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1 Introduction
The Hermite—Hadamard inequality, which is the first basic result of convex mappings with
a natural geometric interpretation and extensive use, has attracted attention with great
interest in elementary mathematics. Many mathematicians have devoted their efforts to
standardization, refining, imitation, and expansion into various categories of works such
as convex mappings.

Inequalities found by C. Hermite and J. Hadamard for convex mappings are very impor-
tant in literature (see [1]). These inequalities state that if 7 : I — R is a convex function

on the interval I of real numbers and «1, k5 € I with k71 < k9, then

f(Kl +K2> < 1 /Kz ]-"(x)dxf ‘7:(’(1)‘2"]:(/(2)‘ (11)

2 Ky — K1

Both inequalities hold in the reversed direction if F is concave. For further studies of this
area, one can consult [2—-22].

For brevity, in the upcoming results, we use the subsequent notations: Mappings
A, A%, W, 0*: [0,1] — R are defined by

(ka—k1) 7)

X _ x (
A(x)zf Mdr < +00, A*(x)zf det <00,
0 T 0 T
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x o L2=K1) ) x . (Ka=K]
\p(x):/ Mdr<+oo, \y*(x):/ Mdr<oo,
0 T 0 T
and
6W=1  pw- f(%)

m= inf ¢"(1), M= sup ¢"(1).

TElk1] Telk1K2]

Now we give the definition of the generalized fractional integrals (GFIs) given by Sarikaya
and Ertugral in [23].

Definition 1 The left-sided and right-sided GFIs are denoted by ,./, and ,,_I, and de-
fined as follows:

i+ 1o F (%) = /x (pix__:)}"(f)dt, x> K1, (1.2)
iyl F (%) = /Kz <p(r_— %) F(t)dr, x<ko, (1.3)

where a function ¢ : [0, 00) — [0, 00) satisfies the condition fol @ dt < oo.

Recently, the authors gave some refinements of Hermite—Hadamard inequalities for

GFIs under the condition of convexity, as follows.

Theorem 1 ([23]) For a convex function F : [k1,k3] — R on [k1, k2] with k1 < Kk, the sub-

sequent inequalities hold for GFIs:

Flir) + Flk)
72 .

]—'(Kl *“) < L L F ) v L FW)] < (L4)

2 2A(1)

Theorem 2 ([24]) For a convex function F : [k1,k2] — R on [k1, k2] with k1 < ka, the sub-

sequent inequalities hold for GFIs:

K1+ K2 1 .F(Kl) +f(l(2)
.7:< 5 ) < 20 (D) [(W)Jj‘p}-(lcz) MG 1(/,]:(161)] < — (1.5)

Theorem 3 ([25]) For a convex function F : [k1,k3] — R on [k1, k] with k1 < Kk, the sub-

sequent inequalities hold for GFIs:

K1+ Ko 1 K1+ Ko K1+ Ko
(572) < g b (152 et (257

< Flkr) +-7'_(K2)'
- 2

(1.6)

In [26], Iscan gave the following definition of harmonically convex functions and

Hermite—Hadamard inequalities for harmonically convex functions.
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Definition 2 ([26]) A mapping F : 1 C R\{0} — R is called harmonically convex if

]-‘<$) < 1F () + (1 — 1) Flicy) (1.7)

1+ (1= 1)y

for all k1,k5 in I and 7 in [0, 1]. If inequality (1.7) holds in the reversed direction, then F
is called a harmonically concave function.

Theorem 4 ([26]) For a harmonically convex mapping F : I C R\{0} — R, the following
double inequality holds:

) (1.8)

K1+ K2 _Kg—Kl

f( 2612 ) ) /“2 70 4, < Tl . F(ka)
K1 X

where K1,k € I and k1 < k.

In [27], Iscan and Wu gave the inequalities of Hermite—Hadamard type for harmonically
convex functions via Riemann-Liouville fractional integrals.

Theorem 5 ([27]) Let F :1 C (0,00) — R be a function such that F € L([x1,k3]), where
K1,ky € I with k1 < ip. If F is a harmonically convex function on [k1,k3], the following
double inequality holds for the Riemann—Liouville fractional integrals:

A(282) T Y () o ()
K1+ K2 2 Ko — K1 K1 Ko o K1

- Flk1) + Flka)
= 2

, (1.9)
where o > 0.

In [28], Zhao et al. gave the following Hermite—Hadamard type inequalities for harmon-
ically convex functions by utilizing GFIs.

Theorem 6 Let F :1 C (0,+00) — R be a mapping such that F € L([x1,k2]). If F is a
harmonically convex mapping on [k1, k3], then the following inequalities hold for the GFIs:

2K1Ko 1 1 1
f(m +K2> = 281) [é—"ﬂ(f"g)(,(—z) + "12+I(p(}-og)(K_1>i|

_ )+ Fley)
- 2

(1.10)

In [29], E. Chen gave the following useful lemma and the lower and upper bounds of the
left- and right-hand sides of inequalities (1.9) as follows.

Lemma 1 A mapping F : [k1,k2] € R\{0} — R is called harmonically convex if and only
if p(x) is convex on [k1,k2].

Theorem 7 Let F : [k1,k3] € (0, +00) — R be a positive twice differentiable function with
K1 < ky and F € L([k1,k2)).If ¢” is bounded in [k1, k3], then the following inequalities hold
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for the Riemann—Liouville fractional integrals:

K1+K9

ma /‘ 2 K1+ Ko 2 1 1
( —x) [(/cz—x)"‘ + (x —k1)* ]dx

Heam :
< F(a2+ 1) (ﬂ) VoL (Fo Q)W) + J4 _(F o G)(1/ks)] _}-(M)
e h 1 K1+ ko
Mo M2 ek 2 N -
: m fK1 < 1 2 : —x) [(Kz 2%V (x— k1) l]dx. (L11)

Theorem 8 Let F : [k1,k3] € (0, +00) — R be a positive twice differentiable function with
k1 < ky and F € L([k1,k2)).If ¢" is bounded in [k1, k2], then the following inequalities hold
for the Riemann—Liouville fractional integrals:

-Mo e

a-1 a—1
2y — k1) o (ky = %) — k1) [ (k2 = 0)* 7! + (x = k1)* ! dx

- Mo+ 1)( K1Ko ) []oz (FoQ) /i) + J% (Fo g)(l/Kz)]

2 Ky — K1 %*
_ Flk1) + Flka)
2
—ma e
<— (kg — x)(x — /q)[(/cz %)% 4 (k- lcl)""l] dx. (1.12)

T 2k —k1)* Jiy

In [30], Budak et al. gave the following inequalities for harmonically convex mappings.

Theorem 9 Let F : [k1,k3] € (0, +00) — R be a positive twice differentiable function with
K1 < ky and F € L([k1,k2]).If ¢” is bounded in [k1, k3], then the following inequalities hold

for GFlIs:
GEL) oY Ka=x
m T (K1 + Ky “x §0(K1K2) + ‘P(K1K2) dx
2A%(x) Ji, 2 X — K1 Ky — X
=

1 1 1 2K1K2
L — L —) |-
2A*(x) I:ﬁ" (Fog)(/cz) " o (}_09)<K1)1| F(Kl + Kz)
K1tk X—K1 KQ—X
< M 2 (K1+K2 _x>|:(p(,(1,(2 +¢(K1K2):|dx

2AM%(x) Ji, 2 X — K1 Ky — X%

and

m

€2 X — K1 Ky — X
2A%(x) Ji, |}0( K1k )(Kz_x)Jr(x_Kl)(p( K1k )]dx

Fl)+ Flo) 1 1 !
=T W [%‘1"‘(%9)(6) ' %*I"‘(Hg)<:«7>}

M ©2 X —K1 Ko — X
=@ / M ks )““2 I (x_'“)‘”( s ﬂ i

For recent findings and implications for integral inequalities via harmonically convex

mappings and other classes of functions, see ([31-42]) and the references given therein.
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2 Hermite-Hadamard type inequalities
In this portion, we deal with some new inequalities of Hermite—Hadamard type for har-

monically convex mappings by applying GFlIs.

Theorem 10 Let F : I C (0,+00) — R be a function such that F € L([«k1,«2]). If F is a
harmonically convex function on [k1, k5], then the following inequalities hold for the GFlIs:

2 1
f( g ) = 3o @) e e D)+ g 1(F o O1fi)]

K1+ K2
< F (k1) ;F(Kz)'

Proof From harmonic convexity, we have

I(Zﬂ) < %[f(x) + FO)].

xX+Yy

2K1K2

2K1Kk9
(2-1)Kk1+TKY

Tk1+(2-T)Kko

2
o F 2K1K7 <F 2K1K2 T K1K2 ‘ (2.2)
K1+ Ko K1+ (2= 1T)ky 2-=1)k1 +TKy

(kK1)
4 2K1K9 )
T

For x = and y = , we get

Multiplying by both sides of inequality (2.2) and integrating the resultant one

with respect to t over [0, 1], we obtain

’(2 K1)

2]__( 2K1K2 )/ 90( 2k1 k2 )d‘[
K1+ Ko 0 T

(k2—K1)
< /1 (P(%T)}_ 2/(1/(2 dr
—Jo T k1 + (2 - T)ks

((Kz ) 7) 2K1K
+f 2K1K2 F 1K2 dr. 23)
0 T (2=1T)k1 + Tk
1_ 2k 1 2K1K .
For . = nq+(§-2z % and m, we obtain
2K1K
2]—'( 12 )\yu)
K1+ Ko
1 1
5 99(__ __ll) 1 2k i Q)(V — ) 1
5/1 fl—}'(—)du+/ i — (—)dv
T Y u % V- 14

= [(%)Jw(}-o G)(1/k1) + (52 )~ I,(F 0 G)(1/k3)].

Hence, we proved the first inequality. To prove the second inequality of (2.1), first we note

that since F is a harmonically convex function, we have

2K1k3 2—-1 T
]:<r/q +(2- z)@) = ( 5 )f(lq) + (5).7:(@) (2.4)
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and
2K1K9 T 2—-1
Fl————— )<= |F — | Flk3). 2.5
(t/c2+(2—t)/<1>_<2> (K1)+( 5 ) («2) (2.5)
Adding (2.4) and (2.5), we get
2 2
Fl—"22 ) F( 22 ) < Fla) + Flia). (26)
k1 + (2 = 1)Ky 2-1)K1 + 1K
o2l s)
Multiplying by —*12— both sides of inequality (2.6) and integrating the resultant one

with respect to t over [0, 1], we obtain

K9 —K (k2 —K1)
/ 90( 2,2(1,(; )]__ 2/(1/(2 d‘L’ + /1 (/J( 2?(1,(; T)]__ 2K1K2 d‘[
0 T k1 + (2 = 1)Ky 0 T 2-1)Kk1 + 1Ky
(4l
< [Flir) + Flir)] f %dr.
0
By changing the variables of integration, we have the second inequality of (2.1). 0

Remark 1 Under the assumptions of Theorem 10, if we put ¢(t) = 7, then Theorem 10
reduces to Theorem 4.

Corollary 1 Under the assumptions of Theorem 10, if we set ¢(t) = %, then we have the
following inequality for Riemann—Liouville fractional integrals:

2K1K
f( 1 2)
K1+ Ko

<2 1o+ 1)(ﬂ) Uessonn,,(F 0 Q1K) + [y, (F 0 G)(11ks)]

Ky — K1 2K1K9 2Kk

- Flkr) +-7:(K2)'
- 2

Corollary 2 Under the assumptions of Theorem 10, if we set ¢(t) = ﬁkm)’ then we have
the following inequality for the k-Riemann—Liouville fractional integrals:

2K1k
]__( 1 2)
K1+ K2

gzi-lrk(mk)( i )k[/(gm (F oG W) + Ty sy (FoG)(Uic)]

Ky — K1 KK +k K1K2

< Flkr) +~7'-(K2).
- 2

Theorem 11 Let F : I C (0,+00) — R be a function such that F € L([k1,x3]). If F is a
harmonically convex function on [k1, k2], then the following inequalities hold for the GFlIs:

2K1K2 1 K1+ K2 K1+ K2
JT:<K1 +K2> = 2\11(1) |:__ ¢(F09)< 2K1K2 > I (]:og)< 2K1K2 >:|
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- -F(Kl)+]:(l<2).

2.7
< 5 (2.7)
Proof Since F is a harmonically convex function on [«1, k2], we have
2 1
f(ﬂ) < Z[F@) + 7).
x+y 2
2K1K 2K1K
For x = (1- r)lq}r(%ﬂ and y= (1+1) Kli(lz T)ky’ we get
2 2 2
2F( 2 ) < F e +F a5 . (2.8)
K1 + Ko (1= + (1 + Tk A+ + (1 =1k
((KZ Kl)
Multiplying by 2“7"2 both sides of inequality (2.8) and integrating the resultant one

with respect to t over [0, 1], we obtain

2 p(=lr) 2
2F( 222 Vwq) < / a0 e dr
K1+ Ko 0 T Q-1+ (1 + 1)k
/ W((gzl{l,g ) 2K1K2
+ F .
0 T A+ + (A -1)kr
2 1 2
By settlng == % and by = m, we have
2
2]-"( e )\D(l)
K1+ K2
1 K1+K2 K1+K9
a e ) e o(52 —v) /1
=i 7 (@) [ S ()
21k 21K 2kc1K2

K1 + K2 K1+ Ko
. ! '
[%* “’(]:og)< 2K1K9 ) * M- (ﬂ(]:og)< 2K166 >:|

Hence we have the first inequality in (2.7).
To prove the second inequality in (2.7), first we note that F is a harmonically convex

function, we get

2K1K2 1+71
]:<(1 -+ (1+ r)/cz) = ( 2 )J:(Kl) * ( )]:(KZ) (2.9)

and

2K1K2 1-7 1+t
]:<(1+T)K1+(1—T)K2> 5( 2 >f W*(T)f (i2). (2.10)

Adding (2.9) and (2.10), we have

f( 2c1ier ) N F( 261162 ) < Flic) + Flicy). (2.11)
(1-7)

k1 + (1 + 7Ky A+t + (1 =1k
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(kg —K1)
Multiplying by 2”—” both sides of inequality (2.11) and integrating the resultant one

with respect to t over [0, 1], we obtain

1 ¢(%T) 2K1K2 2K1K2
/0 T |:f<(1—T)K1+(1+t)K2> +]:<(1+I)K1+(1—I)K2):|

< VO)[F) + Flka)].

By changing the variable of integration, we have the second inequality in (2.7). g

Remark 2 Under the assumptions of Theorem 11, if we put ¢(7) = 7, then Theorem 10

reduces to Theorem 4.

Corollary 3 Under the assumptions of Theorem 11, if we set ¢(t) = %, then we have the

following inequalities for the Riemann—Liouville fractional integrals:

2
]__< K1K2 )
K1+ K2

<290 (o + 1)( fike
K2 —

) 7o (352) o0 (522

_ Fla) + Fley)
- 2

Corollary 4 Under the assumptions of Theorem 11, if we put ¢(t) = WFU«)’ then we have

the following inequalities for the k-Riemann—Liouville fractional integrals:

2
]__( K1K2>
K1+ K2
a_q K1K2 3
<2k Tila + k)| ——

Ky — K1

K1+ K2

1t+K2
1) TP o0 ()|

X |:/'(Di/,<1)_,/((}-° g)(

< Flkr) +]:(K2)'
- 2

3 Extension of Hermite-Hadamard type inequalities

In this section, we give the following inequalities which give the above and below bounds
for the left- and right-hand sides of inequalities (2.1) and (2.7). We prove inequalities (2.1)
and (2.7) under the condition ¢'(k; + k2 — x) > ¢'(x) instead of the harmonic convexity
of F.

Theorem 12 Let F : [k1,k2] C (0, +00) — R be a positive twice differentiable function with
k1 < k2 and F € L([x1,k2]). If " is bounded in [k1, k2], then the following inequalities hold
for GFls:

K1+K9

m /T K1+K2 90(;2)61
2W(1) Jy, 2 X —K1
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1 2K1K2
K1+K9 2 X—K1
< M 2 <K1 + K2 —x> 90(:(1/(2) dx. (3.1)
2\11(1) o 2 X —K1

Proof By using the change of variables, we have

[(gllwz W F o)1) + (g2 Ly o(F 0 G)(1/k2)]

20(1)
1
1 i oo(e-%) (1 e elr—1) /1
Al -
2W(1) Qo x 1 x— L
K1k K1 5} Ko
K = K1+Kz xX—k
_ 1 kikz 2 ‘p(nx; Taw’ - Kk1k2 dx
29(1) K1‘2r'<2 Ky —X X — K1 x

'(1“(2 X—K
1 K1K2 (0(,(1,(21 dx. (32)
2‘-11(1) o K1+ Ky — % X — K1

By equality (3.2), we get

1
2\1/(1)[

I,(F o G)(1/k1) + () 1,(F 0 G)(1/ks)] - ( 2K1K )

K1t K2
)(1+K2

_ 1 2 F K1K2 W F K1K2 @(i;f; dx _F 2[(1/(2
2¥(1) Jy, x Ki+ko—x) | x—kK1 K1+ Ko
K1+Kk9

N e AT L R WPy e ) 4 (3.3)
2¥(1) Jy, x K1+ Kky—% K1+ Ko X — K1

Using the fact that

w
f(@)_f(%“z) P - ¢(K1+K2)——/ RAGLE
x K1+ K3 *

and

2 K1t+K2—x
() - A( 2 ) g - () = [ i,
K1+Ky—X K1+ K2 2 2

we have

2
() o) ()
X K1 +Kky—X% K1t K2

K1tk

=/:1+K2_x¢’(f)df_f Y () de

1;"2 x

= @' (k1 +K2—u)du—/ ¢'(1)dr

K1tK9

_ f [k o2 — 1) - /(D] dr. (3.4)

Page 9 of 22
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We also have
K1+ko—T
Ferk-0-¢@=- [ ¢ (35)
By using equality (3.5) and the assumption m < ¢” (1) < M, u € [x1, k2], we obtain
K1+Kk2—T K1+Kk2—T K1+Kk2—T
m/ du 5/ ¢ (u) du §M/ du
i.e.

mky + Ko —2T) < @ (k1 + ko — T) — @' (1) < M(key + Ky — 27T). (3.6)

Integrating inequality (3.6) with respect to 7 on [x, “.2*2], we get

K1 +Kk2

2 5 )
m(Kl;Kz ‘x) f/x [¢’<K1+Kz—r>—¢’(f)]dr5M<’“1;K2 _x) ,

By equality (3.4), we have

2
+ 2
2 X K1+Kky—X% K1+ K2

2
SM(Kl;—Kz—x) . (3.7)

X—K]1
w(,(m)

Multiplying inequality (3.7) by 55 and integrating the resultant inequality with re-

], we estabhsh

spect to x on [k, 52

K1tkg

m /T K1+K2—x (0(ﬁ1,2)d
2W(1) 2 X =K1

X—K
S / |: (K1K2>+}.( K1K2 )_2]__<K1+K2>:| (m; dx
K1 +Ky—X 2 X =K
2 (XK1
S / (K1+K2 x) (p(”'{z)dx.
X —K1

That is, we get

m /Kl;( K1+ K2 2(/)(22
— —-x dx
2¥(1) Jy, 2 X — K1

1 (FO g)(l/K1)+ K11+)(2 ! (]:Og)(l//cz)] JT"< 2/(1/(2)

K1+ K2

= 2q/(1)[

2 p(¥=kL
/ K1 + K2 x §0(K1K2) dx,
- 2\11(1) X — K1

which gives inequality (3.1). O
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Remark 3 Under the assumptions of Theorem 12, if we put ¢(t) = t, then we have the
following inequalities:

m(icy —k1)? _ kKo /"2 F(x) Jx ]_.( 2K1K ) < M(rco —"1)2' (3.8)

24 T Ky — K1 x2 K1+ Ko 24

Corollary 5 Under the assumptions of Theorem 12, if we set ¢(t) = then we have the

a)’

following inequalities for the Riemann—Liouville fractional integrals:

— 2 o
m(ky — k1) < 2“_1F(a +1) K1K2
4o+ 1)(a +2) K2 — K1

2K1K
X [Ty, (F 0 G)Aier) + Jliqumg, (F 0 G)(1/k)] - f<;2)
Tepes )t (i) K1+ K2
M(icy — k1)
T 4o+ (e +2)
Corollary 6 Under the assumptions of Theorem 12, if we put ¢(t) = ﬁfw, then we have

the following inequalities for the k-Riemann—Liouville fractional integrals:

m(ky —Kl)2
4% +1)(% +2)

[ RN (]'—og)(l//q) + ]Klﬂ(z (FOg)(l/Kz)] ]:.< 2K1K2 )

m K1K2 K1+ K2
My — k1)?
- 4(0‘ + 1)( +2)

Theorem 13 Let F : [k, k2] C (0, +00) — R be a positive twice differentiable function with
k1 < k2 and F € L([«1,k2]). If ¢ is bounded in [k1, k2], then the following inequalities hold
for the GFIs:

K1tkg

m 7 X —K1
20(1) / (k> _x)‘p< P )dx

Flk1) + Flk) 1
E - 2 : _2\11(1)[(%)+1¢(fog)(1/x1)+ ';1“‘2 (fog)(l/Kz)]

K1+Kk9
2

M X =K1
< M s (ko —x)(p( s )dx. (3.9)

Proof By using the change of variables, we have

Flk1) + Flko) 1
2 T 2w(1)

_ Flir) + Flio) 1
- 2 T 2W(1)

[(%)Jrf(p(}—o G)(1/k1) + (g}(;g )_Iw(fo g)(l/Kz)]
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1 K1+
3 (_ —x) KK (x— —)
[ 2o [ (2
R x L X— x
2Kk K1 ) K2
_ F k1) + Flkz)
2

K2—X K1+ka

_ 1 /K2 gD(KlKZ) (K1K2)dx+/ 2 (p(ill/:; Kika dx
2W(1) K59 Ky — X X — K] x

K1tK9

1 2 K1K)
" 2w() / [f('“) ") ( )
_JT__< K1K2 >] w(’,:f;) dx.
K1 +Ky—X X —K1

By using the equalities

f(’“”z) Flr) = $() = i) = / #(0)d
X

and

K2

Fliea) - F(Lz_x) = p(ka) — lict + 16 — %) = / ¢'(1)dr,

K1+ Ko K]+kp—%

we have

P(ic1) + P(ic2) — px) — Plicy + 2 — %)

:/ ’ ¢/(f)d1_/ d)/(‘t)d‘l::/ [6/(k1 + k2 — 7) — §/(0)] .

1+K2—X K1 K1

Integrating (3.6) with respect to T over [k1,x], we get

m/x(/q +Ky—27)dT < /x[qﬁ’(/q +Ky—T) —q)’(r)] dt

1

§M/ (k1 + ko —27)dT,
K1
which implies that

mix— 1) (k2 - %) < Floer) + Flica) —]-‘(%) . ;(L)

K1 +Ky—X

< M(x — k1) (k2 — ).

X=K]

o(
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(3.10)

(3.11)

(3.12)

Multiplying inequality (3.12) by NLJ and integrating the resultant inequality with

Y(x—k1)
respect to x on [«1, “5*2], we establish

m_ [0 (o)
2D . (x— K1)y —x )( _Kl)d

K1+K9

K1 K1 +Ky—X

5/ o []—"(/q)+]-"(/c2) ]—"(KI;2>—]-"< ak >]¢(“”2)d

(x— K1)
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K1tko X—K1
M 2 o(
< _ _ K1kD dx.
=20 s (= k1) (K2 x)—(x— )
That can be written as
K1 +KD x—K1
m 2 QO(KI,Q)
— - - dx
290 )., (x — k1) (K2 )( o~
.F(Kl) + ]:(Kz) 1
< 5 2\1/(1)[ s o (F o G)(Li) + ) | o(F 0 G)1/ky)]
K1tk X—K1
M [~z A Ceved)
_— - dx,
< 2w )., (x — K1) (K2 x)( —e)
which gives inequalities (3.9). O

Remark 4 Under the assumptions of Theorem 13, if we put ¢(t) = 7, then we have the

following inequalities:

micy — k1)? - Flk1) + Fle)  kiky /Kz F(x) dx < Mk — Kl)z, (3.13)

12 = 2 ke — K x2 = 24

Corollary 7 Under the assumptions of Theorem 13, if we set ¢(t) = ), then we have the
following inequalities for the Riemann—Liouville fractional mtegmls.

micy — k1)*a(a + 3)
8(a + 1)(xx +2)
< f(Kl);f(Kz) 2P 4 1)< K1K2 )a

Ky — K1

X sposa ) (F 0 QYUK) + Jiyomy) (F 0 D(1/i2)]

2/(1;(2 K1K2
- My — k1)?a(a + 3)
8(a+1)(x+2)

Dt

Corollary 8 Under the assumptions of Theorem 13, if we put ¢(t) = kr a), then we have
the following inequalities for the k-Riemann—Liouville fractional integrals:

m(icy — k1)*§(% +3)
8( +1)( +2)

< Flir) + Flka) _2%_1”(“ +k)( K1K2 )z

- 2 Ky — K1

X gz, ((F 0 QYUK + Ty s (F 0 G) (k)]

2K k7

M —K1)2%(% +3)
8(% + (% +2)

Now by using Theorems 12 and 13, we prove inequality (2.1) under the condition ¢’ («; +
Ky —x) > ¢ (x) instead of the harmonic convexity of F.
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Theorem 14 Let F : [k1, k2] C (0, +00) — R be a positive twice differentiable function with
K1 < ky and F € L([x1,k2]). If ' (k1 + k2 — %) > ¢/ (%), Vx € [K1, “52], then we have the fol-
lowing inequalities for GFIs:

2 1
]-“< K1K2> 2\11(1)[ 1,(FoG)(1/k1) + (2 ) 1o (F 0 G)(1/i2)]

K1+ K2

< M, (3.14)
2
Proof From (3.3) and (3.4), one has

ol
2\11(1) 2K1K2

2
(]:og)(l//q) + (%)—Iw(}-og)(l/@)] _]__( K1K2 )

K1+ K2

K1+K2
_ 1 2 |:]__(K1K2) +]__< K1k ) _2]__< 2K1K9 >i| §0(i1,2 I
2¥(1) Jy, x K1+ Kky—% K1+ Ko X — K1

K1tK9 K1tKk9 x—K1

1 p) 2 , / gO(KIK2
:M 8 (/x [¢(K1+K2—t)—¢(f)]d > P dx

ZOY

which gives the first inequality in (3.14). On the other hand, by equalities (3.10) and (3.11),

we have
F (k1) + F(k2) 1
2 - 20(1) [(%HLP(}—O 9)1/ky) + (;1(;2 )7190(.70 g)(l/Kz)]
=N X—K1
1 ¢Caa)
- 2 f(K1)+-F(K2)—f w _F K1K2 » d
2\11(1) K1 X K1 +Ky—X x— K1
K1 +K9 e
1 2z x (241
= — / _ _ , d P d
20(1) J,, (/Kl [¢ (k1+K3—T)—¢ (‘L’)] ) -
>0.
This gives the second inequality in (3.14) and completes the proof. 0

Theorem 15 Let F : [k1, k2] € (0, +00) — R be a positive twice differentiable function with
k1 < kg and F € L([k1,k2]). If ¢” is bounded in [k, k2], then the following inequalities hold
for the GFls:

m ‘/“;Kz K1+ Ko K1+ Ko X
— -x ol ——— - —)dx
2¥(1) Jy 2 2K1Ky  K1K2
1 K1+ K2 K1+ K2 2/(1/(2
F + 1 I, (F -F
2\1’(1) |:K2 ( Og)( 2K1K2 ) %_ </7( Og)( 2K1K2 )] (K1 +K2)
K1+K9

M 2
/ i P (e S (3.15)
2\1’(1) K1 2 2[(1/{2 K1Ky

Proof By using the change of variables, we have

1 K1+ K3 K1t Ky
2\11(1) [—+ W(JT"OQ)( 21K ) + Kl (]:Og)< 21Ky )i|

IA
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K1tk

K1+K: 1 K1+K:
_ 1 20 V(50 —x)]__ AP x-S (1
29(1) | JL Lo _x x Kty x — F1E2 x
) 2K1k2 2K1 K9 2K1k2
K1tk K1+K:
_ 1 |:/ 2 (p(leqf(; - )(19:(2)./—_-(’(1/(2) dx
20(1) |/, o _ x
. 2 QD(KSCZ —Zifﬁi)]_. K1Ka dx
arm X o x
)(1+K2 K1tk X
K1K2 K1K2 ¢(2K1K2 - K1K2)
+F dx. 3.16
2‘-11(1)/ |: ( ) (K1+K2—x):| Ry (3.16)

By equality (3.16), we get

1 K1+ Ko K1+ Ko 2K1Ky
2‘1—’(1)[ I (}—og)(%l 2)+ Kl (]:og)(zlqu )i|—F<K1+K2)

K1 +l(2

K1+K2 _ X )
/ K1k P e dx— F 2K1K2
2\11(1) K1+ Ky —x 2 —x K1+ K>
K1+K2
K1K) K1K2
2\11(1)/ |: ( ) (K1+K2—x)
2/(1/{2 (p(gl-HQ - )
—2]—"(K e )] e _“;“2 dx. (3.17)
1 2 2
Using the fact that

]__(w)_]:( 2K1K2> o) — ¢(K1+K2> _—/T(f)/(f)dl’
X K1+ Ko x

and

2 K1+Kk2—X
f(&) —}'( Qe ) = iy + Ky — ) —¢(K1 ”2) =/ ¢(x)dr,
K1 +Ky—X K1+ Ko 2 %

we have
}_(Kle) +]__< K1Ko ) _2}_< 2K1K >
X K1 +Ky—X K1+ Ko
K1+K3—X w
- [ dwar- [T @
St :
24 g2
= @' (k1 +K2—u)du—/ ¢'(t)dr
=
=/ [¢/ (k1 +,2—7) = ¢ (v)] dr. (3.18)
X

We also have

¢m+m—ﬂ—¢m:/12_wme (3.19)
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By using equality (3.19) and the assumption m < ¢” (1) < M, u € [«1, k3], we obtain

K1+Kk2—T K1+k2—T K1+K2—T
m/ duf/ ¢" (u) du §M/ du
T T T

ie.
m(ky + ko —2T) <@ (k1 + k2 —T) — @' (T) < Mk + K2 — 27). (3.20)

Integrating inequality (3.20) with respect to 7 on [x, ®5*2], we get

K1tk

2 3 )
m<K1 ;"2 —x) 5/ [¢'(k1 + k2 —T) = ¢/ (x)] dr §M(K1 ;Kz —x) '

X

By equality (3.18), we have

2
m(l(l + K9 _x) S]__(KIKQ) +F( K1K2 ) —2_/—"< 2K1K2 )
2 X K1+ Ky—X K1+ K3

2
M("‘;—K2 —x) . (3.21)

IA

o . (e~ i) . . . o

Multiplying inequality (3.21) by % and integrating the resultant inequality with
T

“t] we establish

respect to x on [k, 5

m K];'Cz K1+ K2 2¢(’;ll(:'§; - KIJ:Q)
EXTIZE X K1tk dx
2\11(1) K1 2 9 —-X
K1tk K1+KD X
1 2 K1t K2 ¢(2KK _KK)
< F(x) + Flicy + ky —x) — 2F L2 T2
=20() J, [ @+ Flare-2 ( 2 ﬂ S50 _x
M 152 K1 + Ko 2(/7(';}{:2 - Kffcz) J
= -x 1T x.
2\11(1) K1 2 S =X

That is, we get

m \/KVZ‘K2 K1+ Ko X K1+ K2
— -x ol — - — ) dx
2W(1) Jy, 2 Kiky  2K1K>

1 K1+ Ko K1+ Ko 2K1K9
< 1,(F + 1 _L(F -F
- 2\1’(1) [%+ ‘p( og)( 2K1K2 ) %7 W( Og)( 2K1K2 >:| (K1 +K2>
[SELY)
2

M / K1+ Ko X K1+ Ko
< — -x ol — - dx,
2\1’(1) K1 2 K1Ky 2K1K2

which gives inequality (3.15). O

Remark5 Under the assumptions of Theorem 15, if we put ¢(7) = 7, then inequality (3.15)
reduces to inequality (3.8).
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Corollary 9 Under the assumptions of Theorem 15, if we set ¢(t) = %, then we have the
following inequalities for the Riemann—Liouville fractional integrals:

ma(icy — k1)*
8(a +2)

o
<2 P(a + 1)( ke )

Ky — K1
o K1+ Ko o K1+ Ko B 2K1Ko
X |:](1/K1)—(]:°g)< 21 ) +](1/K2)+(]:0g)< 21K >] ]:(Kl +K2>
Ma(ky — k1)?
8(a +2)

o

Corollary 10 Under the assumptions of Theorem 15, if we put ¢(t) = ﬁrm)’ then we have
the following inequalities for the k-Riemann—Liouville fractional integrals:

Wl%(Kz —i1)*

8(% +2)
<2 (o k)( ke )
Ky — K1
K1+ Ko K1+ K2 2K162
) ](Oi/'q)_'k(FO g)<Tu€2) +]((¥1/K2)+’k(]:o g)( 2K1K2 )] _}—(Kl +K2>
M4 (1cy — k1)?
8(% +2)

Theorem 16 Let F : [k1,k2] C (0, +00) — R bea positive twice differentiable function with
k1 < kg and F € L([k1,k2]). If ¢ is bounded in [k1, k2], then the following inequalities hold

for the GFlIs:
K1tk K1+K9 X
m 2 g0(2K k2 K1k )
2@ )., (162—96)(96—@)7“152 — s
Flk1) + Flko) 1 K1+ Ko K1+ Ko
< - 1,(F 1,(F
= 2 2o | sV e N o, ) a9\ 5
K1tk K1+Kk2 X
M 2 ¢(m - m)
< M ., (K.'z - x)(x - KI)W dx. (3.22)

Proof By using the change of variables, we have

]:(K1)+]:(K2) 1 |:1 I(p(fog)(K;+K2) + %_Lp(}_og)<l(1+lcz)i|

2 _2\11(1) kot K1Ko 2K1K2
_ ) + Flio)
2
1 e o(52 —x) /] aoel-52) 1
2w/ Y9 _x 4 x e + [SEZS R R 4 x dx
i 2K1k2 201K 2K1k2
_ Flk) + Fleo)

2
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K1+K2

_ 1 / (D(I;II(I/I:; - Kll(z)]_- KIKZ dx
20(1) Ly, bta _ x

2

K1+K2

K * _ _
2 (p(lql(z 2K1Kk9 ).F KIKZ d
+ K] +K: K1tk *
% X — 5 X

1 Kl;'( K1Ky
- o / |:]"(K1)+]:(K2) f( - )

K1+KD X

(p( K1K' - K1K )
—f( e )] 206005 gy, (3.23)
X — —-X

K1+ Ky —

By using the equalities

f(m) Flier) = () - plcr) = / ¢'(x)d
X

and
Flex) - f(%) 0l = b1+ =) = | §(x)dr,
we have
Pic1) + i) — p(x) = Plic1 + k2 — x)
_ / ]Kjkz_qu(f)dz - f 1 &' (1) dr = / lx[qﬁ/(/q - 7)— ¢ (D)] dr. (3.24)

Integrating (3.6) with respect to t over [k1,x], we get

m/x(lq +ky—21)dT < /x[qb'(/q +Ky—T) —q)’(t)] dr §M/x(/c1 + Ky —27)dT,

K1

which implies that
m(x — k1) (kg — x) < Flicy) + Flicz) — ]-'(KIKZ) _]:(&)
X K1 t+Ky—X

< M(x — 1) (K2 — ). (3.25)

(Kl +k9 x
261Ky~ K1KD

Multiplying inequality (3.25) by m and integrating the resultant inequality with

], we establish

respect to x on [k, <52

K1+Kk2 K1+K9 X
m 2 ¢(2K Ky | K1k )
- (x—xl)(xz—x)# dx
29(1) J,, 22 _y
K1+k2 K1+K9 X
2 K1k K1k 9( - )
< / [f(m + Flio) —f(—l 2) —f( — )] 2 dx
K1 X K1+ Ky —X 5 —-X
K1+Kk2 K1+K9 X
M 2 (p(ZK Ky | K1K )
< (= k1) (K2 — %) —c e dx.
2W(1) 1 % —
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That can be written as

K1+Kka K1+Kk9 X
m 2 g0(2K Ky KK )
M (x—/q)(lcz—x)ﬁdx
Flk1) + Flko) 1 K1+ K2 K1+ K2
< - F I,(F
= 2 2o |5V e N e, ) a9\ 5
K1+K2 K1+K9 X
M 2 ‘l’(m ~ o)
=< F(l) (x—Kl)(Kz—x)W dx,
which gives inequalities (3.22). O

Remark 6 Under the assumptions of Theorem 16, if we put ¢(7) = 7, then inequality (3.22)
reduces to inequality (3.13).

Corollary 11 Under the assumptions of Theorem 16, if we set ¢(t) = %, then we have the
following inequalities for the Riemann—Liouville fractional integrals:

m(Kz—K1)2
4o +2)
< Flk1) + Flko) _2a—lr(a+ 1)( K1K2 )a
2 K2 — K1

K1+ K o K1+ K
[ a2 oo (52)]

- M2 — k1)*
4o +2)

ot

Corollary 12 Under the assumptions of Theorem 16, if we put ¢(t) = 17~ (a , then we have

the following inequalities for the k-Riemann—Liouville fractional integrals:

m(icy — k1)?
(2 +2)
< Flkr) + Flka) Y +k)( K1K2 )?
2 K2 — K1
o ireo(2) nireo()]
Mk — k1)?
(2 +2)

Now, by using Theorems 15 and 16, we prove inequality (2.7) under the condition ¢'(x; +
Ky —x) > ¢’ (x) instead of the harmonic convexity of F.

Theorem 17 Let F : [k1, k2] € (0, +00) — R be a positive twice differentiable function with
K1 < Ky and F € L([k1,k2]). If ' (k1 + k2 — %) > ¢/ (%), Vx € [K1, “52], then we have the fol-
lowing inequalities for GFIs:

2K1K2 1 K1+ K2 K1+ K2
JT:<K1 +K2> = 2\11(1) |:__ ¢(F09)< 2K1K2 > I (]:og)< 2K1K2 >:|
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L Fla)+ Fle) (3.26)
2
Proof From (3.17) and (3.18), we get

K1+ K2

1 K1+ Ky 2K1Ky
2W(1) [%*Lp(}-o g)( 2K1K7 ) ¥ %"Lp(}-o g)< 2k1K7 )i| _]:<K1 + Kz)

K1tk K1+K9 X
_ 1 / 2 (2, r K1K2 _oF 2K1K2 9"(2’513 - mz) dx
2¥(1) Ji, X K1+ Ky—X K1+ K> %—x
K1tk K1tk K1+KD X
1 2 2 ’ / g0(2161'62 B K1K2)
= — +Ky—T)— dr | ——————"-dx
20(1) / (f [/ 12 7) = ¢'(0) ) 832
>0

’

which proves the first inequality in (3.26). On the other hand, by equalities (3.23) and

(3.24), we have
f(K1)+.F(K2) 1 K1+ K2 K1+ K3
- I,(F 1,(F
2 2o | e e e, ) T a9 50
B 1
T 2w(1)
% QD(KIH(Z _ X )
x f []-'(/q) + Fler) - }'(%) - ]-'( Ky )} 2 " aa) g
K1 X K1 +Ky—X 5~ X
K1tk K1+K9 X
1 2 x (p( 2 - )
= / —1)=-¢ dr |24 «a” g
20 (D) / </ [#la+ia-0)-¢'@) t) i,
>0.
This proves the second inequality in (3.26) and completes the proof. d

4 Conclusion

In this work, the authors established Hermite—Hadamard type inequalities for harmoni-
cally convex functions by using generalized fractional integrals. Furthermore, the authors
proved some extensions of newly proved inequalities without using the condition of har-
monic convexity for the functions. It is an interesting and new problem, and the upcom-
ing researchers can offer similar inequalities for harmonically convex functions on the
co-ordinates via generalized fractional integrals in their future research.
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