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1 Introduction
Let

- _l, f éZy
¥l ifw (see [1-8, 2028, 30]),

((x)) ) 0, ifxeZ,

where [-] denotes the greatest integer not exceeding x.
The Dedekind sums are defined by

m-1
S(h, m) = Z((%)) ((%")) (see [1-8, 20~28, 30]), )

n=1

where /1 and m are positive integers.
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The most fundamental result in the theory of Dedekind sums is the reciprocity theorem.

If 1 and m are relatively prime positive integers, then

S(h,m) + S(m, h) = —i + %(% + ﬁ) (see [2]).

It is well known that the classical Dedekind sums S(/, m), initiated by Richard Dedekind
[9], first arose in the transformation formula of the logarithm of the Dedekind eta func-
tion. Dedekind introduced them to express the functional equation of the Dedekind eta
function. These sums have figured prominently in so many different areas such as elliptic
modular functions to number theory, analysis, number theory, combinatorics, q-series,
Weierstrass elliptic functions, modular forms, and other areas [1-9, 13, 14, 16, 18, 20—
30]. In combinatorial number theory, one is interested in partitions of an integer # from
a finite set of positive integers. Beck et al. showed that the number of such partitions of n
from a finite set is a quasi-polynomial in #, whose coefficients are built up from some gen-
eralization of Dedekind sums [3]. Bayad and Simsek [4, 28] studied three new shifted sums
of Apostol-Dedekind—Rademacher type. The Dedekind type DC (Daehee and Changhee)
sums using Euler functions were first introduced by Kim [13] and have been studied var-
iously by several authors since then [20, 30]. Recently, as a generalization of Dedekind
sums, the poly-Dedekind sums associated with the type 2 poly-Bernoulli functions of in-
dex k [18] and the unipoly-Dedkind sum [11] were introduced. In addition , Ma et al.
introduced the poly-Dedekind sums associated with the poly-Bernoulli functions of in-
dex k [21] and the poly-Dedekind type DC sums associated with the type 2 poly-Euler
functions of index k [20].

In this paper, we introduce two kinds of new generalizations of the poly Dedekind type
DC sums. In Sect. 2, for our goal, we show explicit formulas of type 2 unipoly-Euler poly-
nomials and type 2 unipoly-Genocchi polynomials. In Sect. 3, we introduce a unipoly-
Dedekind type DC sum associated with the type 2 unipoly-Euler functions expressed in
the type 2 unipoly-Euler polynomials using the modified polyexponential function, and
derive the reciprocity relation for these unipoly-Dedekind type DC sums. In Sect. 4, we
introduce a unipoly-Dedekind sums type DC associated with the poly-Euler functions ex-
pressed in the unipoly-Euler polynomials using the polylogarithm function, and derive the
reciprocity relation for those.

The Euler polynomials E,(x) (n € N U {0}) are defined by their generating functions as

follows:

2 o0 t”
Xt _
1 1e = E E,,(x)—n! (see [13, 14, 19, 20]). (2)
n=0

Whenx = 0, E, := E,(0) are called Euler numbers. The first few of Euler numbers are Eg = 1,
E1=-3,E3=0,E3=1%,E;=0,...,and E5, =0, (n € N).
The Genocchi polynomials G,(x), (n € NU{0}), are defined by their generating functions

as follows:
2% L, w ¢
= (%) — , 20, 29]).
1 ;G(x)”’ (see [9, 20, 29]) (3)
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When x = 0, G,, := G,(0) are called Genocchi numbers. The first few of Euler numbers
are Go =0, G1 =1, G2 =-1, G3 =0, G4: 1,...,and Gz;ﬂl =0, (l’l EN)

We note that
Gn+
E, = L (see[6,13, 20)). (@)
n+1

From (2), we note that

E,(x) = Z (7) Ex"=(E+x)", (n>0),(see[13,19,20]) (5)
=0
and
Gul®) =) (’;) G = (G +x)", (n>0),(see[12,20]), (6)
1=0

with the usual convention about replacing E” and G” with E, and G, respectively.

From (2), for n = 1(mod2), we have

n-1
()" Efn)+ E =2 (-1)'i', (neN),(see [20]). )

i=0

Let d be an odd positive integer > 3. Then we have the following well-known relation:

d-1 .
X+1

B = Y IE(*5), (see 20, ®
i=0

where d is an odd positive integer > 3 and n > 0.

The Euler function is defined by
E.(x) =E,(x - [x]), (n>0),(see[13,20,30]), 9)

where [x] denotes the greatest integer not exceeding x.

Kim and Kim considered the modified polyexponential function defined by

Eig(x) = 21: nk(:i—l) (k € 7)), (see [10]). (10)

!

Note that Ei;(x) = &* — 1.
We introduce the type 2 poly-Euler polynomials, which are given by

oo

e = ZEk,n(x)E (k € Z), (see [19]). (11)

n=0

Eix(log(1 + 2¢))
tlet +1)

When x = 0, Ex, = Ex,(0), n > 0, are called type 2 poly-Euler numbers.
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We also introduce the type 2 poly-Genocchi polynomials, which are given by

Ei (1 = "
wﬁ‘ - Zo Gk,n(x)% (k € Z), (see [12]). 12)

When x = 0, G, = Gi,.(0), n > 0, are called type 2 poly-Genocchi numbers.

By (12), we easily get Gy = 0, Gi1 = 1, Gra = —2 + 25K, Since Ei; (log(1 + 2¢)) = 2¢,
we see that E; ,(x) = E,(x) and Gy ,(x) = G,(x) (n > 0) are the Euler polynomials and the
Genocchi polynomials, respectively.

Kim introduced the Dedekind type DC sums given by

m-1
_ e
Tp(h,m)—ZE(—l) mJ:;,( m) (see [13]), (13)

where E_p(x) is the pth Euler function.

For p € N with p =1 (mod2), the reciprocity law of T,(k, m) is given by

m? T, (h,m) + W’ T,(m, h)

m-1
= 2Z(mh<E+ %) +m<E+h— [%:D)p + (hE + mEY + (p + 2)E,,

|

where 4, k are relative prime positive integers and

SIS

n=0
h i| = 1(mod2), (see[13,30]),

p
(Eh+ Emp =" (f; ) EH'E, ym"(see [13, 30)).

=0

Recently, Ma et al. introduced the poly-Dedekind type DC sums associated with the type

2 poly-Euler functions, which are given by

m-1
T, m) =2 ) (V" S, (), (h,m,p € N, (see [20]), (14)

n=1

where Ep(hu/m) =E,((hu/m)).
For n € NU {0}, as is well known, the Stirling numbers of the first kind are defined by

®o=1(),=) SinDx' (n=1),
=0

and

%(log(l +1) = Y Simh = (n,1>0),(see [12,15,17]). (15)
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For n > 0, the Stirling numbers of the second kind are defined by
n
K= Sa(m D)
1=0
and
t}’l

(e =1 = Y Samk) = (see [12,15,17]), (16)

where (x)o=1, (%), =x(x-1)...(x—-n+1), (n>1).

2 Type 2 unipoly-Euler numbers and type 2 unipoly-Genocchi numbers

Let t be any arithmetic function which is real or complex valued and defined on the set
of positive integers N. Then Kim and Kim defined the unipoly function attached to poly-
nomials 7 by

) =Y I(ZZ"", (k € Z), (see [10)). (17)
n=1

When t(n) = 1, uie(x|1) =Y oo) i—z = Lix(x) is the ordinary polylogarithm function.

From (17), we have

@ ihlol) = L (). (18)
X X

Lee et al. introduced the type 2 unipoly-Euler polynomials of index k defined by

% it kam(x) (see [19]). 19

When x = 0, g, := Exn, (0) are called type 2 unipoly-Euler numbers.
The type 2 unipoly-Genocchi polynomials of index k are defined by

log(1 +2¢ > t"
Meﬂ=2(gkm( =

(see [12]). (20)
el +1

When x = 0, Gy ., := Gy, (0) are called type 2 unipoly-Genocchi numbers.

Forne NU{0}and k € Z, let T(n) = % = ﬁ Then, from (12) and (19), we have

o " wlog(1+20)[L)
Z L = T es) © -

Elk(log (1+2¢t)
= e’ E o
oD Z kn(x>

Thus, from (21) we have

Ein 1 () = Ein(x). (22)
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Similarly, we get

Gy 1 (%) = Grn(x).

——

Moreover, from (21), we note that

uk(log(1+2t)|t) 2 x
tlet +1) (ng” )(;; )

) o] n n o i
(S (1))

gk,n,t (X) = Z (7) gk,l,rxnil (I’l > O)

=0

Thus, by (23), we get

In the same way as (23), we have

" n
Gk,n,t(x) = Z <l) Gk,l,rxn_l (n>0).

=0

Furthermore, by (24) and (25), we have

d d
— & (%) = nExp-1,:(x) and _Gk,n,t(x) = nGk,n—l,r x), (m=1).

dx Y dx

Theorem 1 For n > 1, we have

n m+l m
Eune @) = ZZ( ) (- OSmr LDy ), (ked),

k-1
o I1(m+ 1)

and

n m+l m
(ka(x)—zz< ) D2 OSim+ LD o (ke ).

k—1
=5 l(m + 1)

Proof From (2), (15), and (19), we have

ngnr( )— tillog(1 + Zt)h)ext _ 1271 i (/) (log(1 +22))

t(ef +1) _2««3f+1tl:1 IS
1271 izm: (I=1)12"7()S,(m, 1) £
T2etilt ~ = k-1 m!
i 0o m+l
t (I-1)12"t(D)S1(m + 1,1) £"
E;(x)— i
Z 3 %; (1 + 1) m!

n=0 \m=0 [=1

gy G (= 11277 ())S,(m + 1, 1) £
L(SE () R )

(23)

(24)

(25)

(26)

(27)

(28)

(29)

Page 6 of 23



Kim and Lee Journal of Inequalities and Applications (2021) 2021:122

Therefore, from (29) we get identity (27).
By using (3), (15), and (19) in the same way as (29), we also get identity (28).

In particular, we get

n m+l m
B =3 (:) (L= 1)127 7 ()Sy (m + 1,1)En_m e,

k-1
—= lm+ 1)

and the first few of the type 2 unipoly-Euler numbers are 5((){2 = 1(1), E{kr) = %r(l) +

2,%_1 7(2),....In addition,

n m+l
(-2t (DS (m + 1,1)
Gknr —ZZ ( ) lkil(m-:l) Gn—m (kEZ)’

m=0 [=1

and the first few of the type 2 unipoly-Genocchi numbers are Gio, =0, G 1. = T(1),....

Since Gy, = 0, we note that

" ug(log(l+28)|1)
ngnr( We

tnl

Z Gk,n+1,r (x) ﬁ
n+l n!’

n=0

ZGknr(x)

Thus, from (30), we have

Gk,n+l,r (x)

Enrx) =
n+1
Lemma 2 For n> 1, we have

" |

m.
Gine(V) + Ginr =2 ) —cx(m)Si(nm), (k€ Z),

m=1

and

n

" m!
mwmmMF;;%WMMM(Mm

Proof From (20), we have

ur(log(1 +28)|7) = (ZG"“ ) e+1)

oo n oo n

t t
(Gk,n,r(l) + Gk,n,r) ; = Z(Gk,n,r(l) + Gk,n,f) ;

(=}

X
0]
—_

n=|

On the other hand, from (17), we have

[ee]

u(log(1 +28)|7) = Z

m=1

T(m)

(log(1 +28))"
—; (log(1 +2¢))

(30)

(31)

(32)

(33)

(34)

(35)
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! 2"
= m)m ZSl(n,m)
m=1
> " " m! t"
Z(Z Zﬁr(m)&(n,m));.
n=1 m=1

Therefore, by (34) and (35), we obtain identity (32). By using (31), we get identity
(33). O

Theorem 3 For an odd positive integer d > 3 and n > 1, we have
n a d-1 A (b— 1)'2“
(-1 Cre(d) + G = ZZZ( ) Vit (0)Si(a, b) (36)
a=1 b=1 i=0

and

(_l)d_lgk,n—l,z (d) + 51<,n—1,t

n a d- 1na
(ZZZ( ) )i “(b;%l'zz(b)sl(a,b)) (37)

a=1 b=1 i=0
Proof For an odd positive integer d > 3, from (15) and (17), we have

d-1

Z( 1)'e" uy (log(1 +2¢)|7) (38)

_ it e T(b)(log(1 + 2¢))”
UM Z—bk
j=0

i:(Z( 1)’z’) Z(Z e T(®) Sl(a,b)>

b=1

n a d- 19a n
Z(ZZZ( )( i a“’;ki{}zt(b)sl(a,m)%.

n=1 \a=1 b=1 i=0
On the other hand,
d-1 d-1 4t
o -1 1
Z(—l)’e”uk(log(l +20)|7) = %uk(log(l +28)|7) (39)
i=0
o0 t”
=2 (DGl + ) .
n=0 n!
Therefore, by (38) and (39), we obtain identity (36).
Moreover, from (31), we get identity (37). O

Theorem 4 For an odd positive integer d > 1 and n > 0, we have

n " n-l+1 d-1 - P+ x (] 1 2711
Grnel) =3 ) 22 D_(-1'd G( )Wro)slm I+1,).
=0

j=1 =0

Page 8 of 23
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Proof From ) 1 ( L(_1)ieit = M, (n = 1(mod2)), (2), and (13), we have

el+1

uy(log(1 + Zt)lt)ext

4
e +1 (40)
1 & a2
= — ) (1)l log(1
2d§( Ye'd (og( +2t)|r)
i+x\d't1 t(j)(log(1 + 2£)y
1 s = O 0 7
- z< y ZGZ( )% tz .
> [ ) iva\) £t & (- 1)v 9a-1 a1
= Z(Z(—l)ld 1Gl<7)) 7 Z(Z = t(j)S1(a, ]))
1=0 \ i=0 a=1 \ j=1
oo [fd-1 . ] o© fa+l ., a a
, t (G- 1)12 t
- - (-G 2 )= T hsia+ 1) )=
;(ZO (-1) ,< y ZO > FETPIRTRUSICRR ) b
00 n n-I+1 d-1 . n—l n
-1)12
-y (”) (~1)d'G, <%)Hm) (n=1+1,)) t—'
n=0 \ I=0 ! j=1 i=0 (n=-1+1)
Therefore, by (40), we get the desired result. d
Corollary 5 For an odd positive integer d > 1 and n > 1, we have
n-1 n-l d-1 n—l-1 .
n- 1 (12 G =12 ()Si(n - 1))
gk,n—l,r(x)zz‘ Z( )( DdE( p ) F 11— 1) ‘
=0 j=1 i=0
Proof From (31) and Theorem 4, we have
Gy (x
Ek,n—l,r(x) = - ( ) (41)
n n-I+1 d-1
1 n _ i+x\ (- Dir(j)2"! )
iy a1 l)G( )7 =141,
ik
3 (l> j=1 i=0 d tn-1+1)
1 n-1 n—-l d-1 ‘ . i _ 1)1on--1
L " df(—l)le(ﬂ)%r(;)sl(n—z,j)
ni TS I+1 d F(n=1)
n-1 n-l d-1 G (ﬂ) s 19on—l-1 NS Li
_n <n_1)d,(_1)i 11 (B2) (= 112711 () S (1 — 1, )
<f—
n= TS l I+1 F*(mn-1)
n-1 n-l d-1 1on-1-1
B3 (n )( ', <z:—ix>(1 1)2k1r(,)sl*l(n L)
=0 j=1 i=0 ! (n=10)
There, from (41), we arrive at the desired result. a

Lemma 6 For !l e N with | < q, we have

q .
<’j> Eigrie(1) + (l K 1) Engtrne(1) = Z (q - 1) (1) Exji-

Page 9 of 23
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Proof For [l € Nwith [ < g, we have

dl
@(xgk,q,t(x)ﬂac:l =1 <l> gkq (1) + 1! (l ) gkq 11, (1). (42)

On the other hand, by (24), we get

d' d d\'
@(xgkyq, |x 1= Z ( ) ((dxl) xq—]+1>

j=0 x=1
. (43)
q-j+1\ (4
=[! Ekjro-
% ( ! ) (1)
j=0
Therefore, by (42) and (43), we obtain what we want. O
Lemma 7 For g € N, we have
q
gk} T 1 gk q+2,T
= &g (1) = —————Egea(l) + —————.
,Z< ) q-j+2 q+1 T gD+ (g (g +2)
Proof By using (26), we observe that
1 1 1 1
| e = - — [ g as (@4)

1

1
= —lgk,q+1,r(1) - m

(gk,q+2,r (1) - (c/‘k,q+2,r)'

On the other hand, by using (24), we have

1 q 1 q
q —j+1 q Ek7j,f
xEx g (x)dx = E ) 5,',r/ xT7 dx = E | —. (45)
/0 “ (1) “7 o (1>q—1+2

j=0 j=0
Therefore, by (44) and (45), we get what we want. O

3 Unipoly-Dedekind type DC sums associated withthe type 2 unipoly-Euler
functions of index k

In this section, as a generalization of the poly-Dedekind type DC sums, we consider the

unipoly-Dedekind type DC sums associated with the type 2 unipoly-Euler functions of

index k and derive several noble identities and the reciprocity relation for these.
Naturally, we consider the unipoly-Dedekind type DC sums associated with the type 2

unipoly-Euler functions of index k as follows:

m—-1
Zig(h,m) =2 Z(—l)“(u/m)?k,q,r (hu/m), (h,mqeN,keZ), (46)
n=1

where /1, m,q € N with g =1 (mod2) and Equ(x) Ek g (x — [x]) are the type 2 unipoly-
Euler functions of index k ([x] is the largest integer less than x).
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Forn €e NU{0} and k € Z, when t(n) = ——, we note thatZ (h, m) = T;k) (h,m).

F(n) (n— 1)
In addition, we note that
m-1 _
Z g1, () = 23 (=1 (ulm)E, 1 (hpalm) = Ty(h, m).
n=1

Theorem 8 Let m be an odd positive integer > 1 and q € N. Then we have

q q-j
1 ,
mqquT Z ( ) (q /‘+ )f/'k mi ‘E +ZZ (}) Ek,j,erIEq7j+1,

/: i=0 ] =0

Proof From (5), (7), and (46), we have

Zk,q,r (L W[) (47)
m-1 m-1
_ R A LA e * L
_2§( 1)M<m>5,(,q,,<m>_2§( 1)ﬂ<m>5k,q,f< )
= AR AV A
— _1 WM = M .
(R

l

l

q-j+1 ,
, 1- . .
q) gk,j,zm_q+1_l<z <6I+ : ]) mq—}+l—tEi +Eq—j+1)
i=0

q-j ,
. —-j+1
e S i a5 (e

i=0

L () (a-i+1 e N~ (4 <
= Z ( ) ( ; ) gk'jyrm_lfi +2 Z (}) gk,jlfm_qﬁ_lEq_jﬂ.

] j=0
By multiplying both sides of (47) by m, we arrive at the desired result. O

Theorem 9 Let m, q be odd positive integers m > 1 and q > 3, respectively. Then we have

q-2 q-2
= Z (tf) Ek,q—i,r(l)mq_iEi + Z (l _q1> (5k,q7i+1,f(1) - Ek,q—nl,r)mq_lEi
i i=1

+2 Z (;]) 5k,j,rmj_1EQ*/+l +(q+ DT(DEg +m &g (1).
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Proof Foranoddinteger g > 3, we observe that E,_; = 0. Moreover, Ey = 1and & or = T(1).
From (24), we observe that

a 497 vl 4
Z I’ ExjemTE; (48)
=0 iz \/ L

L (4 (a-7+1 :
i Z < ‘) ( ‘ ) gkvjyr mq_lEi
i=0 j=0 \J L

q q-2 q-i +1 '
F e EE( 1)

i=1 j=0

1 ,
q\ (q-j+1 qg+1
+E ; ErjemE, 1 + T(1)E,
io<1)<q_1> " ! ( q) !

q-2 q-i .
_ 1 .
- <7> (q J* ) e E; + (q + D)T(V)E, + m1E . (1).

i

In addition, by using Lemma 6, we have

q-i q
+1 +1
( ) (q ] )gk,j,r = Z (q) (q ] ) Ek,],t - ( 1 > gk,q—z’+1,r (49)

- —\J i i—-1
j=0 j=0

= <q> Ek,q—i,r(l) + ( 1 ) 5k,q—i+1,r(1) - ( 1 )gk,qiﬂ,r

i i—-1 i—1
= (f) gk,q—i,r(l) + (i fl) (5k,q—i+1,r(1) - 5/<,q—i+1,r)'

Therefore, from Theorem 8, (48), and (49), we get

mqZk,q,t (1’ Wl)

q-2 q-2
= (?) Ek,q—i,r(l)mq_iEi + Z (l _q1> ((‘:k,q,”l‘-[(l) - Ek,q—nl,r)mq_iEi
i=1

i=1

q
+2 Z ((]J) 5k,j,rle_1qul'+1 +(q+ DT(ME; + m1Eq.(1). O
=0

To prove the next theorem, we employ the symbolic notations as E,(x) = (E + x)",
Eimr(x) = (Exr +x)", (n > 0), with the usual convention about replacing E” and (& ;)"
with E, and &, ., respectively.

Theorem 10 Let i, m be relatively prime positive integers and m, q be odd positive integers
m > 1 and q > 3, respectively. Then we have

m-1 ¢q

mqgg( 1)a< >5k]t(%>thq,«(h—[ D i( )(mh)q TE € ge(1).

j=0
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Proof Astheindex o ranges through the values =0, 1,2, ...

over a complete
integers, and we

over «.

Therefore, from (8

(2021) 2021:122

,m—1, the product ko ranges
residue system modulo m such that h m are relatively prime positive
may replace < h—"‘ >= b [h“] with < 5@ 5 without alternating the sum

, we observe that

m-1 q
ha
m? Z(_l)a Z q) Eje | = h’Eq7 ,( |:Z:|) (50)
a=0 j=0 J
m-1 ha
mq; 1)“<h<8kr + —) (E+h [MD)
m—1
1 1 hae [hal\?
maZ:; (hEkT+E+h+2 5t [mi|)
m—1 q
:mq; “(h5k1+E+h+§+E1(m)>
m-1 o q
:mqag( 1) (h(é‘k,r )+E+E)
m-1 1 o ] . .
=t Y (10 (?) <E + —) W (e + 1)1
=0 -0 \J m
a j
m—-1 q
o q o —j
=m?y (-1) Z( )E,(—)hq 1€ (1)
@=0 J m
q .
= Z <q> ml }(m] Z( 1)°E, < ))hq_lgk,q—j,r(l)
J
j=0
( ) mhq’ESkq,r( ).
j=0
Therefore, from (50), we obtain what we want. a

Theorem 11 Let m, q be odd positive integers m > 1 and q > 3, respectively. Then we have

mqZk,q,r (h,m) + thk,q,r (m, h)

g el 1 Nog-Il+1 .
= q _1)2+B-1 (] - 1)‘7(])2q Sl (q +1-— l,])
"L <l>( Y Fqr1-D

X ((ah)mq’l + (ﬁm)hq_l)fl<% + g)

Proof From Corollary 5, we note that

_ q q d-1 Rz - 1)!261—1 )S ( 1-1 )
ot ST ([ ven ()

=0 j=1 i=0

(51)

where d € N with d =1 (mod2), k € Z,and n > 0.

Page 13 of 23
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From (46) and (51), we get

19 Z)e oo (o) + W9 Zp g o (m, ) (52)
m-1 o ha A B mp
—_ o g ﬂ 3
S L #kvw(z) +2h2§<-1> #W( i )

qmz_l azqﬂl“(q) pE(P .
=2 3 (1) (-1) hE( —)
pors l h m

=0 j=1 =0

G- 1129 ()S1 (g + 1 -1,j)

g+ 1-1)
h-1 q q+l-Im-1
" 2hq2(-1)ﬁﬁ 3 <q> (-1) IE,(— + é)
B=0 h =0 j=1 a=0 ! h

y (- 112972 ()S1(q + 1 - 1,))
j<Ng+1-1)

LI (g B B
+2 ZZ <z>( R h‘”( h)’E(—+Z)

G- D297 (j)S1(q + 1 - 1,))
fHg+1-1D)

q
oy ——

(- D2 ()Si(g+1-1,))
jHg+1-1)

q
T E—

L G=DRr S g+ 1-1)
Mg +1-1)

m-1 q q+1-1 h-1 , Neg—i+1 ,
B 4\, asp U DITG27 81 (g +1-1))
SISy (1) et

@=0 =0 j=1 B=0

X ((ah)mq’l + (ﬁm)hq_l)fl<% + %)

Therefore, from (52), we obtain the reciprocity relation for the type 2 unipoly-Dedekind
type DC sums. g

Page 14 of 23
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Corollary 12 Let m, q, be odd positive integers m > 1 and q > 3, respectively. Then we get

mqZLq,% (h,m) + thLq,% (m,h) = m'Ty(h, m) + W1 T, (m, h)
m-1 h-1

a=0 =0
where I'(n) = (n —1).

4 Unipoly-Dedekind type DC sums associated withunipoly-Euler functions of
index k
In this section, as another generalization of the poly Dedekind type DC sums, we consider
unipoly-Dedekind type DC sums associated with the unipoly-Euler functions of index k
and derive the reciprocity relation for these. For the purposes of this section, we first intro-
duce two new polynomials, the poly-Euler polynomials and poly-Genocchi polynomials,
using the polylogarithm function of arbitrary index k.
It is well known that the polylogarithm function of index k is defined by

oo n

Liy(x) = Z %, (k € Z), (see [8, 10, 12]).

n=1

Note that Li; (x) = —log(1 — x).
We consider the poly-Euler polynomials given by

Lig(1-e?) |
ker+1 fZEknx)— (k € 7). (53)

When x =0, E,’j’n = E,’(k,n(O), n > 0, are called poly-Euler numbers.
We also introduce the poly-Genocchi polynomials, which are given by

Lig(l—€) , < ., 1
Te = ; len(x)a, (k S Z) (54')
When x =0, Gzn = GZ,H(O), n > 0, are called poly-Genocchi numbers.

Since Lij(1 — e~2) = 2¢, we see that E;”(x) = E,(x) and GV (x) = G,(x) (n > 0) are the

Euler polynomials and the Genocchi polynomials, respectively.
In addition, we define the unipoly-Euler polynomials of arbitrary index k defined by

w(1—e)t) ., _ t"
e’ E E; —. 55
(et +1) o (55)
When x =0, Ef, = E, .(0) are called unipoly-Euler numbers.

When t(n) = 1 for all n, £, | (x) = E} ,(x) is the poly-Euler polynomials.
The unipoly-Genocchi polynomials of arbitrary index k are defined by

udl—ezﬂf)m
et +1 Z Gk n, r (56)
When x =0, G, . = Gg, . (0) are called unipoly-Genocchi numbers.
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When 7(n) =1 for all n, G}, , (x) = G} (%) is the poly-Genocchi polynomials.
Now, we consider a new type of unipoly-Dedekind type DC sums associated with the
unipoly-Euler function of index k as follows:

m-1
Yiq(hym) =2 Z(—l)“(u/m)f,iq,f(hu/m), (h,mqeN,keZ), (57)

pn=1

where h,m,q € N with g = 1 (mod2) and E/t,q,r (x) = Ez’q’r
functions of index k ([x] is the largest integer less than x).

For n € NU {0} and k € Z, let 7(n) = 1. From Elt,q,l = E}:’q and (13), we note that
kaq,l(h,n’l) = Tk,q(h,l’l’l).

(x — [%]) are the unipoly-Euler

m—1
Yig1(hm) =2 (1) (u/m)Ey g1 (hpulm) = Ty(h,m).
n=1
We note that
uk(l — e—2t)|1.) xt . * tl - x" m = ¢ n * n—l ¢
Het+ 1) ZE’("'T I Z Pl Z / Ex 1% o (58)
1=0 m=0 n=0 \ =0
Thus, by (58), we get
" (n
E; = Ef; 2" (n>0). 59
k,n,T (x) IX: (l) klt¥ (}1 = ) ( )
=0
In the same way as (59), we have
“(n
EEY ( l) Gl (120) (60)
1=0
Furthermore, by (59) and (60), we have
d sk * d * *
EE/(J’LT (%) =nE;,_,.(x) and EGI"”” ) =nGy,_,(x), (n=1). (61)

Theorem 13 For n > 1, we have

n m+l l+m+lom
-3 (n) (I = DI(=1)*"+ 12 (1) Sy (m + Ly o ken @)

k-1
= \m F(m +1)

and

k-1
o \m m+1)

n_omitl 1_1)\+m+1lom
nr@=22 (”) 2T ORm LG w, wez. @)
Proof From (2), (16), and (55), we have

ad " owml-e)r) , 126 1 on ()1 -e )
E* _—_————————— x = —-— _—_—m— 64-
; k (x)n! tlet +1) ¢ 2et+1t ; Ik (64)
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1 26" 1 o (= DI(=D =2)"7(])Sy(m, 1) t™
ETIN) o

k-1 m!

(m + 1) m!

zzoo E)" ZOO ’”Z (L= D=1 127 (1S, m +1,0) £
L ,‘
i=0

n=0 \m=0 [=1

Therefore, from (64), we get identity (62).
By using (3), (16), and (56), in the same way as (64), we also get identity (63).

In (62), when x = 1, we get

n_m+l l+m+1 me
Ef e = ZZ() DD 2 2T 08 LDy ke,

k-1
=5 ~1(m + 1)

0
n omel DI(=1)m1ome (DS, (m + 1,1) "
5> (ZZ ( ) FTom+ 1) Fren) )

O

(65)

and the first few of the unipoly-Euler numbersare £, - =t(1), £, , = -7(1)+ 2,%_1 7(2),....

In (63), when x = 1, we get

n_m+l l+m+lom
- ZZ( )(1 DI(=1)km+12 ‘l:(l)Sz(m+ll)Gn_m ke,

k-1
o I~1(m + 1)

and the first few of the unipoly-Genocchi numbers are G, . =0, G, = 7(1),....
Since Gy, = 0, we note that

Gk n+l, r(x)

E
e ) = n+1

Lemma 14 For n > 1, we have

n

. . Y (_1)n+mm!
k,n,t(l) + Gk,n,r =2 Z 7/(‘5(7”)52(”’ Wl), (k € Z)
m=1 m
and
. y on ( 1)n+m
By WD) +E, 4, = o Tt(m)Sz(n,m) (k € 7).
m=1

Proof From (5) and (56), we have

le _2t|f (Zlerl,> € +1)

n

> t
= HX:O:(Gk,n,r(l) + Gk,n,r)E

n

ind t
- ;(Gk,n,r(l) + Gkvm)ﬁ.

(66)

(67)

(68)

(69)

(70)

Page 17 of 23
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On the other hand, from (17), we have

wi(1-e) =3 ey (71)
m=1
2 t(m)m! . > (=2)"¢"
:; D) ;sz(n,m> -

n

= Z (2” % T(m)S,y(n, m)) %

Therefore, by (70) and (71), we obtain identity (68). By using (67), we get identity (69). J

Theorem 15 For an odd positive integer d > 3 and n > 1, we have

(-1 G (d) + Gy, (72)

noa d-1 ) b—1(= a+boa
=222 ( ) S LA Y

a=1 b=0 i=0

and

(_l)d_lElt,n—l,r (d) + Elt,n—l,r (73)

noa dt . b-1)(- a+boya
(TR () v LB wsian).

a=1 b=0 i=0

Proof For an odd positive integer d > 3, from (15) and (17), we have

1
Z(—l)ieituk(l -e7) (74)
-0

d-1 00 j o0 _1\o(,-2t _ 1)\b

i=0 j=0 )

d-1 b a
(Z ),,)J!er)( D8 ) 2

i=0 1 a=b

. bk
-1 - j a b— 1(— b(_ a
(Z(_W) j— (Z G s, b)) §
i=0 a=1 \b=1
noa d- b—1)(- a+boa n
1(222( ) o0 f(b)sz(a,,,)ﬁ

a=1 b=0 i=0

M8 EM8

J

1l
(=]

On the other hand, from Y, L(_1)ieit = M, (n = 1(mod2)), we have

el+1

< (-1)% e 4 1

Z(—l)ieituk(l e

i=0

-2
o1 u(l-e) (75)
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o0 tn
- Z((—l)d‘lGZ,n(d) + G;n)%.
n=0 :

Therefore, by (74) and (75), we obtain identity (72).
Moreover, from (67), we get identity (73). O

Theorem 16 For an odd positive integer d > 1 and n > 0, we have

n n-l+1 d-1
% (
k,n, r

=0 j=1 =0

i+x (i—l)!(_l)j+n—l+12n_l ‘ ’
XG(77> vy e Gl

_l)idl—l

Proof From (2) and (14), for an odd positive integer d > 1, we have

ur(l-e?r) ,
= "~ ‘e

et +1 (76)
1 poitx 0 2dt 1 ot
=54 Z(—l)le(T)d 1 Euk(l e? |1:)
I 1 N T1Vi(=2t _ 1)V
Z( 1y ZG1<l+x>dt t Zr(/)( l)lj(f 1)y
j=1
i+a\d't 1 Nt ¢ (2ﬂ
e Ra( )RR L
(3 A L e A A e Vi ¢!
22 Z -1)yd™'G, <—> _,Z ZTTU)&(%J) ,
=0 \ i=0 d I a=1 \ j=1 J al
oo [fd-1 4 itx tl oo [a+l (] 1)1+a+12a p
Z(Z zG,< ))ﬁZ(Z = 1( T()Sala + 1,,)>_‘
=0 \ i= P
[ n " n-I+1 d-1
2 ()% poe
0 ! j=1 =0
i+x (]'_ 1)!(_1)j+n—l+12n—l ( ( £
X G[(T) jk‘l(n—l+1) T(])Sg(l’l—l+ 1,]));
Therefore, by (76), we get the desired result. 0

Corollary 17 For an odd positive integer d > 1 and n > 1, we have

D)2 e (1), (n — 1))
-1 '
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Proof From (67) and Theorem 16, we have

Ef 1) 77)
)
- n
1 n n-I+1 d-1 0 1y+n— l+12n —1
1 n 4-(-1)G) i+x\(-1)()(-1Y Sy(n—1+1,))
ni=\1 Pl d Jln—1+1)

ln—l n-l d-1 n ; i+x (] 1)!(- /+n12nll ’ ’
"n2 2.2 <1+1>d( 1YGr, (d) Ty TS0 b)

n-1 d(1y G1+1(”7x) (= D=1y 1211 (7) Sy (n - 1, )
l I+1 -1

pol ol dl o (% (= D=1y () S, (n — 1, )
EER (ol n

There, from (77), we arrive at the desired result. O

We can obtain the following lemmas in the same way as Lemma 6 and Lemma 7, respec-

tively, in Sect. 2.

Lemma 18 For [ e N withl < g, we have

q .
q q q-j+1\ (g
<l> Fasr (1- 1) Eigaa=2 ( z ) (1) e
j=0

Lemma 19 For g € N, we have

i E; 1 1 E¢ o
IT £3 % q+4,T
§ : — B 1)-—F 1)+ — A=
q-j+2 q+1 (1) = (g+1)(g+2) grae (1) (g+1)(g+2)

j=0

In addition, we can obtain the following theorems in the same way as Theorem 9 and

Theorem 10, respectively, in Sect. 3.

Theorem 20 Let m, q be odd positive integers m > 1 and q > 3, respectively. Then we have
mqu,q,r (1, Wl)
q 9-2 q
= Z (l) Elt,q—i,r(l)mq—lEi + Z (i _ 1) kq i+l r(l) Ez‘qiiﬂ,r)mq—in
' i=1

v2) ] (?) Efy o Eq o+ (q+ DT(DE, + mEf, . (1).
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Theorem 21 Let h, m be relatively prime positive integers and m, q be odd positive integers
m > 1 and q > 3, respectively. Then we have

-1 q .
o q * o i hO[ q » y
m1 a (-1) (}) Ekje (E)hlEq—j<h - [;}) = /:ZO (}) (mh)yIEEL,,_ (D).

a=0J

N

Il
(=}

Now, we obtain the following reciprocity theorem for the unipoly-Dedekind type DC
sums associated with the unipoly-Euler function with index k.

Theorem 22 Let m, q be odd positive integers m > 1 and q > 3, respectively. Then we have
m Yk,q,r (h; Wl) +h Yk,q,'r (Wl, h)

m-1 h— +1-1 . Neyg—I+ .
- Zl . iq q (_1)a+/3+q+1+j—l (1 - 1)!T(])2q ! 152(q +1- l’])
, l FUg+1-1)

x ((eh)ym! + (ﬂm)hq‘l)E<% " g)

Proof From Corollary 17, we note that

q q d-1 .
CED D)D) <’f) (—l)fdlfz<¥> (78)

G~ D121 )S, g + 1~ 1))
: Flg 1= ’

where d € Nwithd =1 (mod2), k € Z,and n > 0.
From (78), in the same way as (53),

1Y g (1) + Y (1, ) 79)
m-1 o ho w1 IB WI,B
=2m1 ;(—1) ZEk,q,r <Z> +2h? ;(_1) ﬁEk,q'T < I )

S )“iqflhi<q>< PHE(5 42 )
—om? Y (-1)* = )PHE(E+ 2
—~ m l Nn " m

=0 j=1 =0

y (- DI(=1)14-120- L1 (j)S,y (g + 1 - 1))

F g +1-D)
h-1 B q q+l-Im-1 q la B
+ th (—1)ﬂz Z Z Z ([) (—1)“mlE1<Z + Z)
B=0 =0 j=1 a=
(j — DI(=1)7+14-120- L7 (j)S,y (g + 1 - 1))
X
FHg+1-0)

q B o (B «
ZQZZ (1) (-1) ﬂ%mq l(mh)’El<Z+E>

a=0 /=0 j=1 p=0

(= DU=1)7207 2 (j)Sy(q + 1 = 1))
Mg +1-1)
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q
OB IDII (—D“*ﬁghq-l(mh)’E(% + g)

(i — DA=1)219-129 17 () Sy(q + 1 — )

X

Mg +1-1)
m—-1 +1-1 h-1 . Neyg— -
_ i qZ q (_1)a+;3+q+1+j—l (] — 1)‘T(])2q l+152(q +1- l’])
l fHg+1-1)

X ((ah)mq’l + (ﬁm)hq_l)fl<% + %)

Therefore, from (79), we obtain the reciprocity relation for the unipoly-Dedekind type DC
sums. d

Corollary 23 Let m, q, be odd positive integers m > 1 and q > 3, respectively. Then we get

m?Yy g1 (h,m) + WY1 g1 (m, ) = mAT,(h, m) + W1 T,(m, h)

m-1 h-1
=2 ) (mh) (1) Pk + mﬁ)EI(g + %)

a=0 B=0

where t(n) = 1 for all n.

5 Conclusion

In this paper, as further generalizations of the poly-Dedekind type DC sums, we intro-
duced two kinds of unipoly-Dedekind type DC sums. In Sect. 3, the type 2 unipoly-
Dedekind type DC sums associated with the type 2 unipoly-Euler functions of index k
were introduced, and some interesting identities and the reciprocity relation were shown.
In Sect. 4, the unipoly-Dedekind type DC sums associated with the unipoly-Euler func-
tions of index k were introduced, and some interesting identities and the reciprocity rela-
tion were shown. We would like to further study another Dedekind type DC sums.
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