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1 Introduction
The standard beta and gamma functions are respectively defined by

1
Vx,y>0, B(x,y)= / Fra -y tdt,
0
+00
Vx>0, I'(x)=: [ Flet dt.
0

Such functions play an important role in mathematical analysis and have wide applications
in various contexts of mathematics and physics. An interesting relationship expressing a
connection between B and I' is given by

Vx,y>0, B(x,y)= %{:y(y)) (1.1)

Otherwise, it is well-known that I'(x + 1) = xI"(x) for all x > 0. For further properties and
applications of the beta and gamma functions, we refer the interested reader to [2—6, 9—
17, 23], for instance.

The previously defined functions B and I' have been extended in the literature, see [7,
8, 19]. In [7], Chaudhry et al. introduced the following extended beta function:

1
Vx,y>0, Bx,ya)=: / 11 - g le @D gy (1.2)
0
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and the extended gamma function
o0
Vx>0, [ux) ::/ #letet g4, (1.3)
0

where a > 0 is a real parameter.
Another extension of B(x, y) has been introduced by Choi et al. in [8] and reads as follows:

1
Vx,y>0, B(x,y;a,b)=: / Fle (1 — gt P00 gy, (1.4)
0

where a,b > 0. It is clear that B(x, y;0) = B(x, y), ['¢(x) = I'(x) and B(x, y; a, a) = B(x, y; a), for
any %,y > 0 and a > 0. For more properties about B(x,y;a) and I',(x), see [7, 19], and for
those of B(x, y; a, b) we can consult [8].

Further extensions of the beta and gamma functions have been investigated in the lit-
erature. We recall that the notation (1),,, when m is a nonnegative integer and A € R is
nonzero, stands for the Pochhammer symbol defined by [20]

(W= A +1) - (A+m—1), with(W)o=1.

In [19], Ozergin et al. introduced the generalized beta and gamma functions defined re-

spectively by
(c,d) o 1 i
Vx,y>0, B (x,y)=:| " (Q-tY 1Fi| cd;——— | dt, 15
520, B = [ oo (ad s ) 15)
> p
Vx>0, TE(x)=: / N F (c;d;—t—;) dt, (1.6)
0

where ¢,d > 0 and p > 0. Here, the notation 1 F;(a; b; z) refers to the confluent hypergeo-
metric function (CHF) defined through [18]

o]

1F1(a; b;z) =: Z

m=0

(@)m 2"
—_— 1.7
®) 47
If a, b are integers, a < 0, and either b > 0 or b < a, then the series (1.7) converges and
1F1(a; b; z) is a polynomial function. If b is an integer with b < 0 then the series (1.7) di-
verges and 1 F1(a; b; z) is undefined. Note that 1 F(a;5;0) = 1. If a,b — a > 0 then we have
[19]

I'(b) !

e o) a-1¢1 _ ,\b-a-1 _zu
Fi(@ibi2) = s X (1 - u)b=*Le™ dy, (1.8)

Making the substitution ¢ = 1 — u in the latter integral formula, it is easy to check that
1\Fi(a; b;z) = €1 Fy (b - a; b; —z). (1.9)

The (CHF) stems its importance in the fact that it contributes as a good tool for solv-
ing many mathematical problems. It also appears as a solution of some partial differential
equations, playing an important role in various mathematical areas. See [6, 18], for in-
stance.
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Remark 1.1 The real functions I'(x) and B(x, y), as well as their previous extensions, are
also well-defined when the variables x and y are complex numbers such that fe(x) > 0 and
Me(y) > 0 and, of course, I'(x) and B(x,y) are complex functions. Since this paper deals
with some inequalities involving expressions in x and y, we then restrict ourselves for real

variables and real functions.

Remark1.2 The formula (1.8) brings us some interesting results when the conditions a > 0
and b — a > 0 are satisfied. For instance, we have the following assertions:

(i) The real-map z > 1F;(a; b; 2) is strictly increasing and strictly convex on R.

(ii) It follows that 1 Fy (a; b; z) > 1F1(a; b;0) = 1 forany z > 0 and, by (1.9), 0 < 1Fy(a; b;2) <
1 foranyz <0.

These properties are not obvious from (1.7).

The extension of the beta function from two to # variables has been introduced in the
literature [1, 2, 6, 21, 22]. Let n > 3 be an integer and let E,_; be the standard (n — 1)-
simplex of R”"! defined by

n-1
E, 1= {(tl,...,tn_l)GRn_liztif 1;t;, >0, fori=1,...,n—1%.
i=1

The beta function in # variables x1,...,x, > 0 is defined by

n
B@y,..,x) = | [[&7 dtr--- dty, (1.10)

En-1 i1

where £, =: 1 — Y/ ;. Throughout the following, we set o (x) =: 37| ; for the sake of

simplicity. The following formula:

[T, ()

Mo () (1.11)

B(x1,...,x,) =

holds for any x,...,x, > 0. Other properties of the beta function in #n variables can be

found in the literature. Among them we mention the following [6]:
B(x1,...%,) = B(®c(1) -+ s %e(m))s (1.12)
where 7 is any permutation of the set {1,2,...,x}, and
B(x1 + 1,x0,...,%,) + -+ B(x1,...,%-1,%, + 1) = B(x1,...,%,). (1.13)
Recently, the authors [22] have extended the previous functions B(x, y; a) and B(x, y; 4, b)

for n variables. For any x1,...,%x, >0, 41,...,4, > 0 and a > 0, they defined the following

extensions:

n
B(x1,...,xa) = l_[ t?i—le—a/n(t) dt,--- dt,_1, (1.14)
En-1 i1
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n
B@y,....kmar,...an) = | [[& e dt - dty, (1.15)
En-1 i=1

where, as before, ¢, =: 1 — Z:’;ll t;, and 7 (¢) =: [ ], &. For a systematic study of the prop-
erties of B(x1,...,%,;a), as well as those of B(xy,...,%,;4d1,...,4,), one can consult [22].

This manuscript will be organized as follows: In Sect. 2 we introduce the generalized
gamma function in # variables in a brief and simple setting. Section 3 is focused on in-
troducing the first generalized beta function in # variables, and Sect. 4 displays some in-
equalities involving this generalized beta function. Section 5 is devoted to introducing a
second generalized beta function in # variables, and Sect. 6 discusses some inequalities
about this generalized beta function.

2 Generalized gamma function in n variables
In this section, we will introduce some extensions of (1.3) and (1.6) from one to # variables.
We then state the following definition.

Definition 2.1 Let x =: (xy,...,%,) € (0,00)", « =: («y,...,%,) € (0,00)", B =: (B1,...,Bu) €
(0,00)", and p = (p1,...,pu) € [0,00)". We introduce the following:
(i) The extended gamma function in # variables defined by

n n
rw= [ Tl eterna=T]r,m, 1)
0,004 i=1

where dt =: dt, - - - dt,, and Ty, («;) is defined by (1.3). If p = 0, we simply write I'(x), i.e.,

[(x) = To() = | [T (xy). (2.2)

i=1

(ii) The generalized gamma function in # variables defined through

l_[ t?i711F1 ((XL'; Bis—ti — %) dt, (2.3)

i=1

n
Fl(?“‘ﬁ)(x) = 1_[ F}(?‘;i'ﬁi)(xi) — ‘/(
i=1

0,00)"

where F},‘f‘"ﬁ")(x,») is defined by (1.6). If p = 0, we simply write I'*#)(x), i.e.,
n n
PP () = [ [ (x;) = f [ 167" 1Filoss i i) dit. (2.4)
i=1 (0,00 41

Some special cases are worth mentioning, as itemized in the following:

e If n =1 then (2.1) and (2.3) are reduced to (1.3) and (1.6), respectively.

e If @ = B then (2.3) coincides with (2.1).

The equality (2.3) means that the generalized gamma function in # variables FI(,O”ﬂ )(x) is
defined as the product in the usual way of the #» components l"é,?i'ﬁ (x;), 1 < i < n. There-
fore, the properties of Fl(f’ﬁ )(x) can be immediately deduced from those of l";‘f’"ﬂ i)(xi). As
an example, the following relationship:

n
(@.B) () = T(@B) Xi
rief @) =18 (-x) [ [ 7}

i=1
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holds for any x =: (x1,...,%,) € (0,00)", & =: (1,...,a,) € (0,00)", B =t (B1,...,B,) €
(O: oo)n, andp = (P1,~~yl7n) € (0) Oo)n'

Remark 2.2 The generalized gamma functions in # variables defined by (2.3) and (2.4)
would be of use later. See Corollaries 4.7 and 4.11, Theorem 6.3, Corollary 6.4, and Theo-

rem 6.8.

3 Generalized beta function of the first kind
We preserve the same notations as in the previous sections. In the ongoing section, we
will introduce a generalized beta function in # variables of the first kind as recited in the

following.

Definition 3.1 Let x =: (x1,...,%,) € (0,00)", ¢,d,q > 0 and r > 0. The generalized beta
function of the first kind is defined by

n
_ ()

B (x;q) = ARy (c;d;—i—rn— dt, (3.1)

R LI’ BT R

where we set dt =:dt; - - - dt,_1, and 7w (¢) =: [ ¢; with ¢, =: 1 — Z;’:ll t;. For r = 0, we set
throughout the following:

n
s c,d xi—1 q
B( d)(x;q) :ZBE) )(x; q) =: / Hti 1F1 (C; d;—m) dt. (32)

Ey1 i=1

Some special cases and a concept of singularity of (3.1) are worth mentioning, such as:
e If n=2 and r = 0 then (3.1) coincides with (1.5).
e Ifc=dand r =0 then (3.1) is exactly (1.14).
e If r #0 then (3.1) presents a singularity at g = 0. Such a singularity has been
eliminated in (3.2).
The existence of the integral on the right hand-side of (3.1) is justified by the following
result.

Proposition 3.2 Let x =: (x1,...,%,) € (0,00)", r > 0 and c¢,d,q > 0, with d — ¢ > 0. Then
0 < B (x; q) < B(x) and so, B (x; q) is well-defined.

Proof By Remark 1.2(ii), we have
T e q n(t)) S
o<[]e&"F (c;d;———r— <1 (3.3)
1_1[ IO R 1_1[

Integrating (3.3) side by side over ¢ € E,_;, with the help of (1.10) and (3.1), we get the
desired result. O

The basic properties of Bﬁc'd)(x; q), analogous to (1.12) and (1.13), are embodied in the

following result.
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Proposition 3.3 Let x, ¢, d, r, and q be as previously.
(i) The following relationship holds:

B (x;q) = B (x%;q),

where we set x* =: (X:(1),...,%z(n)) for any permutation t of the set {1,2,...,n}.
(ii) We have

n
Y B +eiq) = B (),
j=1

where (ey, ..., e,) refers to the canonical basis of R".

Proof (i) Let y =: (X1,..., %, ..., Xy ..., %) and z = (X1,..., %k, ..., % ..., %,). It is enough to
show that B{“? s q) = B (z; q) for any j, k such that 1 <j < k < n. We consider the fol-
lowing change of variables:

Lo=up, e lj=Upyenos b = Ujy ooy by = Uy, (3.4)

First, it is obvious that 7w (¢) =: ¢1 - - - ¢, = 41 - - - u,, =: 7w (). Further, it is clear that (¢1,...,t,) €

»-1 if and only if (u1,...,u,) € E,_1. Moreover, it is easy to see that the absolute value of
the Jacobian J of the transformation (¢y,...,%,) — (u43,...,u,) defined by (3.4) is given by
I/| = 1. By (3.1), with the standard rules of calculus, we get

t
”i()/q / x,lj‘;lxk 11F1<c,d,— q —rn())dt
Enllll?']k JT(t) q
:/ x, 1 ;Ckl Xj= 1F1(C,d,—L—VM>dM
E,”lwk (u) q
= B“)(zq),

and hence the desired result.
(ii) By (3.1), we have

n n n
1 t)
Bl s :/ £ (e di——T - @ dt,
Sutissn | 5110 (ot

En-1j21 i=1,i% q

or, equivalently,

nlll

ZBﬁd(x+e,,q)—/ l_[tx’ (Zt,)ll-"l(c, s — ?t) n;”)dt.

Since Z}il t; = 1, we then get the desired equality, completing the proof. g

Another property concerning B (x; ) reads as follows.
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Theorem 3.4 Let x, ¢, d, and q be as above. Assume that c,d — ¢ > 0. Then we have

1
I —_L c)/ w1 - w)™ 7 B(x; qu) du, (3.5)

LT (d-c¢) Jo
where B(x; qu) is defined by (1.14).

Proof By (3.2) and (1.8), we have

xi— q
/En l_[t 1F1<c, ; n(t))dt

1 =1

F(d) ‘ xi—1 /1 -1 d—c-1 —2%
_— L u(1-u)"e 0 du } dt,
I'(oI'(d -c) En_l{!_l[ 0

where, as before, dt = dt, - - - dt,,_; and 7 (¢) = t; - - - £,,. By virtue of the uniform convergence

B (xiq)

of the involved integrals, we can interchange their orders and obtain

I'(d) ! -
B(C’d)(x; ) = f 1 u) d c-1 txz du,
P TOrd-o b . 1_1[
which, when combined with (1.14), immediately implies (3.5). O

4 Inequalities involving B{“(x; q)
This section deals with some inequalities involving the beta function of the first kind. Our

first main result in this section is recited in the following.

Theorem 4.1 Letc>0,d —c¢>0,q >0, and r > 0. The following inequality:
(B +y;:9)” < B(2x9)B (23.q) (1)

holds for any x,y € (0,00)". Therefore, the real-valued function x B“? (%; q) is convex on
(0, 00)™.

Proof Letx = (%1,...,%1), ¥ = (¥1,...,¥n) € (0,00)" and set

w(t) =: 1F; (c;d;—% - r?)

By Remark 1.2(ii), we have w(£) > 0. Then we can write

2
(Bic,d)(x_'_y;q))Z _ (/ <l—[ i 1/2 () 1/2) (thl 1/2 (t))1/2> dt)
Ep1

This, with the Cauchy—Schwartz inequality for integrals, yields

(cd 2x;-1 2yi-1
(B (x+9y:q /E l_[ L t)dt 1_[ £

n-1 j=1 Enlll
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Hence (4.1). Now, let us remark that (4.1) is equivalent to

x+y 12
Bﬁ"’( 5 ,q> (B (s 9B (i)

This, with the arithmetic—geometric mean inequality vab < %a + %b valid for any a,b > 0,
implies that

X+ 1

B (2250) < ZBeq) + S B 3.
2 2 2

We then deduce that x — Bﬁc’d) (%; ) is mid-convex. This, with the fact that x — Bﬁc’d) (xq)

is continuous, ensures that x — Bﬁc'd) (%5 q) is convex. The proof is finished. O

To giving more results, we need the following lemma.

Lemma 4.2 Let a,b > 0. Then the real-valued function z — 1Fi(a; b; z) is differentiable on
R and we have

d
dz 1F1(Il,b Z) = 1F1( + l;b + I;Z). (42)

In particular, one has

d a
d—lel(tl; b;2)| =0 = 3 (4.3)

Proof For the proof of (4.2), see [18]. Since 1 F1(a; b;0) = 1 for any a, b > 0, we then deduce
(4.3). O

Now, we may state the following result.

Theorem 4.3 Letc>0,d—c>0,q>0,andr> 0. Then the following inequalities:

BD(x;q) - 2 LBe1di) (y 4 o) < B (x;q) < B (x; q) < B(x) (4.4)
q

hold true for all x € (0,00)", where we set e =: (1,1,...,1).

Proof By (3.1) and (3.2), with the help of Remark 1.2(ii), we deduce that B(,C’d)(x; q) <
B (x;q) < B(x). We now prove the inequality

B (x;q) — 2 LRestdsl(y 4 o g) < BOD (x; ). (4.5)
q
According to Remark 1.2(i), the map z +— 1Fi(a; b; z) is convex on R, for fixed a,b —a > 0.
Let us recall that if f : R — R is a convex function, differentiable at zy, then we have f(z) >
f(z0) + (z — z0)f"(20) for all z € R. Applying this with f(z) =: 1 F1(c; d; z), and utilizing (4.2),
we obtain

A 0]
1F1(c,d, pp r p )

21F1<c;d;—%> 2—n(t)1F1<c+1d+1 (t)) (4.6)
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Multiplying (4.6) by [, #~! and integrating side by side over ¢ € E,_;, with the help of
(3.1), (3.2), and the fact that 7 (¢) =: ["_, #;, we get (4.5). The proof is complete. (|

It is worth mentioning that (4.5) gives the converse of Bﬁ”‘d) (x%;9) < B“?(x;q). The fol-

lowing result concerns the converse of the inequality B (% 9) < B(x).

Proposition 4.4 Letc>0,d - c>0,q >0, and r > 0. For any x € (1,00)", we have
c cr
B (xiq) = B) - —qB(x—€) -~ Blx +e), @7
q

where, as previously, e =: (1,1,...,1).

Proof By the same arguments as in the proof of Theorem 4.3 and by using (4.3), we get

q 7() c(_qa 70
Fil¢di——— —-r—— | >1Fi(6d;0)+ = | —— —-r——|. 4.8

“(C (0 rq)‘““ “d( w0 g s
Multiplying (4.8) by [/, !, our conclusion then would be similar to that in Theorem
4.3. The details are simple and therefore omitted here. d

In order to give more results, we need to prove the lemma below. Recall that, with ¢ =:

(t1,...,t.-1), we have
mt)=tt1- bty =ti-typ (L=t — - —ty1).
Lemma 4.5 With the above we have

sup w(t)=n".
teEy

Proof We will prove this lemma following two different ways.

First method. Let ay,as, ...,a, be n positive real numbers. The following inequality:

_@tart--+ay

Jaay - a, < — (4.9)
is well known as the arithmetic—geometric mean inequality in # variables. Letting a; =
H,a2 =ty sl = byt = by =t 1 — £ — -+ — 1,1 in (4.9), we obtain J/7(f) < 1, ie,
7w(t) <n " for any t € E,_;. It is clear that the inequality 7(£) < n™” becomes an equality
for (t1,ty,...,t,-1) = (1/n,1/n,...,1/n) € E,_;. The desired result follows.

Second method. Let us first remark that the simplex E,,_; is a compact set of R"! and
the real-valued function ¢ — 7 (¢) is continuous on E,_;. So, the supremum of 7 (£) on
E,_; exists and it is achieved, i.e., max;cg, , 7 (¢£) = w(v) for some v € E,_;. Further, it is
well known that the set of all extremal points of E,_1, as a convex compact of R"1, is
given by Ext(E,_1) = {ep, e1,...,e,_1}, where ¢ is the zero-vector of R"! and (ey,...,e,_1)
is the canonical basis of R"71. It is obvious that 7 (¢) = 0 for any ¢ € Ext(E,_1). This, plus

the equality inf,cg, | 7 () = O, ensures that v will be a critical point of the differentiable
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function ¢ — 7 (¢). We will then find the critical points of ¢ — 7 (¢). Simple computation

leads to
Py n-1 n-1
gzmz(l]q)(L-E:g—%J, l<i<n-1.

! J=Lj#i j=Lji

Then we get
a7 n-1
—(#)=0 = 1- ti-2t;=0, 1<i<n-1.
o Tymeo isis

We have to solve the (n — 1)-equations, namely

n-1
Yo f+2ti=1, 1<i<n-1 (4.10)
j=1j#i

in the unknown (¢1,...,%¢,-1). Thus, (4.10) is a linear system whose matrix is M = I + P where

I'is the identity matrix and P = (p;;) is such that p;; = 1 forany i,j = 1,...,n— 1. If we denote
the euclidean inner product of R"! by (-,-), then it is easy to check that (Pw,w) = (w; +
<o+ w,1)? > 0forany w= (wy,...,w,_1) € R"1. We then deduce that (Mw, w) > |/w/||? for
any w € R""1, where || - || refers to the euclidean norm of R"1, It follows that the matrix
M, which is clearly symmetric, is positive definite and so it is invertible. We conclude that
the linear system (4.10) has one and only one solution. Otherwise, (4.10) is symmetric in
t1,...,t,-1 and therefore its unique solution satisfies ¢; = t, = --- = £,_; =: 7. Substituting
this into (4.10), we get nt = 1 and so the unique solution of (4.10) is (1/n,1/n,...,1/n). In
conclusion, ¢ + 7 (¢) has one and only one critical point v, and we then conclude that v =
(1/m,...,1/n). A simple computation leads to 7 (v) = n™", and the desired result follows. (]

We are now in a position to state the following result which gives a refinement of the
inequality B (x;q) < B(x).

Theorem 4.6 Letc>0,d—c>0,q>0,r > 0,andx € (0,00)". Assume that further q > \/r.
Then we have

B (x;q)

<1F (c; d;—qn" - L) < Fiadi—247) <1, (4.11)
B(x) qn”

where B(x) is defined by (1.10).
Proof The inequalities
1F1 (C;d; —qn" - L) <1Fgd;-24/r) <1
qn”
are immediate since it is easy to check that

—qn - q—;n < 2Jr<0, \Fi(cd;0)=1,
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and the real-valued function z — 1 F; (¢; d; z) is increasing. We will now prove the inequality

(c,d)
B (x;q) " r
W <iF; (C; d; —-qn- — e ) . (412)
By (3.1), we deduce that
t
Bﬁc’d)(x;q) <B() sup 1F, C;d;—i _ ,m , (4.13)
teE, 1 ﬂ(t) q

provided that the involved supremum exists. By (1.8), we have

IFI(M;_L _m>

@) g
I'(d) /1 1 d-c-1 ( q ﬂ(t)>
= u(1-w"expul ———-r—= ) du. (4.14)
FOTd—0) Jo IO
It is then enough to find an upper bound of ¢ — —# - r%, since u € [0,1] and the

exponential function is increasing. By the standard techniques of real analysis, it is easy to
see that if g > \/r and 0 < p < 1 then

sup <—z—r£> __1_,° (4.15)
Oo<s<p\ § q 1Y q

" and so we can write

Otherwise, Lemma 4.5 asserts that 7 (¢) < n~
Eu1 C{(t1s. .o ty1):0<7(t) <n"} = F.

This, with (4.15), implies that

( q n(t)) < q n(t))
sup | ——— —r—— | <sup| ——= —r——=
teEy \ T(E) q teF \ () q
< q s) . r

= sup (———-r—|)=—gn" - .

O<s<n™" S q qn”

Substituting this into (4.14) and then into (4.13), we get (4.12). The proof is finished. O

From the previous theorem, we can deduce the following result.

Corollary 4.7 With the hypotheses of Theorem 4.6, for any u > 0, we have:
/ q""'B“4(x;q) dg < B(x)n"T" D (), (4.16)
0
where T'“D(u) is defined by (2.4). In particular,

o0
/ B4(x;q)dg < Byn T (1),
0
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Proof Taking r =0in (4.11), we get
B (x;q) < B Fy(c;ds—qn”). (4.17)

Multiplying (4.17) by ¢! and integrating side by side over g € (0, 00), we obtain (4.16)
after a simple change of variable. O

Now we will state a result which gives a lower bound of B (x; q).

Theorem 4.8 Letc>0,d—¢>0,q>0,r >0, and x € (0,00)". Then we have

Bsa) | g (d—cidsqn”)e ( ’ ) (4.18)
—_— —cd;gn")exp| - , .
Blxg) ~ 1 g
where B(x; q) is defined by (1.14).
Proof By (1.9), we can write
B i 7T(t)> ( q (t)>
(v g L' ————-r— hb|d-¢d;— +r— ) dt,
51_1[ ( ) g )7 ) q

or, equivalently,

(@) (x 575 | o 1 ﬂ
B; /E,, 1 (nt ) 1F1 (d Gd;—— =0 +r p )dt. (4.19)

Now, by Lemma 4.5, we deduce that

_mly  __r 7 (t)
e 17 >e " and i+r—>izqn”.

n(t) g ~ 7

Substituting this into (4.19) and taking into account that the real-valued function z
1F1(a; b; z) is increasing, with the help of (1.14), we get (4.18), and the proof is finished. (]

We have the following result as well.

Corollary 4.9 With the hypotheses of Theorem 4.8, for any u > 0, we have:
oo
/ r 1B (x; q) dr > (qn")“T (w)B(x; )1 F1 (d — ¢; ds qn™). (4.20)
0
In particular, if u = 1, one has

/ Bﬁc’d(x; q) dr > qn"B(x;q)1 F1 (d -¢d; qn”). (4.21)
0

Proof Multiplying (4.18) by r*~! and then integrating over r € (0, 00), we get

oo o0 r
/ 1B (x; q) dr > B(x; q)1 Fy (d-c;d;qn") / rreTam dy. (4.22)
0 0
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Making the change of variable ¢ = % in (4.22), with some simple manipulations, we get
(4.20) and then (4.21). O

The following result may be stated as well.

Theorem 4.10 Letc¢>0,d—-c>0,q>0,r >0, and x € (0,00)". Then we have

(cd)

B; )

B wa) . p (c; d;—i). (4.23)
B(x; q) qn”

Proof Again by (1.8), we have

WA B0
1F1(C,d, ﬂ(t) r 7 )

_ T b d—c-1 q m(2)
" TOrd—o /0 u = (1-u exp(—um> exp(—urT) du.

By Lemma 4.5, we have, for any u € [0,1],

exp(—u%) > exp (—#) and exXp (—Lﬁ"?) > exp <_uq:1”)

Substituting these into the following formula:

(c,d) i—1 1 @
Br /En Ht 1F1<C,d ]'[(t) )dt

L =1 q

with an argument of uniform convergence of the involved integrals, we get

iq c-1 1-— d—c-1 _ L
a) = r(c)F(d c)/ (o ew ( )
tx’ ex
/En : 1_1[ p( n(t ))
Whence (4.23). The proof is finished. O

Finally, we state the following corollary.

Corollary 4.11 With the same hypotheses as in Theorem 4.10, for any u > 0, we have:
oo
/ r'BE (x;q) dr > (qn”)“B(a; )T (w), (4.24)
0
where T“D(u) is defined by (2.4). In particular, if taking u = 1, one has

o0
/ B“(x; q) dr > qn"B(x; q)T D (1).
0
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Proof 1f we multiply (4.23) by 77! and then integrate over r € (0, 00), we get

o0 oo r
/ r”’lBic'd(x; q) dr > B(x; q) / M LUF <c; d; ——) dr. (4.25)
0 0 qn”

Making the change of variable r = gn"t in (4.25), we get

o0 [e¢]
/ r 1B (x; q) dr > (qn")"B(x; q)/ "1 Fi(c; d; —t) dt.
0 0
Hence (4.24). O

5 Generalized beta function of the second kind
This section deals with another generalized beta function in # variables. In what follows,

we need to use the following notation:

X = (X1, %), a=:(ay,...,a,), o= (ag,...,0),

ﬁ:: (,Blw"ugn)» p= (P1:~~-’Pn)~
The central definition of this section is given in what follows.

Definition 5.1 Let x,, 8,4 € (0,00)", and p € [0,00)". The generalized beta function of
the second kind is defined by

n
xie a; t;
B (x;.a) :1/ [1aF (aﬁﬂi;_t_l —Pi—l) dt, (5.1)

En-1 i i

where we set dt =: dt;--- dt,_1 and t, =: 1 — Z;‘:‘f t. If p = 0, we simply write B“P)(x; a),

ie.,

u . a;
B("'ﬁ)(x; a) =: 1_[ tf’ 11F1 (051’;,31’; —t—l> dt. (5.2)

En-1 421

Some special cases are included in the previous definition:

e If @ = B and # = 2 then (5.2) coincides with (1.4).

e Ifa =B and p =0 then (5.1) is exactly (1.15).

e Ifa=p,p=0and a— 0then (5.1) and (5.2) are both reduced to (1.10).

As for the generalized beta function of the first kind, one can easily check that the in-
equalities 0 < Bl(,a’ﬁ)(x; a) < B(x) hold for any x,«, 8 — o, a € (0,00)" and p € [0,00)". This
justifies the existence of the integral defining B;,“’ﬂ )(x; a) through (5.1).

The basic properties of B;,“'ﬂ \(x%;a), analogous to those of Proposition 3.3, are embodied

in the following result.

Proposition 5.2 Let x, a, B, a, p be as previously.
(i) We have the following relationship:

Bl(f‘”s)(x; a) = B;i*’ﬂ*) (x*;a%),
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where T is any permutation of the set {1,2,...,n} and p* =: (p:q),...,Pr()), With similar
settings for o*, B*, x*, a*.
(ii) The following relation holds:

n
ZBI(,“"S)(x +e;a) = B;“'ﬁ)(x; a),
i=1

where (ey, ..., e,) refers to the canonical basis of R".
Proof Similar to that of Proposition 3.3. The details are left for the reader. O

Following the uniform convergence of the series (1.7), we can interchange in (5.1) the
series and the integral. This shows that (5.1) is well defined, i.e., the involved integral is
convergent. Further, such an integral is uniformly convergent in any compact set included
in the interior of E,_;. This implies that we can take limit and differentiation under the

integral sign of (5.1). In particular, we have

lim B“P)(x; a) = B*P)(x; a), (5.3)
p—0 p

where B“P)(x; a) is defined by (5.2).
The following result justifies that B},mﬁ (% a)isa generalization of the extended beta func-
tion B(x; a) in n variables defined by (1.15).

Proposition 5.3 For any «,x,a € (0,00)", we have
B(x;a) = lim Bg"“")(x; a) =: B (x;q).
p—0

Proof By (1.7), with the help of (5.3) and (5.2), we have for any i = 1,2,...,#,

[o¢]
a; (~ailt)™
1F1(Oli;05i>—?)=ZT=e .

t m=0

This, with (1.15) and (5.1), yields the desired result. O

6 Inequalities involving B,(:"ﬂ)(x; a)
In this section, we will discuss some inequalities involving the generalized beta function
of the second kind. We begin by stating the following result.

Theorem 6.1 Leta,a, —a € (0,00)", and p € [0,00)". Then the inequality
2
(B;f"ﬂ )(x + ¥; a)) < Bl(f"ﬁ ) (2x; a)BI(j"ﬂ )(2y; a)
holds for any x,y € (0,00)". Thus, the real-valued map x — Bﬁ,“’ﬁ)(x; a) is convex on (0,00)".

Proof Using similar arguments, it is analogous to that of Theorem 4.1. We left to the reader
the routine task for formulating this proof in a detailed manner. O

We now state the following result which gives an upper bound of Bl(ft‘ﬁ (% ).
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Theorem 6.2 Let x,a,a, —a € (0,00)", and p € [0,00)". Then

(e,8) n
B, " (x;a) —a i
pBT 5[1[6 a’1F1<ﬂi—O(i;ﬂi;(li+‘Z—i), (61)

where B(x) is defined by (1.10).

Proof Since the real-valued function z — 1F;(a; b;z) is increasing and 0 < ¢; < 1 for any
i=1,...,n,wehave

n
o t;
B (x;a) < / Hff' ') (Oli;ﬁi; —a; —Pia—l) dt.

E, 1 i-1 i

This, with (1.9), implies that

n
- t; ¢
B (x;a) < / H g eXP(-m —Pi—l)1F1 (ﬁi — o B ai +Pi—l> dt. (6.2)
a; a;

Ep1 i i

AgainwithO<t; <1fori=1,...,n,itis clear that

& ki »
exp(—ai —pi—l) <e“ and a+pi— <a;+ i (6.3)
a; a; a;

Substituting (6.3) in (6.2), and using again the fact that z — 1 F(a; b;z) is increasing, we
get (6.1), and the proof is finished. O

We have the following result as well.

Theorem 6.3 Let x,a,8 —« € (0,00)", and p € [0,00)". For any u =: (u1,...,u,) € (0,00)",

there holds:
" i
/ [ [ai " e ByP (x;0) da < B)D P (w), (6.4)
(0,00 ;1

where da =:da, - - - da,, and F;,“'ﬁ)(u) is defined by (2.3).

Proof By (1.9), (6.1) can be written as follows:

n n )
Béa'ﬁ)(x; a) < B(x)l_[e 4 F (ai;ﬁi; —a; - &),

a:
i=1 g

or, equivalently,

n v )
1_[ e Béa’ﬂ)(x;ﬂ) < Bx)1F1 (ai; Bis—ai - %) (6.5)
i=1 !

Multiplying (6.5) by [ ], a;’"*l and then integrating with respect to a =: (a4, ...,a,) over

(0,00)", with the help of (2.3), we get (6.4). The proof is finished. O
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The following corollary tells us that the map a — Bz(ft’ﬁ )(x; a) is integrable on (0, c0)”
provided that I‘I(f"ﬂ )(e) < .

Corollary 6.4 Let x, «, B, p be as in Theorem 6.3. Then we have

bi
0=) BSP)(x;a) da < / e B"P (x;a) da < B(x)I'\)(e). (6.6)

(0,00)" (0,00)"

Proof Taking u =e=:(1,1,...,1) in (6.4), we get the right-hand side inequality of (6.6).
The left-hand side inequality of (6.6) is immediate, since e”/* > 1 and B;,a’ﬁ )(x; a)>0. O

Now, we state the following result which concerns a lower bound of B;f"’g )(x; a).
Theorem 6.5 Let x,a,a, —a € (0,00)", and p € [0,00)". Then we have

(a,B)
B, H
(x “) | | e a’ lFl —a; B m;), (6'7)

where B(x;a) is defined by (1.15) and m; = max(2,/p;,a;). If, moreover, a; > \/p; for any
i=1,...,n, then (6.7) can be refined as follows:

B(Olf3 (x7a)
pB(xi,a) 1_[3 a' lFl (/3! Aj; ,3,,6!, i)' (6.8)

Proof By (1.9), (5.1) can be written as follows:

a t:
(@B) ( y Xi= -pi i
BP (x’ ﬂ) = /En X (Ht )e ¢ lFl (:8 (o73 ;Blr _; lﬂ[) dt. (69)

It is easy to see that ”’ +p, > 2./pi. Further, since 0 < ¢; <1 for any i = 1,...,n and the

real-valued map z — 1F1 (a; b, z) is increasing, we have

pid . ai t'
e Y >e “ and 1F1 ,3[ — O ,3,'; t_ a 1F1 (ﬂ — U ,31; max(Z\/_l,a ))
i i

Substituting these into (6.9), with the help of (1.15), we get (6.7).

Now let us remark that we have

. a t p
ith & > I N P
(a,p>0witha > ./p) = 01<rt1<1(t +pa) a+ »

Hence (6.8). The fact that (6.8) refines (6.7) is immediate and the proof is finished. O

We have the following result as well.
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Theorem 6.6 Let x,a,a, —a € (0,00)". For any u =: (uy,...,u,) € (0,00)", we have

/ {7 B (x;a) dp
(0,00)" ;4
zB(x,a)r(u>(]"[a:‘>]"[1F1<ﬂ ;s Bis i), (6.10)
i=1 i=1

where we set dp =:dp; - - - dp, and T (u) is defined by (2.2). In particular, ifu =e=:(1,...,1)

then one has

/(o,oo>n Bl(ga,ﬂ)(x; a)dp > B(x, a) <l_[ m) 1_[ 1F1(B; — ai; Bis ;). (6.11)

i=1 i=1

Proof Multiplying (6.7) by ]7, p"", we obtain

n n n

[[7i'BePwa) = Bwa) [ [ o e [ [1F1(Bi - e B ). (6.12)

i=1 i=1 i=1

By integrating (6.12) with respect to p € (0,00)", we get

(@8) (s
/ 4B (3, 0) dp
(0,00)" i=1
n
> B(x,a )l_[lFl(ﬂ o;; Bis a / l_[pul le_pl/ﬂl (6.13)
i=1 0,00

Making the change of variables p; = a;v;,i = 1,...,nin the right-hand side integral of (6.13),

we obtain

/ l_[P (“ B)(x; a) dp
n n "
= B(x,a) 1_[ 1Fy(Bi — a3 B ai) 1_[ ”?i / 1_[ V?ifle“’idv.
i=1 i=1 (0,00)" ;1

Hence (6.10). Taking u; = 1;i = 1,...,n in (6.10), we get (6.11). The proof is complete. [
The following result may be recited as well.

Theorem 6.7 Let x,a,a, 8 —« € (0,00)", and p € [0,00)". Then we have

B(a /3)

= (m) ]_[ 1Fy (a,, Bis— —> (6.14)
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Proof By (1.8), we have

i

a; ti
1F1 (ai;ﬂi;—? —Pi—) (6.15)
1

1 aj 1
- L./ u*i (1 - u)ﬂ"_“"‘le_f_f”e_p";_li“du.
Ia)C (B — i) Jo

Since0<¢ <1foranyi=1,...,nand u € [0,1], one has

a; a; .
_%iy, i pi

_4 b _bpi
eti">e % and eliu">e 4",

Substituting these into (6.15) and then into (5.1), we get

n
(@) (y 5i-1 -7
Bpaﬁ(x,a)z/l;n Hti e T dt

=1

n F(ﬁz) 1 ai—1 Bi—ot;—1 —%u
T, oy |, w7 -wrecte

This, with (1.15) and (1.8) again, yields (6.14). This completes the proof. a
We end this section by stating the following result.

Theorem 6.8 Let x,a,a, 8 —« € (0,00)". For any u =: (uy,...,u,) € (0,00)", we have

- n
/; | l—[p;"i—lB;%ﬂ)(x; a)dp > B(x, a)r(a,ﬁ)(u) l—[ “?i»
0,00)"

i=1 i=1

where T'“P)(u) is defined by (2.4). In particular, takingu = e =: (1,1,...,1), we get

n
/ B (x,a)dp > B(x,a)T“P(e) [ | as.
000

i=1

Proof Itis similar to that of Theorem 6.6, by utilizing (6.14). We therefore leave the details
for the reader. O
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