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1 Introduction

In 1893, the H-H inequality was established for a convex function g on a given interval
[d1,d>] in [1]:

50(cil +dz) 1 /d2 < pldi) + plda) (11)

2 ) g4 ), PO 2
The study of the H-H inequality have been attracted the attention of many scholars. In
recent years, many refinements, generalizations, and extensions have been made to the
inequality (1.1); we advise the interested reader to visit the published papers [2—8] and the
references cited therein.
After the H-H inequality and in 1960, Opial [9] established another important integral
inequality, called in the literature Opial’s integral inequality, which is as follows:

12 13
/0 |5O(S)Ka’(S)|dss% /0 (9'(s))" ds, (1.2)

where p(s) € C1[0, 1] with ©(0) = (1) = 0 and g(s) > 0 for s € (0, 11). A best possibility
here is Z.. Inequality (1.2) with their extensions play a great role in analysis and its appli-
cations. The interest in inequality (1.2) comes from their mathematical structure. Many
results concerning the generalizations and extensions of this inequality have been estab-
lished; see [10-17].
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The inequalities (1.1) and (1.2) have been proved not only for the ordinary order but also
for various fractional models, for example, the Riemann—Liouville model, the Atangana—
Baleanu model, the tempered fractional model, the Caputo—Fabrizo model, and the con-
formable model; see [18—22] and the references therein.

The use of dynamic system to study the continuous and discrete times is well studied, es-
pecially for the real-world modeling issues. It is better to check if structures can be given
that encourage us in integrating all dynamic systems at the same time to derive a supe-
rior and perspective comprehension of the contrasts between continuous and discrete
domains. In fact, constructing a correlation between discrete and continuous situations
is the primary aim of dynamic equations on time scales. It is well known that the theory
of time scales was originated by Hilger in his Ph.D. thesis [23]. After that, this setting was
evolved by many researchers, for more details refer to [24, 25].

Over the recent couple of years, there has been growing interest in the study of dynamic
inequalities on time scales and this has become an important field in applied and pure
mathematics; see for details [25-30].

This article is devoted to establishing some dynamic H-H and Opial inequalities on time
scales. The obtained inequalities will extend some known integral inequalities, and extend
and unify some continuous inequalities.

The article consists of five sections. Section 1 is for the introduction. In Sect. 2 we
present basic concepts and preliminaries of time scale notations, and in Sect. 3 we discuss
and derive some dynamic inequalities of H-H on time scales. Opial dynamic inequalities
will be discussed in Sect. 4. Section 5 concludes the article finally.

2 Preliminaries

This section deals with recalling time scale notation and basic lemmas on Steffensen in-
equalities on time scales. Let R be the set of real numbers, then a time scale Ty is a
nonempty and closed subset of R. For ¢ € Ty, the forward and backward jump operators
o,p: Ty — Rare, respectively, defined by

o()=inflneTo:n>1} and p()=sup{neTo:n<t}.

We define the graininess function g : To — [0,00) by (1) = o () — t. An element ¢ € Ty is
said to be left-dense if p(t) = ¢ and left-scattered if p(¢) < ¢, and right-dense if o (¢) = ¢ and
right-scattered if o (1) > 1. The set To is defined to be Ty if it has a left-scattered maximum
2, then Tok = T - {§92} otherwise Tok = Ty. For further information on these notions we
refer the reader to Refs. [24, 25].

Definition 2.1 ([25]) Assume that g : To — R is a real-valued function. Then we say g is
R'D-continuous on R if its left limit is finite at any left-dense point of T, and it is contin-
uous on every right-dense point of Tj.

Definition 2.2 ([25]) Assume that o : Tp — R is a real-valued function. Then we say g
is £LD-continuous on R if its right limit is finite at any right-dense point of T and it is
continuous on every left-dense point of T.

Theorem 2.1 ([25]) Let dl,dz € T() with dl < dz. Let 1,62 - [dl,d2]T0 — R be A-
integrable functions such that ¢, of one sign and decreasing and 0 < g(s) < 1 for each
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s € [d1, d>]1,. Also, suppose that V1,0, € [d1,ds ], such that

dy
@—ms/ or&)As <Dy —di,  if pr(s)> 0,Vs € [dr, daly, 2.1)
dy
dy
m—ms/ pr&)As <dy— D1, if pr(s) < 0,Vs € [dr, dily, 2.2)
dy
then
dy dy Dy
/ m@Ms[ @@m@mff o1(5)As. 2.3)
91 dy dy

Theorem 2.2 ([25]) Let di,dy € Ty with dy < dy. Let 1,9, : [d1,d2]t, = R be V-
integrable functions such that ©, is of one sign and decreasing and 0 < g,(s) < 1 for each
s € [d1, d>]1,. Also, suppose that V1,0 € [d1,ds]r, such that

dy
dy -1 < / 2(8)Vs <y —di, ifpi(s)>0,Vs e [d,ds]r,,
d

1

dy
Uy —d; < / 2(8)Vs <dy -1, ifpi(s) <0,Vs e [dy,ds]r,,
d

1

then

dy do Do)
/ m@WS/ m@m@WS/ 91(8)Vs. (2.4)
9 dy d

1 1

Theorem 2.3 ([25]) Let di,dy € To with di < dy. Let o1, : [d1,d2]t, = R be A-
integrable functions such that g, of one sign and decreasing and 0 < ,(s) < 1 for each
s € [dy,ds]1,. Suppose that

dy
A= / §2(s)As  provided that dy — A, dy + A € Ty,
d

1

then
dy dy dy+)
/ m@Ms/ m@m@MS/ 1(s)As. (2.5)
d d

PR d1

Theorem 2.4 ([25]) Let di,dy € Ty with di < dy. Let 1,9, : [d,do]t, = R be V-
integrable functions such that g, of one sign and decreasing and 0 < ,(s) < 1 for each
s € [dy,ds]1,. Suppose that

dy
A= / §2(8)Vs  such that dy — A, dy + A € Ty,
d

1

then

dy dy dy+A
/ P1(s)Vs < / P1(s)g2(s)Vs < / #1(s)Vs. (2.6)
d d

PR dy
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Theorem 2.5 (A-integration by parts [24, 25]) Let 1, : [d1,da]t, — R with o1, €
Crp and dy,dy € To. Then the integration by parts in the sense of A is formulated as
follows:

dy dy
fd 21 &)92(5) A8 = pr(5)0a(6)|% - fd P2 e (5)As, 27)

Theorem 2.6 (V-integration by parts [17, 24, 25]) Let g1, 95 : [d1,da]1, = Rwith 1,9 €
Ccp and dy,dy € To. Then the integration by parts in the sense of V is formulated as fol-
lows:

dy dy
[ 000 0vs = 00018 - [ ol @t 238)

dy

Definition 2.3 ([31]) Let dy,d; € Ty with d; < d,. A function o : To — R is said to be
convex on T, if

o (0dy +(1-9)ds) <9p(dr) + (1 -9)p(da)
holds for each ¢ € Toy, 4,) < [0, 1].
3 Dynamic H-H inequalities

Theorem 3.1 Let g : [dy,ds]t, — R be convex and monotonicand d,,d, € Towithd, < d,.
Suppose that also V1,9, € [d1,ds]t,, then we have

, (3.1)

U + 1 B 2p(d1) — (V1) — p(92) + 2p(da)
7(s)A
50( 2 )Sdz—dlfdl p"ls)as < 2

such that @, 012;02 € Ty and

di + 3d.

- ; 2, if p is decreasing,
di +3d

01,09 < — 1 2 ifg is increasing.

Proof Suppose that g is decreasing and convex. It follows that p® < 0. Set ¥, := —p?,
then it is clear that W; is decreasing and W; > 0. If we choose W;(s) := %, we see that
0<W,(s) <1foreachse [%, d,]. Now, by making use of inequality (2.1) with g,(s) =

Ao
Wy(s) = —2;23 dj) , we get

dz—dl <192_d1+d2

dy—1 <
2 1= B

This implies that 9, 9, > @. Thus, ¥; and W, satisfy the hypotheses in Theorem 2.1
and therefore

dy dy Lp)
W (s)As < W (s)Wsr(s)As < Wy (s)As. (3.2)

1
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By using A-integration by parts (Theorem 2.5), we have

dy dy
f w1<s>%(s)As=ga(d”d2) 2 ﬁ 9 (5)s.

@ 2 dz—dl %‘12

Then, by making use of the above and the fact fxxlz W (s)As = p(x1) — () in the inequality

(3.2), we get
dl + d2 2 dy dl + d2
h) —pldy) < - T(s)As < — p(1,).
©1) - p( 2)_60< 5 ) dz_dlﬁ%dzso(S) s=p|— £ (02)
This simplifies to
% (dh) + p(d>)
p) < —— [ po(s)as < TETERL o) - p(wy), (3.3)
dy —dy Jazh 2
where we used the convexity of p to get p(dlgdz) < @(dl);@(@).
On the other hand, if we choose W3(s) := %, we see that 0 < W3(s) < 1 for each
seld,d ;dZ ]. Again, by making use of inequality (2.1) for the new W3(s), we find
di +d dy—d
1; Lo <2 <0, dh.

This implies that 94, 9, > % < @. Thus, ¥; and W; satisfy the hypotheses in The-

orem 2.1. Then, by using the same technique as used above, we can deduce

dy+dy

2 di+d

p() < / ©°(s)As < p(dy) + ga( : 2) - ().

dZ - dl d1

By convexity of g, it follows that
— (d1) + (d)
+

o)) < 97 (8)As < p(dy) + LTI o), (3.4)

dy—di Ja, 2

Adding inequalities (3.3) and (3.4) together and simplifying the result we get

0 (92) + p(91) 1 “o 20(d1) +20(dy) 9 (02) + p(D1)
5 Sd2—d1./dl £7(s)As < 5 - 5 .

Vo +0 D 0
2; 1) < o 2);1@( 1))

and rearranging the terms, we get the desired result. g

Again, by using the convexity of g (we see g( for the last inequality

Corollary 3.1 Theorem 3.1 with ¥ = ¥ = % gives the new inequality

dl + 3d2 1 & 260(61’1) + 28@(6{2) dl + 3d2
T(s)A - . .
KJ( 2 )Sd2—d1./dl £7(s)As < 5 o\ =2 (3.5)

Page 5 of 11
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Theorem 3.2 Let p : [dy,d;]t, — R be convex and monotonic and dy,ds € Ty withd, < dy,
then we have

dy +d, 1 % o 2¢(d1) + 26(d) dy +dy
o™ )fdz_dlfdl o< WELZD o (A2R)

such that @ e T,.

Proof Suppose that g is decreasing and convex. It follows that p® < 0. Let ¥, := —p2,
do—s

Ddr» We see that

then we see that W, is decreasing and W; > 0. If we choose W;(s) :=
0 < W,(s) <1 for each s € [d1,d,]. Moreover,

d _
A::/ Wy (s)As = d—di
d 2

It follows that dy + A =dy — A = @ € Ty. Thus, ¥; and W, satisfy the hypotheses in
Theorem 2.3 and therefore inequality (2.5) holds true for ¥; = —p* and Wy(s) = da=s

dy—di*
dy dy dl;dZ
/ W (s)As < / W (s)Ws(s)As < / W, (s)As.
R d dy
2
By making use of integration by parts and the fact fxxlz Wi (s)As = p(x1) — g(x2), we can
deduce
dl + d2 dy dl + dz
—o(dy) < pldy) - ?(s)As < p(dy) - ,
@( ; ) Pl < p(d) - 7 /d o7 ()as < pd) -
which rearranges to the desired result. O

The above results can be obtained for the V case by using Theorems 2.2 and 2.4, respec-
tively.

Theorem 3.3 Let p : [dy,dy]t, — R be convex and monotonic and dy,ds € Ty withd, < d,.
Suppose that also O, € [dy,d,]t,, then we have

B + 1 & 20(d)) — p(91) — p(92) + 2(d
o 1t v < / ©°(s)Vs < p(d1) — p(01) — p(2) + 26( 2), (3.7)
2 dy —dy Ja 2
di+dy D1+
such that =572, =522 € Ty and
di +3d
01,0 > — J:L 2, if o is decreasing,
d +3d
91,05 < — -; 2, ifp is increasing.
Corollary 3.2 Theorem 3.3 with 1 = ¥, = d‘fdz gives the new inequality
dl + 3d2 1 dy 260(61’1) + 28@(61’2) dl + 3d2
< ’(s)Vs < - . 3.8
KJ( ) >_d2_d1/dlz50(S) s < 5 2l (3.8)
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Theorem 3.4 Let p : [dy,d;]t, = R be convex and monotonic and dy,ds € T withd, < dy,
then we have

dl + dz 1 da 0 250(611) + 25@(612) dl + dz
\Y% - , .
@( ; )Sdz—ah/dl pr(s)vs = o (39)

such that @ e Ty.
4 Dynamic Opial inequalities

Theorem 4.1 Let O, € Ty. For a delta differentiable and increasing function & :
[0, ]ty = R with (0) = 0, then

|5O(M)i(|p(m| - ‘p(%)’) = /OM|BO(S)||6OA(S)IAs§ !p(u)|'5o(%)

with equality when ©(s) = cs, for some c € R.

, (4.1)

Proof Let Wy(s) := |9 (s)|, then W;(s) > 0 for all s € [0, ju]. Taking Wy(s) := I‘g((;))‘l and since

g(s) is an increasing function on [0, ], we see that 0 < W,(s) < 1 for each s € [0, u]. Thus,

W, and W, satisfy the hypotheses in Theorem 2.3. Hence

I

" un 2
‘/ﬁ \Iﬁ(s)Asf/o \I/l(s)\llg(s)Asﬁ/(; Wy (s)As.

2

So,

I
2
0

m
02 (s)| As < @/0 \p(s)||pA(s)|Ass/ %) s.

m
/;
2

By making use of integration by parts and the fact

’

/ ’ Wi (s)As = |p(as)| - |@(a1)

ai

we get

1 14
lo(w)| - ‘go(%)‘ < |W)'/O 9(s)||p2 (s)| As < ‘p(%)‘ ~ 9. (4.2)

Multiplying inequality (4.2) on both sides by the factor [p ()| > 0 and from the condition
(0) = 0 we obtain the desired result (4.1). Now, let po(s) = cs for some ¢ € R. Then p?(s) =
c and it is easy to check that equality holds in (4.1). The proof is complete. d

Theorem 4.2 Letd,,d, € Toandd, < d». Assume that p, p°, p» € Crp([d1, ds]t1y,R) and
p>1.Then

1

dy 1% dy r
(/ |so(s)+p“(s)|"|pﬁ(s)|As> §</ |p(s)|P|@A(s)|As)
dy dy

dy 1%
+</ |&>”(s)|p|@A(s)|As>. (4.3)
d1
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Proof Note

d
L|@@+pﬂwmpNMAs
doy .
=L 196 + 97 G |0(s) + 97 ()| |9 (5)| As
ds B
s/ 19() + 976" 9(5)] |92 (6)] As
dy

ds B
+f 9 + 76" |9°9)] |92 9)| As.
dy

Applying the Holder inequality, we get

dy
Lé\p@+p%wmpﬂwms

o i/ [® »
5(/ qmw+@%@V)ﬂpHmAQ (/|9@FWHMAQ
d dy

dy
1

o 1( (% )
+</ (|o(s) + 97 (s)[” )qlpA(S)IAs> (/ |@“(s)|"|@A(s)|As>
d dy

dy
1

1

dy 7
= (/d Ip(S)+50"(S)|p|50A(S)|AS)

“ zlﬂ d zlﬂ
Pl A p P A
([ el wlas) ([ erwrlereias)” |

Therefore

dy 2
(L|@@+p%wﬂpHMAQ
doy 1—%
=(£\p@+p%@HpNMA§

@ » da i
f[(&\@®FWHWAQ +(le%@mpMmAg }

which is the desired inequality (4.3). The proof is completed.

By making use of Theorem 4.1 and the well-known inequality

|dy +dylP <207 (|1 + |dolf), p=1,

we can obtain the following result.

Page 8 of 11
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Corollary 4.1 Let 0, u € Ty. Assume that g, 9, > € Crp([0, ult,, R). For a delta differ-
entiable and increasing function g : [0, u]t, — R with £(0) = £°(0) =0 and p > 1, then

n
/O () + 97 ()| |9 ()| As < 27!

H o
o(%)| (et + [P, @)
By making use of Theorems 4.1 and 4.2, we can deduce the following inequality.

Corollary 4.2 Let 0, u € Ty. Assume that p,9°, > € Crp([0, ul1y, R). For a delta differ-
entiable and increasing function g : [0, ult, — R with (0) = 9°(0) =0 and p > 1, then

. ! )
([ 100+ @Pioolas)” < o (4 )] (o0l + 5700, “5)

The above results can be obtained for the V case by using Theorems 2.2 and 2.4, respec-

tively.

Theorem 4.3 Let 0,0 € Ty. For a nabla differentiable and increasing function g :
[0, ]ty = R with (0) = 0, then

n
w6l (ool - |o(5 )[) = [ Io@lle*®1vs < puol|o( 5 )

with equality when (s) = cs, for some c € R.

, (4.6)

Theorem 4.4 Letd,,dy € Ty and d, < dy. Assume that o, p°, 9" € Crp([d1, ds]ty,R) and
p>1.Then

do [l’ dy 117
([T1o0 6o 615s)" < ([l 5" o1vs)
d &
d 1
+</d !KJ"(S)!”\&OV(S)!VS). (4.7)

By making use of Theorems 4.3 and 4.4, we can deduce the following inequalities, re-

spectively.

Corollary 4.3 Let 0, u € Ty. Assume that o, ", 9" € Czp([0, n]l1y, R). For a nabla differ-
entiable and increasing function @ : [0, u]t, — R with ©(0) = £*(0) = 0 and p > 1, then

: 1% 1%
([ w+ererieoims) < lo(%)] (00« o). m

Corollary 4.4 Let O, u € Ty. Assume that g, ", oY e Crp([0, iltys R). For a nabla differ-
entiable and increasing function @ : [0, u]t, — R with ©(0) = £?(0) = 0 and p > 1, then

/M|p(s) +9"(s)| |97 (s)| Vs < 227
0

p(%)]qp(mr’ + 7o), ®9)
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5 Conclusion

In this article, by making use of the well-known dynamic inequalities, a dynamic version of
integration by parts and chain rule formulas, we obtained some useful dynamic H-H and
Opial inequalities on time scales. The derived inequalities generalize some well-known
dynamic inequalities in the literature. For this purpose, the reader can see corollaries and
remarks after each theorem of the main results.
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