Xiao and Fang Journal of Inequalities and Applications (2021) 2021:151 ® Journal of Inequalities and Applications
https://doi.org/10.1186/513660-021-02685-w a SpringerOpen Journal

Nonexistence of solutions for quasilinear k=1

hyperbolic inequalities

Suping Xiao' and Zhong Bo Fang®’

"Correspondence:

fangzb7777@hotmail.com Abstract

?School of Mathematical Sciences, . . - "
Ocean University of China, Qingdao In this paper, we study the Cauchy problems for quasilinear hyperbolic inequalities
266100, PR. China with nonlocal singular source term and prove the nonexistence of global weak

Full list of author information is solutions in the homogeneous and nonhomogeneous cases by the test function

available at the end of the article
method.

MSC: 35L72;35L15;35B53

Keywords: Quasilinear hyperbolic inequality; Nonlocal singular source; Test
function; Nonexistence

1 Introduction
In this paper, we consider the Cauchy problems for quasilinear hyperbolic homogeneous

and nonhomogeneous inequalities with nonlocal singular source term of the forms, re-

spectively,
e > A" + x|l BT @Nul |5, (58) € Sees 1.1)
e = Au" 4 x|l BT @)lul || + 0@, (8) € S (1.2)
subject to the initial condition
(u(x,0), u,(x,0)) = (uo(x), u1(x)), x€RN, (1.3)

where

so
Seo = RN x (0,00), m,q,r,s >0, o>—,
r

r(q + s) > max{1,m}(r +s),

the initial functions ug, u; € LIIOC(RN ) are nonnegative, the weight function g is positive
and singular at the origin, that is, there exist constants ¢ > 0 and o € R, such that

Bx) > clx|™° >0, xeRN\{0}, (1.4)

and the nonhomogeneous term w € L{_(RN) is nonnegative.
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The existence and nonexistence of global and nonglobal solutions for nonlinear evo-
lution equations (or inequalities) have been assiduously investigated during the past
decades. The nonexistence of global solutions is a nonlinear Liouville-type theorem, and
thus we can prove some properties of solutions in a bounded domain, which is a kind
of essential reflection of blowup or singularity theory as well; see [1]. In this paper, we
would like to investigate the nonexistence of global solutions of the Cauchy problems for
nonlocal hyperbolic differential inequalities.

For the model

U — Au= |u|p7 (x: t) € ST) (1'5)

this problem was first studied by John [2]. The author proved that if 1 < p < 1 + +/2 and
N = 3, then all local solutions to (1.5), (1.3) with uo, 1 € C5°(R®) blow up at a finite time.
Later, Glassy [3] showed the nonexistence of global solution for the critical value p = 1 +
V2 under the additional assumption that the initial values u, and u; both have positive
average. Presumably, then there exists a critical value of p, say po(N), such that that the
existence of all small global solutions holds if p > po(XN), whereas the nonexistence of most
global solutions holds if 1 < p < po(N); the critical value po(N) satisfies

po(N) =00, N=1; po(N) [N+1++vN?+10N-7], N=2,3.

ToN-1)

Recently, Strauss and Tsutaya [4] proved that in case N = 3, up =0, and u;(x) > C(1 +

|x|2)~ =i , the problem has no global solution for any p > 1 and any k < 1%. The critical case

1
for p > 1++/2 and for small data u € C*(R®) and u; € C*(R®) satisfying D*uq(x), DPu; (x) =

O(|x|*%) as x| — oo, || < 3, |B| < 2. Pohozaev and Veron [6] considered the quasilinear

k= p% was treated in [5], where the global existence is proved in three space dimensions

differential inequalities
e = Lu(9(w)) = h@) 1, (x,8) € Swc. (16)

where /i(x) = 1, ¢ is a locally bounded real-valued function that satisfies |¢(r)| < C|r|?
(Vr € R) for some C >0 and ¢ >0, and L,,(¢) = Z\a\:m D*(aq(x,t)¢) is a homogeneous
differential operator of order m in which the a,, are merely bounded measurable functions.
They proved that there is no weak global solution to (1.6) with [p u1(x)dx > 0 if p >
max(1,q) and either 2N —m < 0, or 2N —m > 0 and N% < % No assumption on the sign
of the average of u, (which may not be integrable) or on its support are required. Later,
Guedda [7] obtained the nonexistence of local and global solutions by the test function
method.

For the study of the problem with nonhomogeneous term, Laptev [8] considered the

semilinear hyperbolic-type inequalities with nonhomogeneous term
uy — Au> |ulf + w(x), (x,t) € K x (0,00),

where K is a conic domain. They proved that there is no nontrivial global solution by the
test function method.
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Motivated by the above works, we can find that the study on nonexistence of global solu-
tions for the quasilinear hyperbolic type inequalities (1.1) and (1.2) with nonlocal singular
source term has not been started yet. The purpose of this paper is finding the influence
of nonlocal singular source term and nonhomogeneous term on the nonexistence of non-
trivial global weak solution by the test function method developed in [8, 9]. This method
has two merits. Firstly, it is simple and accurate. In fact, the nonexistence of global so-
lution is transformed into algebraic inequality analysis. Secondly, the comparison results
and energy functional are not required, so it can be widely applied to nonlinear differ-
ential inequalities. There is no regularity assumption about initial data, and the range of
parameters is completely different in the homogeneous and nonhomogeneous cases in the
paper.

The rest of our paper is organized as follows. In Sect. 2, we introduce some definitions
and main results of solutions for the homogenous and nonhomogenous problems. The

proofs of the main results are given in Sect. 3.

2 Preliminaries and main results
Due to the degeneracy or singularity of equation (1.1) as m > 0, problems (1.1), (1.3) and
(1.2), (1.3) have no classical solution in general. Thus we give some definitions of a weak

solution.

Definition 1 A nonnegative function u(x,t) is called a weak solution of homogeneous
problem (1.1), (1.3) in Sy if the following conditions hold:

H m o 1 s

() u, u™, x| [l B ) |ul I} € Ly (Soo),

(ii) for any nonnegative function ¢ € Ca*(S,), we have
1 s
// | el 72 | B7 () |ual || el + /N u1(x)¢ (x,0) dx
Sso R

5—// u’"A{dxdt+// u{ttdxdt+/ uo(x) s (x, 0) dx. (2.1)
% % RN

Similarly, a nonnegative function u(x, t) is called a weak solution of nonhomogeneous
problem (1.2), (1.3) in Sy if the following inequality holds:

oy, 19 % s
v//soo ||| u| §||,B (x)|u|||rdxdt+LNul(x);“(x,O)dx+f/sww(x)gdxdt

5—/[ u”‘A;dxdt+// ugndxdt+/ uo(x) s (x,0) dx. (2.2)
Seo Seo RN

Our main results are as follows.

Theorem 1 If
(i) either N =1, or

.. 2r(g+s+1)+(1+m)(ra—so)
(11) N>1,N< 2r(g+s—m)—(1+m)s

then any nonnegative weak solution to homogeneous problem (1.1), (1.3) has no nontrivial

’

global solution.
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Remark 1 In fact, if we choose m = 1 in Theorem 1, then we get that the homogeneous
problem (1.1), (1.3) has no global solution if either N =1or 1 <N <1+ %, which improves
the results of Pohozaev and Veron [6].

Theorem 2 Let u(x,t) be a solution of the homogeneous problem (1.1), (1.3). If the initial
data u, are compactly supported, then

2ka
/ /R Ly ] BT @)l dxdt+/ L, wl(x0)dx

Nflal<2H pH ) RNN{lx|<2H pit)

’
4,0, 2(5004 @04y IN)T3
(_ noat ;L( ro3 ~ 03 )+

< Cpk

Indeed, retaining only the first summand on the left-hand side of the inequality in The-
orem 2, we obtain that

’
2 (5004 204y IN)73
V«’TS 03

/ 12 ul;(x,O)dx<Cpk+ Loy 2
RNN{

x| <2k pH}

N
If%+(—%a4+%(%—%)+ 27)

p — 00, whereas the left-hand side is increasing (more precisely, it is nondecreasing if the

Z—i < 0, then the right-hand side obviously tends to zero as

initial data u; are compactly supported). Therefore, for any initial data, there is po such
1 2
that this inequality does not hold for p > 27 pj*. In fact, we consider this inequality only
1 2
on the support of ¢ contained in the strip 0 < £ < 2% p&. Therefore the above construction
gives an estimate for the ¢-interval of existence of a local solution in terms of the growth
of the initial data u;.

Theorem 3 If the initial data u, are compactly supported and if
(i) either N <2 or
(ll) N>2, N < 2r(q+s)+m(ra—so)
r(g+s)-m(r+s) ’
then any nonnegative weak solution to nonhomogeneous problem (1.2), (1.3) has no non-

trivial global solution.

3 Proof of main results

Proof of Theorem 1 Let u(x,t) be a nontrivial solution of homogeneous problem (1.1),
(1.3), and let ¢ be a nonnegative smooth test function. Then

| [ el gt il dvdes [ ncemonds
0 RN RN

[ee] [o¢]
5/ / |u§tt|dxdt+/ / |u"‘A§|dxdt+/ uoli(x,0) dx. (3.1)
0 JRN 0 JRN RN

Now we estimate the right-hand side of inequality (3.1). First, applying the Holder inequal-
ity to the first term in the right-hand side of (3.1), we get

1 s
/ |u:ﬁ|dxs(/ |x|a|u|chx) (/ ﬂ(x)lul’dx) 1
RN RN RN
_302 _aoy _92 %
x ( / B ()l (8| dx)
RN
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By the Holder and Young inequalities again, we obtain

/ / |ty | dx dt
0 RN
) 1 s
(71 7(71
5/ (/ |x|“|u|q¢dx> (/ ﬁ(x)lul’dx)
0 RN RN
_502 _aoy _922 %
x( f BT ()& 7 |72 dx) dt
RN
. 1
s 1
5(/ / |x|“|u|q;||/3%(x>|u|||,dxdt)
0 RN
o _soy a0y ) % o
X(/ (f BT a7 |Gl 2T d") ‘”)
0 RN

1 [ s
<3| [ el ol dxar
0o JRN

S

/
o

+C / ( / BT ()lxl” T (¢l dx) ", (32)
0 RN
where
1 1
0'1:q+S>1, 0'2:4r(q+s) >17 _/=1__‘
rig+s)—(r+s) o, o1

We now focus on the second term on the right-hand side of (3.1). Applying similar argu-

ments like for the first term of (3.1), we obtain

o0 1 [ 1 s
/ /|umA§|dxdt§—/ / |x|°‘|u|q§||,B?(x)|u|||rdxdt
o Jrv 4Jo Jrv
73

o0 _sog _oog _oa o4
iC / (/ B Wl 1AL dx) i, (33)
0 RN

where
+8 rig+s 1 1
T U L) B U T
m r(g+s)—m(s+r) o o3

We assume that ¢ is also chosen such that

/ uo(x,0)dx = 0. (3.4)
RN

Page 5 of 9
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By (3.1)—(3.4) we get

1 [ s
3| [ e lgt il dvds [ ncemoyds
2 Jo JeN RN

o!

o _s0p _aoy _o o
§Cf (/ B ()l o |2 dx) dt
0 RN

o

o° _sog _aoy _oa %
+ C/ (/ B3 (x)|x|” 73 |AL|%4C B dx) dt. (3.5)
0 RN

Now we take ¢ (x,t) = p(p2t5)p(p~2|x|*), where ¢ € C3(R,) satisfies 0 < ¢ < 1 and

0, |xl>2,

B}
=

I, 0=px[=1,

p is a positive parameter, whereas k > 1 and p > 0 will be determined later on.
Since &, = kt*"1p=2¢/

0729 (07 2tF)p(p~2|x|"), estimate (3.4) holds. To estimate the right-hand
side of (3.5), we consider the change of variables p~2¢¥

=¥ and p~2|x|* = |y|*. Then

o!

> _592 _20 oy -2 %
/ (/ BT () x| [¢ul T dx ) dt
0 RN

1 o
2 (Lhgys 2 (002 _eoay Nyl (2K s00y _aoy Lo \@
< pkTTRTR e e Lyl G |2 ndy ) dr
1 lyl<2#

!
2, (_4 2 (s00y _@opy, 2N
§C1Pk+( k02+u(r01 o1 )+u)o2

(3.6)
and
o _sog _aoy _o4 N
B s (x)|x| o3 |AL|7*E T dx)  dt
0 RN
< Gyttt RO -G AN (3.7)
where C; and C, are constants that do not depend p. From (3.5)—(3.7) we have
o0 1 s
/ / || |2e|9C ||;67(x)|u|||rdxdt + 2/ u1Z(x,0)dx
0 JRN RN
< Cphrto RSNG| cphriton ROR-TIDR (3.8)
We choose k such that
2 4 2 (sooy ooy 2N o,
—+ -0+ — -+ — )=
k k n\ ro o1 n J o2

2 < 4 2 <s004 oto4> 2N> ot
=—4+|-——0o4+— -+ — )=
k % u\ ros

)
o3 n ) oy

Page 6 of 9
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that is,

2 1 SO sN
L (T e ) agrsn).
k wulg+s—m) r r

Such a choice gives a common value y of the exponents of p in (3.8), namely,

V=;<(1+m)(g—a—ﬂ>+2N(q+s—m)—2(q+s+1)>. (3.9)
n(q +s—m) r r

The sign of (3.9) does not depend on x>0 and k > 1, and

(1- m)(g—a—?>+2(q+s—1)<2u(q+s—m).

This is ensured by taking p large enough.

If y <0, then the right-hand side of (3.8) goes to 0 as p goes to infinity, which clearly
implies that & cannot exist.

If y =0, then [j° [ |x|“|u|q;’||ﬁ%(x)|u|||idxdt < 00. We return to inequality (3.1),

which in fact reads

| [ el @l dsde+ [ cwoyds
0 RN RN

SC/ / |u§'tt|dxdt+C/ ‘u”’A;‘dxdt
0 JRN 0o JRN

1

1 s o1
SC(/ / |x|a|u|q§||/3r(x)|”|”rdxdt)
p2<tk<2p? J p2<ixlt<2p?

J/

_sSo3 _a9 _92
X / / B x| 8|28 dx dt
p2<tk<2p2 \J p2<x|1t <22

1

¥ C(f f |x|”‘|u|q;||ﬁ1(x)|u|||jdxdt> ”
2<tk<2p2 J p2<|x|t <2p?

e

o!

e
_Soq _9g _%
x (f (/ B @)kl 3 AL dx) dt)
p2<tk<2p2 \J p2<|x|tt <22

However, [ [v |x|"‘|u|q§||ﬂ%(x)|u| || dx dt < oo implies that

w\‘*"

lim /
P00 Jp2<tk<2p2 J p2<|x|it <2p2

el ul ¢ || 7 @)lul || dxdt = 0.

This infers that

//|x|°‘|u|q¢||,3%(x)|u|||jdxdt:o.
0 RN
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Now the assumption y <0 means

2r(g +s)(N — 1) < (1 + m)(ra — so + sN) + 2r(1 + mN)

2r(q@+s+1) + (1 + m)(ra — so)
e N= 2r(g+s-m)—(1+m)s (3.10)

Note if N = 1, then (3.10) is obviously fulfilled. O

Remark 2 The integrability assumption on #; can be relaxed by replacing the sign condi-
tion by the following weaker one:

liminf/ L o u1¢(x,0)dx > 0.
RN

p=oe N{lx|<27 p 1}

Proof of Theorem 3 Following the proof of Theorem 1, we obtain the following estimate
analogous to the estimate in Theorem 2:

—

Z%p% 1
£ S
/ / 2 |x|“|u|qr;Hﬁr(x>|u|u,dxdt+/ L, me(x0)dx
0 RNN(|x|<2# pH ) RNN(|x|<2# pH}

2, (g 25004 _a04) IN|%
+/ L, 0@ 0)dx < CpFrTEE T g (3.11)
RN x| <2 p 1t}
whence
p 2, (g 2500 004y ON|%
C‘”p%ff / L, 0@ drde < Cpt CEM RGN0 (3.19)
0 RNN({|x| <27 p it}
if p is such that
/ L 5 @x)¢(x,0)dx > c, = const> 0.
RNN{jx| <27 p )
Assuming that
4 2 (soo, Qo 2N\ o3
V1= <——a4 + —( 1 —4> + —>—3 <0, (3.13)
w u\ros o3 1) os

we obtain a contradiction by letting p — co. Next, from (3.13) we have

r(g +s)(N —2) < m(ra —so) + mN(r +s)

o Ne 2r(g +$) + m(ra —so)' (3.14)
r(q+s)—m(l”+s)

Notice that if N < 2, then (3.14) is obviously fulfilled. The proof of Theorem 3 is com-
pleted. O
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