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1 Introduction
The Oldroyd model for an incompressible viscoelastic fluid is governed by the following
system of equations in R3:

us+u-Vu+Vp = pAu + div(FFT),
Fi+u-VEF=F Vu, (1.1)
divu =0.

Here u denotes the fluid velocity, F := (F;)3x3 stands for the deformation tensor, p repre-
sents the fluids pressure, and p > 0 is a viscosity constant. The system (1.1) is also called as
the viscoelastic Navier—Stokes equations. It have been studied by many authors (see [1-7]
and the references cited therein) since the pioneering work of Renardy [8] and Baranger et
al. [9]. There have been several interesting works on the initial value problem of (1.1), for
instance, the short time existence of a smooth solution and the global existence of a smooth
solution that is initially small have been established in various settings [10—12]. For large
(rough) initial data, the global existence of weak solutions to (1.1) has been achieved by
[13, 14] in dimension two. Recently, Jiang and Jiang [15] proved the global well-posedness
of strong solutions for (1.1) in some classes of large data in dimension three.

The main difficulty in proving the global existence result of the viscoelastic Navier—
Stokes equations lies in the equation of the stress tensor F in (1.1), which does not show
any dissipative mechanism. In pursuing global weak solutions of (1.1), the authors of [11]
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proposed the following system as a way of approximating solutions of (1.1):

u, +u-Vu+Vp=puAu + div(FFT),
Fi+u-VF=vAF+F-Vu, (1.2)
divu =0,

where v > 0 is a damping constant. We call (1.2) the viscoelastic Navier—Stokes equations
with damping. It is not hard to establish the existence of a global in time weak solution
of (1.2) by following the scheme of [16] on the incompressible Navier—Stokes equations.
There are many studies about behaviors of solutions to (1.2), for example, partial regularity
of weak solutions and forward self-similar solutions of (1.2) have been obtained in [17] and
[18], respectively. Chemin and Masmoudi [19] established the global existence of small
solutions to the Cauchy problem. Guillopé and Saut [20] also studied the initial-boundary
value problem of this modified system (1.2). Finally, we would like to mention that the
classical inviscid case of (1.2), i.e., ;£ = 0, is a challenging problem to show the existence of
global classical solutions. In this article, we are interested in studying the Cauchy problem
only with the initial deformation that is a small displacement from equilibrium and the
initial data have some symmetry.

Motivated by [15, 21], we investigate the global existence of the classical solutions to the
following Cauchy problem in R3:

u; +u-Vu+ Vp = div(FFT),
F,+u-VF—-vAF=F-Vu,

(1.3)
divu =0,
M(O, x) = I/l()(x), F(O: x) = FO(x)>
with periodic boundary conditions
xe[-m,m]®=T5 (1.4)
In what follows, we will make a fundamental simplification and assume that
divFT =0. (1.5)

This means that the deformation F has divergence-free columns. It can be obtained by
taking the divergence of the second equation in (1.3), which yields the following equation:

3 (divE") + (u- V)(divF") = vA(divFT).
From the above transport equation, we can obtain that if divFT(x,0) = 0, then divFT = 0
for any £ > 0.

And we assume that

F;;(0,x) is even periodic with respect to x3, i=},

F;;(0,%) is odd periodic with respect to x3, i #}, (1.6)
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moreover,
/ u(0)dx =0, / F;(0)8;dx = a #0. (1.7)
T3 T

Before stating our main result, we shall introduce some simplified notations in this article:

(1) Sobolev’s spaces and norms:
P=1/@)=W(Q),  H =W, k=1l
a < b means that a < cb for some positive constant c,
where 1 < p < 0o and k are nonnegative integers;

(2) Estimates of the product of functions in Sobolev spaces (denoted as product esti-

mates):

I 11llgl forj=0;
fgl; < WA 1lgll2 for0<j<2; (1.8)
IFzlgll; + 1f1lligll for3 <j <5,

which can be easily verified by Holder’s inequality and the embedding inequality (see [22,
Theorem 4.12]).
Under the assumptions of (1.6) and (1.7), now we can state our main result in the fol-

lowing theorem.
Theorem 1.1 Counsider the 3D elastodynamic system (1.3) and (1.4) with initial data satis-
fying the conditions (1.6) and (1.7). Assume that (ug, Fo) € H*(T%) with divug = divE] =0.

Then there exists a small constant € > 0 depending on « such that system (1.3) admits a

global classical solution provided that
lluolls + IVFoll2 < €. (1.9)

Without loss of generality, we assume that & = (277)3, as our results do not change qual-

itatively as v > 0 is varied, so we set
v=1

Obviously, (0,7) is an equilibrium-state solution of the system (1.3). Now, we denote the

perturbation quantities by

where I denotes an identity matrix. By (1.7), we have

/ u(0) dx:/ U0)dx = 0. (1.10)
T3 T3
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Then, (i, U) satisfies the perturbation equations:

U +u-VU-AU=Vu+U-Vu,
u; +u-Vu+ Vp =div(d + UUT),

(1.11)
divu =0, divuT =o,
u(0,x) = uo(x), U(0,x) = Uo(x).
And the properties of initial data (1.6) and (1.7) persist. Indeed,
U;;(¢,x) is even periodic with respect to x3, i=},
U;;(t,x) is odd periodic with respect to xs, i #}, (1.12)
and
f udx = Udx=0. (1.13)
T3 Ts
Setting U; := Ue; for j = 1,2, 3, from the assumption div U" = 0, we have
3
div(uu™) = "(Ux - V)U. (1.14)
k=1

For the system (1.11), now we define the following weighted energies which will enable
us to achieve our desired estimates:

&)= sup (Ju |+ [u@) + [ (Ul + [yl e

Ei(t) = 0supt(l + r)2(||u(r)||f + || L[(r)”?)
+A(1+ﬂ%”uunﬁ+HVuuw@dp (1.15)

The energies above are defined on the domain R* x T2,

The rest of this paper is organized as follows. In Sect. 2, we will derive a priori estimates
of the higher order energy & and lower order energy £;, and we only need to consider the
highest-order norms in each energy estimate due to the condition (1.13) and the Poincaré

inequality. And in Sect. 3, we will prove Theorem 1.1.
2 Energy estimate
First, we will deal with the higher-order energy &. It shows that the highest-order norm

H3(T3) of u(t,-) and U(¢, -) can be bounded uniformly.

Lemma 2.1 Under the condition (1.10), it holds that

Eolt) < E(0) + E32 (). (2.1)
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Proof We divide the proof into two parts. Instead of deriving the estimate of £y(¢) directly,
we will first get the uniform bound of &; which is defined by

Eon(t) = Osupt(||u(r)||§ + U@+ /0 |u@|;de. (2.2)

First, to get the estimate of £y, we apply the V3 derivative on system (1.11). Then, we
take the inner product with V31 in the first equation of (1.11) and also the inner product
with V34 in the second equation of the same system. Adding them up, we get

d
a(nunqu +ullZs) + 1 UN e = My + My + Ms + My + Ms, (2.3)

N =

where
M = —/ u-VV3uV3u +u - VVUV3U dx,
T3

M,y = / divViUuviu + vv3uviu dx,
T3

3
M; = Zc?f/ viu - vy vR U - VR VAR UVA U dx,
k=1 L

3
My = —ZCIB‘ /11‘3 VEu . vV uviud,
k=1

Ms =/ u-vviuviu + v3div(uu")viudx.
T3

First, for the term M, using integration by parts and the divergence-free condition, we
have

M, =0. (2:4)
For the M,, by integration by parts, we get
M, = /T div ViUViu - ViudivViU dx. (2.5)
By using the Holder’s inequality, we have
IMy| < || div V3L | | VPu| , S U alluls. (2.6)
Then applying div to (l.ll)f, where T represents the transpose of the matrix, we find that
—Au=div(U -Vu-u-vVU)¥, (2.7)

where we have used the condition div L™ = 0. From the regularity theory of elliptic equa-
tions [23, 24], thus we get

leells S U - Valla + llu- VU2,

S Ul Nl (2.8)
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Substituting the above inequality into (2.6), we obtain that
M| S UG Nulls. (2.9)

Thus, from (2.9), we obtain

¢ t
/|Mz|dr§ sup Hu(r)HB/ |u@];dr
0 0<t<t 0

< E(). (2.10)
For the term M3, by using the Holder’s inequality and product estimates, we obtain

M) 5 ([VUSu, + [V, + [V2uviul ) [l
< (1Pl 19t + 1Vl V0], + |92 |92 ) |92l

< lulls L3
Hence,
t t 2
/ M) dr < sup [Ju(o)], / || de
0 o<r=t 0
<&, (2.11)
For the estimate of M,, using the Holder’s inequality and product estimates, we have

IMal S llulls (| Vot - V| + | V20 V2u) )
Slalls(IVaulla | Vouly + [V2ul [ V2u]),)

< llulls Vull3, (2.12)

t
2
< s [uco)], [ [vu]er
0<t<t 0
<& (2.13)
For the last term Ms5, by integration by parts, we can obtain
Ms = —f divl - V2uViU + U - Viudiv VU dx + / V3 div(UU") Viudx.  (2.14)
T3 T3
By the Holder’s inequality and product estimates, we have

Ms| S [ Vol ([vuviul« [uviu],+ | V2 divuuT) )

SIViulo(vun|viul,« [viuf iun + |uut],)



Liu and Lin Journal of Inequalities and Applications (2021) 2021:88

SVl (I + nu | ut |, + nuhauty,)

I

SIUGluls, (2.15)

thus, we can obtain that

t t
/ |Ms(2)|dr < sup [Ju(z), / |u@];dr
0 0<t<t 0

<& (2.16)

Summing up the estimates for M;—Ms, i.e., (2.4), (2.10), (2.11), (2.13), and (2.16), then
integrating (2.3) with respect to time, we now get the estimate of £ ;(¢) which is defined
in (2.2) as

Eo1 S Eo(0) + EF2. (2.17)

Here, we have used the Poincaré inequality to consider the highest-order norm only.
Next, we work with the left term in & (£). Applying the V2 derivative on the first equation
of system (1.11), and taking the inner product with V2V, we get

Va7, = Mo + M7 + Mg, (2.18)
where
Mg = / Vi -vU-U-Vu)V*Vudsx,
T3

M, = —/ VIAUV*Vudx,
T3

Mg = / ViU,V Vudx.
T3

As when getting the estimate of & ;, we shall derive the estimate of the each term on the
right-hand side of (2.18).
For Mg, by the Holder’s inequality and product estimates, we get

Mol S [VPul (V2 VD |+ [V - Vi )
S IVl (- VU2 + U - Vulz)
S IVl (o VUL + 1 U] Vulz)

SAIVull3 Ul (2.19)

where we have used the Poincaré inequality in the last inequality.

Page 7 of 15
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Thus, we conclude

/ |M6(‘L')| dr
0

t
< swp U], [ [vuo)]}dr
0<r=<t 0

<E32 (2.20)

The estimate for M7 is almost the same, by using the Holder’s inequality, we can obtain
that

t t
/ IMy(0)] dr < / W4l Vil de
0 0

1/2 t 1/2
<(fluepa) ([ Ivuope)

< e t ) 172
SET®) /0 [Vu(r)|,dz | . (2.21)

For the last term Mg, using integration by parts, we can write this term as

d
Mg =— / VIUVViudx + f V2 div UV u, dx. (2.22)
dt T3 T3
By (1.11),, we can obtain
d
Ms= - / VUVVudx + / div V2 UV?(div(U + UU") = Vp —u - Vu) dx
T3 T3
=: [(1 + [(2 (223)

First, by using the product estimates, we get

t
[ K@ e < 1l S Eano (224
0
On the other hand, by the Holder’s inequality and product estimates, we get

Kol S | VPu]o (et + Ut |5+ [92p ][y + | V2 Var) )
SN (1l + 1L+ plls + | V20 Yl + - Vu] )
SIU(NUls + 1L + ol + 1 Vil | P + [ Vul]lull)
SN (1l + 1L + lipls + [Vul)3), (2.25)

where we have used the Poincaré inequality in the last inequality.

Now, applying div to (1.11),, we get

Ap =div(~u - Vu +div(U + UU")), (2.26)

Page 8 of 15
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thus, from the regularity theory of elliptic equations and product estimates, we get

Iplls < Nl - Valla + Ul + LU,

SIVulalluly + Ul + Ul | U], + 1UlL | UT

I, Is

S Ul + U5+ Va3, (2.27)
where we have used Poincaré inequality in the last inequality. Thus, we can get
Ko SIUlls(1Us + (U5 + [ Vall3) (2.28)
and so
t t 9 t 9
/ Kyl dr < / lu@|2de + sup U], / || de
0 0 0<t<t 0
! 2
e swp U, [ [vao)];de
0<t=<t 0
S E0a(®) + E57(2). (2:29)

By (2.24) and (2.29), we have

/0 t|M8(r)‘ dr <& (k) + E32(8). (2.30)

Integrating (2.18) with respect to time, using the estimates of (2.20), (2.21), (2.30), and
Young’s inequality, we obtain

/ |V} de < Eoa(®) + E3%(). (2.31)
0

Multiplying (2.17) by a suitably large number and adding (2.31), we then complete the
proof of Lemma 2.1. d

Next, we want to give the estimate of the lower-order energy & () defined in (1.15). The
result is given in the following lemma.

Lemma 2.2 Under the condition (1.10), it holds that
E1(t) S &1(0) + Eé/z(t)fl”z(t) + Eg/z(t)&(t) + 513/2(1,‘). (2.32)

Proof Like the proof Lemma of 2.1, we divide this proof into two parts. Also, we will first
get the estimate of £;; which is defined by the following:

E11(8) = Osupt(l + 7)2(||u(r)||i + || U(T)”i) + /0 1 +1)? || U(T)”id‘[.

Now apply V derivative on system (1.11), take the inner product with VU in the first
equation of (1.11), and also take the inner product with Vu in the second equation of

Page 9 of 15
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(1.11). Adding them up and multiplying by the time weight (1 + £)2, we get

%%(1 + 02 (UG + el F0) + (L + DU Z, = Ny + Ny + N3 + N, (2.33)
where

Ny =@+ O)(IUNZ + lelF ),

N, = (1+t)2/Ts V(U -Vu—-u-VU+Vu)VU dx,

N3 =(1+¢) /Ts Vdiv(U + UU")Vudx,

Ny=—-(1+1)? /Tg V(u- Vu)Vuds,

First, the term N; is equivalent to the following form:
Ni =1+ (IVUIG + 1 Vulfg)-

Thus,
NI S (L + ) (Ul U2 + [ Valloll Viello),

hence, by using the Hélder’s inequality, we can get

/INlldf
0
t 1/2 t 1/2
5(/0 ||U(r)||jdr) </0 (1+r)2||U(f)||§df)
t 1/2 13 1/2
+</0 ||W(z)||§df) </0 (1+z)2||w(r)||§dr)

S &P EN®). (2.34)
For the term Ny, by using integrating by parts and Hoélder’s inequality, we can get
INo| S (L + ) (1 U - Vo + llue - VUl + [ Vullo) | VU, (2.35)
Firstly, by (2.7) and the product estimates, we can obtain that
IVully SNU - Vaully + llu- VUL S U2, (2.36)
then putting (2.36) into (2.35), we obtain

IN2| S @+ 02 (IVullolU N2 + el IV Uy + U 2 lell2) [ U1l
S @+ (IVullollUIl3 + el 1U13)

S @+ )2 ull U3 (2.37)

Page 10 of 15
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Hence, we get
t t 9
/ |N2(t)| dr < sup ||u(r)H2/ (1+71)? || U(r) ||2 dr
0 o<t<t 0
S EPBE). (2.38)
Also for the term N3, by using the Holder’s inequality and product estimates, we obtain
IN| < (L+ 0?1 [ 1zl2 + (1 + | [l2]| Vaelo. (2.39)
By (2.36), we have
IN| S (1+)* 115wl
Thus, we get
t t 9
f |N3(r)| dr < sup ||u(r)”2 / (1+7)? || U(r) ||2 dr
0 0<t=t 0
<EPE®). (2.40)
Next, we turn to estimating the last term Nj. By using integration by parts, we have

Ny=—-(1+ t)2/ Vu- -VuVu+u-VVuVudx
T3

=—(1+ r)Z/ Vu - VuVudx, (2.41)
T3

thus, by using the product estimates, we get

INal S (1 + )%V - Vae|lo || Vaullo

S @+ ullslVul}. (2.42)

Hence,

t
/ |N4(r)| dr
0
¢ 2
$ g ol |0 0PI
< e, (2.43)

Now, summing up the estimates for N1—Nj, i.e., (2.34), (2.38), (2.40), and (2.43), and
integrating (2.33) with respect to time, we get the estimate of &; 1,

Ei(t) SE(0) + EFPOE2 () + EVHDEL (D). (2.44)

Here, we have used the Poincaré inequality to consider the highest-order norm only.
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By an identical argument as in the proof of Lemma 2.1, multiplying the first equation of

(1.11) by Vu and taking the inner product, then multiplying by the time weight (1 + £)2,

we get
(1+8)*|Vullj = N5 + Ng + N7,
where

Ns=(1+ t)2/ (u-VU-U-Vu)Vudx,
T3

Ng=—(1+ t)2/ AUVudyx,
T3

N; =(1+1)? / U, Vudx.
T3
Using the product estimates, we obtain
INs| S 1+ 6 Null2 [ U NIV o,
hence, we conclude that

t

/ |N5(r)| dr
0
t
< swp u@, [ @+ P U, |vum) e
<t=<t 0

t ) 172 t ) 1/2
< Os;?;t||u(t)||2<fO (1+71)? H U(r)H2dt) (fo ||(1 + r)2Vu(r)H0dt>

S &&).
Similarly, we have
IN| < (1+2)*1U[12]| Vaelo,

thus,

t t
/|N6(z)|dr§/(1+t)2||un2||w||odr
0 0

t 1/2 t 1/2
< 2 2 2 2
< </0 (1+7) ||L[(T)||2dr) </0 (1+7) ||Vu(r)||odr>

t 1/2
5511/12@)( fo (1+z)2||w(r)||§dr) :

(2.45)

(2.46)

(2.47)

Page 12 of 15
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For the last term N7, we first rewrite it using integration by parts and have

Ny =(1+1¢)? U, Vudx
T3

= i[(1 + t)2/ L[Vudx:| -2(1+t) | UVudx

dt T3 T3

+(1+ t)2/ divUu, :=J1 +J2 + 3, (2.48)
T3

thus, by using the product estimates, we get

t
IR AR
0
t
< Osup (1+71)? || L[(r)||0||Vu(t)||0 + / 1+ r)|| L[(r)||0|| Vu(r)“odr
<r<t 0
t ) 12/ pt ) 1/2
< &8 + (/ (1+71)? || LI(t)HOdr) (/ || Vu(r)”odr)
0 0
S &)+ EPE (. (2.49)
On the other hand, by using (1.11),, we get
Js=(1+¢)? f divU[div(U + UU") - Vp—u - Vu]dx. (2.50)
T3
Thus, by the product estimates, we get
sl S @+ 21U (Ul + U1 + [Vpllo + [V allollull2).- (2.51)
Now, by (2.26), we get

Iplla S IVuVullo + Ul + 1UI5

< IVallollals + Ul + 113, (252)
thus,
51 S (U PN (U + LB + [Vl als). (253)
Hence, we obtain
t
/!]3(1)\dt
0
t t )
< [[asorjuml juml,des [ s juel,jume
0 0

o [ s P, v o) o
0
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t T
5/ (1+z)2||U(f)||§df+0sup ||L[(r)||1/ (1+0)*|U()|>de
0 <t<t 0

t ) 1/2 t 1/2
+Osup ||M(T)||3(/ ||(1+t)2u(r)||ldt) (/ (1+r)2||Vu||%dt> ,
<r<t 0 0

thus, we get
t
/ |]3(1:)} dr <&t + Ef’/z(t) + 55/251(t). (2.54)
0

By (2.49) and (2.54), we get

t
/ |N7(t)| dr <&11(8) + 53’251”2@) + 513/2(t) + 5&/251(t). (2.55)
0
Integrating (2.45) with respect to time, using (2.46), (2.47), (2.55), and Young’s inequality,
we get
t
/ (1+71)? || Vu(r) ||(2) dr < &) + Sf’/z(t) + Eélz(t)é’l”z(t) + 5(}/251(t). (2.56)
0

Now, multiplying (2.44) by a suitably large number and adding (2.56), using the Young’s
inequality, we complete the proof of Lemma 2.2. O

3 Proof of Theorem 1.1
Now, we will combine the above a priori estimates of all the energies defined in (1.15)
together, and give the proof of Theorem 1.1. First, we define the total energy as follows:

E(t) =& () + &(b).

Multiplying (2.1) and (2.32) in the above two lemmas by a different suitable number and
summing them up, we can get the following inequality:

E() < CEO) + CEY(), (3.1)

for some positive constant Cj.
Under the setting of initial data (1.9), there exists a positive constant C; such that the

initial total energy satisfies
£(0) < Cae. (32)

According to the standard local well-posedness theory which can be obtained by classical
arguments, there exists a positive time 7 such that for C; = C;C,,

E(t) <2Cse, Vtel0,T]. (3.3)

Let T* be the largest possible time of T satisfying (3.3), it is then left to show that 7% = oo.
Noticing the estimate (3.1), we can use a standard continuation argument to show that
T* = oo provided that € is small enough. We omit the details here. Hence, we finish the
proof of Theorem 1.1.
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