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1 Introduction
Let o be the space of all real-valued sequences. The space £, consists all real sequences
u = (u), € w such that Y22, |uxl? < 0o, which is a Banach space with the norm

1/p

oo
lullg, = | Dl | < o0,
k=0

where 1 < p < 00.
The matrix domain of an infinite matrix 7 in a sequence space X is defined as

Xr={x€ew:Tx e X}

which is also a sequence space. By using matrix domains of special triangle matrices in
classical spaces, many authors have introduced and studied new Banach spaces. For the
relevant literature, we refer to the papers [1-16] and the textbooks [17] and [18].

The Kothe dual (a-, B-, y-duals) of a sequence space X are defined by

X = a:(ak)ea):zmkxkl<ooforallx:(xk)eX ,
k=1
Xf=1a=() ew: Zakxk ecforallx=(x) e X ¢,

k=1
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XV = :a (ax) e w: (Zakxk>ef forallx = (x) € X ¢,

k=1

respectively.

Consider the Hausdorff matrix H* = (h}-k);f,f:o, with entries of the form

3 () f, 651 -6y *du®), 0<k<j,
=
"o, k>j,

where u is a probability measure on [0, 1]. The Hausdorff matrix contains some famous
classes of matrices. For positive integer #, by choosing du(9) = n(1 — 8)""1 d6 the Cesaro

matrix C" = (cj’}() of order 7 is defined as follows:

(n+/ —k— 1)
. o 0=<k<j,
=1 ) (1.1)

0, otherwise.

Hardy’s formula ([19], Theorem 216) states that the Hausdorff matrix is a bounded oper-
-1
ator on ¢, if and only if fol 07 du(d) < oo and

1
|1, = [ 07 du®), (1.2)
Lp 0

hence the Cesaro matrix has the norm

C(n+ 1) (1/p*)

1<, = g 1)

(1.3)

where p* is the conjugate of p i.e. r% + }% = 1. Note that C! is the well-known Cesaro matrix
C with [|C|l,, = p*. The author has introduced the sequence spaces C, and C7, as the set
of all sequences whose C”-transforms are in the spaces £, and £, respectively; that is,

L i<n+] k- 1>xk

} =0

oo

CZ {x (%)) € Z

j=0

»
< oo} (1.4)

and

Cl, = {x:(xj)ea):sup
j

j
k-1
L <n+] k )xk
k=0

1

< oo}. (1.5)

Backward difference matrix. The backward difference matrix of order n, A” = (5;}(), is de-
fined by

(_l)j_k(jfk)) k S/ = k +n,

0, otherwise.

7 = (1.6)
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This matrix has the inverse A™ = (§;") which has the following entries:

n+/:—k—1 . > k> 0,
57(;1 _ ( j—k ) JZK= (17)
0, otherwise.

Motivation. The inverse of the backward difference matrix has some similarities in the
definition to the Cesaro matrix, hence composing of the Cesaro matrix and the back-
ward difference matrix results in two different cases: one acts like the backward and the
other acts like the inverse of the backward difference operator. In this study, we try to dis-
cover some results of these combinations covering both types of operators. Therefore, the
present study is a generalization of much research.

2 Composition of the Cesaro and backward difference matrices

Suppose that 1, m are two non-negative integers and 1 < p < 0o. Let us define the matrix
S = (sfk’m) by

Sn,m — CVIAWI’ (21)

where C” and A™ are the Cesaro and backward difference matrices of order # and m,
defined by Egs. (1.1) and (1.6), respectively.
Note that S0 = C, §™0 = C", §%! = A and §%” = A, The sequence space associated with
this matrix, £,(5™"), includes the following spaces:
£,(8"0) := Cp,
£,(8™0) := G,
£,(S%1) := bv),
Zp(SO'm) = Zp(Am);
£,(SM™) := Cy(A™);
these have been investigated in [7, 20-26], respectively.
With regard to the cases n > m or n < m we encounter two different types of matrix
§"", which we define by ®"" and W™, respectively. They are

We can represent the matrices ®"" = (¢;}<’”’) and W = (W;;('m ) by their entries as follows:

% .
e 0<k<j,
" =1 ) (2.2)
0, otherwise,
and
_1y—k (m-n
EVC0) o<k <),
mm ) (2.3)

0, otherwise.

Page 3 of 14



Roopaei and Hazarika Journal of Inequalities and Applications (2021) 2021:116 Page 4 of 14

Lemma 2.1 The matrices ®*" and V"™ are invertible and their inverse (®™")! =
((¢n,m)l—kl) and (\pn,m)—l = ((wn,m)j_kl) are deﬁned by

s\~ (), k<j<n-m+k
(@™ );‘kl = R

0, otherwise,

and

1| N, =z
* 0, otherwise.

Proof Since §™™ = C" A™ we have (§"")™' = A™C™" or
nm~1 —men (BT k n-m M+ k
(S )]k :Z(Sjl ik( k ) = jk ( k )

Now, by the definition of the backward difference operator, Egs. (1.6) and (1.7)

w1 _ ek (R (m+k
= (0 ()

and

-1 m-n+j—k-1\[(n+k
o= (")) .
Theorem 2.2 Let n and m be two non-negative integers and x € £,. We have the following

inequalities:

- Fn+ 1T 1/p*)
s x||zpfw|| x[,,-

In particular, we have the following.
Form=0

F'(n+1)C(1/p*)

I'(n+1/p*) I+l

|cr=]),, =
For n =1 and m = 0 we have Hardy’s inequality,
p
1Cxlle, = l:||x||zp~

Proof By the definition of the matrix S we have

F(n+ 1) (1/p*)

sl = e ansl,, < el ol -~ 2

ams], 0

The following inclusions are the straightforward results of the above theorem.
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Corollary 2.3 Let n and m are two non-negative integers and x € £,. Then
£p(A™) C £,(S™). (2.4)

In particular,
£y(A™) C Cp(A™),
¢, CC.

Theorem 2.4 The spaces £,(S"™) and £,(S*"™) are linearly isomorphic to £, and L, re-
spectively. In particular, we have the following.
The spaces C; and C7, are linearly isomorphic to £, and L, respectively ([7],
Theorem 2.4).
The spaces £,(A") and Lo(A") are linearly isomorphic to £, and L, respectively.

Proof Let us define the map T : £,(S™") — £, with T'(x) = $""u for any u € £,(S""). It
is clear that T is linear and one-to-one. Also, since S™" is invertible, T is onto. Now,
since [|u(l¢,(snm) = [IS""ull¢, holds, we find that T preserves the norms. This completes
the proof. d

Theorem 2.5 The inclusion £,(S™™) C £,(S™™) strictly holds, where 1 < p < q < 00. In par-
ticular, we have the following.

The inclusion C;; C C7 strictly holds.

The inclusion £,(A") C £,(A") strictly holds.

Proof Let u € £,(S™"). Then we have §""u € ¢£,. Since the inclusion ¢, C £, holds for
1 < p < q <00, wehave $""u € £,. This implies that u € £,(5™"). Hence, we conclude that
the inclusion £,(S™") C £,(S™") holds.

Now, we show that the inclusion is strict. Since the inclusion ¢, C ¢, is strict, we
can choose v € £,\{,. Define the sequence u = (§~1y, which means §""u = v and
so 8""u e £,\¢,. Hence, we conclude that u € £,(S"")\{,(S™™) and so the inclusion
£,(S™™) C £,(S™™) is strict. a

Theorem 2.6 The inclusion £,(S"™) C £o(S™™) strictly holds. In particular, we have the
following.

The inclusion C; C CY, strictly holds.

The inclusion £,(A") C Lo (A”) strictly holds.

Proof Let u € £,(S™"). Then we have $""u € {,. Since the inclusion £, C £, holds for
1 < p < 00, we have 8"y € . This implies that u € £,,(S""). Hence, we conclude that
the inclusion £,(S"") C £ (S™") holds.

Now, we show that the inclusion is strict. Consider the sequence v = (v;) = (1) and let
u = (§")"1y. We deduce that S""u = ((=1)) € £og\ €y, we obtain u € £ (S™™)\L,(S™™).
Consequently, the inclusion £,(S"™) C £o(S™") is strict. O

Lemma 2.7 (Theorem 20.3, [27]) Let1<p <ooanda > 8 > 0. The Cesdaro matrix of order
o, C%, has a factorization of the form

C* =R*PCP = CPR™P, (2.5)
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where R*? is a bounded operator on ¢, and

|R=F |, = (o + 1)T(B + 1/p*)
% T+ L)+ 1/p")

Corollary 2.8 For o > B > 0, the inclusion EP(S’S"”) C Loo(S*™) holds. In particular, for
m =0, we have Ch C Cy.

Proof By multiplying both sides of Eq. (2.5) in terms of A” we obtain the equality
sem = ROP P,
Now, let x € Zp(Sﬁ'”’). Since
o, a,pB B,m
[s*[,, = [R="],, |s""=],,,
hence x € £,(S*™), which results in the inclusion. O

Corollary 2.9 Let o and B be two non-negative integers that « > B. The backward differ-
ence matrix, A* P, is a bounded operator from £, into EP(SO"’S ) and

(N =1.

B
||z,,,z,,(sa,ﬁ)
In particular, the backward difference matrix of order o, A*, is a bounded operator from
¢y into C; and
8], ¢ =1
Proof According to the definition of matrix $*# it is not difficult to prove that S« = D%,
where D% = (dj) is a diagonal matrix defined by

1 .
—, k =J,
a+f
djk = ( j )
0, otherwise.

Now, we have

s A Pl ey (ISYP AP,
”A ”z Lp(S®B) Sup -
»p xetp I%lle, xelp lIxlle,

= ”Soz,a ”L’p = Sl;pd; =1

In particular, by letting 8 = 0, S*# = C%, we have the desired result. d

Corollary 2.10 Let o and B be two non-negative integers such thatoa > 8 > 0and t+k =r.
The backward difference matrix, AX, is a bounded operator from Zp(Sﬂ") into £,(S*") and

_D(e+1)I(B+1/p%)

¥ 05 -
(P T (B + 1) (o + 1/p*)
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In particular, the identity matrix, I, is a bounded operator from Cg into C; and

_D(e+1)I(B+1/p*)
GG T+ D+ 1/pY)

I

Proof According to Theorem 2.4, £,,(S#") and ¢,, are isomorphic spaces. Hence by applying

Lemma 2.7 we deduce that

X ||Akx||z,,(sa,t) IIS""Akagp
|a ], $Prepsuty = SUP oo = YT
PS5t wetpshry Wxlle,pry xeryspry  1S77%le,
~ IR“PSPxlle, — IR*Pyllg,
SPrxet, ”Sﬂ'rx”Zp yety  19lle,
_ ||R""ﬂ H _ T + 1T(B + 1/p*)
b T(B+1)(a+1/p*)
Now, by letting k = r = t = 0 we find the desired result. O

3 Two special cases
The sequence spaces £,(S"™) and £, (5"™") are introduced as the set of all sequences whose
S§™"-transforms are in the spaces £, and £, respectively; that is,

.
.

Now, regarding the double reaction of the matrix S there are two separate sequence
spaces £,(®"") and £,(¥"™) that have different bases and Kéthe duals. In this section, we

intend to investigate both these spaces.

o0

€p(S"") = {” () € Z

j=0

Sk Uk

and

»
Zsk Uk

Oo(S”’”’) {u (4;) € w : sup
k=0

j

3.1 Fractional Cesaro spaces
By assuming # > m the matrix §*” = ®*” and the associated sequence spaces £,(®"")
and £ (P™") are introduced routinely as the set of all sequences whose ®"”-transforms

are in the spaces ¢, and £, respectively; that is,

m |1 < n-m+j—k-1 g
L(@"") = Yu= () €w: E o E ( - )uk <00
j=0 (j)k:O /-

and

loo (™) = {u (1)) € w : sup
j

/ (n m+j—k-— 1)
Z i
pry j—k

.
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Theorem 3.1 The spaces £,(P"") and £o(P™"™) are Banach spaces with the norms

' - m+] k-1 P\
72 Z

oo
Nl (@mm) = <Z

=0 k=0
and
' (n—m+ ] k-1
N2l s () —sup ) Z Ui |,
] k=0
respectively.
Proof We omit the proof which is a routine verification. O

Remark 3.2 By choosing m = 0 in the above theorem, we obtain the Cesaro sequence
spaces £,(C") = G, and £, (C") = C%, defined in [7], which are Banach spaces endowed
with the norms

j=0 1\ ;) k=0 -
and
1 s n+j-k-1
llullcz, = sup|—— Z( . )uk :
j (n;ﬂ) k=0 j=k
respectively.

Theorem 3.3 Define the sequence (b)) = (b;k)) for each k € N by

(6% = (-1~ ( m)(n/tk)’ j =k

i (j € Np).
0, j<k,

Then the sequence (b™) is a basis for the space L, (®"™™), and each u € £,(P™™) has a unique
representation of the form u =Y, (®""u); bV,

Proof Let A be a triangle. By Theorem 2.3 of Jarrah and Malkowsky [28], the matrix do-
main Uy has a basis if and only if the normed sequence space U has a basis. Hence the
proof follows immediately. O

We use the following lemma to compute the dual spaces. By N, we denote the family of
all finite subsets of N.

Lemma 3.4 ([29]) The following statements hold:
(8) A = (aj) € (€1,£1) if and only if

supz lajk| < o0.

j=0
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(ii) A = (ap) € (L, £1) if and only if
00 00 p*
Z( Ia;k|> <00,
k=0 \ j=0

where 1 < p < 00.

(iii) A = (aj) € (Loo, 1) if and only if

o0
sup Z < 00.

KeN =0

D

keK

(iv) A = (aj) € (Ly,¢) if and only if

lim ay exists for each k € N (3.1)
J—> 00
and
sup |aj| < oo. (3.2)
jk

(v) A = (ajx) € (£p,c) if and only if (3.1) holds and
sup Z lajP* < oo, (3.3)
J k=0

where 1 < p < 00.
(vi) A = (aj) € (loo, €) if and only if (3.1) holds and

o0 o0
lim 3 aul = > ‘]im a,-k’.
]*)m 1%00

k=0 k=0

(vii) A = (aj) € (€1, 40) if and only if (3.2) holds.
(viii) A = (aj) € (€p, L) if and only if (3.3) holds, where 1 < p < 0.
(ix) A = (ax) € (boos Loo) if and only if

o0
supZ lajk| < o0.
J k=0

Dual spaces. The a-dual of a sequence space U consists of all sequences a = (ax) € w
such that au = (axuy) € €1 for all u = (uy) € U.

Theorem 3.5 The a-duals of the spaces £,(P™"), £,(P™") (1 < p < 00) and Lo (P"™) are

as follows:
() (3ol

[El(q%m)]o‘ = {a =(a)cw: sipz
j=0

Page 9 of 14
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p*

) - } ’

<00 }

()

and

[EOO(CD"’”’)] '—= (@) ew: supZ

KeN =0

xf(n—-m\ (n+k
2V (o)

Proof Let a = (a;) € w and define the matrix D = (dj) as

O (e, 0<k <),

dix = )
0, otherwise.

For any u = (&) € £,(®"™) (1 < p < 00), we have a;u; = (Dv); for all j € N. Thus au € £, with
u € £,(®™") if and only if Dv € £, with v € £,. Hence, we conclude that a € [£,(D"")]* if
and only if D € (£, £,). This completes the proof by part (ii) of Lemma 3.4. The other cases
can be proved similarly. O

The B-dual of a sequence space U consists of all sequences a = (ax) € w such that
(X iy aiui) € cforall u = (i) € U.

Theorem 3.6 Let us define the following sets:

j
. - k
Py:=Ja=(ax) ew: lim Z(—l)“k(n, 71)(’1;; )ai exists for each k e N ¢,
joo i i-k
j
xf(n—-m\ (n+k
;(—1) (i—k)( X )“i <OO},

() (7l <

i=

Py:={a=(ax) €w:sup
jk

o0
Py:={a=(ay) cw: supZ
J k=0

and

Py := {a:(ak)ea):

S e (R e ()]

Then [€1(®"™)]? = Py N Py, [£,(®™™)]F =Py NP3 (1 < p < 0) and [Log(®"™)]F =P NP,
hold.

Proof a = (ax) € [£,(®™™)]? if and only if the series Y koo @kt is convergent for all u =
(ur) € £1(P™™). From the equality

j j k .
San-Ya (z<-1>k-f () (") )
k=0 k=0 i=0 k—i L
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kX};(Z( 1)i (” ] ;f) (" /t k)a,) vi,

it follows that a = (ax) € [¢1(®™")]? if and only if the matrix P = (jr) is in (€1, c), where

, L DT (e 0<k <),
ji =

0, otherwise.

Hence, by part (iv) of Lemma 3.4 we conclude that
k
hm Z( 1) k( k ) (n /: <)ai exists for each k € N
and

sup
jk

a;| <00,

J
ixf(n—-m\ [(n+k
2 ()

which means a = (a;) € P; N P, and so we have [£;(®"")]# = P, N P,. The other cases can
be proved similarly. 0

The y-dual of a sequence space U consists of all sequences a = (ax) € w such that
(O hy akui) € oo forall u = () € U.

Theorem 3.7 The y-duals of the spaces £,(P"™), £,(P"™") (1 < p < 00) and Lo (P™™) are

as follows:
/ o (n-m\ (n+k
e () el <)

i=k
Z (n m)<n+k>a‘p*<oo}
i—k k)™ ’
i=k
<OO}.

Proof By using the same technique as in the proof of Theorem 3.6, we obtain the gamma
duals. O

[Zl(dD"'m)]y = ia =(ap)ew: sy;{p
j

J k=0

[Zp(GD""")] = {u (ay) ew: supZ

and

Ser (e

i=

[Zw(CID""”)]V = { (ax) e w: supZ

J k=0

3.2 Fractional difference spaces
The sequence spaces £,(W"") (1 < p < 00) and £, (¥"™) are introduced similarly by

(i

[ee]

€y (W) = {” () € Z

j=0
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and

Loo (W) = {u = (4;) € w: sup
j

<m}

Theorem 3.8 The spaces £,(\V""™) and £.(W"™"™) are Banach spaces with the norms

p) lip

1 4 [ Mm—n
(—wk(, )u
(/I)Z(; j-k '

[o¢]
N1l () = (Z

1 ] ix(m-n
o LY ()

[EARY.
and
lul - sup|— Xj“( ly‘k(”’_”)
R ()~ SRR VAT VA
respectively.
Proof We omit the proof, which is a routine verification. O

Theorem 3.9 Define the sequence (d) = (d;k)) foreach k e N by

(d¥) - ("IN, 2k

i (j € No).
01 j< k’

Then the sequence (dX)) is a basis for the space L, (W™, and each u € £,(V"™") has a
unique representation of the form u =Y (V""" u),d®.

Theorem 3.10 The a-duals of the spaces £,(V™™), £,(¥™"™") (1 < p < 00) and Lo.(Y™") are

as follows:
m-n+j—k-1\/n+k
. aj| <oot,
j—k k

m-n+j—k-1\(n+k 4 p*<oo
j—k k / ’

Z(m—n+j—k—1)(n+k)a <oo]
. ] .
keK ]_k k

Proof The proof is similar to the proof of Theorem 3.5. g

[El(\pn,m)]“ = ia = (al') cw: Sip Z
j=0

[¢,(w™m)]" = {a = (@) cw: Z(Z

k=0 \ j=0

and

[Eoo(\IJ”’”’)]a = {a =(a) €ew: sup Z

KeN =0

Theorem 3.11 Let us define the following sets:

j .
- k-1 k
Q; := {a:(ak)ew:‘lim E (m n‘+lkk )(n/t()aiexistsforeachkeN )
7 -

Page 12 of 14
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j .
m-n+i—-k-1\(n+k
Qr:i=qa=(a)eEw: supZ( ik )( X )a,- <00 ¢,

ik ik
oo | j p*
m— n+z—k 1\ /n+k
Qz:={a=(a) ew: SL;pkEO Ek( )( X )ai <00 ¢,

and

Qui=ia=(ay) ew:

- / m-n+i-k-1\/n+k
zl—lfgzz i—k k i
k=0

i=k
_i i(m—n+i—k—1)(n+k)av
purd fpa i—k k

Then [£1(¥™™)]F = Q1 N Qy, [£,(¥™™)]P = Q1N Qs (1 < p < 00) and [€oo(¥™™)]F = Q1N Q4
hold.

Proof The proof is similar to the proof of Theorem 3.6. d

Theorem 3.12 The y-duals of the spaces £, (W), £,(¥"™") (1 < p < 00) and Lo(¥™™)

are as follows:

j .
m-n+i—-k-1\[/n+k
£, (" )/': k i )
[ ] = {a= (@) co: pz( (<o
0o | J . p*
m-n+i-k-1\/n+k
[Ep(an,m)]y =la=(a;) ew: supZZ( a )( X )ai <0 ¢,
J k=0l i=k 1=K
and

oo | J _ Pk p
[Eoo(\I’"’m)]V =1a=(a) Ew: squ Z (m n;_lk 1) (HZ <>ai <00

/o k=01 i=k

Proof The proof is similar to the proof of Theorem 3.7. g
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