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Abstract

In this work, we introduce a new accelerated algorithm using a linesearch technique
for solving convex minimization problems in the form of a summation of two lower
semicontinuous convex functions. A weak convergence of the proposed algorithm is
given without assuming the Lipschitz continuity on the gradient of the objective
function. Moreover, the convexity of this algorithm is also analyzed. Some numerical
experiments in machine learning are also discussed, namely regression and
classification problems. Furthermore, in our experiments, we evaluate the convergent
behavior of this new algorithm, then compare it with various algorithms mentioned
in the literature. It is found that our algorithm performs better than the others.

Keywords: Convex minimization problems; Machine learning; Forward-backward
algorithm; Linesearch; Accelerated algorithm; Data classification

1 Introduction
In this paper, we study the convex minimization problem in the form of a summation of

two convex functions. It can be expressed as follows:
min{f(x) + g(x)}, (1)

where f,g: H — R U {+00} are proper, lower semicontinuous convex functions and H
is a Hilbert space. This problem has been analyzed excessively due to its applications in
major subjects such as physics, economics, engineering, statistics, and computer science.
Some examples of the applications are compressed sensing, signal and image processing,
medical image reconstruction, automatic control systems, and machine learning tasks in
the form of data prediction and data classification. As seen in [1-7] and the references
therein, these problems can be formulated as (1).
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In the case that f is differentiable, then x* solves (1) if and only if
& = prox, (I - avf)(x"), (2)

where « > 0, proxug(x*) = ]2g (x*) = (I — ¢dg)~1(x*), dg is a subdifferential of g, and I is an
identity mapping. One of the most famous algorithms for solving (1) is forward—backward
algorithm [8] which is defined in the following form:

Kyl = proxa”g(l —a,Vf)(x,) forallmeN, (3)

where «, is a suitable step size. This method has been studied and improved by many
works, see [2, 3, 9, 10] for examples. Most of these works assume that Vf is L-Lipschitz
continuous, which might be challenging to verify in general cases. So, in this work, we
turn our attention to some iterative methods for which the Lipschitz continuity of Vf is
not required.

In 2016, Cruz and Nghia [11] replaced the L-Lipschitz continuity of Vf with the follow-

ing conditions.

Al. f, g are proper lower semicontinuous convex functions with dom g C domf,

A2. f is differentiable on an open set containing domg, and Vf is uniformly continuous
on any bounded subset of domg and maps any bounded subset of domg to a
bounded set of H.

Moreover, the authors introduced a linesearch technique as follows:

Linesearch 1 Givenx € domg, o >0,0 €(0,1),and § > 0.
Input Set o = 0.
While «|| Vf(proxag(x —avVf(x)) - Vf(x)] > 8||pr0xag(x —aVf(x) —x|
Seto =0u
End While
Output «.

They asserted that Linesearch 1 terminates after a finite number of iterations and intro-
duced the following algorithm:

Algorithm 1 Given x; € domg, o >0,6 €(0,1), and § € (0, %). ForneN,

Xns1 = Proxy, (I = yuVf) (%), 4)

where y, := Linesearch 1(x,, 0,0, 8). They proved weak convergence theorem of (4) under
assumptions Al and A2.

Following the idea of Cruz and Nghia, very recently, Kankam et al. [4] introduced a new
linesearch technique as follows.

Linesearch 2 Given x € domg, o >0, 0 €(0,1), and § > 0. Define

L(x,a) = proxag(x - an(x)) and

S(x, ) = proxag(L(x,a) —aVf(L(x a))).
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Input Seta =o0.
While

amax{| Vf (S a)) - Vf(Lixa)) |, || Vf(Lix @) = Vf(x)|}
>8(||SCx, ) = Lz ) | + | Lx ) — %)

Seto =6«
End While
Output «.

They showed that Linesearch 2 terminates at finitely many iterations, then established
the following two-step algorithm.

Algorithm 2 Given x; € domg, o >0,6 €(0,1), and § € (0, %). FormneN,

Yn = pl’OXyng(xn - J/nvf(xn))’
Xn+l = proxyng(yn - anf(yn)),

(5)

where y,, := Linesearch 2(x,, 5,0, ). They proved that this algorithm converges weakly to

a solution of (1) under assumptions Al and A2.

Recently, many authors employed the inertial technique in order to accelerate their al-
gorithms. It was first introduced by Polyak [12] for solving smooth convex minimization
problems. After that many inertial-type algorithms have been introduced and analyzed.
For instance, in 2001, Alvarez and Attouch [13] introduced the idea of an inertial-proximal
operator to solve the inclusion problem of a maximal monotone operator A. It was defined
as follows:

Xpil :]fn (xn +0,,(x, —xn_l)) forallm e N,

where xo,x; € H are given as starting points, and {),} and {6,} are nonnegative real se-
quences. In this algorithm, 6, (x,, — x,_1) is regarded as an inertial term.

In 2019, Attouch and Cabot [14] analyzed the convergence rate of an algorithm called
RIPA defined by

Yn = Xn + 0(X0 — Xu1),

Xn+l = (1 - pn)yn + pn]ﬁ,, (yn)’

where A is a maximal monotone operator. Under mild restrictions of control parameters,
they showed that RIPA gives fast convergence rate.
Inertial-type algorithms have been proposed and studied widely by many authors, see
[15-22], which showed that inertial step improves the convergence rate of algorithms.
There are several approaches to solving (1), many authors have proposed algorithms for
solving inclusion problems. For instance, Moudafi [23] proposed an algorithm for solving
inclusion problems in Hilbert spaces. Cholamjiak and Shehu [24] introduced an algorithm
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for such problems in Banach space, we refer to these works for more comprehensive dis-
cussion on inclusion problems and related problems. Under the assumption that Vf is
Lipschitz continuous, algorithms proposed in [23, 24] can be used to solve (1).

Another approach to solving (1) is solving a proximal split feasibility problem. This prob-
lem can be reduced to convex minimization (1). Many authors have introduced algorithms
for solving this problem, we refer to Shehu and Iyiola [25] for more in-depth discussion
on this topic.

Inspired by all the works mentioned in the literature, we aim to introduce a new two-
step algorithm which combines a linesearch technique with an inertial step to improve
its performance. We obtain a weak convergence of the proposed algorithm to a solution
of (1) without assuming Vf to be L-Lipschitz continuous. Moreover, the complexity of
this algorithm is also analyzed. Then, we apply our algorithm to solving regression and
classification problems. Furthermore, we compare the performance of the proposed with
other linesearch algorithms, namely Algorithms 1 and 2.

This work is organized as follows: In Sect. 2, we recall some definitions and lemmas
which will be used in the main results. In Sect. 3, a new algorithm is introduced. We
show that the proposed algorithm converges weakly to a solution of (1) as well as ana-
lyze its complexity. In Sect. 4, experiments on data classification and regression problems
are conducted. Then, we evaluate the performance of the proposed algorithm and other
algorithms using various evaluation tools. In the last section, Sect. 5, the conclusion of
this research is included.

2 Preliminaries
We recall some definitions and lemmas which are crucial to the main results in this section.
We denote x,, — x and x,, — x as strong and weak convergence of {x,} to x, respectively.
Let h: H — R be a proper lower semicontinuous convex function and dom# = {x € H :
f(x) < +00}.
For any x € H, a subdifferential of h at x is defined by

oh(x) := {u €H:(uy—x)+hx)<h(y),y eH}.
A proximal operator prox,, : H — dom# is defined by
prox,,(x) = (I + adh) (%),

where I is an identity operator and « > 0. This operator is single-valued with full domain,
and the following holds:

w € 8h(pr0xah(x)) forallx € Hand « > 0. (6)

Next, we recall some crucial lemmas for this work.

Lemma 1 ([26]) Let 04 be a subdifferential operator, then dh is maximal monotone. More-
over, its graph, Gph(dh) := {(x,y) € H x H : y € dh(x)}, is demiclosed. In other words, for any
sequence (x,,y,) € Gph(dh) such that {x,} converges weakly to x and {y,} converges strongly
to y, then (x,y) € Gph(dh).
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Lemma 2 ([27]) Let f,g: H — R be proper lower semicontinuous convex functions with
domg C domf and J(x, B) = proxﬂg(x — BVf(x)). Then, for any x € domg and B, > p1 >0,

we have
%le—f(x,mll > |x =7 B2)]| = =T, )|

Lemma 3 ([28]) Let H be a real Hilbert space. Then, for all a,b € H and ¢ € [0,1], the
following hold:
(i) lla £ Db|* = ||al* £ 2(a,b) + |1b]I?,
(i) Ica+@Q=0)bI* =¢lall®>+ 1 -O)bI> -1 -¢)la- bl
(iii) |la + b||*> < ||a|® + 2(b,a + b).

Lemma 4 ([3]) Let {a,} and {B,.} be sequences of nonnegative real numbers such that
ans1 =< (1 + ﬂn)ﬂn + ﬁndnfl fOY’ allne N,

Then the following holds:

n
. <K- 1_[(1 +28;), where K =max{a,,a}.
j=1

Moreover, if Y 1% Bu < +00, then {a,} is bounded.

Lemma 5 ([28]) Let {a,}, {b,}, and {3,} be sequences of nonnegative real numbers such
that

an1 <1 +38,)a,+b, forallneN.
IfY 020 8u < +00 and Y2 by < +00, then lim,,_, o a, exists.

Lemma 6 ([29], Opial) Let H be a Hilbert space and {x,} be a sequence in H such that
there exists a nonempty subset Q2 of H satisfying the following:

(i) for any x* € Q,lim,_, .o ||, — x*|| exists;

(i) every weak-cluster point of {x,} belongs to Q.

Then {x,} converges weakly to an element in Q2.

Throughout this work, we suppose that a solution of (1) exists and the set of these solu-

tions is denoted by S,.

3 Main results
In this section, we propose an accelerated algorithm by employing a linesearch technique
(Linesearch 1) together with the inertial technique for solving (1) and prove its weak con-

vergence. Our algorithm is defined as follows.
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Algorithm 3 Given xy,x; € domg, 0 >0,0 € (0,1), 8 € (0, %), a, €[0,1], and B, > 0. For
neN,

&n =X t+ ,Bn(xn _xn—l):
Yn = Pdomgkm
Zn = proxy,,g(yrl - )’nvf()’n)),

Xn+l = (1 - an)zn + anproxpng(zn - pnvf(zn))r

where y, := Linesearch 1(y,,0,6,8) and p, := Linesearch 1(z,, y,,0,6), and Pyom, is a
metric projection onto domg.

Theorem 7 Let H be a real Hilbert space, f : H — R U {+o0} and g : H — R U {+00} be
proper lower semicontinuous convex functions satisfying Al and A2. In addition, suppose
that domg is closed and the following is satisfied, for all n € N:

Bl. Y% By < +00.
Then a sequence {x,} generated by Algorithm 3 converges weakly to a point in S,. In other

words, {x,} converges weakly to a solution of (1).

Proof For the sake of convenience, we denote w, = prox,, g(zn — pnVf(z,)), and let x* € S,.
For any x € domg and # € N, we first prove the following:

lyn = %I1* = 1z — 211> = 2u[(f + ©)(z0) = (f + ©)@)] + (1 = 28) |12 — yull®, ?)

N2 = %1% = 1w = 201> = 20al(f +&)(Wn) = (f +)®)] + (1 = 28) 1wy — zul|. 8)

In order to show (7), we obtain from (6) that

In =% _ 9f(y,) € dg(zy) forallmeN.

n

By the definitions of dg(z,), Vf (y,), and Vf(z,), we have

gx) —g(z,) = <y”y;z" — Vf (), x — zn>,

f(x) _f(yn) Z <vf(yn)¢x _yn> andf(yn) _f(zn) 2 (vf(zn):yn - Zn)

for all » € N. From these inequalities and the definition of y,,, we obtain

S@) —fn) +gx) —g(z,) = %(yn = Zus X = 2Zn) + (VW) Zn = ¥n)
= %(yn = 2 X = Zu) + (Y On) = Vf (@), Zn = )
+(Vf (zn)s 20— In)
= o =2t 2 = [9£0n) - 9@z =)

+ (vf(zn)¢zn _yn>
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1 1)
> —n—zZmx—2z4) — —llzn —an|2 +f(z4) —f(yn)
Vn VYn

for all n € N. Consequently,

1 1)
— (Vn — ZnsZn — %) > (f +g)(zn) - (f +g)(x) - 7/_||Zn _yn||2 forall m € N.

Vn

. 1
Since (Y = 2n, 20 = %) = 5 (190 = %1 = 19 = 2alI* = ll 25 — x]|*), we have

1 8
%, (17 = %1% = 1y = 2al® = 12 = 201?) = (f + 2)(20) = (f +2)(x) - y—llzn - yull?

for all » € N. Hence, for any x € domg, we have
lyn = 211> = llzn = 21> = 2vu[(f + €)(@n) = (f + )] + (1 = 28) 12, — yull®

for all » € N. Furthermore, since x* € S, € domg, we have

Iy =2 = |20 = 2> = 20 [(F + ©)(2) = (F + D) ()] + (1 = 28) 12, — >

>(1-28)|z,—yull®> forallmeN.

To prove (8), using the same arguments, we obtain the following inequalities:

Zn—Wn
Pn

= Vf(zn) € 0g(wn),

Zp— Wy

gx) —glw,) = < - Vf(zy),x - wn>,

n

S@) =f(@0) = (Vf (za)x = 20) and f(z,) —f (W) = (Vf (W), 20 = W)

for all » € N. Again, using the above inequalities, we have

F )~ Flan) +g(x) - glwn) = pi<zn W= W) + (VF @) W — 20)

- %m W= W) + (T ) — T ), w0~ 2)
+(Vf (W), Wi — 2)

> i(zn = Wi ® = W) = || Vf (@) = Vf W) || Wy = 2l
+ (VW) Wi — 2)

> o == ) = = 217 4 ) - ()

for all » € N, which implies that

1 1)
p_<zn — Wy, Wy — X) > (f+g)(wn) - (f"'g)(x) - p_”Wn _Zn”Z foralln e N.
n n

)

Page 7 of 20
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; 1
Since (2, — Wy, Wy — %) = 5 (20 — x1|* = 125 — wull* — [[w, —x[|*), we get

1 )
% (12w = 201> = 20 = wall* = lwu = x01*) = (f + (W) = (f +g)(x) — p—nwn - z,|?

for all n € N. It follows that, for all x e domg and n € N,

12w = %l1> = Wy — 201> = 20,4[(f + @) (W) = (f + )] + (1 = 28) [ W, — 2 ]|>,
So, putting x = x*, we obtain

|20 —2||* = W =2 * = (1 = 28) W = 2,]|> forall m e N. (10)
Furthermore, from the definition of x,,,1, (9) and (10), we conclude that

||xn+1 _x* “2 = (1 _an)”Zn _x* “2 + oy Hwn _x* ”2 - (1 _an)(an)”Zn - Wn||2
< o -2 (1)

< |lyn—«* ||2 forallm e N. (12)

Now, we show that lim,,_, ,« ||x, — x™| exists.

From (12) and the nonexpansiveness of Pyom,, We obtain the following:

[nr =27 < [y =27
= || Paomg&n — Paomg*" |
< -]
< [xn =" + Bullxn — xucs (13)

< (1 +Bu)|#n — x| + Bt —a*| forallmeN.
By Lemma 4, we have {x,,} isbounded, and hence "] B, [, — %1 | < +00. Consequently,
%n = %ull = Bullxy — %51l = 0,  asnm— +o0. (14)
From (13), we have
||x,,+1 —x* || < ||xn —x* || + Bullxy —x,-1ll forallm e N.

By Lemma 5, we get that lim,,, , ||, — x*|| exists. Now, from the convexity of domg and

the definitions of z,,_; and «,,, we conclude that x,, € dom g. Consequently,
”9Acn _yn” = ”5571 _xn” - 0! as n— +00. (15)

By (14) and (15), we have lim,_ , ||x, — y4|| = 0. Using (13) and (14), we obtain
limy, o0 1%, — || = limy,— 100 [|[¥2 — 2*||. From (11) and (12), we get lim,,_, o0 ||y — ™| =
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lim,, 100 |12, — 2%, and hence (9) implies that lim,,—, ;o0 ||¥x — 24|l = 0. As a result, we have
limy, 10 1% = 24l = 0.

Next, we prove that every weak-cluster point of {x,} belongs to S,. To do this, let w be a
weak-cluster point of {x,}. Then there exists a subsequence {x,, } of {x,} such thatx,, — w
and hence z,, — w.

If y,, # o for finitely many &, thus, we can suppose that y,, = o for all k € N without loss
of generality. The definition of y,, implies that

8
[/ Gn) = 9 G| < Nz = -
Since Vf is uniformly continuous, we get limy_, . [|Vf (24, ) — Vf (¥, )|l = 0. We know that

P = G () + Tf ) € Bg () + Tf () = DF + ) (2,)-

njc
We conclude from the demiclosedness of Gph(d(f + g)) that (w,0) € Gph(3(f + g)). Hence,
0 € A(f + g)(w), which implies that w € S,.

Now, suppose that there exists a subsequence {z,,_} of {z,, } such that y,, < o6 forall
A 7

. . A Vg, ~ N
j € N. In this case, we can set y,, = —> and 2, = prox;, kg(ynk‘ — Y. Vf (). By the
J J "k Y J J

definition of y,, , we obtain
7

8
[ Gony) = Om )| > e =i - (16)

njy

Moreover, by Lemma 2, we have

1 .
5 "ynk/. - an]. ” > ||J’nk]. - an/. ”

Therefore, ”J’nkj - 2,,,(1 | = 0,asj — +o00o, which implies that Enkj — w. Again, using the
uniform continuity of Vf, we obtain IIVf(énk/_) - Vf(ynk/_)n — 0, as j = +00. Combining

nglk._ynk_ H
with (16), we obtain % — 0, as j — +00. Moreover, we know that
nk.
7

ynk. = Zy,.
L () + IS ) € 88 ) + Uf (g ) = O(F + D)o, ).

nj

It implies, by the demiclosedness of Gph(d(f + g)), that 0 € 9(f + g)(w), sow € S..
By Lemma 6, we obtain that {x,} converges weakly to an element in S,, and the proof is
complete. 0

By setting B, = 0 and v, = O for all » € N, then y,, = x,,, and hence Algorithm 3 is reduced
to Algorithm 1. As a consequence of Theorem 7, we obtain the following result which is
one part of Theorem 4.2 in [11].

Corollary 8 Let H be a real Hilbert space, f,g: H — R U {+00} be proper lower semicon-
tinuous convex functions satisfying A1 and A2. If S, # V), then a sequence {x,} generated by
Algorithm 1 converges weakly to a point in S,.
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In the next theorem, we prove the complexity of Algorithm 3. We first introduce the
control sequence {¢t,} defined in [14] by

+o0 [ k
ta=1+) (]‘[ ﬁ,-) for all 7 € N. (17)

k=n \i=n

This sequence is well defined if the following assumption holds:

+00 k
Z(H,B,») <+o0o forallmeN.

k=n \i=n

It is easy to see that under the above assumption we have
Buty =t,—1 forallneN. (18)

Next, we prove the following theorem.

Theorem 9 Given xo = x; € domg, let {x,,} be a sequence generated by Algorithm 3, and
suppose that all assumptions in Theorem 7 hold. Additionally, the following assumptions
are also true for all n € N:

Cl1. Z,ﬁi’f’(]—[f:n Bi) < +00, and t2, | — ty < t2,

C2. «, € [%, 1], and a, < a1,

C3. y, = Linesearch 1(y,, py-1,9,8), p, := Linesearch 1(z,, y,,,0,5), and p, > p > 0.
Then

d(x1,S:)? + 84 [(f + @) (x1) — mingey (f + g) ()]
gptﬁﬂ

(f +g)(xn+1) - l;clél}[l(f +g)(x) <

forall n e N, where ¢ = 2(y1 + a1 01). In other words,

(f + @) (xp41) —néilgl(f+g)(x) = O<t21 ) forallneN.

n+l

Proof Let x* € S,. For any x € domg, we know that

lyn = 20 = llzn = %1% = 2yu[(f +2)(z0) = (f + ) )], (19)
2 = %1% = Wy = %% = 204 (f + @) (W) = (f +2)x)] (20)

for all n € N. Put x = z,, in (20), then
_”Wn _x”Z > (f +g)(wn) - (f +g)(zn):
thus (f + g)(z,) > (f + g)(w,,) for all » € N. Since f and g are convex, we have

(f + @) xne1) < (L= a,))(f + 2)(zn) + anlf + g)(Wy)
< (f +9)(zn). (21)
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From the definition of x,,1, we obtain

2 2 2 2 2
%01 = xl1" = llzn = %I1° = (1 = a) 1z = 2[|° + @ullwn —x[1° = [z, — x|l
_(l_an)anuzn_wnuz

2 2
< @ (llwn = 11% = llza = x11%).

Hence,

Page 11 of 20

20 = 01> = 1% — %> > Oln(||2n —x||* = |, —x||2) foralln e N. (22)
Combining (20) and (22), we have
12 = %1% = %1 = %[> > 206,04 (f + (W) — (f +g)(x)] forallmeN. (23)
Summing (19) and (23), we get
9 = %l1* = lotnar = %[> = 29[ (f + ©)(20) = (f + Q) (%)]
+ zanpn[(f +g)(wy) - (f +g)(x)]
= 2)/n(f +g)(zn) + 2anpn(f +g)(wn)
- 2(%’1 + anpn)(f +g)(x) (24')
for all n € N. We claim that
2Vn(f +g)(zn) + 2anpn(f +g)(wn) > 2()/n + anpn)(f +g)(xn+l) forallmeN. (25)
To validate our claim, we know from (21) and C2 that
(f +@)(zn) + (f + ) (Wy) = (1 =, ))(f +)(zn) + a(f + &) (Wn)
+ an(f +g)(zn) +(1- an)(f +g)(Wn)
> (f + @) (xni1) + an(f + 8)(zu) + (1 — ) (f + g)(wn)
= (f +g)(xn+1) + <1 - ! ;an)(f +g)(zn)
1-a,
+ [(1 = an)(f +2)(zn) + an(f + ) (wn)]
> (4 Q)nnr) + (1 = ‘“”)(f+g>(zn) T+ g)eun)

>2(f + g)(xy41) forallmeN.

Consequently,

2Vn(f +g)(zn) + Zanpn(f +g)(Wn) = Z(Vn - anpn)(f +g)(zn)
+ 2000 0u [ (f + ©)(2n) + (f +2)(wn) ]
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> 2()’}1 - anpn)(f +g)(xn+1)
+ 4an/0n(f +g)(xn+1)

= 2()’}1 + Olnpn)(f +g)(xn+1)

for all n € N. For simplicity, we denote ¢, = 2(y, + @, 0,). We note that ¢, > ¢, foralln e N
from C2 and C3. We also know that ||, — x| > ||y, — || since x € domg
So, from (24) and (25), we have

180 = 01> = Ins1 — 1> = Ea[ (f + @) (ni1) — (f +g)(¥)] forallmeN. (26)

We know that x,,x* € domg and ¢,,; > 1. Thus, we conclude that (
domg. By putting x = (1 — ﬁ)xn + ﬁx* in (26), we obtain

1 1, . 1 1,
Xps1— | 1— — ), — X —-{1- Xy — X
( Lns1 > tusl ( | ) ]
<;Vl|:(f+g)<< l)xn+ tllx*) _(f+g)(xn+l)i|
[( >(f+g %)

for all #n € N. We also have, for n € N,

e
Xn+l — - Xy — X
" ] ! Lyl

1 1 %
— )X, + —x" €
tn+1) n L+l

2 2

( ) - (f +g)(xn+1)i|

) (F +9)xn) = (f +2)(x*)] = [(f + @) &na1) - (f+g)(x*)]] (27)

2 2

) ( 1 ) 1,
Xp—|1- Xy — X
Lyl Ln+1

2—(||tn+1xn+1 - (tn+1 - l)xn - x* “2

n+1

- H Lyp1%n + ﬂntn+1(xn _xn—l) - (tn+1 - l)xn _x* ”2)

= t2 (||tn+1xn+1 (tn+1 l)xn - X || - “(t - 1)(xn — Xp- 1) t Xy —X || )
n+1

= tz (”trﬁ-lxrwl - (tn+l - 1) —-x" ”2 - thxn - (tn - l)xn—l —-x" ”2) (28)
n+1

and

9,(1 - t11>[(f +@)xn) = (f +2) ()] = ¢u[(f + @) @n1) = (f +2)(x")]
Cn
tz

n+l

[(t5+1 n+1)[(f +g)(xn (f +g)(x*)]
- tn+1[(f +g)(xn+1) - (f +g)(x*)]]

t2

) L2 + @) = (F + @) ()] = 2 [(f + @ @ur1) = (F +2) (x7)]]- (29)
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Hence, we obtain from (27), (28), and (29) that, for n € N,

tzi(”tnﬂxnﬂ = (tpe1 — Dxy —x* ||2 - ”tnxn —(tn — Dxpy —x* ”2)
n+l
< (2109w - + )] -2l + Q) - O] G0
n+l

We know that &,.1 < &, so after rearranging (30), we have, for n € N,

tﬁ+1§n+1 [(f +g)(xn+1) - (f +g)(x)] = ”tnxn - (tn - 1)xn—l —x ”2
- ||tn+1xn+1 = (tpa1 — Dxy —&™ “2

+ 6.0 (f + @) — (f +2) (%) ]- (31)

Furthermore, by using (31), we can inductively show that

2L [(F + ©)@n) —  + ) (@)] < [ty — (60— Dty —°|
+ 2 (f + @) — (f + ) (x7)]

< ”tn—lxn—l - (tn—l - l)xn—Z _x* ||2

2 5[ + @) - (f +2)(x)]

=< ”flxl —(t1 — Dwo —x* ”2

+ 0 [(f + ) 1) — (f +g)(x")]

for all n € N. Since ¢, = 2(y, + &, 0,) > 3p, we obtain, for all # € N, that

2
e =]

(f +8)(xue1) — min(f +9)(x*) < 7o

£
2
tn+1§n+1

_ =2 1P + B4 +@)@1) — mineen (f + g) ()]
N Bpt2+1 .

n

[(f +&)(x1) = (f + @) (x")]

Since x* is chosen from S, arbitrarily, we have

d(x1,8)* + 4 (f +)(x1) — mingep (f + g)(x)]
Bptg-d

(f +g)(ns1) — min(f +g)(x) =
for all » € N. Hence, we obtain the desired results and the proof is complete. d

Remark 10 To justify that there exists a sequence {8,} satisfying C1, we choose

0.9, ifn <1000
&, ifn>100L

n =
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Obviously, B, > 8,1 for all n € N. Since

+00 k
Z (1_[ ﬂl) = ﬁn + /3}’1,3}'1+1 + ,Bnﬁn+1,3n+2 te,

k=n \i=n

we have

5 (f10)- 5 (117)

k=n \i=n k=n+1 \i=n+1

and hence ¢,,; <t,. Furthermore, it is easy to see that

> (I14) <=

k=1 \i=1
Therefore, ,tff,(]_[f:n Bi) < +ocand 2, — t,y1 < 2 forall n € N, so C1 is satisfied.

4 Applications to data classification and regression problems

In this section, we apply Algorithm 3 to solving regression and classification problems.
Moreover, we conduct some numerical experiments for comparing the performance of
Algorithm 3 with Algorithm 1 and Algorithm 2.

Machine learning is an application of artificial intelligence (AI) which has the ability
to automatically learn and improve from experience. There are many techniques for the
machine to learn, in this work, we focus on extreme learning machine (ELM) introduced
by Huang et al. [30] defined as follows:

Let S := {(xx, tx) : xx € R", tx € R™,k = 1,2,...,N} be a training set of N distinct samples,
Xx is an input data, and ¢ is a target. The output function of ELM for SLFNs with M

hidden nodes and activation function G is

M

0j = Z niG((wi, %)) + by),

i=1

where w; is the weight vector connecting the ith hidden node and the input node, ; is
the weight vector connecting the ith hidden node and the output node, and b; is bias. The

hidden layer output matrix H is defined as follows:

G((wi,x1) +b1) -+ G({(wa,x1) + byr)

G({wi,xn) +b1) -+ G({(war,xN) + bur)

To solve ELM is finding n = [nf,...,n] 17 such that Hy = T, where T = [¢],...,t1]7 is the
training data. We can write the solution 7 in the form 5 = H'T, where H' is the Moore—
Penrose generalized inverse of H. However, if H' does not exist, then 1 is quite difficult
to find. In this case, we can employ the concept of convex minimization to find such n

without relying on the existence of H'.
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To prevent overfitting, we use following regularization: Least absolute shrinkage and
selection operator (LASSO) [31]:

Minimize: ||[Hn = T|13 + Allnll1, (32)

where A is a regularization parameter, and consider f(x) = |[Hx — T||3 and g(x) = Alx|;.
Based on this model, we conduct some numerical experiment on a regression of a sine
function and a classification on the Iris and heart disease dataset.

Throughout Sects. 4.1 and 4.2, we use sigmoid as an activation function. Moreover, we
choose parameters according to the hypotheses of Theorem 7. All results are performed
on Intel Core i5-7500 CPU with 16GB RAM and GeForce GTX 1060 6GB GPU.

4.1 Experiments for regression
We generate distinct points x1,%5,...,%19 in an interval [-4, 4], and define the training set

§:={sinx,:n=1,...,10} and a graph of a sine function on [-4, 4] as the target. Moreover,
we set M = 25 as the number of hidden nodes, and A = 107>,
For the first experiment, we set § =0.49,0 =0.1,0 =0.1,and o, = {,, = % in Algorithm

3 to evaluate the convergence behavior of Algorithm 3 with various inertial parameters

By, namely

) ) ﬁ, if n < 10,000,
13;4 = 0, IBVI = 1 .
2 if » > 10,001,
0.9, ifn<10,000,

ﬂ d 134 1010
= an = N
"L ifn=>10001, " e = xpa® + 13 + 1010

To evaluate the performance, we use mean square error(MSE) defined as follows:

1 n
MSE ==Y (5 —y)>.
— 2 G-y

i=1

By letting MSE = 1 x 1073 and 1000 number of iterations as the stopping criteria, we
obtain the following results in Table 1 which show that some inertial parameters improve
the performance of Algorithm 3 substantially.

In the next experiment, we compare the performance of Algorithm 3 with Algorithm 1
and Algorithm 2. All the parameters are chosen as seen in Table 2.

By letting MSE = 1 x 1073 and 30,000 number of iterations as the stopping criteria, the
results are shown in Table 3.

From Table 3, we see that Algorithm 3 takes only 433 iterations to reach the stopping
criteria, so it outperforms both Algorithm 1 and 2.

Table 1 The effects of inertial parameters

lterationno.  CPUtime  MSE

B} 1000 00515 6.29 x 1072
B2 425 0.0215 936 x 107
B2 1000 0.0507 56x 1073

B 433 0.0226 861 x 107
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Table 2 Chosen parameters of each algorithm

Algorithm 1 Algorithm 2 Algorithm 3

o 0.49 0.124 0.49

) 0.1 0.1 0.1

0 0.1 0.1 0.1

a, - - 92n

5 - i 1010

IXn—xp_1 [3+n3+1010

Table 3 Comparison of each algorithm

[terationno.  CPUtime  MSE

Algorithm 1 30,000 0.7607 41 %1072
Algorithm 2 30,000 1.0747 18x 1073
Algorithm 3 433 0.0226 861 x 107

Table 4 Numerical results of a regression of a sine function at the 700th iteration

lteration no.  CPUtime  MAE RMSE

Algorithm 1 700 0.0206 04143 0.5389
Algorithm 2~ 700 0.0284 02817 03767
Algorithm 3 700 0.0301 00178  0.0257

Figure 1 A regression of a sine function at the 700th
iteration

target
training data
Algt
Aig2
Alg3

Predicted output

Value of testing point x

In the following experiment, we evaluate the performance of each algorithm at the 700th
iteration with mean absolute error (MAE) and root mean squared error (RMSE) defined as
follows:

1 n
MAE ==Y |y -l RMSE =
= 1=

i=1

The results can be seen in Table 4.
As seen in Table 4, Algorithm 3 achieves the lowest MAE and RMSE at the 700th itera-
tion. In Fig. 1, we illustrate the performance of each algorithm at the 700th iteration.

4.2 Data classification
We conduct some experiments on Iris dataset [32] and heart disease dataset [33] from
https://archive.ics.uci.edu. The Iris dataset contains three classes of Iris plants with 50


https://archive.ics.uci.edu
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Table 5 Detail of each dataset

Dataset Classes  Attributes
Iris 3 4
Heart disease 2 13

Table 6 Training and testing data of each dataset

Iris Heart disease
Training Testing Training Testing
105 45 210 93

Table 7 Effects of inertial parameters at the 100th iteration

Iris Heart disease

Acc. train Acc. test Acc. train Acc. test
; 88.57 84.44 83.33 7849
2 94.29 95.56 88.10 80.65
3 94.29 97.78 86.19 82.80

instances of each, and the heart disease dataset contains two classes, namely 165 patients
with heart disease and 138 patients without heart disease. See Table 5 for more details of
the datasets.

We set the number of hidden nodes M = 35 and A = 107> for both datasets. For an esti-
mation of the optimal weight 8, we use Algorithm 1, Algorithm 2, and Algorithm 3, and
the output O of training and testing set are calculated by O = HB.

Furthermore, the dataset is split into training and testing set, see Table 6 for details.

The accuracy is calculated by the following:

correctly predicted data

100.
all data

accuracy =

We denote acc.train and acc.test as accuracy of training and testing set, respectively. We
first compare the accuracy of Algorithm 3 at 100th iteration with different inertial param-

eter 8, namely

~=,  ifn <1000 0.9, ifn <1000

1, ifn>1001, %, ifn>1001.

By settingo = 0.49,5§ =0.1,0 =0.1,and «,, = % in Algorithm 3, the numerical experiment
for data classification can be seen in Table 7.

It is observed that B3 achieves the highest accuracy, so throughout this section we
choose 2 as inertial parameters.

The next experiment is a comparison of the performance for Algorithm 1, Algorithm 2,

and Algorithm 3 at the 100th iteration. See Table 8 for the result.

Page 17 of 20
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Table 8 Accuracy comparison of each algorithm at the 100th iteration

Iris Heart disease

Time Acc. train Acc. test Time Acc. train Acc. test
Algorithm 1 0.0204 85.71 80 0.0199 80.95 7849
Algorithm 2 0.0331 87.62 80 0.0304 80.95 7849
Algorithm 3 0.0295 94.29 97.78 0.0258 86.19 82.80

Table 9 Comparison of each algorithm at the 100th iteration with 10-fold CV. on Iris dataset

Algorithm 1 Algorithm 2 Algorithm 3

Acc. train Acc. test Acc. train Acc. test Acc. train Acc. test
Fold 1 83.703 86.666 84.444 86.666 97.04 9333
Fold 2 84.444 80 85.925 80 97.78 86.67
Fold 3 82.962 93.333 84.444 93.333 94.81 9333
Fold 4 82.962 93.333 84.444 93.333 97.04 9333
Fold 5 84.444 80 85.185 80 97.04 100
Fold 6 85.185 73.333 85.925 73.333 94.81 9333
Fold 7 82.222 93.333 83.703 93.333 96.30 86.67
Fold 8 82.962 86.666 84.444 86.666 97.04 100
Fold 9 84.444 80 85.185 80 94.81 100.00
Fold 10 85.185 73.333 85.925 73.333 96.30 100
Average Acc 83.851 84 84.962 84 96.30 94.67
ERRg, 16.074 15.5185 452
Training time (sec.) 0.0199 0.0329 0.0276

Now, we employ 10-fold stratified cross validation on both Iris and heart disease
datasets. We denote

N
Average ACC = Z X x 100%/N,
— Ji
i=1

where N is a number of folds, x; is a number of correctly predicted samples at fold i, and
y; is a number of all samples at fold i.

sum of errors in all 10 training sets

errpg, = x 100%,

sum of all samples in 10 training sets

and

sum of errors in all 10 testing sets

erryg, = x 100%.

sum of all samples in 10 testing sets

Then we define

ERR¢, = (erryq + errro,)/2.

In Table 9, we show the result for classification of Iris dataset at the 100th iteration by
Algorithm 1, Algorithm 2, and Algorithm 3 at each fold.

In Table 10, we show the result of heart disease dataset at the 100th iteration.

According to Tables 9 and 10, we can conclude that Algorithm 3 achieves the highest
accuracy.
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Table 10 Comparison of each algorithm at the 100th iteration with 10-fold CV. on heart disease

dataset

Algorithm 1 Algorithm 2 Algorithm 3

Acc. train Acc. test Acc. train Acc. test Acc. train Acc. test
Fold 1 80.95 7333 81.68 76.67 84.98 90
Fold 2 80.15 87.10 80.15 87.10 83.09 93.55
Fold 3 79.04 61.29 79.78 64.52 86.76 67.74
Fold 4 81.99 74.19 81.99 74.19 84.93 7742
Fold 5 79.49 76.67 79.85 76.67 84.62 83.33
Fold 6 81.68 76.67 81.68 76.67 86.45 83.33
Fold 7 82.78 83.33 82.78 83.33 86.08 80.00
Fold 8 80.95 76.67 80.95 76.67 86.81 86.67
Fold 9 75.82 93.33 75.82 93.33 83.88 96.67
Fold 10 80.22 80.00 79.85 80.00 84.62 80.00
Average Acc 80.31 78.26 80.45 7891 85.22 83.87
ERRog 20.74 20.33 1547
Training time (sec.) 0.0231 0.0351 0.0316

5 Conclusions

In this paper, a new algorithm for solving convex minimization problems with an inertial
and a linesearch technique, proposed by Cruz and Nghia [11], is introduced and studied.
We prove a weak convergence of the proposed algorithm to a solution of (1) without as-
suming Vf to be L-Lipschitz continuous. The complexity theorem is also proved under
some control conditions. We also employ our algorithm as a machine learning algorithm
based on the extreme learning machine model (ELM) introduced by Huang et al. [30] for
regression and classification problems. Moreover, we conduct some experiments to show
that the proposed algorithm has a good behavior of convergence in terms of low num-
ber of iterations and high accuracy for regression and classification problems which imply
that our algorithm performs very well in terms of speed in comparison to Algorithm 1 and
Algorithm 2.
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