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1 Introduction
The notion of an m-isometry in the setting of Hilbert spaces was introduced by Agler [1]:

a bounded linear operator T on a Hilbert space H is an m-isometry (integer m > 1) if

Z(_l)m—k (7;:) Tk Tk _ 0, (1.1)

k=0

where T* denotes the adjoint operator of 7. It is clear that (1.1) is equivalent to

> (=1t <;’: ) | T* | =0 (xe). (1.2)

k=0
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A 1-isometry is an isometry and vice versa. We refer the reader to the trilogy [1-3] by
Agler and Stankus for the fundamentals of the theory of m-isometries.

In the last years, a generalization of m-isometries to operators on general Banach
spaces has been presented by several authors. Bayart [5] introduced the notion of (m, p)-
isometries on general (real or complex) Banach spaces. An operator T on a Banach space

X is called an (m, p)-isometry if there exist an integer m > 1 and p € [1, 00) with

m

> 1)’”( >|Tkx||” (xeH). (1.3)

k=0

In [11] the authors took off the restriction p > 1. They considered equation (1.3) for p €
(0, 00) and studied the role of the second parameter p and also discussed the case p = co.
Let m € N. An operator T acting on a Banach space X is called an (m, 00)-isometry (or

(m, 00)-isometric operator) if

max || Tkx” max || T*x|, VxeX.
ke{0,1,..., ke{0,1,..
keven k odd

(See [8, 11].)

Let X and Y be metric spaces. A mapping S: X — Y is called an isometry if it satisfies
dy(Sx,Sy) = dx(x,) for all x,y € X, where dx(-,-) and dy(-,-) denote the metrics in the
spaces X and Y, respectively.

In [6] the authors introduced the concept of (1, g)-isometry for maps on a metric space
(X, dx) as follows: a mapping S : X — X is called an (m, g)-isometry for integer m > 1 and

real g > 0 if it satisfies

Z( 1)k< )dx (8" Fx, 8" Fy) =0, VxyeX.

Very recently, in [4] the present author studied a class of mappings, called (1, c0)-
isometries, acting on a metric space. A mapping S acting on a metric space (X, dx) is called

an (m, 0o)-isometry for some positive integer m if for all v,y € X,

0r<r}(a<xm dy (Skx, S y) = Orsr}flsxm dx (Skx, Sky).
k even k odd

In [9] the author considers A(m, p)-isometries, where for an operator A € B(X), T €
B(X) (the algebra of bounded linear operators) is A(m1, p)-isometric if

BENT, A, x) —Z( 1)“( )HAT%”” 0 (xeX). (1.4)

Evidently, an I(m, p)-isometry is an (m, p)-isometry; if X = H is a Hilbert space, then

S 1)mk( )HAT"pr 0 — 3 mk( )|||A|T"x||p 0 (reX).

k=0 k=0
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If ﬁ(,f)(T,A,x) < 0 (resp., ﬁ(nf)(T,A,x) > 0) for x € X, then T is said to be (4,m,p)-
expansive (resp., (A4, m, p)-contractive). We refer the interested reader to [10, 13] for de-
tails.

A mapping S (not necessarily linear) on a normed space X [12] is an (1, p)-isometry for

integer m > 1 and real p >0 ifforallx,y € X,

m

BL(S,%,9) =Y ( 1)’”( )\Skx sy =0 (1.5)

k=0

When m =1, (1.5) is equivalent to ||Sx — Sy|| = ||x — y|| for x,y € X, and when m = 2, (1.5)

is equivalent to
|S2x - S2y|” = 21ISx = SylI” + |2 =ylIP =0, x,y€ X.

After a short introduction and some connections with known results in this context, we
present the main results of the paper as follows. In Sect. 2, we introduce and study some
properties of (m, 00)-isometric mappings. Exactly, we give conditions under which a self-
mapping S is an (m, 00)-isometry (Proposition 2.5, Corollary 2.7, Proposition 2.16). An
(m, 00)-isometry becomes isometry (Theorems 2.10 and 2.20). An (m, 00)-isometric map-
ping becomes an (m + 1, 00)-isometric mapping. The product of two (1, 00)-isometries is
an (m, 0o)-isometry (Theorem 2.17), and a power of a (2, 00)-isometry is again a (2, 00)-
isometry (Theorem 2.18). In Sect. 3, we present a parallel study of the classes of nonlinear

(m, 00)-expansive and (m, 0o0)-contractive mappings.

2 Nonlinear (m, co)-isometric mappings
This section is devoted to the study of some basic properties of the class of (m,00)-
isometric mappings (not necessary linear) on a normed space X'. Our inspiration comes
from the papers [7, 11], and [14].

Let S: X — X be an (m, p)-isometric mapping. It obvious that

BY(S,%,9) =
= Y ( )|Skx 7= 3 (’”) [Shx — Sty |?
0<k<m 0<k<m k
k even k odd
1 1
m p m pr
= (X (Mss-sor) =(Z (7)Ista-so0r)"
0<k<m 0<k<m

k even k odd

By taking the limit as p — oo we arrive at the following definition of an (m, 00)-isometric

nonlinear mapping.

Definition 2.1 A nonlinear mapping S: X — X is said to be an (1, 00)-isometric map-

ping for some positive integer m if for all x,y € &,

max |S%x - Sky| = [max ||Skx Sky|. (2.1)
0<k<m
k even kodd
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Remark 2.2 (1) A self-mapping S on X is an (1, 00)-isometry if for all x,y € X,
llx =yl = 1Sx = Syll.
(2) A self-mapping S on X is a (2, 00)-isometry if for all v,y € X,

[Sx — Syl = max{ | S%x — S%y

e =y}
(3) A self-mapping S on & is a (3, 00)-isometry if for all v,y € X,

max{lle—Syll,

S$Px - 53y|| } = max{ || S?x - S%y

=y}

Remark 2.3 The following remarks are obvious consequences of Definition 2.1.
(1) Every (1, 00)-isometry is an isometry and vice versa.
(2) Every isometric mapping is an (m, 00)-isometric mapping for all m > 1.
Indeed, the classes of (1, 00)-isometries is a generalization of the class of
isometries.

(3) If S is an (m, 00)-isometry that satisfies S? = I (the identity map), then S
is an isometry.

In the next example, we show that (1, 0c0)-isometries are in general neither continuous
nor linear.

Example 2.4 Let X = R with the usual norm |x|| = |x|. Consider the map S: R — R
defined by

x+1, x>-1,
Sx=3-1, «x=-1,

x-1, x<-L
It is easy verify that S is a (2, 00)-isometry, but S is neither continuous nor linear.

Proposition 2.5 An mapping S : X — X is an (m, 0o)-isometric if and only if

max ”Skx—Sky” = max ”Skx—S Yl
j<k<j+m j<k<j+m
k even k odd

forallx,y € X and j € Ny := NU {0}, where N is the set of positive integers.
Proof The proof follows by substituting x by $x and y by Sy into (2.1) for j € N, g

Proposition 2.6 ([11, Lemma 5.3]) For all k € Ny, let 7w (k) = k mod 2 denote the parity of
k. Let further m € N with m > 1, and let (ay)ien, C R. The following are equivalent.
(1) (ai)ken, satisfies

max ax= max da, VjeNg.
j<k<m+j j<k<m+j
k even k odd
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(2) (ak)ken, attains a maximum, and

max(a;) = max  (ap),
keNg j<k<m-1+j
7 (k)= (m-1+j)

V] € N().

Corollary 2.7 Let S: X — X, and let m € N. Then S is an (m, 0o)-isometric mapping if
and only if

k koIl _ k. ok
max|$te - STy[ = max S -SY]
7 (k)= (m—1+j)

forallx,y € X and j € Ny.

Proof The proof is essentially an application of Proposition 2.6. It suffices to consider
(ar)k == (| S*x — SKy||)x for all x,y € X.

O
Definition 2.8 A self-mapping S on a normed space X’ is called power bounded if

sup{[S"x[} <00, VxeX.
VIENQ

Corollary 2.9 Let S: X — X be an (m, co)-isometry. Then foralln e Nand x € X,

n n k k
s =8"y| = max_|$"x—S%].
In particular, S is power bounded.
Proof From Corollary 2.7 we have

k kol — k. _ ck
22%%”5 x=S y|| = jskrgz)_(w HS x-Sy
7 (k)= (m—1+j)

, Vx,ye X,VjeN.

This gives that maxge, [|S¥x — S¥y|| < co. Further, we see that for all # € Ny,

n n k k k k
7%= 8"y| = max|she - $y[ = max [$%e-5"y

, Vx,ye k.

In particular,

|sx[ < |5 - s"0] + |}s"0]

k k n
=[Sl

, VxyeX

Therefore S is a power bounded mapping. d
In the following theorem, we show that if S is a self-mapping on a normed space X that

is an (m, co)-isometry, then there exists a metric do, on X" such that S is a (1, 00)-isometry
on (X,dy).
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Theorem 2.10 Let S: X — X be an (m, 00)-isometry. Then there exists a metric d, on
X such that S is an isometry on (X, ds,). Moreover, d, is given by

doo(,y) = 0<I;132_1||Skx - Sky||, Vx,y e X.

Proof Since S is an (m, 00)-isometric mapping, we have by Corollary 2.7 that

22%78 ||Skx - Sky” = 05r£§271 HSkx Sk, VvayeX.
Define the map do, : X x X — R, by
doo(%,9) := Osrl?ély)n(_lngkx —Sky |, VxyeX.

It is easy to show that the map d, define a metric on X. On the other hand, since S is an
(m, 00)-isometry, it follows that

doo(,y) = 0<r;1<a;1(71 ”Skx - Sky”)
_ k.. _ ck
= max||$% - S|

s V] S N().

= max ”Skx—Sy

j<k<m-1+j

Consequently, doo (%, y) = doo (Sx, Sy). So, S is an isometry on (X, d), and the proof is com-
plete. d

Proposition 2.11 Let X be a normed space, and let S : X — X be a mapping (not nec-

essarily linear). If S is an (m, 00)-isometry, then S is an (m + 1, 00)-isometry.
Proof Since S is an (m, 00)-isometry, it follows that

k kol _ k.. ok
max|$x - 8] = max - |S% -S|,
7 (k)= (m—1+j)

for all v,y € X and j € Ny. Hence, for for all x,y € & and j € Ny, we have

k k
x5 551}
7 (k)= (m—-1+j)

k k
max{ "> - 5] }

IA

jsrl?sarzﬁ {[$* x-Sy} < rlzleagf{ |55 — Sky] ).
7 (k)=7 (m+))

Consequently,

k ko _ k, ok
max{|[s% -S|} = max {[s'x-S%]}.
7 (k)=7 (m+j)

So, Sisan (m + 1, 00)-isometry. O
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Remark 2.12 In general, an (m, 00)-isometry is not necessary an (m — 1, 00)-isometry as
shown in the following example.

Example 2.13 Let X = R? be equipped with the norm ||(x, )| = || + |y|. Define the map
S:R? — R2 by S(x,y) = (y + 1, —x + ). A simple calculation shows that,

Sy)=@+1,-x+y),

S x,y) = (—x+y+1,—x—1),
SP(x,9) = (%, -y - 2),
St ) (~y-Lx-y-2),
S°(x,y) = (x—y—1,x-1).

From the above calculation we easily see that

max{ || S, ) - S, V)|, [ S*(x,y) - S*(u, v)

8% @ 9) = S*a )|}
|82 y) = S, v)||}

’

= max{ ||S(x,y) —S(u,)|, | S, y) - S3(u,v)

b
and

S*(x,y) — S*(u, v)

’

[S*6ey) - S*w v}
SPx,y) - S, v)| }.

max{ | (x,) — (u,v)|
;!max{ ||S(x,y) -S(u,v)

Consequently, S is a (5, 00)-isometry but not a (4, c0)-isometry.

Proposition 2.14 Let S: X — X. If S" is an isometry for odd integer n, then S is an
(1, 00)-isometry for m > 2n — 1.

Proof In view of Proposition 2.11, it suffices to show that S is a (2n — 1, 00)-isometry.
Assume that §” is an isometry. Then we have

”Sk+nx_Sk+ny” _ HSkx—Sk)/” Vx,y € X,Vk € Ny.

Since n is an odd integer, for k € Ny, we have that k is even if and only if # + k is odd. Since
S” is an isometry, it follows that

{||Skx—Sky

,ke{0,1,...,2n-1},k even} = {||Skx—Sky

ke {0,1,...,2n-1},k odd},
from which we deduce that S is a (2# — 1, 00)-isometry. O

Corollary2.15 LetS: X — X be a mapping such that S” is an isometry for an odd integer
n. Then S* is a (2n — 1, 00)-isometry for any integer k € N.

Proof If k = 1, then the result follows from Proposition 2.14.
For k > 1, if §” is an isometry, then (85" is also an isometry, so by Proposition 2.14 we
get that S is a (2 — 1, 00)-isometry. O

The following proposition generalizes [11, Proposition 5.8].
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Proposition 2.16 Let S: X — X, and let m € N,m > 2. Then the following properties
hold.
(1) If m > 3 and S satisfy the conditions
(i) [18"x - S™y|| = [|S" % — S" Ly and
(i) [|S™x —S™y|| > ||Skx - Sky| for k =0,...,m —2 and all x,y € X,
then S is an (m, 0o)-isometry.
(2) If m=2,then S is an (2,00)-isometry if and only if

|S%x— S*y| = IISx~Syll and |S*x—S*y| = Ilx—yll, VxyeX.

Proof (1) In view of conditions (i) and (ii), it is clear that

’

max [$*x -S| = max ||Skx - Sky
0<k<m 0<k<m
k even k odd

so that S is an (m, 00)-isometry.

(2) Assume that S is an (2, 00)-isometry. Then we have

152 = Syll = max{ - y1], | 2% - 5% },

and it follows that

[Sx =Syl = llx =yl and [Sx—Syll = [S*x-S*y|, VxyedX.
Replacing x by Sx and y by Sy, we get
|52 — S%y| = max{||Sx - Syll, | S>x - S*y|}, VxyeX,
and then
8% = S%y| = ISx — Syll, Vx,yeX.
So we have
|2 = $y]) = ISx =Syl = e =3I, YmyeX.
The converse follows from statement (1). a

The authors in [6] proved that if T, S : X — X are two linear maps such that TS = ST,
T is an (m, p)-isometry, and S is an (n, p)-isometry, then TS is an (m + n — 1, p)-isometry.
A similar result was proved in [4, Theorem 2.4]. In the following theorem, we show if T is
an (m, 0o)-isometry and S is a (2, 00)-isometry for which TS = ST, then T is an (m, 00)-

isometry.

Theorem 2.17 Let T,S: X — X be two nonlinear mappings such that ST = TS. If T is
an (m, 00)-isometry and S is a (2,00)-isometry, then TS is an (m, 00)-isometry.
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Proof Since S is a (2, 00)-isometry, by statement (2) of Proposition 2.16 we have
||Szx - SzyH =|[Sx—Syll > [lx—y|l forallx,ye X.
Now assume that T is a (2, 00)-isometry. Then it follows that for all x,y € X,

I(TS)*x = (TS)*y| = | T2S*x - T*S?y| = | TS*x — TS%||
= ||S*Tx - S*Ty| = |1 TSx - TSy
> [|Sx = Syll

> lx=yl.
Consequently,
(TSyx - (TS)*y| = |1 TSx - TSy| > llx—yl, Vx,y€ X.

This implies that 7T is a (2, 00)-isometry by statement (2) of Proposition 2.16.
We further suppose that m > 2. By the inequality

|S%x = S*y|| = ISx = Syl > lx -yl forallx,y€ X,
forallk=1,2,..., we have
||Skx - Sky” =|Sx-Sy|l = |lx—y|| forallx,ye X.
Thus for each x,y € X, we have
I(TS)kx — (TS)ry| = | TFSkx - T*SYy||
= ST x - ST"y|
> || T*x - Tky”.
Using this inequality, for all %,y € X, we have

rr}(ax ||(TS)kx— (TS)ky” = n}(ax || T*Sx — TkSy”
Feverr Feven,
> max H Trx - Tky”.

1<k<m
k even

We obtain
k k k k
org(agy’”(TS) x—(TS)Yy| Zoglkaﬁ)inHT x=TY|.
k even k even

On the other hand, it is obvious that for all x,y € X,

lrfr}é)in” T*Sx - TkSy” < 1rsnkas)(m” T x - Tky”.
k even k even
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Then we have

On}(ax || (TS)*x — (TS)ky” < Omkax || T x - Tky” forallx,y e X.

k even k even

Using this inequality, we get

k kol _ k. 7k
Olfsr}cas)in”(TS) x—(TS) y” —Ogasxm”T x-T y|| forallx,y e X.

In same way, we also have

0rﬁr}(alfme (TS)rx — (TS)ky” = Orinkagn” Trx - TkyH forallx,y € X.
Kodd Kodd

Since T is an (m, 00)-isometry, we deduce that

Orr}ft)( H (TS)*x - (TS)"y” = 0mkax ”(TS)kx —(TS)Xy|, Vx,yeX.
Feven Fodd.
So, the desired conclusion is an immediate consequence of Definition 2.1. O

Patel [14] showed that if S is a 2-isometric operator on a Hilbert space, then S? is a 2-

isometric operator. We now generalize this result to a (2, 00)-isometric mappings.

Theorem 2.18 A power of a (2,00)-isometric nonlinear mapping is again a (2,00)-

isometric mapping.

Proof LetS: X — X bea(2,00)-isometric mapping. We need to prove that S¥ isa (2, 00)-
isometric mapping for all positive integers k.
By statement (2) of Proposition 2.16 it suffices to show that

|8%x - %y = || S*x - S| = llx—yll, VxyeX.
Using mathematical induction on k we will show that
||52kx - SZky” = ||Skx - SkyH, Vx,ye X.

For k = 1, it is true since S is an (2, 00)-isometry. Assume that this equality is true for k and

prove it for k + 1. Indeed, we have
||Szk+2x _ g2y ” _ “Szkszx _ SszzyH
= ||s*s%x - 5°S%y |

= | S - sFy|, vayex.

Thus by induction we have proved that ||S*x — S?y|| = ||Skx — Sky|| for all x,y € X, for all
k=1,2,....
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It remains to show that for all x,y € X, [|S*x — S¥y|| > |x — y| forall k = 1,2,....
Indeed, since ||Sx — Sy|| > ||lx — y|| for all x,y € X, by using the same inequality we have
that for all x,y € X,

|S¥x — Sky| = [|[SS*x — S5y
Z ||Sk71x _ Sk71y|| - ||Ssk72x _ Ssk72 ||

v

HSk—zx _ Sk—Zy”
> ||Sx - Syl

> |l = yll.
By induction on it follows that
|8%x - S*y| = | S*x = S*y|| = llx - yll, VxyeX.
Therefore S¥ also is a (2, 00)-isometry. This completes the proof. d

Theorem2.19 LetS: X — X be an invertible (m, oc)-isometry. Then the following state-
ments hold.

(i) S7tisan (m,o0)-isometry.

(i) Ifmis even, then S is an (m — 1,00)-isometry.

Proof (i) Since S is an (m, 0o0)-isometry, from Definition 2.1 it follows that

k kol _ k.. _ ck
o [5° = 5°y ] = max | 5"y
k even k odd

, Vx,yeX.

Replacing x by S™x and S™y, we obtain

k— k| — k— k—
0rfnkafxrn”S Mx — S™ yH —Orsr}(als>;1||5 x-S y|, Vx,yelX,
k even k odd

or, equivalently,

olgaén” (S_l)m_kx - (S_l)m_ky” - 0r<nka<)in” (S_l)m_kx - (S_l)m_ky , Vmyed,
k even kodd

which implies

_1\k ~\k_ i _ -1\k _ ¢k
amax [ ($7) w— (™) 7] = max [[(S7) "% -5
k even k odd

, Vx,yeX.

Consequently, S7! is an (11, 00)-isometry.
(ii) Since S is an (m, 0o)-isometry, it follows that

k k
max > — 5| <00

Page 11 0of 18
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and, moreover,

max”Skx—Sky” =  max HSkx—Sky”, Vx,y € X,Vj e Ny.
keNg j<k<m-1+j
7 (k)=7 (m—1+j)

Since S is invertible and 7w (j — 1) # w(m — 2 + j) for even m, we get that

max [ S*x - Sy max | S*x -S|

j<k<m-1+j j-1<k<m-2+j
7 (k)= (m—1+j) 7 (k)= (m—-2+j)
= max |Shx-S%y|, VxyeX,vieN
j<k<m-2+j
7 (k)= (m=2+j)
This shows that
max||Skx—Sky|| =  max HSkx—Sky , Vx,ye X,VjeN.
keNo j<k<m-2+j
7 (k)=7 (m—2+j)
Hence the proof of the statement (ii) is complete. O

Theorem 2.20 LetS: X —> X be a mapping such that S* is an isometry. Then the follow-
ing conditions are equivalent.
(1) S is an isometry,

(2) S is an (m, 0o)-isometry.
Proof Since S is an isometry, it follows that

k. _ ¢k _ _
max | S Sy = ISx =Syl Yy e X,

and
kr(nax)HSkx—Sky“ =llx=yl, Vxyedl.

This shows that (1) < (2). O

Similarly to the (m, q)-isometry (see [6, Proposition 2.18], we obtain the following the-

orem.

Theorem 2.21 Fori=1,2,...,n, let (X, - ||;) be a normed space, and let S; : X; — Xj,
m; > 1. Denote by X = X; x X x - - - x X, the product space endowed with the product norm
11, %0, .., 2) || := maxy<j<,(||x;:]];). Let S:=81 x Sy X ++- x S, : X — X be the mapping
defined by

S(xl, eos ,x,,) = (Slxl,ngg, voe ,S,,x,,).

Ifeach S; is an (m;, 00)-isometry fori=1,2,...,n, then S is an (m, co)-isometry, where m =
max(mi1,...,mM,).
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Proof Let m = max(my;,...,m,) and consider, for all x,y € X,
ke — Skyll = Ky, — Sky.
Jmax [ $% = §'y| = max ({ga; |k - S5l )
k even k even
_ k. _ cky
—gg&g@ﬂ&% siil}).
k even

Since each S; is an (m;, 00)-isometric operator for i = 1,2,...,n, it follows that S; is an
(m, 00)-isometry for i = 1,2,...,n by Proposition 2.11, from the above equality we have

k k|l _ k.. _ ¢k
ma |85 - 5% = max (max {[5x - sty })
k even k odd

_ k. _ ck
= max (max {[sfx - Sty }).
k odd

Thus we have

k kol — k.. _ ck
o [5° = 5% = max |}5° - 5]

k even k odd

for all x,y € X. Therefore S is an (m, 00)-isometric operator. d

3 Nonlinear (m, oo)-expansive and (m, oo)-contractive mappings
In this section, we introduce and study (m, 0o)-expansive and (1, 00)-contractive nonlin-
ear mappings on a normed space. We observe that

BY(S,x,9) <0

= 2 ('Z) [ =55]" < 32 (’Z) |$%x 5]

0<k=<m 0<k<m
k even k odd
’ »
m m
= ( > <k)||5kx—5ky||p> 5( > (k)”Skx—Sky”p) :
0<k<m 0<k<m
k even k odd

Taking the limit as p — 00, we arrive at the following definition of an (1, 00)-expansive
mapping.

Definition 3.1 Let m € N. A mapping S: X — X’ is said to be
(1) (m, 00)-expansive if

orsr}(as)in”Skx - 8% < orsr}(asxm”Skx -S|, Vryed;
k even k odd

(2) (m, 00)-hyperexpansive if S is (k, 00)-expansive for k = 1,...,m;
(3) completely oco-hyperexpansive if S is (k, 00)-expansive for all k € N.

Similarly,

BY(S,x,y) > 0
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= > (’Z) TR =N ('Z) | S5 % — sky||?

0<k<m 0<k<m
k even k odd
1 1
m p m P
= ( > (k)||skx—sky||p> z( > (k)uskx—skyﬂp) .
Con rodd’

Taking the limit as p — oo, we arrive at the following definition of an (m, 0o)-contractive
mapping.

Definition 3.2 Let m € N. A mapping S: X — X’ is said to be
(1) (m, 00)-contractive if

k

Orsr}(afmeSkx - SkyH > Orﬁnkasxm”Skx =Sy, Vx,yeX;
k even k odd

(2) (m, 00)-hypercontractive if S is (k, 0o)-contractive for k = 1,...,m;
(3) completely co-hypercontractive if S is (k, 00)-contractive for all k € N.

Remark 3.3 We make the following observations.

(1) Every (1, 00)-expansive mapping is expansive, that is, [|Sx — Sy|| > |lx—y| forallx,y €
X.

(2) Every (1, 00)-contractive mapping is contractive, that is, ||Sx — Sy|| < ||x — y|| for all
xy€X.

(3) Sis (2, 00)-expansive if for all x,y € &,

(1S = Syl = max{|lx - yl|, | S*x - S*y| }.
(4) S is (2, 00)-contractive if for all x,y € X,
ISx — Syll < max{|lx — yll, | $*x — Sy }.

Remark 3.4 Observe that every (m,oco)-isometry is an (m, c0)-expansive and (1, 00)-

contractive mapping.

Theorem 3.5 Let S: X — X. The we have the following properties:
(1) T is (m, co)-expansive if and only if

max ”Skx - Sky” < max HS"x - SkyH, Vx,y € X,Vj € No.
j<k<j+m j<k<j+m
k even k odd

(2) S is (m, 00)-contractive if and only if

max ||Skx - Sky” > max ||Skx—SkyH), Vx,y € X,Vj € Ny.
j<k<j+m j<k<j+m
k even k odd

Proof Letj € Ny. The desired characterizations follow by substituting $'x for x and 'y for
y in statement (1) of Definition 3.1 and statement (2) of Definition 3.2. a

Page 14 of 18
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Proposition 3.6 Let S: X —> X be a mapping such that S* is an isometry. Then the fol-
lowing are equivalent.

(1) S is (m, 00)-expansive,

(2) S is expansive,

(3) S is an isometry,

(4) S is contractive,

(5) S is (m, 00)-contractive.

Proof Since S%is an isometry, it follows that

Ky kol = 1 Cx
g{l)'i)iﬁ)”Sx Sy =1Sx=Syl, V¥xyeX,

and
kr(nax)HSkx =S =llx-yl, Vryed,

and this shows that (1) <= (2) and (4) <= (5). The equivalence of (2), (3), and (4) follows
on replacing x by Sx and y by Sy. IZI

Theorem 3.7 Let S: X — X be a is invertible mapping. Then we have:
(1) IfS is (m, 00)-expansive, then
(i) S7!is (m,o0)-expansive for even m, and
(i) S7!is (m, 00)-contractive for odd m.
(2) If S is (m, 00)-contractive, then
(i) S71is (m,00)-contractive for even m, and
(ii) S7!is (m, oo)-expansive for odd m.

Proof (1) Since S is an invertible (1, 00)-expansive mapping, we have

Orir}(as)in”Skx—Sky” < Orsr}(asxm“Skx—Sky” (3.1)
k even k odd

for all x,y € X'. Replacing x by S™x and y by S~y in this inequality, we get

ma (57)" 5= (575 < ma 1(57)" - (57) |

0<k<m 0<k<m
k even k odd

for all x,y € X. From this it immediately follows that

maxo=j<m [|(S™Vx = (S7Yyl < maxosj<m |(SVx — (Sl for even m,

j even jodd

and

maxo<j<n (S = (S1Yyll = maxosizm (S~ Y — (SYyll  for odd m,
jodd jodd

Vx,y € X,

proving the first statement.
(2) This statement is proved in the same way as statement (1). O

Page 150f 18
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Corollary 3.8 Let S: X —> X be an invertible mapping. We have:
(1) If S is (2, 00)-expansive, then S is a (1, 00)-isometry.
(2) If S is (2, 00)-contractive, then S is a (1, 00)-isometry.
Proof (1) If S is (2, 00)-expansive, then we have
[1Sx — Syl = max{llx - yll, | S*x - S*y|[} = |lx—yl, VxyeX.
By Theorem 3.7, S7! is (2, 00)-expansive, so
||S_1x - s‘ly” > lx—yll, Vx,yeX.
This means that ||x — y|| > ||Sx — Sy|| for all x,y € X. Therefore
ISx—Syll = lx—yll forallx,ye X.
(2) This statement is proved in the same way as statement (1). O

Proposition 3.9 LetS: X — X be a (2, 00)-expansive mapping and an (m, 00)-isometry,
then S is a (2, 00)-isometry.

Proof Since S is a (2, 00)-expansive mapping and an (m, co)-isometry, it follows that

ISx = Syll = max{llx—yll, | S*x - S*y[},  Vx,ye X, (3.2)
and

max | 5% - sky| = max |5~ Sky|,  VxyeX. (3.3)

SCeven Fodd'

Combining (3.2) and (3.3), we obtain

1Sx — Syl =max{||x—y||, SZx—SZy”}, Vx,y e X.

So, S is a (2, 00)-isometry. O

Theorem 3.10 Fori=1,2,...,n, let (X, || - ||;) be a normed space, and let S; : X; — X,
m; > 1.Denoteby X = X; x X, x - - - x X, the product space endowed with the product norm
1o, %2, .., x0) || := maxy<j<u(||%il]). Let S:=81 X Sy x -+ x S, : X —> X be the mapping
defined by

Sy %0) 1= (S1%1, Sa, . .5 Sun).

Then we have:

(1) If each S; is (m;, 00)-hyperexpansive for i = 1,2,...,n, then S is (m,00)-expansive,
where m = min(my, ..., m,).

(2) If each S; is (m;, 00)-hypercontractive for i = 1,2,...,n, then S is (m, 00)-contractive,
where m = min(my, ..., m,).
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(3) Ifeach S; is completely co-hyperexpansive for i = 1,2,...,n, then so is S.
(4) If each S; is completely oo-hypercontractive for i = 1,2,...,n, then so is S.

Proof (1) Let m = min(my, ..., m,) and consider, for all x,y € X,

k kol — ko _ Gk
oI5t = '] = o (o | (5t stwl )
k even k even

— k L k )
= max ((max |5fi - st )
k even

Since S; is (m;, 00)-hyperexpansive for i = 1,2,..., n, it follows that S; is (1, 00)-expansive

fori=1,2,...,n,and hence

Jmax. | 8%~ $%] < max (01;1@" {15~ St ”i}>
k even k odd

= max (max {| st - i })-

k odd

Thus we have

k k k k
max ||S*x —S"y) < max |S"x—S"y|.
0<k<m H y) ~ 0<k<m ” y”
k even k odd

Consequently, S is an (m, 00)-expansive mapping.

(2) This statement follows from statement (1) by reversing the above inequality.

(3) Suppose that S; is completely co-hyperexpansive for each i = 1,2,...,n, and hence
each §; is (k, 00)-expansive for any k € N. As a consequence of this observation, we deduce
the following inequality for all x,y € X:

: y| = S
ggkaS/x -9y = 52;‘;’;(2? S/ - Sy, )
jeven jeven

- s (s [~y )
j even

, VkeN,

< max ||S’x -5y
0<j<k
jodd

from which statement (3) follows.
(4) This statement is proved in the same way as statement (3). O
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