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Abstract
In the paper, the authors establish some new Hermite–Hadamard type inequalities
for harmonically convex functions via generalized fractional integrals. Moreover, the
authors prove extensions of the Hermite–Hadamard inequality for harmonically
convex functions via generalized fractional integrals without using the harmonic
convexity property for the functions. The results offered here are the refinements of
the existing results for harmonically convex functions.
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1 Introduction
The Hermite–Hadamard inequality, which is the first basic result of convex mappings with
a natural geometric interpretation and extensive use, has attracted attention with great
interest in elementary mathematics. Many mathematicians have devoted their efforts to
standardization, refining, imitation, and expansion into various categories of works such
as convex mappings.

Inequalities found by C. Hermite and J. Hadamard for convex mappings are very impor-
tant in literature (see [1]). These inequalities state that if F : I → R is a convex function
on the interval I of real numbers and κ1,κ2 ∈ I with κ1 < κ2, then

F
(

κ1 + κ2

2

)
≤ 1

κ2 – κ1

∫ κ2

κ1

F (x) dx ≤ F (κ1) + F (κ2)
2

. (1.1)

Both inequalities hold in the reversed direction if F is concave. For further studies of this
area, one can consult [2–22].

For brevity, in the upcoming results, we use the subsequent notations: Mappings
�,�∗,� ,�∗ : [0, 1] →R are defined by

�(x) =
∫ x

0

ϕ((κ2 – κ1)τ )
τ

dτ < +∞, �∗(x) =
∫ x

0

ϕ( (κ2–κ1)
κ1κ2

τ )
τ

dτ < ∞,
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�(x) =
∫ x

0

ϕ( (κ2–κ1)
2κ1κ2

τ )
τ

dτ < +∞, �∗(x) =
∫ x

0

ϕ( κ2–κ1
2 τ )
τ

dτ < ∞,

and

G(x) =
1
x

, φ(x) = F
(

κ1κ2

x

)
,

m = inf
τ∈[κ1,κ2]

φ′′(τ ), M = sup
τ∈[κ1,κ2]

φ′′(τ ).

Now we give the definition of the generalized fractional integrals (GFIs) given by Sarikaya
and Ertuğral in [23].

Definition 1 The left-sided and right-sided GFIs are denoted by κ1+Iϕ and κ2–Iϕ and de-
fined as follows:

κ1+IϕF (x) =
∫ x

κ1

ϕ(x – τ )
x – τ

F (τ ) dτ , x > κ1, (1.2)

κ2–IϕF (x) =
∫ κ2

x

ϕ(τ – x)
τ – x

F (τ ) dτ , x < κ2, (1.3)

where a function ϕ : [0,∞) → [0,∞) satisfies the condition
∫ 1

0
ϕ(τ )
τ

dτ < ∞.

Recently, the authors gave some refinements of Hermite–Hadamard inequalities for
GFIs under the condition of convexity, as follows.

Theorem 1 ([23]) For a convex function F : [κ1,κ2] → R on [κ1,κ2] with κ1 < κ2, the sub-
sequent inequalities hold for GFIs:

F
(

κ1 + κ2

2

)
≤ 1

2�(1)
[
κ1+IϕF (κ2) +κ2– IϕF (κ1)

] ≤ F (κ1) + F (κ2)
2

. (1.4)

Theorem 2 ([24]) For a convex function F : [κ1,κ2] → R on [κ1,κ2] with κ1 < κ2, the sub-
sequent inequalities hold for GFIs:

F
(

κ1 + κ2

2

)
≤ 1

2�∗(1)
[

( κ1+κ2
2 )+IϕF (κ2) +( κ1+κ2

2 )– IϕF (κ1)
] ≤ F (κ1) + F (κ2)

2
. (1.5)

Theorem 3 ([25]) For a convex function F : [κ1,κ2] → R on [κ1,κ2] with κ1 < κ2, the sub-
sequent inequalities hold for GFIs:

F
(

κ1 + κ2

2

)
≤ 1

2�∗(1)

[
κ1+IϕF

(
κ1 + κ2

2

)
+ κ2–IϕF

(
κ1 + κ2

2

)]

≤ F (κ1) + F (κ2)
2

. (1.6)

In [26], İşcan gave the following definition of harmonically convex functions and
Hermite–Hadamard inequalities for harmonically convex functions.
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Definition 2 ([26]) A mapping F : I ⊆R\{0} →R is called harmonically convex if

F
(

κ1κ2

τκ1 + (1 – τ )κ2

)
≤ τF (κ2) + (1 – τ )F (κ1) (1.7)

for all κ1,κ2 in I and τ in [0, 1]. If inequality (1.7) holds in the reversed direction, then F
is called a harmonically concave function.

Theorem 4 ([26]) For a harmonically convex mapping F : I ⊆ R\{0} → R, the following
double inequality holds:

F
(

2κ1κ2

κ1 + κ2

)
≤ κ1κ2

κ2 – κ1

∫ κ2

κ1

F (x)
x2 dx ≤ F (κ1) + F (κ2)

2
, (1.8)

where κ1,κ2 ∈ I and κ1 < κ2.

In [27], İşcan and Wu gave the inequalities of Hermite–Hadamard type for harmonically
convex functions via Riemann–Liouville fractional integrals.

Theorem 5 ([27]) Let F : I ⊆ (0,∞) → R be a function such that F ∈ L([κ1,κ2]), where
κ1,κ2 ∈ I with κ1 < κ2. If F is a harmonically convex function on [κ1,κ2], the following
double inequality holds for the Riemann–Liouville fractional integrals:

F
(

2κ1κ2

κ1 + κ2

)
≤ �(α + 1)

2

(
κ1κ2

κ2 – κ1

)α{
Jα

1
κ1

–(F ◦ G)
(

1
κ2

)
+ Jα

1
κ2

+(F ◦ G)
(

1
κ1

)}

≤ F (κ1) + F (κ2)
2

, (1.9)

where α > 0.

In [28], Zhao et al. gave the following Hermite–Hadamard type inequalities for harmon-
ically convex functions by utilizing GFIs.

Theorem 6 Let F : I ⊆ (0, +∞) → R be a mapping such that F ∈ L([κ1,κ2]). If F is a
harmonically convex mapping on [κ1,κ2], then the following inequalities hold for the GFIs:

F
(

2κ1κ2

κ1 + κ2

)
≤ 1

2�∗(1)

[
1
κ1

–Iϕ(F ◦ G)
(

1
κ2

)
+ 1

κ2
+Iϕ(F ◦ G)

(
1
κ1

)]

≤ F (κ1) + F (κ2)
2

. (1.10)

In [29], F. Chen gave the following useful lemma and the lower and upper bounds of the
left- and right-hand sides of inequalities (1.9) as follows.

Lemma 1 A mapping F : [κ1,κ2] ⊆ R\{0} → R is called harmonically convex if and only
if φ(x) is convex on [κ1,κ2].

Theorem 7 Let F : [κ1,κ2] ⊆ (0, +∞) →R be a positive twice differentiable function with
κ1 < κ2 and F ∈ L([κ1,κ2]).If φ′′ is bounded in [κ1,κ2], then the following inequalities hold
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for the Riemann–Liouville fractional integrals:

mα

2(κ2 – κ1)α

∫ κ1+κ2
2

κ1

(
κ1 + κ2

2
– x

)2[
(κ2 – x)α–1 + (x – κ1)α–1]dx

≤ �(α + 1)
2

(
κ1κ2

κ2 – κ1

)α[
Jα

1
κ2

+(F ◦ G)(1/κ1) + Jα
1
κ1

–(F ◦ G)(1/κ2)
]

– F
(

2κ1κ2

κ1 + κ2

)

≤ Mα

2(κ2 – κ1)α

∫ κ1+κ2
2

κ1

(
κ1 + κ2

2
– x

)2[
(κ2 – x)α–1 + (x – κ1)α–1]dx. (1.11)

Theorem 8 Let F : [κ1,κ2] ⊆ (0, +∞) →R be a positive twice differentiable function with
κ1 < κ2 and F ∈ L([κ1,κ2]).If φ′′ is bounded in [κ1,κ2], then the following inequalities hold
for the Riemann–Liouville fractional integrals:

–Mα

2(κ2 – κ1)α

∫ κ1+κ2
2

κ1

(κ2 – x)(x – κ1)
[
(κ2 – x)α–1 + (x – κ1)α–1]dx

≤ �(α + 1)
2

(
κ1κ2

κ2 – κ1

)α[
Jα

1
κ2

+(F ◦ G)(1/κ1) + Jα
1
κ1

–(F ◦ G)(1/κ2)
]

–
F (κ1) + F (κ2)

2

≤ –mα

2(κ2 – κ1)α

∫ κ1+κ2
2

κ1

(κ2 – x)(x – κ1)
[
(κ2 – x)α–1 + (x – κ1)α–1]dx. (1.12)

In [30], Budak et al. gave the following inequalities for harmonically convex mappings.

Theorem 9 Let F : [κ1,κ2] ⊆ (0, +∞) →R be a positive twice differentiable function with
κ1 < κ2 and F ∈ L([κ1,κ2]).If φ′′ is bounded in [κ1,κ2], then the following inequalities hold
for GFIs:

m
2�∗(x)

∫ κ1+κ2
2

κ1

(
κ1 + κ2

2
– x

)[
ϕ( x–κ1

κ1κ2
)

x – κ1
+

ϕ( κ2–x
κ1κ2

)
κ2 – x

]
dx

≤ 1
2�∗(x)

[
1
κ1

–Iα(FoG)
(

1
κ2

)
+ 1

κ2
+Iα(FoG)

(
1
κ1

)]
– F

(
2κ1κ2

κ1 + κ2

)

≤ M
2�∗(x)

∫ κ1+κ2
2

κ1

(
κ1 + κ2

2
– x

)[
ϕ( x–κ1

κ1κ2
)

x – κ1
+

ϕ( κ2–x
κ1κ2

)
κ2 – x

]
dx

and

m
2�∗(x)

∫ κ2

κ1

[
ϕ

(
x – κ1

κ1κ2

)
(κ2 – x) + (x – κ1)ϕ

(
κ2 – x
κ1κ2

)]
dx

≤ F (κ1) + F (κ2)
2

–
1

2�∗(x)

[
1
κ1

–Iα(FoG)
(

1
κ2

)
+ 1

κ2
+Iα(FoG)

(
1
κ1

)]

≤ M
2�∗(x)

∫ κ2

κ1

[
ϕ

(
x – κ1

κ1κ2

)
(κ2 – x) + (x – κ1)ϕ

(
κ2 – x
κ1κ2

)]
dx.

For recent findings and implications for integral inequalities via harmonically convex
mappings and other classes of functions, see ([31–42]) and the references given therein.
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2 Hermite–Hadamard type inequalities
In this portion, we deal with some new inequalities of Hermite–Hadamard type for har-
monically convex mappings by applying GFIs.

Theorem 10 Let F : I ⊆ (0, +∞) → R be a function such that F ∈ L([κ1,κ2]). If F is a
harmonically convex function on [κ1,κ2], then the following inequalities hold for the GFIs:

F
(

2κ1κ2

κ1 + κ2

)
≤ 1

2�(1)
[

( κ1+κ2
2κ1κ2

)+Iϕ(F ◦ G)(1/κ1) + ( κ1+κ2
2κ1κ2

)–Iϕ(F ◦ G)(1/κ2)
]

≤ F (κ1) + F (κ2)
2

. (2.1)

Proof From harmonic convexity, we have

F
(

2xy
x + y

)
≤ 1

2
[
F (x) + F (y)

]
.

For x = 2κ1κ2
τκ1+(2–τ )κ2

and y = 2κ1κ2
(2–τ )κ1+τκ2

, we get

2F
(

2κ1κ2

κ1 + κ2

)
≤F

(
2κ1κ2

τκ1 + (2 – τ )κ2

)
+ F

(
2κ1κ2

(2 – τ )κ1 + τκ2

)
. (2.2)

Multiplying by
ϕ( (κ2–κ1)

2κ1κ2
τ )

τ
both sides of inequality (2.2) and integrating the resultant one

with respect to τ over [0, 1], we obtain

2F
(

2κ1κ2

κ1 + κ2

)∫ 1

0

ϕ( (κ2–κ1)
2κ1κ2

τ )
τ

dτ

≤
∫ 1

0

ϕ( (κ2–κ1)
2κ1κ2

τ )
τ

F
(

2κ1κ2

τκ1 + (2 – τ )κ2

)
dτ

+
∫ 1

0

ϕ( (κ2–κ1)
2κ1κ2

τ )
τ

F
(

2κ1κ2

(2 – τ )κ1 + τκ2

)
dτ . (2.3)

For 1
u = 2κ1κ2

τκ1+(2–τ )κ2
and 1

v = 2κ1κ2
(2–τ )κ1+τκ2

, we obtain

2F
(

2κ1κ2

κ1 + κ2

)
�(1)

≤
∫ 1

κ1

κ1+κ2
2κ1κ2

ϕ( 1
κ1

– u)
1
κ1

– u
F

(
1
u

)
du +

∫ κ1+κ2
2κ1κ2

1
κ2

ϕ(v – 1
κ2

)
v – 1

κ2

F
(

1
v

)
dv

=
[

( κ1+κ2
2κ1κ2

)+Iϕ(F ◦ G)(1/κ1) + ( κ1+κ2
2κ1κ2

)–Iϕ(F ◦ G)(1/κ2)
]
.

Hence, we proved the first inequality. To prove the second inequality of (2.1), first we note
that since F is a harmonically convex function, we have

F
(

2κ1κ2

τκ1 + (2 – τ )κ2

)
≤

(
2 – τ

2

)
F (κ1) +

(
τ

2

)
F (κ2) (2.4)
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and

F
(

2κ1κ2

τκ2 + (2 – τ )κ1

)
≤

(
τ

2

)
F (κ1) +

(
2 – τ

2

)
F (κ2). (2.5)

Adding (2.4) and (2.5), we get

F
(

2κ1κ2

τκ1 + (2 – τ )κ2

)
+ F

(
2κ1κ2

(2 – τ )κ1 + τκ2

)
≤F (κ1) + F (κ2). (2.6)

Multiplying by
ϕ( (κ2–κ1)

2κ1κ2
τ )

τ
both sides of inequality (2.6) and integrating the resultant one

with respect to τ over [0, 1], we obtain

∫ 1

0

ϕ( (κ2–κ1)
2κ1κ2

τ )
τ

F
(

2κ1κ2

τκ1 + (2 – τ )κ2

)
dτ +

∫ 1

0

ϕ( (κ2–κ1)
2κ1κ2

τ )
τ

F
(

2κ1κ2

(2 – τ )κ1 + τκ2

)
dτ

≤ [
F (κ1) + F (κ2)

] ∫ 1

0

ϕ( (κ2–κ1)
2κ1κ2

τ )
τ

dτ .

By changing the variables of integration, we have the second inequality of (2.1). �

Remark 1 Under the assumptions of Theorem 10, if we put ϕ(τ ) = τ , then Theorem 10
reduces to Theorem 4.

Corollary 1 Under the assumptions of Theorem 10, if we set ϕ(τ ) = τα

�(α) , then we have the
following inequality for Riemann–Liouville fractional integrals:

F
(

2κ1κ2

κ1 + κ2

)

≤ 2α–1�(α + 1)
(

κ1κ2

κ2 – κ1

)α[
Jα

( κ1+κ2
2κ1κ2

)+(F ◦ G)(1/κ1) + Jα

( κ1+κ2
2κ1κ2

)–(F ◦ G)(1/κ2)
]

≤ F (κ1) + F (κ2)
2

.

Corollary 2 Under the assumptions of Theorem 10, if we set ϕ(τ ) = τ
α
k

k�k (α) , then we have
the following inequality for the k-Riemann–Liouville fractional integrals:

F
(

2κ1κ2

κ1 + κ2

)

≤ 2
α
k –1�k(α + k)

(
κ1κ2

κ2 – κ1

) α
k [

Jα

( κ1+κ2
2κ1κ2

)+,k(F ◦ G)(1/κ1) + Jα

( κ1+κ2
2κ1κ2

)–,k(F ◦ G)(1/κ2)
]

≤ F (κ1) + F (κ2)
2

.

Theorem 11 Let F : I ⊆ (0, +∞) → R be a function such that F ∈ L([κ1,κ2]). If F is a
harmonically convex function on [κ1,κ2], then the following inequalities hold for the GFIs:

F
(

2κ1κ2

κ1 + κ2

)
≤ 1

2�(1)

[
1
κ1

–Iϕ(F ◦ G)
(

κ1 + κ2

2κ1κ2

)
+ 1

κ2
+ Iϕ(F ◦ G)

(
κ1 + κ2

2κ1κ2

)]
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≤ F (κ1) + F (κ2)
2

. (2.7)

Proof Since F is a harmonically convex function on [κ1,κ2], we have

F
(

2xy
x + y

)
≤ 1

2
[
F (x) + F (y)

]
.

For x = 2κ1κ2
(1–τ )κ1+(1+τ )κ2

and y = 2κ1κ2
(1+τ )κ1+(1–τ )κ2

, we get

2F
(

2κ1κ2

κ1 + κ2

)
≤F

(
2κ1κ2

(1 – τ )κ1 + (1 + τ )κ2

)
+ F

(
2κ1κ2

(1 + τ )κ1 + (1 – τ )κ2

)
. (2.8)

Multiplying by
ϕ( (κ2–κ1)

2κ1κ2
τ )

τ
both sides of inequality (2.8) and integrating the resultant one

with respect to τ over [0, 1], we obtain

2F
(

2κ1κ2

κ1 + κ2

)
�(1) ≤

∫ 1

0

ϕ( (κ2–κ1)
2κ1κ2

τ )
τ

F
(

2κ1κ2

(1 – τ )κ1 + (1 + τ )κ2

)
dτ

+
∫ 1

0

ϕ( (κ2–κ1)
2κ1κ2

τ )
τ

F
(

2κ1κ2

(1 + τ )κ1 + (1 – τ )κ2

)
.

By setting 1
u = 2κ1κ2

(1–τ )κ1+(1+τ )κ2
and 1

v = 2κ1κ2
(1+τ )κ1+(1–τ )κ2

, we have

2F
(

2κ1κ2

κ1 + κ2

)
�(1)

≤
∫ 1

κ1

κ1+κ2
2κ1κ2

ϕ(u – κ1+κ2
2κ1κ2

)
u – κ1+κ2

2κ1κ2

F
(

1
u

)
du +

∫ κ1+κ2
2κ1κ2

1
κ2

ϕ( κ1+κ2
2κ1κ2

– v)
κ1+κ2
2κ1κ2

– v
F

(
1
v

)
dv

=
[

1
κ2

+Iϕ(F ◦ G)
(

κ1 + κ2

2κ1κ2

)
+ 1

κ1
–Iϕ(F ◦ G)

(
κ1 + κ2

2κ1κ2

)]
.

Hence we have the first inequality in (2.7).
To prove the second inequality in (2.7), first we note that F is a harmonically convex

function, we get

F
(

2κ1κ2

(1 – τ )κ1 + (1 + τ )κ2

)
≤

(
1 + τ

2

)
F (κ1) +

(
1 – τ

2

)
F (κ2) (2.9)

and

F
(

2κ1κ2

(1 + τ )κ1 + (1 – τ )κ2

)
≤

(
1 – τ

2

)
F (κ1) +

(
1 + τ

2

)
F (κ2). (2.10)

Adding (2.9) and (2.10), we have

F
(

2κ1κ2

(1 – τ )κ1 + (1 + τ )κ2

)
+ F

(
2κ1κ2

(1 + τ )κ1 + (1 – τ )κ2

)
≤F (κ1) + F (κ2). (2.11)
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Multiplying by
ϕ( (κ2–κ1)

2κ1κ2
τ )

τ
both sides of inequality (2.11) and integrating the resultant one

with respect to τ over [0, 1], we obtain

∫ 1

0

ϕ( (κ2–κ1)
2κ1κ2

τ )
τ

[
F

(
2κ1κ2

(1 – τ )κ1 + (1 + τ )κ2

)
+ F

(
2κ1κ2

(1 + τ )κ1 + (1 – τ )κ2

)]

≤ �(1)
[
F (κ1) + F (κ2)

]
.

By changing the variable of integration, we have the second inequality in (2.7). �

Remark 2 Under the assumptions of Theorem 11, if we put ϕ(τ ) = τ , then Theorem 10
reduces to Theorem 4.

Corollary 3 Under the assumptions of Theorem 11, if we set ϕ(τ ) = τα

�(α) , then we have the
following inequalities for the Riemann–Liouville fractional integrals:

F
(

2κ1κ2

κ1 + κ2

)

≤ 2α–1�(α + 1)
(

κ1κ2

κ2 – κ1

)α[
Jα
(1/κ1)–(F ◦ G)

(
κ1 + κ2

2κ1κ2

)
+ Jα

(1/κ2)+(F ◦ G)
(

κ1 + κ2

2κ1κ2

)]

≤ F (κ1) + F (κ2)
2

.

Corollary 4 Under the assumptions of Theorem 11, if we put ϕ(τ ) = τ
α
k

k�k (α) , then we have
the following inequalities for the k-Riemann–Liouville fractional integrals:

F
(

2κ1κ2

κ1 + κ2

)

≤ 2
α
k –1�k(α + k)

(
κ1κ2

κ2 – κ1

) α
k

×
[

Jα
(1/κ1)–,k(F ◦ G)

(
κ1 + κ2

2κ1κ2

)
+ Jα

(1/κ2)+,k(F ◦ G)
(

κ1 + κ2

2κ1κ2

)]

≤ F (κ1) + F (κ2)
2

.

3 Extension of Hermite–Hadamard type inequalities
In this section, we give the following inequalities which give the above and below bounds
for the left- and right-hand sides of inequalities (2.1) and (2.7). We prove inequalities (2.1)
and (2.7) under the condition φ′(κ1 + κ2 – x) ≥ φ′(x) instead of the harmonic convexity
of F .

Theorem 12 LetF : [κ1,κ2] ⊆ (0, +∞) →R be a positive twice differentiable function with
κ1 < κ2 and F ∈ L([κ1,κ2]). If φ′′ is bounded in [κ1,κ2], then the following inequalities hold
for GFIs:

m
2�(1)

∫ κ1+κ2
2

κ1

(
κ1 + κ2

2
– x

)2 ϕ( x–κ1
κ1κ2

)
x – κ1

dx



You et al. Journal of Inequalities and Applications        (2021) 2021:102 Page 9 of 22

≤ 1
2�(1)

[
( κ1+κ2

2κ1κ2
)+Iϕ(F ◦ G)(1/κ1) + ( κ1+κ2

2κ1κ2
)–Iϕ(F ◦ G)(1/κ2)

]
– F

(
2κ1κ2

κ1 + κ2

)

≤ M
2�(1)

∫ κ1+κ2
2

κ1

(
κ1 + κ2

2
– x

)2 ϕ( x–κ1
κ1κ2

)
x – κ1

dx. (3.1)

Proof By using the change of variables, we have

1
2�(1)

[
( κ1+κ2

2κ1κ2
)+Iϕ(F ◦ G)(1/κ1) + ( κ1+κ2

2κ1κ2
)–Iϕ(F ◦ G)(1/κ2)

]

=
1

2�(1)

[∫ 1
κ1

κ1+κ2
2κ1κ2

ϕ( 1
κ1

– x)
1
κ1

– x
F

(
1
x

)
dx +

∫ κ1+κ2
2κ1κ2

1
κ2

ϕ(x – 1
κ2

)
x – 1

κ2

F
(

1
x

)
dx

]

=
1

2�(1)

[∫ κ2

κ1+κ2
2

ϕ( κ2–x
κ1κ2

)
κ2 – x

F
(

κ1κ2

x

)
dx +

∫ κ1+κ2
2

κ1

ϕ( x–κ1
κ1κ2

)
x – κ1

F
(

κ1κ2

x

)
dx

]

=
1

2�(1)

∫ κ1+κ2
2

κ1

[
F

(
κ1κ2

x

)
+ F

(
κ1κ2

κ1 + κ2 – x

)]
ϕ( x–κ1

κ1κ2
)

x – κ1
dx. (3.2)

By equality (3.2), we get

1
2�(1)

[
( κ1+κ2

2κ1κ2
)+Iϕ(F ◦ G)(1/κ1) + ( κ1+κ2

2κ1κ2
)–Iϕ(F ◦ G)(1/κ2)

]
– F

(
2κ1κ2

κ1 + κ2

)

=
1

2�(1)

∫ κ1+κ2
2

κ1

[
F

(
κ1κ2

x

)
+ F

(
κ1κ2

κ1 + κ2 – x

)]
ϕ( x–κ1

κ1κ2
)

x – κ1
dx – F

(
2κ1κ2

κ1 + κ2

)

=
1

2�(1)

∫ κ1+κ2
2

κ1

[
F

(
κ1κ2

x

)
+ F

(
κ1κ2

κ1 + κ2 – x

)
– 2F

(
2κ1κ2

κ1 + κ2

)]
ϕ( x–κ1

κ1κ2
)

x – κ1
dx. (3.3)

Using the fact that

F
(

κ1κ2

x

)
– F

(
2κ1κ2

κ1 + κ2

)
= φ(x) – φ

(
κ1 + κ2

2

)
= –

∫ κ1+κ2
2

x
φ′(τ ) dτ

and

F
(

κ1κ2

κ1 + κ2 – x

)
– F

(
2κ1κ2

κ1 + κ2

)
= φ(κ1 + κ2 – x) – φ

(
κ1 + κ2

2

)
=

∫ κ1+κ2–x

κ1+κ2
2

φ′(τ ) dτ ,

we have

F
(

κ1κ2

x

)
+ F

(
κ1κ2

κ1 + κ2 – x

)
– 2F

(
2κ1κ2

κ1 + κ2

)

=
∫ κ1+κ2–x

κ1+κ2
2

φ′(τ ) dτ –
∫ κ1+κ2

2

x
φ′(τ ) dτ

=
∫ κ1+κ2

2

x
φ′(κ1 + κ2 – u) du –

∫ κ1+κ2
2

x
φ′(τ ) dτ

=
∫ κ1+κ2

2

x

[
φ′(κ1 + κ2 – τ ) – φ′(τ )

]
dτ . (3.4)
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We also have

φ′(κ1 + κ2 – τ ) – φ′(τ ) =
∫ κ1+κ2–τ

τ

φ′′(u) du. (3.5)

By using equality (3.5) and the assumption m < φ′′(u) < M, u ∈ [κ1,κ2], we obtain

m
∫ κ1+κ2–τ

τ

du ≤
∫ κ1+κ2–τ

τ

φ′′(u) du ≤ M
∫ κ1+κ2–τ

τ

du

i.e.

m(κ1 + κ2 – 2τ ) ≤ φ′(κ1 + κ2 – τ ) – φ′(τ ) ≤ M(κ1 + κ2 – 2τ ). (3.6)

Integrating inequality (3.6) with respect to τ on [x, κ1+κ2
2 ], we get

m
(

κ1 + κ2

2
– x

)2

≤
∫ κ1+κ2

2

x

[
φ′(κ1 + κ2 – τ ) – φ′(τ )

]
dτ ≤ M

(
κ1 + κ2

2
– x

)2

.

By equality (3.4), we have

m
(

κ1 + κ2

2
– x

)2

≤F
(

κ1κ2

x

)
+ F

(
κ1κ2

κ1 + κ2 – x

)
– 2F

(
2κ1κ2

κ1 + κ2

)

≤ M
(

κ1 + κ2

2
– x

)2

. (3.7)

Multiplying inequality (3.7) by
ϕ( x–κ1

κ1κ2
)

2�(1)(x–κ1) and integrating the resultant inequality with re-
spect to x on [κ1, κ1+κ2

2 ], we establish

m
2�(1)

∫ κ1+κ2
2

κ1

(
κ1 + κ2

2
– x

)2 ϕ( x–κ1
κ1κ2

)
x – κ1

dx

≤ 1
2�(1)

∫ κ1+κ2
2

κ1

[
F

(
κ1κ2

x

)
+ F

(
κ1κ2

κ1 + κ2 – x

)
– 2F

(
κ1 + κ2

2

)]
ϕ( x–κ1

κ1κ2
)

x – κ1
dx

≤ M
2�(1)

∫ κ1+κ2
2

κ1

(
κ1 + κ2

2
– x

)2 ϕ( x–κ1
κ1κ2

)
x – κ1

dx.

That is, we get

m
2�(1)

∫ κ1+κ2
2

κ1

(
κ1 + κ2

2
– x

)2 ϕ( x–κ1
κ1κ2

)
x – κ1

dx

≤ 1
2�(1)

[
( κ1+κ2

2κ1κ2
)+Iϕ(F ◦ G)(1/κ1) + ( κ1+κ2

2κ1κ2
)–Iϕ(F ◦ G)(1/κ2)

]
– F

(
2κ1κ2

κ1 + κ2

)

≤ M
2�(1)

∫ κ1+κ2
2

κ1

(
κ1 + κ2

2
– x

)2 ϕ( x–κ1
κ1κ2

)
x – κ1

dx,

which gives inequality (3.1). �
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Remark 3 Under the assumptions of Theorem 12, if we put ϕ(τ ) = τ , then we have the
following inequalities:

m(κ2 – κ1)2

24
≤ κ1κ2

κ2 – κ1

∫ κ2

κ1

F (x)
x2 dx – F

(
2κ1κ2

κ1 + κ2

)
≤ M(κ2 – κ1)2

24
. (3.8)

Corollary 5 Under the assumptions of Theorem 12, if we set ϕ(τ ) = τα

�(α) , then we have the
following inequalities for the Riemann–Liouville fractional integrals:

m(κ2 – κ1)2

4(α + 1)(α + 2)
≤ 2α–1�(α + 1)

(
κ1κ2

κ2 – κ1

)α

× [
Jα

( κ1+κ2
2κ1κ2

)+(F ◦ G)(1/κ1) + Jα

( κ1+κ2
2κ1κ2

)–(F ◦ G)(1/κ2)
]

– F
(

2κ1κ2

κ1 + κ2

)

≤ M(κ2 – κ1)2

4(α + 1)(α + 2)
.

Corollary 6 Under the assumptions of Theorem 12, if we put ϕ(τ ) = τ
α
k

k�k (α) , then we have
the following inequalities for the k-Riemann–Liouville fractional integrals:

m(κ2 – κ1)2

4( α
k + 1)( α

k + 2)

≤ 2
α
k –1�k(α + k)

(
κ1κ2

κ2 – κ1

) α
k

× [
Jα

( κ1+κ2
2κ1κ2

)+,k(F ◦ G)(1/κ1) + Jα

( κ1+κ2
2κ1κ2

)–,k(F ◦ G)(1/κ2)
]

– F
(

2κ1κ2

κ1 + κ2

)

≤ M(κ2 – κ1)2

4( α
k + 1)( α

k + 2)
.

Theorem 13 LetF : [κ1,κ2] ⊆ (0, +∞) →R be a positive twice differentiable function with
κ1 < κ2 and F ∈ L([κ1,κ2]). If φ′′ is bounded in [κ1,κ2], then the following inequalities hold
for the GFIs:

m
2�(1)

∫ κ1+κ2
2

κ1

(κ2 – x)ϕ
(

x – κ1

κ1κ2

)
dx

≤ F (κ1) + F (κ2)
2

–
1

2�(1)
[

( κ1+κ2
2κ1κ2

)+Iϕ(F ◦ G)(1/κ1) + ( κ1+κ2
2κ1κ2

)–Iϕ(F ◦ G)(1/κ2)
]

≤ M
2�(1)

∫ κ1+κ2
2

κ1

(κ2 – x)ϕ
(

x – κ1

κ1κ2

)
dx. (3.9)

Proof By using the change of variables, we have

F (κ1) + F (κ2)
2

–
1

2�(1)
[

( κ1+κ2
2κ1κ2

)+Iϕ(F ◦ G)(1/κ1) + ( κ1+κ2
2κ1κ2

)–Iϕ(F ◦ G)(1/κ2)
]

=
F (κ1) + F (κ2)

2
–

1
2�(1)
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×
[∫ 1

κ1

κ1+κ2
2κ1κ2

ϕ( 1
κ1

– x)
1
κ1

– x
F

(
1
x

)
dx +

∫ κ1+κ2
2κ1κ2

1
κ2

ϕ(x – 1
κ2

)
x – 1

κ2

F
(

1
x

)
dx

]

=
F (κ1) + F (κ2)

2

–
1

2�(1)

[∫ κ2

κ1+κ2
2

ϕ( κ2–x
κ1κ2

)
κ2 – x

F
(

κ1κ2

x

)
dx +

∫ κ1+κ2
2

κ1

ϕ( x–κ1
κ1κ2

)
x – κ1

(
κ1κ2

x

)
dx

]

=
1

2�(1)

∫ κ1+κ2
2

κ1

[
F (κ1) + F (κ2) – F

(
κ1κ2

x

)

– F
(

κ1κ2

κ1 + κ2 – x

)]
ϕ( x–κ1

κ1κ2
)

x – κ1
dx. (3.10)

By using the equalities

F
(

κ1κ2

x

)
– F (κ1) = φ(x) – φ(κ1) =

∫ x

κ1

φ′(τ ) dτ

and

F (κ2) – F
(

κ1κ2

κ1 + κ2 – x

)
= φ(κ2) – φ(κ1 + κ2 – x) =

∫ κ2

κ1+κ2–x
φ′(τ ) dτ ,

we have

φ(κ1) + φ(κ2) – φ(x) – φ(κ1 + κ2 – x)

=
∫ κ2

κ1+κ2–x
φ′(τ ) dτ –

∫ x

κ1

φ′(τ ) dτ =
∫ x

κ1

[
φ′(κ1 + κ2 – τ ) – φ′(τ )

]
dτ . (3.11)

Integrating (3.6) with respect to τ over [κ1, x], we get

m
∫ x

κ1

(κ1 + κ2 – 2τ ) dτ ≤
∫ x

κ1

[
φ′(κ1 + κ2 – τ ) – φ′(τ )

]
dτ

≤ M
∫ x

κ1

(κ1 + κ2 – 2τ ) dτ ,

which implies that

m(x – κ1)(κ2 – x) ≤F (κ1) + F (κ2) – F
(

κ1κ2

x

)
– F

(
κ1κ2

κ1 + κ2 – x

)

≤ M(x – κ1)(κ2 – x). (3.12)

Multiplying inequality (3.12) by
ϕ( x–κ1

κ1κ2
)

2�(1)(x–κ1) and integrating the resultant inequality with
respect to x on [κ1, κ1+κ2

2 ], we establish

m
2�(1)

∫ κ1+κ2
2

κ1

(x – κ1)(κ2 – x)
ϕ( x–κ1

κ1κ2
)

(x – κ1)
dx

≤
∫ κ1+κ2

2

κ1

[
F (κ1) + F (κ2) – F

(
κ1κ2

x

)
– F

(
κ1κ2

κ1 + κ2 – x

)]
ϕ( x–κ1

κ1κ2
)

(x – κ1)
dx
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≤ M
2�(1)

∫ κ1+κ2
2

κ1

(x – κ1)(κ2 – x)
ϕ( x–κ1

κ1κ2
)

(x – κ1)
dx.

That can be written as

m
2�(1)

∫ κ1+κ2
2

κ1

(x – κ1)(κ2 – x)
ϕ( x–κ1

κ1κ2
)

(x – κ1)
dx

≤ F (κ1) + F (κ2)
2

–
1

2�(1)
[

( κ1+κ2
2κ1κ2

)+Iϕ(F ◦ G)(1/κ1) + ( κ1+κ2
2κ1κ2

)–Iϕ(F ◦ G)(1/κ2)
]

≤ M
2�(1)

∫ κ1+κ2
2

κ1

(x – κ1)(κ2 – x)
ϕ( x–κ1

κ1κ2
)

(x – κ1)
dx,

which gives inequalities (3.9). �

Remark 4 Under the assumptions of Theorem 13, if we put ϕ(τ ) = τ , then we have the
following inequalities:

m(κ2 – κ1)2

12
≤ F (κ1) + F (κ2)

2
–

κ1κ2

κ2 – κ1

∫ κ2

κ1

F (x)
x2 dx ≤ M(κ2 – κ1)2

24
. (3.13)

Corollary 7 Under the assumptions of Theorem 13, if we set ϕ(τ ) = τα

�(α) , then we have the
following inequalities for the Riemann–Liouville fractional integrals:

m(κ2 – κ1)2α(α + 3)
8(α + 1)(α + 2)

≤ F (κ1) + F (κ2)
2

– 2α–1�(α + 1)
(

κ1κ2

κ2 – κ1

)α

× [
Jα

( κ1+κ2
2κ1κ2

)+(F ◦ G)(1/κ1) + Jα

( κ1+κ2
2κ1κ2

)–(F ◦ G)(1/κ2)
]

≤ M(κ2 – κ1)2α(α + 3)
8(α + 1)(α + 2)

.

Corollary 8 Under the assumptions of Theorem 13, if we put ϕ(τ ) = τ
α
k

k�k (α) , then we have
the following inequalities for the k-Riemann–Liouville fractional integrals:

m(κ2 – κ1)2 α
k ( α

k + 3)
8( α

k + 1)( α
k + 2)

≤ F (κ1) + F (κ2)
2

– 2
α
k –1�k(α + k)

(
κ1κ2

κ2 – κ1

) α
k

× [
Jα

( κ1+κ2
2κ1κ2

)+,k(F ◦ G)(1/κ1) + Jα

( κ1+κ2
2κ1κ2

)–,k(F ◦ G)(1/κ2)
]

≤ M(κ2 – κ1)2 α
k ( α

k + 3)
8( α

k + 1)( α
k + 2)

.

Now by using Theorems 12 and 13, we prove inequality (2.1) under the condition φ′(κ1 +
κ2 – x) ≥ φ′(x) instead of the harmonic convexity of F .
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Theorem 14 LetF : [κ1,κ2] ⊆ (0, +∞) →R be a positive twice differentiable function with
κ1 < κ2 and F ∈ L([κ1,κ2]). If φ′(κ1 + κ2 – x) ≥ φ′(x),∀x ∈ [κ1, κ1+κ2

2 ], then we have the fol-
lowing inequalities for GFIs:

F
(

2κ1κ2

κ1 + κ2

)
≤ 1

2�(1)
[

( κ1+κ2
2κ1κ2

)+Iϕ(F ◦ G)(1/κ1) + ( κ1+κ2
2κ1κ2

)–Iϕ(F ◦ G)(1/κ2)
]

≤ F (κ1) + F (κ2)
2

. (3.14)

Proof From (3.3) and (3.4), one has

1
2�(1)

[
( κ1+κ2

2κ1κ2
)+Iϕ(F ◦ G)(1/κ1) + ( κ1+κ2

2κ1κ2
)–Iϕ(F ◦ G)(1/κ2)

]
– F

(
2κ1κ2

κ1 + κ2

)

=
1

2�(1)

∫ κ1+κ2
2

κ1

[
F

(
κ1κ2

x

)
+ F

(
κ1κ2

κ1 + κ2 – x

)
– 2F

(
2κ1κ2

κ1 + κ2

)]
ϕ( x–κ1

κ1κ2
)

x – κ1
dx

=
1

2�(1)

∫ κ1+κ2
2

κ1

(∫ κ1+κ2
2

x

[
φ′(κ1 + κ2 – τ ) – φ′(τ )

]
dτ

)
ϕ( x–κ1

κ1κ2
)

x – κ1
dx

≥ 0,

which gives the first inequality in (3.14). On the other hand, by equalities (3.10) and (3.11),
we have

F (κ1) + F (κ2)
2

–
1

2�(1)
[

( κ1+κ2
2κ1κ2

)+Iϕ(F ◦ G)(1/κ1) + ( κ1+κ2
2κ1κ2

)–Iϕ(F ◦ G)(1/κ2)
]

=
1

2�(1)

∫ κ1+κ2
2

κ1

[
F (κ1) + F (κ2) – F

(
κ1κ2

x

)
– F

(
κ1κ2

κ1 + κ2 – x

)]
ϕ( x–κ1

κ1κ2
)

x – κ1
dx

=
1

2�(1)

∫ κ1+κ2
2

κ1

(∫ x

κ1

[
φ′(κ1 + κ2 – τ ) – φ′(τ )

]
dτ

)
ϕ( x–κ1

κ1κ2
)

x – κ1
dx

≥ 0.

This gives the second inequality in (3.14) and completes the proof. �

Theorem 15 LetF : [κ1,κ2] ⊆ (0, +∞) →R be a positive twice differentiable function with
κ1 < κ2 and F ∈ L([κ1,κ2]). If φ′′ is bounded in [κ1,κ2], then the following inequalities hold
for the GFIs:

m
2�(1)

∫ κ1+κ2
2

κ1

(
κ1 + κ2

2
– x

)
ϕ

(
κ1 + κ2

2κ1κ2
–

x
κ1κ2

)
dx

≤ 1
2�(1)

[
1
κ2

+Iϕ(F ◦ G)
(

κ1 + κ2

2κ1κ2

)
+ 1

κ1
–Iϕ(F ◦ G)

(
κ1 + κ2

2κ1κ2

)]
– F

(
2κ1κ2

κ1 + κ2

)

≤ M
2�(1)

∫ κ1+κ2
2

κ1

(
κ1 + κ2

2
– x

)
ϕ

(
κ1 + κ2

2κ1κ2
–

x
κ1κ2

)
dx. (3.15)

Proof By using the change of variables, we have

1
2�(1)

[
1
κ2

+Iϕ(F ◦ G)
(

κ1 + κ2

2κ1κ2

)
+ 1

κ1
–Iϕ(F ◦ G)

(
κ1 + κ2

2κ1κ2

)]
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=
1

2�(1)

[∫ κ1+κ2
2κ1κ2

1
κ2

ϕ( κ1+κ2
2κ1κ2

– x)
κ1+κ2
2κ1κ2

– x
F

(
1
x

)
dx +

∫ 1
κ1

κ1+κ2
2κ1κ2

ϕ(x – κ1+κ2
2κ1κ2

)
x – κ1+κ2

2κ1κ2

F
(

1
x

)
dx

]

=
1

2�(1)

[∫ κ1+κ2
2

κ1

ϕ( κ1+κ2
2κ1κ2

– x
κ1κ2

)
κ1+κ2

2 – x
F

(
κ1κ2

x

)
dx

+
∫ κ2

κ1+κ2
2

ϕ( x
κ1κ2

– κ1+κ2
2κ1κ2

)
x – κ1+κ2

2
F

(
κ1κ2

x

)
dx

]

=
1

2�(1)

∫ κ1+κ2
2

κ1

[
F

(
κ1κ2

x

)
+ F

(
κ1κ2

κ1 + κ2 – x

)]
ϕ( κ1+κ2

2κ1κ2
– x

κ1κ2
)

κ1+κ2
2 – x

dx. (3.16)

By equality (3.16), we get

1
2�(1)

[
1
κ2

+Iϕ(F ◦ G)
(

κ1 + κ2

2κ1κ2

)
+ 1

κ1
–Iϕ(F ◦ G)

(
κ1 + κ2

2κ1κ2

)]
– F

(
2κ1κ2

κ1 + κ2

)

=
1

2�(1)

∫ κ1+κ2
2

κ1

[
F

(
κ1κ2

x

)
+ F

(
κ1κ2

κ1 + κ2 – x

)]
ϕ( κ1+κ2

2κ1κ2
– x

κ1κ2
)

κ1+κ2
2 – x

dx – F
(

2κ1κ2

κ1 + κ2

)

=
1

2�(1)

∫ κ1+κ2
2

κ1

[
F

(
κ1κ2

x

)
+ F

(
κ1κ2

κ1 + κ2 – x

)

– 2F
(

2κ1κ2

κ1 + κ2

)]
ϕ( κ1+κ2

2κ1κ2
– x

κ1κ2
)

κ1+κ2
2 – x

dx. (3.17)

Using the fact that

F
(

κ1κ2

x

)
– F

(
2κ1κ2

κ1 + κ2

)
= φ(x) – φ

(
κ1 + κ2

2

)
= –

∫ κ1+κ2
2

x
φ′(τ ) dτ

and

F
(

κ1κ2

κ1 + κ2 – x

)
– F

(
2κ1κ2

κ1 + κ2

)
= φ(κ1 + κ2 – x) – φ

(
κ1 + κ2

2

)
=

∫ κ1+κ2–x

κ1+κ2
2

φ′(τ ) dτ ,

we have

F
(

κ1κ2

x

)
+ F

(
κ1κ2

κ1 + κ2 – x

)
– 2F

(
2κ1κ2

κ1 + κ2

)

=
∫ κ1+κ2–x

κ1+κ2
2

φ′(τ ) dτ –
∫ κ1+κ2

2

x
φ′(τ ) dτ

=
∫ κ1+κ2

2

x
φ′(κ1 + κ2 – u) du –

∫ κ1+κ2
2

x
φ′(τ ) dτ

=
∫ κ1+κ2

2

x

[
φ′(κ1 + κ2 – τ ) – φ′(τ )

]
dτ . (3.18)

We also have

φ′(κ1 + κ2 – τ ) – φ′(τ ) =
∫ κ1+κ2–τ

τ

φ′′(u) du. (3.19)
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By using equality (3.19) and the assumption m < φ′′(u) < M, u ∈ [κ1,κ2], we obtain

m
∫ κ1+κ2–τ

τ

du ≤
∫ κ1+κ2–τ

τ

φ′′(u) du ≤ M
∫ κ1+κ2–τ

τ

du

i.e.

m(κ1 + κ2 – 2τ ) ≤ φ′(κ1 + κ2 – τ ) – φ′(τ ) ≤ M(κ1 + κ2 – 2τ ). (3.20)

Integrating inequality (3.20) with respect to τ on [x, κ1+κ2
2 ], we get

m
(

κ1 + κ2

2
– x

)2

≤
∫ κ1+κ2

2

x

[
φ′(κ1 + κ2 – τ ) – φ′(τ )

]
dτ ≤ M

(
κ1 + κ2

2
– x

)2

.

By equality (3.18), we have

m
(

κ1 + κ2

2
– x

)2

≤F
(

κ1κ2

x

)
+ F

(
κ1κ2

κ1 + κ2 – x

)
– 2F

(
2κ1κ2

κ1 + κ2

)

≤ M
(

κ1 + κ2

2
– x

)2

. (3.21)

Multiplying inequality (3.21) by
ϕ( κ1+κ2

2κ1κ2
– x

κ1κ2
)

2�(1)( κ1+κ2
2 –x)

and integrating the resultant inequality with
respect to x on [κ1, κ1+κ2

2 ], we establish

m
2�(1)

∫ κ1+κ2
2

κ1

(
κ1 + κ2

2
– x

)2 ϕ( κ1+κ2
2κ1κ2

– x
κ1κ2

)
κ1+κ2

2 – x
dx

≤ 1
2�(1)

∫ κ1+κ2
2

κ1

[
F (x) + F (κ1 + κ2 – x) – 2F

(
κ1 + κ2

2

)]
ϕ( κ1+κ2

2κ1κ2
– x

κ1κ2
)

κ1+κ2
2 – x

dx

≤ M
2�(1)

∫ κ1+κ2
2

κ1

(
κ1 + κ2

2
– x

)2 ϕ( κ1+κ2
2κ1κ2

– x
κ1κ2

)
κ1+κ2

2 – x
dx.

That is, we get

m
2�(1)

∫ κ1+κ2
2

κ1

(
κ1 + κ2

2
– x

)
ϕ

(
x

κ1κ2
–

κ1 + κ2

2κ1κ2

)
dx

≤ 1
2�(1)

[
1
κ2

+Iϕ(F ◦ G)
(

κ1 + κ2

2κ1κ2

)
+ 1

κ1
–Iϕ(F ◦ G)

(
κ1 + κ2

2κ1κ2

)]
– F

(
2κ1κ2

κ1 + κ2

)

≤ M
2�(1)

∫ κ1+κ2
2

κ1

(
κ1 + κ2

2
– x

)
ϕ

(
x

κ1κ2
–

κ1 + κ2

2κ1κ2

)
dx,

which gives inequality (3.15). �

Remark 5 Under the assumptions of Theorem 15, if we put ϕ(τ ) = τ , then inequality (3.15)
reduces to inequality (3.8).
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Corollary 9 Under the assumptions of Theorem 15, if we set ϕ(τ ) = τα

�(α) , then we have the
following inequalities for the Riemann–Liouville fractional integrals:

mα(κ2 – κ1)2

8(α + 2)

≤ 2α–1�(α + 1)
(

κ1κ2

κ2 – κ1

)α

×
[

Jα
(1/κ1)–(F ◦ G)

(
κ1 + κ2

2κ1κ2

)
+ Jα

(1/κ2)+(F ◦ G)
(

κ1 + κ2

2κ1κ2

)]
– F

(
2κ1κ2

κ1 + κ2

)

≤ Mα(κ2 – κ1)2

8(α + 2)
.

Corollary 10 Under the assumptions of Theorem 15, if we put ϕ(τ ) = τ
α
k

k�k (α) , then we have
the following inequalities for the k-Riemann–Liouville fractional integrals:

m α
k (κ2 – κ1)2

8( α
k + 2)

≤ 2
α
k –1�k(α + k)

(
κ1κ2

κ2 – κ1

) α
k

×
[

Jα
(1/κ1)–,k(F ◦ G)

(
κ1 + κ2

2κ1κ2

)
+ Jα

(1/κ2)+,k(F ◦ G)
(

κ1 + κ2

2κ1κ2

)]
– F

(
2κ1κ2

κ1 + κ2

)

≤ M α
k (κ2 – κ1)2

8( α
k + 2)

.

Theorem 16 LetF : [κ1,κ2] ⊆ (0, +∞) →R be a positive twice differentiable function with
κ1 < κ2 and F ∈ L([κ1,κ2]). If φ′′ is bounded in [κ1,κ2], then the following inequalities hold
for the GFIs:

m
2�(1)

∫ κ1+κ2
2

κ1

(κ2 – x)(x – κ1)
ϕ( κ1+κ2

2κ1κ2
– x

κ1κ2
)

κ1+κ2
2 – x

dx

≤ F (κ1) + F (κ2)
2

–
1

2�(1)

[
1
κ2

+Iϕ(F ◦ G)
(

κ1 + κ2

2κ1κ2

)
+ 1

κ1
–Iϕ(F ◦ G)

(
κ1 + κ2

2κ1κ2

)]

≤ M
2�(1)

∫ κ1+κ2
2

κ1

(κ2 – x)(x – κ1)
ϕ( κ1+κ2

2κ1κ2
– x

κ1κ2
)

κ1+κ2
2 – x

dx. (3.22)

Proof By using the change of variables, we have

F (κ1) + F (κ2)
2

–
1

2�(1)

[
1
κ2

+Iϕ(F ◦ G)
(

κ1 + κ2

2κ1κ2

)
+ 1

κ1
–Iϕ(F ◦ G)

(
κ1 + κ2

2κ1κ2

)]

=
F (κ1) + F (κ2)

2

–
1

2�(1)

[∫ κ1+κ2
2κ1κ2

1
κ2

ϕ( κ1+κ2
2κ1κ2

– x)
κ1+κ2
2κ1κ2

– x
F

(
1
x

)
dx +

∫ 1
κ1

κ1+κ2
2κ1κ2

ϕ(x – κ1+κ2
2κ1κ2

)
x – κ1+κ2

2κ1κ2

F
(

1
x

)
dx

]

=
F (κ1) + F (κ2)

2
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–
1

2�(1)

[∫ κ1+κ2
2

κ1

ϕ( κ1+κ2
2κ1κ2

– x
κ1κ2

)
κ1+κ2

2 – x
F

(
κ1κ2

x

)
dx

+
∫ κ2

κ1+κ2
2

ϕ( x
κ1κ2

– κ1+κ2
2κ1κ2

)
x – κ1+κ2

2
F

(
κ1κ2

x

)
dx

]

=
1

2�(1)

∫ κ1+κ2
2

κ1

[
F (κ1) + F (κ2) – F

(
κ1κ2

x

)

– F
(

κ1κ2

κ1 + κ2 – x

)]
ϕ( κ1+κ2

2κ1κ2
– x

κ1κ2
)

κ1+κ2
2 – x

dx. (3.23)

By using the equalities

F
(

κ1κ2

x

)
– F (κ1) = φ(x) – φ(κ1) =

∫ x

κ1

φ′(τ ) dτ

and

F (κ2) – F
(

κ1κ2

κ1 + κ2 – x

)
= φ(κ2) – φ(κ1 + κ2 – x) =

∫ κ2

κ1+κ2–x
φ′(τ ) dτ ,

we have

φ(κ1) + φ(κ2) – φ(x) – φ(κ1 + κ2 – x)

=
∫ κ2

κ1+κ2–x
φ′(τ ) dτ –

∫ x

κ1

φ′(τ ) dτ =
∫ x

κ1

[
φ′(κ1 + κ2 – τ ) – φ′(τ )

]
dτ . (3.24)

Integrating (3.6) with respect to τ over [κ1, x], we get

m
∫ x

κ1

(κ1 + κ2 – 2τ ) dτ ≤
∫ x

κ1

[
φ′(κ1 + κ2 – τ ) – φ′(τ )

]
dτ ≤ M

∫ x

κ1

(κ1 + κ2 – 2τ ) dτ ,

which implies that

m(x – κ1)(κ2 – x) ≤F (κ1) + F (κ2) – F
(

κ1κ2

x

)
– F

(
κ1κ2

κ1 + κ2 – x

)

≤ M(x – κ1)(κ2 – x). (3.25)

Multiplying inequality (3.25) by
ϕ( κ1+κ2

2κ1κ2
– x

κ1κ2
)

2�(1)( κ1+κ2
2 –x)

and integrating the resultant inequality with
respect to x on [κ1, κ1+κ2

2 ], we establish

m
2�(1)

∫ κ1+κ2
2

κ1

(x – κ1)(κ2 – x)
ϕ( κ1+κ2

2κ1κ2
– x

κ1κ2
)

κ1+κ2
2 – x

dx

≤
∫ κ1+κ2

2

κ1

[
F (κ1) + F (κ2) – F

(
κ1κ2

x

)
– F

(
κ1κ2

κ1 + κ2 – x

)]
ϕ( κ1+κ2

2κ1κ2
– x

κ1κ2
)

κ1+κ2
2 – x

dx

≤ M
2�(1)

∫ κ1+κ2
2

κ1

(x – κ1)(κ2 – x)
ϕ( κ1+κ2

2κ1κ2
– x

κ1κ2
)

κ1+κ2
2 – x

dx.
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That can be written as

m
2�(1)

∫ κ1+κ2
2

κ1

(x – κ1)(κ2 – x)
ϕ( κ1+κ2

2κ1κ2
– x

κ1κ2
)

κ1+κ2
2 – x

dx

≤ F (κ1) + F (κ2)
2

–
1

2�(1)

[
1
κ2

+Iϕ(F ◦ G)
(

κ1 + κ2

2κ1κ2

)
+ 1

κ1
–Iϕ(F ◦ G)

(
κ1 + κ2

2κ1κ2

)]

≤ M
2�(1)

∫ κ1+κ2
2

κ1

(x – κ1)(κ2 – x)
ϕ( κ1+κ2

2κ1κ2
– x

κ1κ2
)

κ1+κ2
2 – x

dx,

which gives inequalities (3.22). �

Remark 6 Under the assumptions of Theorem 16, if we put ϕ(τ ) = τ , then inequality (3.22)
reduces to inequality (3.13).

Corollary 11 Under the assumptions of Theorem 16, if we set ϕ(τ ) = τα

�(α) , then we have the
following inequalities for the Riemann–Liouville fractional integrals:

m(κ2 – κ1)2

4(α + 2)

≤ F (κ1) + F (κ2)
2

– 2α–1�(α + 1)
(

κ1κ2

κ2 – κ1

)α

×
[

Jα
(1/κ1)–(F ◦ G)

(
κ1 + κ2

2κ1κ2

)
+ Jα

(1/κ2)+(F ◦ G)
(

κ1 + κ2

2κ1κ2

)]

≤ M(κ2 – κ1)2

4(α + 2)
.

Corollary 12 Under the assumptions of Theorem 16, if we put ϕ(τ ) = τ
α
k

k�k (α) , then we have
the following inequalities for the k-Riemann–Liouville fractional integrals:

m(κ2 – κ1)2

4( α
k + 2)

≤ F (κ1) + F (κ2)
2

– 2
α
k –1�k(α + k)

(
κ1κ2

κ2 – κ1

) α
k

×
[

Jα
(1/κ1)–,k(F ◦ G)

(
κ1 + κ2

2κ1κ2

)
+ Jα

(1/κ2)+,k(F ◦ G)
(

κ1 + κ2

2κ1κ2

)]

≤ M(κ2 – κ1)2

4( α
k + 2)

.

Now, by using Theorems 15 and 16, we prove inequality (2.7) under the condition φ′(κ1 +
κ2 – x) ≥ φ′(x) instead of the harmonic convexity of F .

Theorem 17 LetF : [κ1,κ2] ⊆ (0, +∞) →R be a positive twice differentiable function with
κ1 < κ2 and F ∈ L([κ1,κ2]). If φ′(κ1 + κ2 – x) ≥ φ′(x),∀x ∈ [κ1, κ1+κ2

2 ], then we have the fol-
lowing inequalities for GFIs:

F
(

2κ1κ2

κ1 + κ2

)
≤ 1

2�(1)

[
1
κ1

–Iϕ(F ◦ G)
(

κ1 + κ2

2κ1κ2

)
+ 1

κ2
+ Iϕ(F ◦ G)

(
κ1 + κ2

2κ1κ2

)]
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≤ F (κ1) + F (κ2)
2

. (3.26)

Proof From (3.17) and (3.18), we get

1
2�(1)

[
1
κ2

+Iϕ(F ◦ G)
(

κ1 + κ2

2κ1κ2

)
+ 1

κ1
–Iϕ(F ◦ G)

(
κ1 + κ2

2κ1κ2

)]
– F

(
2κ1κ2

κ1 + κ2

)

=
1

2�(1)

∫ κ1+κ2
2

κ1

[
F

(
κ1κ2

x

)
+ F

(
κ1κ2

κ1 + κ2 – x

)
– 2F

(
2κ1κ2

κ1 + κ2

)]
ϕ( κ1+κ2

2κ1κ2
– x

κ1κ2
)

κ1+κ2
2 – x

dx

=
1

2�(1)

∫ κ1+κ2
2

κ1

(∫ κ1+κ2
2

x

[
φ′(κ1 + κ2 – τ ) – φ′(τ )

]
dτ

)
ϕ( κ1+κ2

2κ1κ2
– x

κ1κ2
)

κ1+κ2
2 – x

dx

≥ 0,

which proves the first inequality in (3.26). On the other hand, by equalities (3.23) and
(3.24), we have

F (κ1) + F (κ2)
2

–
1

2�(1)

[
1
κ2

+Iϕ(F ◦ G)
(

κ1 + κ2

2κ1κ2

)
+ 1

κ1
–Iϕ(F ◦ G)

(
κ1 + κ2

2κ1κ2

)]

=
1

2�(1)

×
∫ κ1+κ2

2

κ1

[
F (κ1) + F (κ2) – F

(
κ1κ2

x

)
– F

(
κ1κ2

κ1 + κ2 – x

)]
ϕ( κ1+κ2

2κ1κ2
– x

κ1κ2
)

κ1+κ2
2 – x

dx

=
1

2�(1)

∫ κ1+κ2
2

κ1

(∫ x

κ1

[
φ′(κ1 + κ2 – τ ) – φ′(τ )

]
dτ

)
ϕ( κ1+κ2

2κ1κ2
– x

κ1κ2
)

κ1+κ2
2 – x

dx

≥ 0.

This proves the second inequality in (3.26) and completes the proof. �

4 Conclusion
In this work, the authors established Hermite–Hadamard type inequalities for harmoni-
cally convex functions by using generalized fractional integrals. Furthermore, the authors
proved some extensions of newly proved inequalities without using the condition of har-
monic convexity for the functions. It is an interesting and new problem, and the upcom-
ing researchers can offer similar inequalities for harmonically convex functions on the
co-ordinates via generalized fractional integrals in their future research.
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33. Ekinci, A., Eroğlu, N.: New generalizations for convex functions via conformable fractional integrals. Filomat 33(14),

4525–4534 (2019)
34. Li, Y.-X., Shah, F., Ijaz Khan, M., Chinram, R., Elmasry, Y., Sun, T.-C.: Dynamics of Cattaneo–Christov double diffusion

(CCDD) and arrhenius activation law on mixed convective ow towards a stretched Riga device. Chaos Solitons
Fractals 148, Article ID 111010 (2021)

35. Chen, F., Wu, S.: Fejér and Hermite–Hadamard type inequalities for harmonically convex functions. J. Appl. Math.
2014, 1–6 (2014)

36. Chen, S.-B., Rashid, S., Noor, M.A., Hammouch, Z., Chu, Y.-M.: New fractional approaches for n-polynomial P-convexity
with applications in special function theory. Adv. Differ. Equ. 2020, Article ID 543 (2020)

37. Li, C.-L., Gu, G.-H., Guo, B.-N.: Some inequalities of Hermite–Hadamard type for harmonically quasi-convex functions.
Turk. J. Anal. Number Theory 5(6), 226–239 (2017)

38. Özdemir, M.E., Ekinci, A., Akdemir, A.: Some new integral inequalities for functions whose derivatives of absolute
values are convex and concave. RGMIA Res. Rep. Collect. 15, 48 (2012)

39. Set, E., Akdemir, A.O., Ozata, F.: Grüss type inequalities for fractional integral operator involving the extended
generalized Mittag-Leffler function. Appl. Comput. Math. 19(3), 402–414 (2020)
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