are arbitrary operators in £(#) such that T; is either
a compact operator with T} # 0 or a normal operator with T} # AI, then at least one of
T and T, has a nontrivial hyperinvariant subspace where T= (%3 %) for an arbitrary op-
erator Ty € L(H). In 2018, L. B. Jung, E. Ko, and C. Pearcy [7] showed if 77 and T3 are
operators in £(#) such that either T or T5 has a nontrivial hyperinvariant subspace, then

T and T have a nontrivial hyperinvariant subspace where T, and T, are any operators in

© The Author(s) 2021. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a
copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13660-021-02697-6
https://crossmark.crossref.org/dialog/?doi=10.1186/s13660-021-02697-6&domain=pdf
mailto:jieunlee7@sejong.ac.kr
mailto:jieun7@ewhain.net

An et al. Journal of Inequalities and Applications (2021) 2021:164 Page20of 13

L(H). As mentioned in the above results, in the case of a 2 x 2 upper triangular operator
matrix, there are some known results, but in the case of a full 2 x 2 operator matrix, it is
very difficult to solve the invariant subspace problem. So, we focus on the matrix T, as a
variation of the 2 x 2 upper triangular operator matrix and we study some conditions so
that a 2 x 2 operator matrix T, has a nontrivial hyperinvariant subspace.

We now provide a simple outline of the paper. We first study the local spectral theory
of operator matrices (cf. [3] and [9]). In particular, we consider the case when the (2,1)-
entry of a 2 x 2 operator matrix approaches zero. In addition, we give the relationship
between some spectra of 2 x 2 operator matrices and spectra of their diagonal entries,
and find some hypotheses by which such operator matrices T¢, entail Weyl’s theorem and
a-Weyl’s theorem.

2 Preliminaries
We briefly review some notions of local spectral properties, which are used in this paper.
We refer to [10] for more detailed information.

The operator T' € L(H) has the single-valued extension property if f (1) = 0 is the unique
solution to (T — A)f(A) = 0 on D for every open subset D of C and any H-valued analytic
function f on D. The local resolvent set pr(x) of T € L(H) at x € H is the union of all open
subset D of C such that there is an analytic function f : D — H such that (T — A)f(A) =«
on D. The set o7(x) = C\ pr(x) is the local spectrum of T at x. The local spectral subspace
of an operator T € L(H) is givenby Hy(F) = {x € H : or(x) C F} for any F C C. We say that
T € L(H) has Bishop’s property (B) if every sequence {f,} of H-valued analytic functions
on D for every open subset D of C such that (T — 1)f,,(X) converges uniformly to 0 in
norm on compact subsets of D, it follows that f, (1) converges uniformly to 0 in norm on
compact subsets of G. Notice that, if 7 has Bishop’s property (8), then it has the single-
valued extension property. The operator T € L(H) is decomposable if for every open cover
{U, V} of C there are T-invariant subspaces M and N such that

H=M+N, o(TIm)cU and o(T|y)CV.

In general, it is known that T is decomposable if and only if T and its adjoint 7™ possess
property (8) [1, 10].

Now, we introduce some Weyl type theorems related to definitions of various spectra
(see [12] for more details). For these, we first take a look at some notions needed in this
paper. If T € L(H), we shall write ker(T") (or N(T')) and ran(T) (or R(T)) for the null space
and the range of T, respectively. We know that the family {ker(7%)} forms an ascending
sequence of subspaces for T € L(#) and k € N. So we call the ascent of T for the small-
est nonnegative integer k for which ker(T¥) = ker(T**!) holds. We also see that the family
{ran(T*)} forms a descending sequence for k € N, and then the smallest nonnegative inte-
ger k for which ran(7%) = ran(T**') is said the descent of T. An operator T € L(H) is called
upper semi-Fredholm (resp., lower semi-Fredholm) if it has both finite dimensional kernel
and closed range (resp., it has both finite dimensional co-kernel and closed range). Either
upper or lower semi-Fredholm operator T € L(H) is called semi-Fredholm, and its index
is given by ind(7') := dimker(7) — dimker(7™). When both dimker(7T") and dimker(7*) are
finite, then T is called Fredholm.If T € L(H) is a Fredholm operator satisfying ind(7T) = 0,
then it is called Weyl, and if T is a Fredholm operator with finite descent and ascent, then
it is called Browder.
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If T € L(H), we shall write 0,(T), 0\(T), 0,(T), 0(T), 6e(T), 01(T), and 0,.(T) the point
spectrum, the surjective spectrum, the approximate point spectrum, the spectrum, the es-
sential spectrum, the left essential spectrum, and the right essential spectrum the left essen-
tial spectrum of T, respectively. The Weyl spectrum ¢,,(T) := {;t € C: T — ul is not Weyl}
and the Browder spectrum o,(T) := {u € C: T — ul is not Browder}, where I is an iden-
tity operator on H. We write JC(#) for the set of all compact operators on H and re-
view another spectra as follows: the Weyl essential approximate point spectrum o,(T) :=
{u € C: T + C - pl is not bounded below for all C € C(H)} and the Browder essential ap-
proximate point spectrum o,5(T) := { € C: T + C — ul is not bounded below for all C €
K(H) and TC = CT}. Evidently, we get the inclusions

0o(T) C0(T) Cop(T) and  044(T) S 0up(T).

Let iso K be the collection of all isolated points of a complex subset K. We write moo(7) :=
{r €isoo(T):0 < dimker(T — 1) < 0o}. And we denote poo(T) := o(T) \ 0,(T) which is
the collection of Riesz points of T. We say that Weyl's theorem is obeyed for T provided
o (T)\ow(T) = moo(T), and that Browder’s theorem is obeyed for T provided o (T)\ 0,,(T) =
poo(T), equivalently, if 0,,(T) = 0,(T). We say that a-Weyl'’s theorem is obeyed for T pro-
vided 0,(T) \ 0ea(T) = 7§,(T) and that a-Browder’s theorem is obeyed for T provided
04(T) \ 0ea(T) = pio(T), where 7§, (T) := {A € is00,(T) : 0 < dimker(T — 1) < oo} and
Poo(T) := 04(T) \ 04(T). Then it is well known that

a-Weyl’s theorem = a-Browder’s theorem

U U
Weyl's theorem —> Browder’s theorem

3 Main results
In this section, we study 2 x 2 operator matrices. In particular, we consider the case when
their (2, 1)-entry approaches zero. We begin our program with the following theorem.

Theorem 3.1 Let T, = (eng

such that limy_, o €x = 0. Then the following statements hold.

) where A,B,C,D € L(H) and {ex} is a positive sequence

() If both A and B have the single-valued extension property, then T, has the
single-valued extension property.

(ii) If T, has the single-valued extension property, BC = CB, and C is nilpotent of order
m, then B has the single-valued extension property.

Proof (i) Suppose that A and B have the single-valued extension property. Let G be an
open set in C and let f : G — H @ H be an analytic function with f = f; @ f, such that

AN
(Te, — ) (/z(k)) =0. (1)

Then

A-x  C \[(AW) (o
aD B-1]\p0)] \o/’
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Therefore, we get

(A-1AR) + ChH() =0,

(2)
exDfA(A) + (B—A)fa(A) = 0.
Since |(B-2)(M)| < llexDAR) + (B=A)a(M)| + e IDAM)| = exlIDf(A) ]| and limy— o0 €x =
0, (B — M)f2(A) = 0. Moreover, since B has the single-valued extension property, f5(1) = 0.
From (2), we have

(A-Nfi)=0.

Since A has the single-valued extension property, fi(1) = 0. Hence T, has the single-
valued extension property.

(ii) Let T, have the single-valued extension property and (B — 1)f>(1) = 0 where f; is an
analytic function. Then

0 0

Since T, has the single-valued extension property, it follows from (3) that c™ (0 = 0.
Thus

0 0
(Tek - )") <Cm_2_f2()\,)) = (O) . (4')

Since T, has the single-valued extension property, C"~2f;() = 0. By induction, we have
f2(&) = 0. Hence B has the single-valued extension property. O

Corollary 3.2 Let T,, = ( E?D g) where A,B,C,D € L(H) and {€;} is a positive sequence

such that limg_, o €x = 0. If A and B have the single-valued extension property, then the
following inclusions hold.
(i) op(xo) C or,, (%1 ® x9) for all x1,x, € H and HTE,( (F) ¢ H @ Hp(F) for any subset F
of C.
(i) oa(x1) C oT,, (%1 ®O0) forall x, € H.

Proof (i) We know that T, has the single-valued extension property from Theorem 3.1.
Let Ao ¢ 0T, (%1 @ %) for all x1,x, € H. Then there exists a neighborhood D of 1 and an
analytic functionf = f ®f; : D — H & H such that (T, —A)f (1) = x, D x, forevery A € D.
Then we have

(A-AMR) + ChHA) =1,
eDAi(A) + (B-1)fa(A) = x,.

Letting €x — 0, (B — L)fa(A) = x5. Hence A ¢ op(xy) for all x, € H.
On the other hand, if x; ® x, € HT€k (F), then or,, (%1 @ x9) C F. Since

o(x2) C OT,, (x1 ®x2) CF,
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it follows from (i) that x, € Hg(F). Thus x; & x, € H @ Hg(F). Hence
HTek (F) CH (&) HB(F)

for any subset F of C.

(ii) Let A € T, (1 @ 0) for all x; € H. Then there exists a neighborhood G of Ay and
an analytic function f; @ f, : G — H @ H such that (T, — )\)(2&;) = (’g) for every A € G.
Thus this implies that

(A=0AR) + ChHAA) =1,
DA + (B-0)fH() = 0.

Letting €x — 0, we get (B — A)f2(X) = 0. Since B has the single-valued extension property,
f2(A) =0 forevery A € G. Thus (A —1)fi (1) = x1, and hence A¢ € p4(x1). Therefore o4(x1) C
oT., (x1 ® 0) for all x; € H. O

Example 3.3 In Corollary 3.2, if both A and B are substituted with the unilateral shift Z/ on
¢*%(N), then T, has the single-valued extension property on ¢*(N) & ¢*(N). Furthermore,
we get the following inclusions:

ou*1) Cor, (11 ®0) and oy(x) Cor, (1 @ x2)
for all x1,%, € £2(N).
We next investigate some relations among the spectra, the point spectra and the approx-

imate point spectra of A, B and T, respectively.

A C

Theorem 3.4 Let T, = (ékDB

such that limy_, o €, = 0.

) where A,B,C,D € L(H) and {e;} is a positive sequence
(i) If both A and B have the single-valued extension property, then

0(A)Uo(B)=0(T,) and 0,(A)Uo0,(B)=0,(Te).
(i) Ifboth A* and B* have the single-valued extension property, then

04(A) U 0,(B) = 04(T¢,).

Proof (i) From Theorem 3.1, we know that T¢, has the single-valued extension property.
Since op(x3) C o7, " (%1 @ x,) from Corollary 3.2, we have

o®=Jomc | on,men)=0,).

xp€H x1@Pxe HOH

Since o4(x1) C o1, (01 @ 0) for all x; € H, we get

o) =Joamnc |J on (n@x)=0(T,).

x1€H x1DxoeHOH
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For the converse, we suppose that y ¢ o (A) U o (B). If lim,, o [|(T¢, — y)(;:) | =0, then

limy, o0 [I(A = ), + Cyn” =0, 5)
lim,— oo ll€xDx, + (B — V)yn” =0.

Since B — y is invertible,

lyall < |B =) | B =y)ya|

< B-v)|B =)y + eDxy|| + e DI| (B - )7 |14l

Then limsup,,_, o [yx]l < elIDII(B — ¥)~!|(limsup,,_, -, [l%x|). Taking limi_, ~ €x = 0, we
have limsup,,_, ., [[7«]l = 0 and so

lim ||y,| = 0.
n—00

From (5), lim,, . ||[(A — ¥)x,| = 0. Since A — y is invertible, lim,,_, o ||x, || = 0. Therefore,
T., — v is bounded below. If (T, — y)*(;) = (8), then

(A*=Y)x+ D'y =0,
C'x+(B*-=y)y=0.

Since limy_, o, €x = 0, we have (A* — ¥)x = 0. Since A* — ¥ is invertible, x = 0 and so (B* -
¥)y = 0. Since B* — ¥ is invertible, y = 0. Thus ker(T,, — y)* = {0} and so ran(T,, — y)
is dense in H @ H. Hence T, — y is invertible. So y ¢ o(T,,). Consequently, the first
equation is established. Moreover, if A has the single-valued extension property, then it
is well known that the surjective spectrum o;(A) of A identifies with the spectrum of A
(see [10]), so that 0,(A) = 0(A) \ 05(4) = §. Similarly, 6,(B) = ¥. Hence 0,(4) U 0,(B) =
@ C 0,(T,). Since T, has the single-valued extension property by Theorem 3.1, we have
0p(Te) = 0(Te) \ 05(T¢,) = 9. From these arguments, the second equality trivially holds.
(ii) Suppose that both A* and B* have the single-valued extension property. Then we can
prove that 77 also has the single-valued extension property using a similar method from
the proof of Theorem 3.1. It is known that 0,(7) = o (T) provided T* has the single-valued
extension property for every T € L(#). This means that the equality 0,(A) U 0,(B) =
04(T¢,) holds by (i). O

It is well known that, if A and B have the property (8), then (‘3 g) has the property
(B) without any conditions. However, 2 x 2 operator matrices which their all entries are
nonzero, in addition, their (2, 1)-entries are either w/ for some nonzero constant u, or €,
for a positive sequence {¢;} with limy_, o €x = 0 may not have the property (8) even though
their diagonal entries have the property (8) (see (8)). We now study the property (8) and
decomposability of such a 2 x 2 operator matrix T, .

Theorem 3.5 Let T, = (EkADg

such that limg_, o €, = 0. If sup,, ||[fu1llx < 00 whenever

1)
T., —
e =4 (/n,z()h)>

) where A,B,C,D € L(H) and {ex} is a positive sequence

—0 asn— oo, (6)
K
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then the following statements hold.
(i) If A and B have the property (B), then T, has the property (B).
(ii) If A and B are decomposable, then T,, is decomposable.

Proof (i) Suppose that A and B have the property (8). Let G be an open set in C and let
fu: G — H & H be a sequence of analytic functions with f, = f,,; @ f,,» such that

Su1 (1)
T, -
Ta=4) (/n,z(x))

for every compact set K in G, where ||f||x = sup; x [[f (A)|| for an H @& H-valued function

f(x). Then
A—-A C fu1(A)
exD B-A o (L)

Therefore, we get

=0 (7)

lim =
n— o0
K

lim

n—00

lim,,, o [I(A = A)f1(A) + Cfa(M)Ik =0,
limy,—, oo l€xDfyr1(A) + (B — A)fp2(M)llx = 0.

®)

‘We observe that

1B = W)fu2(M)| ¢ < (B =M)fu2(2) + xDfy (M) — exDfui ()|

< [B=Wfu2() + eDfua ()| + | (W) | -
From (8), we get
ligsgp\\ (B=2)fu2()| < &lDIl liirisot‘gp\m,l(x) |-
Since sup,, [[fy1llx < 00, letting €, — 0,
1i:rls£pu (B=2)fu2(M)]| =0

and so lim,_o|[(B — A)fy2(A)|lx = 0. Moreover, since B has the property (B),
lim, - oo [fi.2(XM) ] x = 0. From (8), we have

Jlim [[(A = 2)f1 (W) =0

Since A has the property (8), lim,— o |[f1,1 ()|l x = 0. Thus
i [0 = Jim s @120 =

Hence T, has the property ().

(ii) If A and B are decomposable, then A,A*, B, and B* have the property (8). Since A
and B have the property (), it follows from (1) that T, has the property (8). Note that

Page 7 of 13
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T = (A* ekD*) and ((1) é)( B C*)(O ) = T} . Since A* and B* also have property (f), it

€k c* B* eD* A*J\T10
follows from (i) that (EfD* g*) has the property (8). Since (ng* j*) is unitarily equivalent
to T7, , we see that T has the property (B). Therefore T, is decomposable. g

From these arguments for some local spectral properties of the operator matrices T¢,,
we get more corollaries.

Corollary 3.6 Let T, = (eng

such that limy_, o €, = 0. If sup,, ||fu1llx < 00 whenever (6), then the following statements

) where A,B,C,D € L(H) and {€;} is a positive sequence

are satisfied.
() If A and B have the property (B) and o (T,) has nonempty interior, then T, has a
nontrivial invariant subspace.
(ii) If A and B are hyponormal, then T, has the property (B).
(iii) IfA and B are compact or normal, then T, is decomposable.

Proof (i) If A and B have the property (B), then it follows from Theorem 3.5 that T, has the
property (B). Since o (T,) has nonempty interior, T, has a nontrivial invariant subspace
by [5, Theorem 2.1].

(ii) If A and B are hyponormal, then they are subscalar by [14], and so it is known that
they have the property (8). Hence it is obvious that T¢, has the property (8) from Theo-
rem 3.5.

(iii) Since A and B are compact or normal, then they are decomposable (see [10]) and

this implies from Theorem 3.5 that T, is also decomposable. d
From [2],if T, = (ekAD g) on H & H and R(C) is closed, then we have the following matrix
representation:
A, 0 O
Te=|4 0 C|, )
GkD Bl Bz

which maps from H @ H = H & N(C) & N(C)* into H & H = R(C)* @ R(C) ® H where
C1 = Clneytr A1 = Pyt A, Ay = PrioyA, B = Bln(c) and By = Bl )L Here, Py(c) (resp.
Py (o)1) denotes the projection of K onto N(C) (resp. N(C)*). We now study the next
theorem in the sense of the representation (9) and mention that a sequence {¢;} need not
converge to 0.

Theorem 3.7 Let T, = (Eng

pose that Ay = PpcyLAly and By = Bln(c). If A1 has the property (B) and By is decom-

) where {€r} is a bounded sequence and R(C) is closed. Sup-

posable, then T, is decomposable. Moreover, if 0 is not an eigenvalue of C*, then T, is
decomposable if and only if B; is decomposable.

Proof Since B; is decomposable, both B; and B;* have the property (8). Moreover, A; has
the property (B8), thus T, and its adjoint operator have the property (8) from [3, Theo-
rem 3.3]. Therefore T, is decomposable. On the other hand, if T, is decomposable, then
T, and its adjoint operator have the property (8). Thus, by [3, Theorem 3.3], both B; and
B;* have the property (8). Hence B; is decomposable. The converse implication holds by
a similar method. O
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Corollary 3.8 Let T, = (EkAD g) where {€x} is a bounded sequence. If C = €I and A is self-

adjoint, then T, is decomposable.

Proof Since A is self-adjoint, so is A; = Ppc)LAl3. Thus it has the property (8). Since {e;}
is a bounded sequence, By = B|y(c) is decomposable, so it follows from Theorem 3.7 that

T, is decomposable. d

Example3.9 Let T, = (EfD Lg) on ¢2(N) @ £%(N) where {€;} is a bounded sequence and U/
is the unilateral shift given by Ue, = e,,; on ¢*(N) for n € N. Then B; = By ) is decom-

posable and this is equivalent to T, being decomposable by Theorem 3.7.

Now, we address Weyl type theorems for T, . We start with the following lemma.

Lemma3.10 Let T, = (E?Dg
that limy_, o €4 = 0. Assume that A and B have the single-valued extension property. Then

(a-)Browder’s theorem holds for T, .

) where A, B, C,D € L(H) and {e} is a positive sequence such

Proof By Theorem 3.1, we know that T, has the single-valued extension property. Then
it is obvious that 0,,(T,) = 0(T¢,) and 0, (Te,) = 04(T,) (see [1]). Hence this means that
(a-)Browder’s theorem holds for T, . O
Theorem 3.11 Let T, = (EfD g) where A,B,C,D € L(H) and {ex} is a positive sequence
such that limg_, o €x = 0. Suppose that Weyl's theorem holds for A and B. Then the following
statements hold.

(i) If A and B have the single-valued extension property, then Weyl's theorem holds for

T.,.

(ii) IfA* and B* have the single-valued extension property, then a-Weyl's theorem holds

Jor T,.

Proof (i) If A and B have the single-valued extension property, then it follows from
Lemma 3.10 that o (T¢,) \ 0/(T¢,) = poo(Te,) S moo(Te, ). To show the reverse, we suppose
that 0 € mo(T,) without loss of generality. It follows from Theorem 3.4 that

0 € [m00(A) \ o(B)] U [m00(B) \ 6(4)] U [00(A) N 700(B) -

Since Weyl’s theorem holds for both A and B, we have 0 ¢ 0,,(4) U 0,,(B). Set Ty := (‘g g)
Then Tj is Weyl by [11, Lemma 3]. This implies from [13, Theorem 1] that, if T,, — To
in norm, then limsup,_, ., 0,,(T¢,) C 0,,(Ty). Hence 0 ¢ lim sup, _, ., 0 (T¢, ). So there exists
81 > 0 such that, for u € D(0, %1), open disc with center 0 and radius %1, such that T, —ul is
Weyl. Since Weyl operators form an open set, there exists 8, > 0 such that || T, — ul — T <

%2. We choose § := min{d1,68,} > 0. Then

5 4
ITe = Toll = ITep =l = Toll + |l < 5 + 5 = 6.

Therefore T, is Weyl but is not invertible. Consequently, Weyl's theorem holds for T, .
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(ii) By Lemma 3.10, we have 0,(T¢,) \ 0ea(T¢,) = pgo(Te,) S 50(Te,). We now suppose
that 0 € 75y (T, ). From Theorem 3.4, we get

0 € [7(A) \ 04(B)] U [755(B) \ 0a(A)] U [ (A) N7y (B)].

It is known that o (S) = 0,(S) and 0,,(S) = 0.,(S) provided S* € L(H) has the single-valued
extension property by [1]. On the other hand, A* and B* have the single-valued extension
property, and satisfy Weyl’s theorem. This implies that 0 ¢ 0,,(4) Uo,,(B). Then Ty is Weyl.
Hence we get 0 ¢ limsup;_, ., 0w(T,), so that 0 € 0,(T,,) \ 0eu(T¢,). Therefore a-Weyl’s
theorem holds for T, . O

We say that T € L(H) is normal if T*T = TT*, hyponormal if T*T > TT*, algebraically
hyponormal if there exists a nonconstant polynomial p such that p(T') is hyponormal, re-
spectively. It is known that normal operators imply hyponormal operators, and hyponor-
mal operators imply algebraically hyponormal operators. From these notions, we have the
following corollary.

A C

Corollary 3.12 Let T, = (ekDB

such that limg_, o € = 0.
(i) IfA and B are normal, then a-Weyl's theorem holds for Tk,
(ii) If A and B are algebraically hyponormal, then Weyl's theorem holds for T, .

) where A, B, C,D € L(H) and {€;} is a positive sequence

Proof (i) It is obvious that normal operators are decomposable by [10]. So if A and B are
normal, then their adjoint operators have the single-valued extension property. Moreover,
A and B are hyponormal, hence it follows from [4] that they satisfy Weyl’s theorem. Con-
sequently, this means that a-Weyl’s theorem holds for T, from Theorem 3.11.

(ii) If A and B are algebraically hyponormal, then so are their translation, and then it fol-
lows from [6, Lemma 1] that A — Al and B — AI have finite ascent for all complex number 2,
so that they have the single-valued extension property. On the other hand, Weyl’s theorem
holds for both A and B from [6, Corollary 4]. Thus this implies from Theorem 3.11 that
T, satisfies Weyl's theorem. O

Finally, we study 2 x 2 operator matrices

A C
Ty:( )’
yl B

where y is any scalar in C. Let {T} }’ be the collection of operators commuting with T, as

follows:
L, M,
{Ty}/={<Na Pa):aez},
and let

(T, = Ly M, :o0eXand sup || L, — Py < 00
vio— N, P, ’ aeg ’ 7 .
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We recall that a transitive subalgebra of £(#) has the property that it has no nontrivial
invariant subspace.

Theorem 3.13 Let T, = (;:1 g) where A, B, C € L(H) and {€}} is a positive sequence such
that limy_, o €x = 0 and there is X € L(H) such that AX = XB. If there exists a nontrivial
hyperinvariant subspace N for B such that N ¢ ker X, then S € {T¢}, has a nontrivial

invariant subspace.

Proof Assume that there exists a nontrivial hyperinvariant subspace A for B such that

N ¢ kerX. Let S € {T¢,};. Then we put S = (i,‘(’r ];[:) where 0 € ¥ and sup, .5, [ILs — Ps || <

o0o. Since S € {T, };,, we get

L;A+e, M, L,C+M,B B AL, +CN, AM, + CP,
N,A+¢,P, N,C+P,B] \e,L,+BN, e,M,+BP;]"

Then we have BN, — N, A = ¢,(P, — L) and so

BNy — NoAll = €41|1Po — Lo || < €, 8up [|Po — Lo |l
oex

Since lim,,_, , €,, = 0, BN, = N, A for 0 € X. Hence BN, X = N,AX = N, XB for o € X. So
N, XN C N foro € £.0n the other hand, assume, to obtain a contradiction, that { Tt }; is
transitive. Then, for arbitrary z € H, it follows from [7, Proposition 2.2] and the hypothesis
that there exist g € ¥ and y € A/ with Xy # 0 such that, for every € > 0,

”No’oXy - Z” <€,

which means that {V,Xy:o0 € ¥} = H for some oy € X. But this is a contradiction from
N,Xy € N for all 0 € E. Hence {T,,}; is not transitive. Thus S € {T¢,}; has nontrivial
invariant subspace. d

We easily see that there exists a nontrivial hyperinvariant subspace A/ for B such that
N ¢ ker X as the following example.

Example 3.14 Let N € L(H) be a normal operator with N # AI for A € C. Consider an

operator matrix (;\({1 13 ) and {e,} is a positive sequence such that limg_, o € = 0. Then there
. .. . . N C\\/
exists a nontrivial hyperinvariant subspace A for N but \" ¢ ker /. Hence S € {( el o

has a nontrivial invariant subspace by Theorem 3.13.

Corollary 3.15 Let T, = (’; i’;’) where A,B,Z € L(H) and 8 is a positive sequence such
that lim,,_, » 8¢ = 0 and there is X € L(H) such that BX = XA. If there exists a nontrivial
hyperinvariant subspace M for A such that M ¢ kerX, then S € {Ts, }, has nontrivial

invariant subspace.

Proof Set Ry, = (5, i) Since (9 é)Rsk((I)é) = Ts,, Rs, and Tj, are unitarily equivalent.
Since W € {Rj, }; has a nontrivial invariant subspace by Theorem 3.13,

0 1 0 I 0 I 0 I
W Ty, = WRs,
I 0 I 0 I o0 I o0
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0 0

“\1 o)\,
o 1\ (o I

=Ty, w
1 o) \r o

Thus () ;)W(] ) € {T5). Since W € {Rs, };,

0o I 0
w

e{Ts ).
I 0 [ o) €T

Since W € {Ry, };, has a nontrivial invariant subspace, we conclude that

(V) 0o I
S= w € {Ts )t
1 o)W1 o) €tud
has a nontrivial invariant subspace. O
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