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1 Introduction
Let ay,, iy, >0, a = {a,};°,, and p > 1. Define

o0 p
Ly i=qa:lallyu = Z/Lkﬂi <00
k=1

In particular, if i1, = 1, then we have the abbreviated notations |||, := |||, and , := 1, ..
Let p > 1 and consider measurable functions f(x), v(x) > 0. Define

Ly, (R*):= {fﬁ W1l = (/W v(x)f? (x) dx)é < oo}.

For v(x) = 1, we have the abbreviations as follows: ||f ||, := I|f]l,,» and L,(R*) := L,,,(R*).
Consider two sequences of real numbers, a = {a,}°; € [, and b = {b,,}2; € l,. Then

E E “— <71 all2llbll2 (1.1)
m+n

n=1 m=1

where the constant factor 7 is the best possible. Inequality (1.1) was first proved by the
German mathematician D. Hilbert in 1908 in his lectures on integral equations, and is
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usually known as Hilbert’s double series inequality [1]. Three years later, Schur established
the integral analogue of (1.1), that is[1],

[ ] T2 dray <t 12)
o Jo x+y

where f,g > 0 are two real-valued functions, and f, g € L,(R").

In 1925, by the introduction of a pair of conjugate parameters p and ¢, p > 1, 1% + % =1,
Hardy and Riesz generalized (1.1) as follows:
oo oo
amb b4
oY < ——alllblly, (1.3)
oo mtn sing

where a = {a,};2, €, and b= {b,};2, €,.

Since the 1990s, by the introduction of parameters and special functions, researchers
established quite a few generalizations of (1.3) (see [2-11]).

It should be noted that there is a sharper form of (1.3) (see [1, Theorem 323]):

m+n+1
n=0 m=0

° & apb T
mn
E E — < @”a”p”b”q' (1.4)

Regarding extensions of (1.4), we can refer to [12—16]. In addition, some extensions of (1.2)
were also established in the past 20 years (see [10, 11, 17-20]). Furthermore, by construct-
ing new kernel functions, introducing parameters, and considering coefficient refinement,
reverse form, and multi-dimensional extension, a large number of new inequalities similar
to (1.1) and (1.2) were established in the past several decades (see [21-31]). These newly
constructed inequalities are generally called Hilbert-type inequalities.

In addition to integral and discrete forms, Hilbert-type inequalities also appear in half-
discrete form. The first half-discrete Hilbert-type inequality was proved by Hardy et al.
[1, Theorem 351], but the constant factor was not proved to be the best possible. In 2011,
Yang [32] proved that

/Ooof(x)ni:

where the constant factor 7 is the best possible. With regard to the related results of half-

a
— dx < 7||f ll2llll2, (1.5)
n+x

discrete Hilbert inequality, we can refer to [33—40].

The main objective of this paper is to establish a half-discrete Hilbert-type inequality
with the kernel function, in particular exponential or hyperbolic function. We first present
some relevant results in the literature. For example, Yang [41] proved that

f / @) dy < 11z, g2 (16)
0 0

where v;(x) = x7! and v, (y) = 2.
In 2013, Liu [42] established the following inequality involving hyperbolic secant func-
tion:

/0 /0 sech(xy)f () dx dy < 260 f 120 gl L7)
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where sech(x) = 2=, v(x) =273, and ¢o = Y 1o % = 0.915965* is the Catalan con-
stant.
Another Hilbert-type inequality with a half-discrete kernel involving hyperbolic secant

function was established by Zhong [43] in 2012. It reads

fo f(x)%an sech(g) &< 2 flaulaly (L.9)

where v(x) =&, 1, = 1.

In this work, we will establish the following half-discrete Hilbert-type inequalities with
the kernels involving hyperbolic tangent and cotangent functions:

/ f(x) Zan [coth X/nx — 1] dx < Byt (| Il v 121l g0 (1.9)
0 n=1
o0 o0 1
/ f(x) Zan[l — tanh *X/nx] dx < <1 ~ 2 )an2m|[f||p,u llall g (1.10)
0 n=1

where v(x) = }c, Uy = %, m e N*,

Itis of interest that we also present some other half-discrete inequalities involving hyper-
bolic functions. More generally, we construct a kernel function with multiple parameters,
which unifies the homogeneous and nonhomogeneous kernels, and then a half-discrete
Hilbert-type inequality and its equivalent forms are established.

2 Some lemmas
Lemma 2.1 Let 1,1, € {1,-1}, and ny # -1 for n; = 1. Let y1 € R, 5,5 € R. Suppose
that y3 < y» < —ys <1 forna =1, and y3 < y» < —y3 < yi1 for n, = —1. Define

ert + nyer3®

k(u) :=

- B uso. (2.1)
eviv 4 nle*)/lu

Then k (u) is decreasing on R*.

Proof 1t is easy to show that

dk
W [(r2 = )27 1 (5 + 11 )elr2 70 (2.2)
+12(ys — y1)e3 T iy (ys + y1)e3 ]
X (€M + e ) 2 = ke () (€N + e )™
and
di 2 2\[ ,(r2+v1)u (y2—y1)u
e {(y2 - i )[e + e ] (2.3)

+ 1 (y32 — 7/12) [e()’3+y1)u + me(ya—yl)u] }

Forn, = 1,n = £1, since y3 < ¥ < —y3 < 1, we can obtain )/22—)/12 <0and )/32 - )/12 <0.In
addition, it is obvious that e®2+7)% 1y, e(2=7D% 5 0 and e3+7V# 4y er3- 1% 5 (. Therefore

49 < 0forny=1,m = 1.
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For 1y = —1,11 = —1, write ky(¢) := et*% _ =)t ¢ R, 4 > 0. Then

dK2

— Me(tﬂ/l)u _ ue(t*n)u s 0.
dt

Therefore «,(t) is decreasing on R, and it follows that

% < {(y22 _ ylz)[e(yzwwu _ e(yzfn)u] (2.4)
_ (7/32 _ V12) [e(yz+y1 er2—11) ]}
<o.

— (y22 _ ),32) [e(V2+71) 27 ]

Based on the above discussions, it follows that «;(u) is a decreasing function on R*.
Therefore, for n1 = 1,173 = 1, k1() < k1(0) = 2(y2 + y3) < 0. Similarly, we can obtain that
k1(¢) < k1(0) = =49y <0 for n; = -1,15 = 1, and «1(u) < x1(0) = 0 for n; = -1, = —1. Ap-
plying k1 () < 0 to (2.2), we get g—’; <0, and it follows that « () is decreasing on R*. O

Lemma 2.2 Let ny,n; € {1,-1} and ny # -1 for n; = 1. Let B; € R*, By € R\ {0}. Assume
that B <1, B>1and B#1forn =-1,n=1.Let y1 e R*, 5,3 €R, and y»,y3 # 1.
Suppose that y3 < yy < —y3 <y forny =1, and y3 <y, < —y3 < y1 for ny = —1. Define

eVz"ﬁl xP2 " 7723}/3”51 xP2

. + +
K(n,x) := P me—nnﬂlxﬂ? , neN ,xeR", (2.5)
and
0o . .
(-mY n2(-n1y
C(V,V»Vﬂ? »'I:ﬁ)= |: 3 + 3 . (26)
e ; Qrj-r+r)f  Qunj-vs+n)?
Then
00 X nbp1
o= [ Klm 1 - T BIC0 voymB), 27)
0 2
o0
)=y Kmxn < Y2 V31512, B)- (2.8)
Proof Setting nf1x#2 = u, we obtain
nBh 00
w(n) = k()P du. (2.9)
|82l
Expanding « () into a power series of e, we have
(y2=y1)u (v3—y1)u
k() =& e (2.10)

1+ ne2n

o0
Z(_m)i[e(—wljwz—m)u n ﬂze(_zylj+y3_yl)”],
j=0

Page 4 of 16
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Therefore, by the use of Lebesgue term-by-term integration theorem, we obtain

‘/0 k(@)uP 1 du = Z{(—nl)"[/o e2rytramyug -1 du] (2.11)

j=0

oo
+ Uz(—nl)j[/ e2vy+ys—yuy f-1 du] }
0

Setting (—2y1j + Y2 — y1)u = —t, it follows that

00 _t.p-1
/ " oot gy o o e re (2.12)
0 Crj-rn+rv)?f Qrj-ra+n)’
Similarly, we can obtain
00 _t.p-1
_/OO el =2ntrs=yuy -1 gy, = Jy et de = L) . (2.13)
0 Crj-y+yv)f  Qrij-y+n)f
Applying (2.12) and (2.13) to (2.11), and using (2.6), we have
o0
f K(M)Mﬁ71 dbt = F(IB)C(‘VI! Y2, ¥3, 1M1, 12, ﬂ) (214')
0

Plugging (2.14) into (2.9), we have (2.7).
Furthermore, observing that g; > 0 and 881 — 1 <0, by Lemma 2.1, it’s easy to see that
K(n,x)nP171 is monotonically decreasing with respect to n. Therefore,

Z[((n,x)nﬁﬁl_l </ K(u,x)u®P 1 du. (2.15)
n=1 0

Setting uf1xP2 = ¢, and using (2.14), we obtain

Sl x’ﬁﬁZ o
/ K, x)uPP17 1 du = ;3—/ k()P de (2.16)
0 0

1

xBP2

= T(B)C(v1, v2, v3, M, 12, B)-
B

Combining (2.15) and (2.16), we have (2.8). The proof of Lemma 2.2 is completed. a

Lemma 2.3 Let 11,1, € {1,-1} and ny # -1 for n; = 1. Let B; € R, B, € R\ {0}. Assume
that B1 <1, B>1and B #1 forny =-1,n,=1. Let y1 e R*,y5,v3 € R, and y5, 3 # y1.
Suppose that y3 <y, < —y3 <y forny =1, and y3 <y, < —y3 <y for ny = —1. Let K(n,x)
and C(y1, ¥2, Y3, 1, N2, B) be defined via (2.5) and (2.6), respectively. For a sufficiently small
positive number ¢, setting

q(BB1-1)-p1 ¢
ale):={ane)} _ ={n T}, (2.17)
and
p(BBa-1)+Boe Q
’ X € ’
Je(x) = (2.18)

0, xeR"\ Q,
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By
where Q = {x:x > 0,x1P21 < 1}. Then

7::;@(8) /Q K(mx)fe (x) dx = /Q fs(x);an(s)K(n,x)dx (2.19)
> |/311’32| [F(ﬂ)C(Vl, Y2, V3,11, M2, B) + 0(1)],

Proof By Lemma 2.1, we have

. pBBy-V+pye [ [ qBBi-D-pre 72152 4 ) orarPlaf
J> X P y q I 5P dy dx. (2.20)
Q 1 ey a2 nle—l’lj’ 1x2

Setting y#1xf2 = u, we get

J> ﬁi/ xf2e-1 |:/ﬁ K(u)uﬂ_%_1 du:| dx (2.21)
1JQ xP2
= 1 / xf2e1 |:/ lc(u)uﬂ_é_1 du:| dx
B Ja 1
1 1 e
+ /3_ / xP2e1 [/ﬁ (W)l a7t du:| dx
1JQ xP2

1 o0 £_1 1 1 £_1
= / K(u)uﬁ_q_ du + —fxﬁza_l f K(u)uﬁ_q_ du | dx.
|B1B2le J1 B1 Ja P2

For B, > 0 or 8; <0, by Fubini’s theorem, it follows that

1 . 1 1 .
/ xf2e71 |:/ w(w)u’ a7 du:| dx = / k() 7 du. (2.22)
Q 2 |B21e Jo
Applying (2.22) to (2.21), and using (2.14), we obtain (2.19). The proof of Lemma 2.3 is
completed. d

Lemma 2.4 Let -1 <z< 1, ¥ (u) = tanu, ¥, (u) = secu, and m € N. Then

[o¢]
em (2T _ 22" (2m)! 1 1
B - , 2.23
1/fl ( 2 ) p2m+1l FZO (2j+ 1 _Z)2m+1 (2] +1 +Z)2m+1 ( )
o0
@ms1) [ 27 2272(2m + 1) 1 1
B : 2.24
v ( 2 ) r2m2 j=ZO (2 + 1 —z)>m+2 + 2+ 1+ 222 (2.24)
[o¢] : .
m (2 _ 22" 2m)! (-1y -1y
B : 2.25
v ( 2 ) 2] ; @+ 1-221 " Q11122 (225)

Proof The rational fraction expansion of v/ () = tan u can be written as follows [44, 45]:

> 1 1
Y(u) = tanu = 2;[(2;4 Dr-2u Q+Dr+ 2u]' (226)

Page 6 of 16
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Finding the (2m)th derivative of ¥ (x) = tanu, we have

o0

(2m) _ o2m+1 1 _ 1
i) =2 (2m)1§{ (2 + V) — 2uPP™1 (2] + D7 + 2u]21 } @227

Letting u = % in (2.27), we obtain (2.23). Finding the first derivative of (2.27) and letting
u = 5, we arrive at (2.24). In view of

240 (2u) = Yy Zoiu)+ 41 o u ) (2.28)
4 4

and finding the (2m)th derivative of (2.28), we obtain

22m+1w(2m (u) = wlzm (Z + u) + w(Zm)<4 — M> (2.29)

Letting u = - in (2.29), and using (2.23), we have

om (F0) _ 2 2m)! ¢ 1 1
2 )" - 2.30
Wz ( 2 ) n2m+l FZO (4:j+ 1 _Z)2m+1 (4] +3 +Z)2m+1 ( )

22+ ()1 & 1 1
+ p—
(4 + 1 +2)¥+1 (45 + 3 —z)¥m1

n-2m+l

B 22m+1(2m)[ i[ (—1)/ N (—1)] ]
T p2m+l (2} +1—z)¥m+l (2] +1 +2)2m+1 :

Lemma 2.4 is proved. O

3 Main results

Theorem 3.1 Let n1,n € {1,-1} and ny # -1 for ny = 1. Let 1 € R*, By € R\ {0}. Assume
that Bpr <1, B>1and B#1forn =-1,n.=1.Let yh e R*,yn, 3 €R, and y»,y3 # y1.
Suppose that y3 < yy < —y3 < )/1f0’" na=1,and y3 <yy < —y3 <y for ny = —1. Let u, =
n1U=PBU1 gnd v(x) = x?1PBI-L et a,, f(x) > O with a = {a,}2, € L, and f(x) € L, (R*).
Consider K(n,x) and C(y1, y2, 3, M, 2, B) defined via (2.5) and (2.6), respectively. Then the
following equivalent inequalities hold true:

S 0 p
L :Zn"ﬂﬂl‘l |:/ K(n,x)f(x)dx] (3.1)
n=1 0
<[ﬂ?|ﬁ2|_%r(ﬁ)C(V1;V2;V3y771»772y B W15,
L= / x1PP2-1 |:Zl<nx } dx (3.2)
<[IB1 ﬂ2| qF(,B)C(J/l,)’2»)’3:771,'72»13)] ”a”q”;

Ji=) a / K(n,x)f (x) dx = / fx)ZK(n *)a, dx (3.3)

n=1 0 n=1
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_1 1
< :31 i |ﬂ2| a F(,B)C()/l, Y25 V3, M1 125 ﬁ)”f”p,v ”ﬂ”q,;u

where the constant factors

[/317 |I32|_$ T(B)C(, v2 31,12, B) s

[B.7 1Bl 1 T(BYC (v v 35 115 120 B)]

_1
and B, P |,32|_$ T'(B)C(y1, 2, V3, 11, N2, B) are the best possible.

Proof By Holder’s inequality and (2.7), we have

[/ml((n, x)f (x) dx]p (3.4)
0
ﬂﬁl % »
[ o () ) o
nr_
00 pbb1-1 00 xPhr-1 p-1
K(n,x)| ——f* d K(n,2)| —— | d
5/0 K(n x)|: p(ﬁﬁqul)f (x)] x{/o K(n x)|: ﬁfh :| x}

X n
s BP1 1-$B1) -
- /0 K(n,x)[an (x)} Aot 7]
X
-pBB1+BP1 o0
=%T[F(ﬂ)c(ybV2,7/37771,772,5)]p_1 /0 Kon)x™ 1 f2(x) d.

Therefore, by Lebesgue term-by-term integration theorem and (2.8), we obtain

nbh1- 1-$p2)

1152|52|p1[ BCG 2y B fo Kinape™ 1 P de  (35)

n=1

p ﬁﬁz

fP(x) (x) dx

: _ o0
" 1Bl [T(BYC(r1, vas vsmma B)] 1./(;

1 o0
< W[F(ﬂ)c(yh Y2, V3,115,125 ﬂ)]p/() xp(l—ﬂﬂz)—lfp(x) dx

= [B.7 1B TT(BYC O, v vss s BV IF L.

Hence (3.1) is proved. Similarly, by Holder’s inequality in the form of series and (2.8), we

have

13/31 /3/3121_-1 q
|:ZI((VI x)( >(xﬂﬂjan>:|
nr

1-pf1
< [w(x)x '1 q IZI((VI x)n Z aqxﬁﬁz
n=1

Page 8 of 16



You Journal of Inequalities and Applications (2021) 2021:153 Page9of 16

x-aB2+Bp2 g
< T[ BYC(r1, v2s V3»771,772,/3) ZK(VI x)n Z
1
Plugging (3.6) into the left-hand side of (3.2), and using Lebesgue term-by-term integra-

tion theorem again, as well as (2.7), we obtain

1 - q(1-pp1)
I < F[F(ﬂ)c(h,)/z, v3 1,02, B)]" 1/ KPP ZK mx)n ¢ ajdx 3.7)
1 0 n=1
1 -1 40-pp1)
q-1 [ (ﬂ)C(J/b Y2, V3,115 7727,3) Zn ’ na)(n)
/31 n=1
1 oo

= W [F(,B)C(Vl, Y2, V3,11, 12, ﬂ)]q Z ”q(lfﬁﬂl)flaz

1 2 n=1

= [B," 1Bl 1T (BYC(ra, v v3s ms 12, B)] a2

The proof of (3.2) is completed.
By the use of Lebesgue term-by-term integration theorem, it is obvious that there exist
two forms of J. Using Ho6lder’s inequality and (3.1), we have

J= Z{ [,,ﬁﬂl—}, /000 K (n,x)f (x) dx] (ann—ﬁﬁ1+;)}
n=1

1 1
< llallgu < By " 1821 1T (BYC(y1, v2, V3, 11 020 BIf Il gl -

Therefore, we obtained (3.3) via (3.1). It will be proved that (3.3) can also be obtained via
(3.2). In fact, it follows from Holder’s inequality and (3.2) that

J= /oo { |:xﬁﬂ2‘; Zanl((n,x):| [x_ﬁﬁ”;f(x)]} dx
0 n=1

<L fllpw < By B2l " 1T (BYC(v1s v2s v3s 1 112 B)If Nl @l -

In order to prove the equivalence of (3.1), (3.2), and (3.3), we will show that both (3.1) and
(3.2) hold when (3.3) is true. Let

00 p-1
= PPl |:[ K(n,x)f(x) dx:| .
0

It follows from (3.3) that
p
(”a”qﬂ {anﬁﬁl |:/ K(n, x)f(x)dx:| }

00 0 p
_ [lea /0 Kl %)f ) dx:|

1y
<[B," 1Bl 71T (BYC(y1, va v3s i s Y IFIE, Nl
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Therefore,

0< Y it [ / " K x)f ) dx:|p (3.8)
n=1 0
= (”“”w)q
<[B 7 1Bl AT (B, v2 vas e AP IFIE,

Hence, (3.1) is proved via (3.3). Similarly, let

q-1

f(x) := x9PP21 |:ZK n, x)zz,,:|

By the use of (3.3), we have

q
< (Ifllpn )" = : j x9PP271 |:ZK n, x)an:| } (3.9)
- [ /Oof ) Z K(n,x)a, dx}
0 n=1

<[B.7 1B AT (BYC O, yor v s B IFIL, Nl

It follows from (3.9) that

q
0 <f KPP |:2K(n x)a j| dx = (|[f||p,,,)p (3.10)

<187 1B DB, o v s B Nl

Inequality (3.2) is also proved via (3.3). According to the above discussions, (3.1), (3.2),
and (3.3) are equivalent.
Atlast, it will be proved that the constant factors on the right-hand side of (3.1), (3.2), and
_1 1
(3.3) are the best possible. Assuming that the constant factor 8, ¥ | 82| 2 T(B)C(y1, y2, 3, M1,
12, B) in (3.3) is not the best possible, there must be a positive number ¢ such that (3.3)

_1
still holds if B, * |ﬂ2|7$ T'(B)C(y1, y2, V3, N1, 02, B) is replaced with ¢. That is,

Za,,fo K(n,x)f(x)dx:/0 f(x)Za,,K(n,x)dx<c|[f||p,,,||a||qyu. (3.11)
n=1 n=1

Replacing a, and f(x) with a,(¢) and f; (x) defined in Lemma 2.3, respectively, and using
(2.19), we have

|/31,3 | (IB) (Vlr Y2, V3, M1 772¢,3) +0(1) (312)

1 0 tl?
< 8C|Iﬁ;||p,\, ||a(8)||qu = gc(/ xPae-1 dx>1’ <1 N Zn_ﬂ15‘1>
Y @ n=2
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1 1

< ec(/ xf2e-1 dx)p <1 + / x~Pre-1 dx) !
Q 1

= clfal P (e + BTY) 1.

Let ¢ — 0%, then we obtain ﬁ;% |,32|_%F(,8)C(y1,y2,y3,nl,ng,ﬁ) < ¢, which contradicts
the assumption, obviously. Therefore, the constant factor on the right-hand side of
inequality (3.3) is the best possible. From the equivalence of (3.1), (3.2), and (3.3),
the constant factors in (3.1) and (3.2) are obviously the best possible. Theorem 3.1 is
proved. d

4 Corollaries
Letn; =ny=-1, y3 =y, and 8 =2m + 1 (m € N) in Theorem 3.1. By the use of (2.23), we
obtain the following corollary.

Corollary 4.1 Let 8; € R*, B, e R\ {0}, and 2m + 1)B1 <1 (m € N). Let 0 < y» < y1.

Suppose that i, = n1=CmDAI=1, () = (PU-QusB2l=1 " gpd v (u) = tanu. Let a,,, f(x) > 0
witha ={a,};2, €ly, and f(x) € L, ,(R"). Then

o0

Zay,/ sinh (ygn’glxﬁz)csch(yln’glxﬁz)f(x) dx (4.1)
0

n=1

:/ f(x)Zansinh(yznﬂlxﬂQ)csch(ylnﬁlxﬂz) dx
0

n=1

1 1 T 2m+1 P
-1 @m) [ V2
<" 1Bl q(—) v <—>I o ll@llg,u-
1 2y1 1 2)/1 lf P g1

In particular, let y; =2y, y, =y (¥ > 0) in (4.1), then it follows that

o0

Zan /00 sech(ynﬂlxﬁ2)f(x) dx (4.2)
0

n=1

1 _l 1 T 2m+1 T
BB (;) w{”’”(z) I lpolll g

Setting y =1, 81 =1, By = -1, m = 0 in (4.2), we obtain (1.8).
In addition, let y; =4y, y» =y (y > 0) in (4.1), then we have

o0

Zan /OO sech(ynﬂlxﬂz)sech(Zyn’glxﬁz)f(x) dx (4.3)
0

n=1

1 1 1 T 2m+1 o
<ﬂl"|ﬁ2|qW(;) z/f{””)(g)|wu,u||a||q,u.

Setting B1 = B> =y =1, m =0 in (4.2) and (4.3), we obtain
o0

Y a, /0"" sech(rx)f (x) dx < 2 I 0 lall (4.4)

n=1
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Z“” /OOO sech(nx)sech(2nx)f (x) dx < («/5%)77 Fllpwllall g 45)

n=1

where u,, = %, v(x) = %
Letni =-1,n2=1,y3 =—y2and B = 2m+2 (m € N) in Theorem 3.1. By the use of (2.24),
we obtain the following corollary.

Corollary 4.2 Let $; € R*, B e R\ {0}, and 2m +2)B1 <1 (m e N). Let 0 <y, < ;.
Suppose that ju,, = n?1=@CmDB-1 1) () = o PU-Cm2B2l=1" gy d ) (u) = tanu. Let a,,, f(x) >0
witha ={a,}e, €y, and f(x) € L, ,(R"). Then

o]

Zan/ cosh (yznﬁlxﬂz)csch(ylnﬂlxm)f(x) dx (4.6)
0

n=1

00 00
:/ f(x)Zcosh (yznﬁlx’sz)csch(ylnﬂlx’sz)a,, dx
0

n=1

<IB_}7|/32|_[11(l)2m+2w(2m+l)<m>”f‘” ||ﬂ||
1 2)/1 1 2,}/1 psv g1

Particularly, let y; =y >0, y» = 0 in (4.6), then it follows that

o0

Z“” /00 csch(ynﬁlxﬂz)f(x) dx (4.7)
0

n=1
1 1 T 2m+2
<:81p|ﬁ2| q(ﬁ) £2m+1)(0)”f”p,v”ﬂ”q,u'

Additionally, letting y; =2y, y» = y (y > 0) in (4.6), we have

o0

Zan /OO csch(ynﬂ1x52)f(x) dx (4.8)
0

n=1

1 11 P 2m+2 e
<B." 1Bl W(;) y )(Z)ufnp,vnanq,u.

Compare (4.7) with (4.8). By (2.24), it is easy to show that 1//{2””1)(0) = 22%1%2%1)(%)‘
Therefore, (4.7) and (4.8) are equivalent. Setting 8; = B, = %, y =1, m=0in (4.7), we

obtain
S 00 nz
> a, / esch(v/nx)f () dx < I lpw g, (4.9)
n=1 0

where u,, = %, v(x) = ;1?

Furthermore, letting y; =4y, y» =y (y > 0) in (4.6), we have

o0

Z ay / Csch(y nﬁlxﬂz)sech(Zy nP1xP2 )f(x) dx (4.10)
0

n=1

1 1 1 T 2m+2 (2me1) T
-2 m+
<71l qw(;) ¥y (§)|lf||p,u||ﬂ||q,;u
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Letmyy=-1,m=1Lyi=y,%2=y3=-Y,and B =2m + 2 (m € N) in Theorem 3.1. By the
following equality

o 1 22m+1 mi2
— T m+ B ,
;’: G+ 122 (2m+2)! (at

where B,,.;1 is Bernoulli number, B; = %,Bz =1 Bs=-1L1 . Then,the following corollary
holds.

Corollary 4.3 Lety,; € R*, B, € R\ {0}, and 2m +2)B; <1 (m € N). Suppose that u,, =
n1=Cma2bil=1 1y () = P 1-Crs2Bal=1 ) gud o (u) = sec u. Let a,, f(x) > 0 with a = {a,}%°, €
g and f(x) € Ly, (R*). Then

o0

Z“” /oo[coth (ynﬁlxﬁZ) - I]f(x) dx (4.11)
0

n=1

- " )
B,

1 1 T 2m+2
<51p|ﬁ2| q—<;) ”f”p,v”ﬂ”q,/r

o0
[coth (ynﬁlxﬂz) - 1]61,, dx
=1

n
2m + 2

Setting 81 = B, = Wlﬂ, y =1, and replacing m + 1 with m, we obtain (1.9).
Letni=n=1,y3=—y, and B =2m + 1 (m € N) in Theorem 3.1. By the use of (2.25),
we obtain Corollary 4.4.

Corollary 4.4 Let 1 € RY, B e R\ {0}, and 2m + 1)B; <1 (m e N). Let 0 < y, < y1.
Suppose that ju,, = n11=@m DALy, () = o P1=CmaDB2l=1 gyl 3o (u) = sec u. Let a,,, f(x) > 0
witha={a,}5, €ly, and f(x) € L, ,(R"). Then

o0

Zan/ cosh (yznﬂlx’gz)sech(ylnﬂlxﬁz)f(x) dx (4.12)
0

n=1

= / fx) Z cosh (yznﬁlxﬂz)sech(ylnﬂlxﬂz)an dx
0

n=1

Py 1 | | ( T ) 1/[(2”1)<y2” )l ] || || ||
ﬁ ﬁZ 1 p,v a G
1 2)/] 2 2)/]

Lety; =y >0, 5 =0 in (4.12), we have
[o¢]

Zan /00 sech(ynﬁlxﬁz)f(x) dx (4.13)
0

n=1

1 1 T 2m+1 )
<B.7 1Bl (5> SO Ny lall -
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Comparing (4.2) with (4.13), it can be shown that (4.2) and (4.13) are equivalent. In fact,

in view of
1 =y
- 4.14
/=Zo [ (4 + 1)2+1 (45 + 3)2m+1i| ]Z (2 + 1)2m+1” (4.14)

and using (2.23) and (2.25), we have I/I(Zm (3)= 22mlp2(2m)(0). Therefore, (4.2) is equivalent
to (4.13).
Additionally, letting y1 =2y, 2 = ¥ (¥ > 0) in (4.12), we have

o0

Z a, / csch(y1 nﬂlxﬁz)tanh(Zm nP1xP2 )f(x) dx (4.15)
0

n=1
1 1 T 2m+1 -
<B 1Bl ST (;) x/fiz’”)(g) I o 1l g

Letni=m=1y1=y,y2=vs=—y,and B =2m + 2 (m € N). Due to the following equality
[44, 45]:

o (-1 22— 1 s
Z i 2m+2 = '7T B
(j+1) 2m +2)!

m+1y
j=0

the following corollary holds.

Corollary 4.5 Lety,; € R*, B, e R\ {0}, and 2m +2)B; <1 (m € N). Suppose that u, =
n1=Cma2fil=1 1y () = P 1-Crs2Bal=1 ) gpd o (u) = sec u. Let a,, f(x) > 0 with a = {a,}%°, €
I and f(x) € Lp,,(R*). Then

o0

Zan /OOO[ — tanh (yn” 2" |f (x) dx (4.16)

/f(x x[1 - tanh (yn®1x72)] dx
,;22’”*1 1/ 7 \ 2?2
/3 |ﬂz| W(g) B If llpwllll g -

Setting B1 = B, = 2m+2, y =1, and replacing m + 1 with m, we arrive at (1.10).
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