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1 Introduction
In this work, we introduce new oscillatory criteria for the second-order differential equa-
tions of the form

(r@) (=) + qOx(A (D)) Zh (Dg(x(0i(D)) =0 (1.1)

i=1

where [ > ;. Throughout this work, the next conditions are satisfied:

(M1) « is a ratio of odd natural numbers, o > 1 and m is positive integer;

(M2) r € C([l,0),(0,00)), ¥ = 0, h; € C(llp,0),[0,00)), g € C([lo,0),(0,1)),
inf;>4, (1) #0, g, h are not identically zero for large /;

(M3) A,0; € CHllp,00),(0,00)), Al) < I, o) = I, o/(l) > 0 and lim, A () =
lim;_, o 03(l) = 00;

(M4) g € C(R,R) and there exists k > 0 where k is a constant, such that g(x) > kx* for
x#Z0.

We will assume that (1.1) is in the so-called noncanonical form

/lw%ds<oo (1.2)

By a solution of (1.1), we mean a real-valued function x € C([/,00),R) I, > Iy, which

satisfies (1.1) on [/, 00). and has the property x*(I) + g())x(A(0)) and r()(x*({) + g(D)x(A(])))
are continuously differentiable for [ € [/,, c0). We only consider those solutions x(/) of (1.1)
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satisfying sup{|x(J)| : [/ > [,} > 0 for all [, > [,, and we assume that (1.1) possesses such
solutions.

A solution of (1.1) is called oscillatory if it has arbitrarily many zeros on [/, 00), and is
called nonoscillatory otherwise. Equation (1.1) is said to be oscillatory if all of its solutions
are oscillatory.

Recently, the oscillatory theory of functional differential equations has received great
attention due to the existence of a number of applications in engineering and the natu-
ral sciences. There are some contributions in the field of oscillatory behavior of different
classes of differential equations, we refer the reader to [1-12] and the references men-
tioned therein. The neutral delay differential equations have applications in electrical net-
works containing lossless transmission lines; these networks appear in high-speed com-
puters. See [13].

Several scholars have studied the oscillatory behavior of second-order differential equa-
tions under various conditions. See [14—23].

Some new oscillation criteria for the neutral nonlinear differential equation

(rD (D) + qDx(AD))) + > hiDg(x(0:(D)) =0

i=1

are established by Xu et al. [21], where & = 1, 0;(/) </ and
®© 1
/ ——ds=o00. (1.3)

Agarwal et al. [22] investigated the second-order differential equations with a sublinear

neutral term

(r() (@) + g2 (+(D))') + h(Dx(c (1)) = 0,

where 0 < <1, A({) <land o (/) < [. They established some oscillation criteria under the
condition (1.2) and (1.3).

Dzurina [23] established a new comparison theorem for deducing oscillation of the non-
linear differential equation

(rO (D)) + h(Da* (o (1) =0,

where « is a quotient of odd positive integers and o (/) <.

The objective of this paper is to study the oscillatory properties of the second-order
neutral differential equations in noncanonical form. By using Riccati transformations, we
present a new conditions for oscillation of the studied equation. The results obtained here
extend and complement to some known results in the literature. See for example [21-23].
Some examples are provided to illustrate the relevance of new theorems.

2 Main results

In the rest of the work, we will adopt the following notation:

v(l) = x*(D) + q(Dx(2(D),
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* 1
n(l):/l‘ @ds,

and
o(l) = min{a,»(l),i: 1,2,...,m},
In order to prove our results, we will present the following lemma.

Lemma 2.1 Assume that x(l) is a positive solution of (1.1) on [, 00), where l; > ly. More-
over, assume that (1.2) holds and

¥y h;(s)ds = oo. (2.1)
>

b imy
Then
vi)>0,  vV()<o,  (rvVO) <o, (2.2)
and
(%) > 0. (2.3)
forl=1.

Proof Let x([) be a nonoscillatory solution of (1.1). Without loss of generality, we may
assume that x(/) > 0, x(A(/)) > 0 and x(c({)) > 0 for [ > [; > [y. From (1.1), we have

(v @) == hDg(x(o:())

< kY D (oi(D) 0. (2.4)

i=1

Hence, the function r(/)v'([) is decreasing and therefore we shall consider the following
two cases, either v/(I) < 0 or v/(/) > 0. Assume that there exists I, > [; such that V() >0 on
[£3,00). Then

2(D) = (1) - qUx(MD) = v(l) - qUv(AD) = v(D(1 - (D)), for = b,

and so

(o) = v(o:) (1 - q(0:D)), (2.5)

which together with (2.4) implies that

m

(rv @) < -k > ()1 - q(oiD))v(oi(d)

i=1
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< ~kv(o (1) > m(D(1 - (o). (2.6)

i=1

Define the function w(J) by the Riccati substitution

(V' (1)

=260

Then w(/) > 0. Differentiating (2.7), using (1.1) and (2.5) we see that

r@v' @) r)v v (o ?)a’()

SO==Gm) " e

m ) l y
<~k " m)(1-q(0:)) - %w(h

m

< -k YD1 -q(ouD)). (2.8)

i=1
Integrating (2.8) from /, to /, we obtain

D) <ow()- / 1 qa,( )))ds

i=1

= o(b) ~k min inf(1-g(0i(1)) / Zh(s)ds (2.9)

h i

The above inequality, taking assumption (2.1) into account, implies that w(/) — —oo as
[ — 00, which is a contradiction. Hence, the case v/'(/) > 0 is impossible. Thus, v(/) satisfies
(2.2) for [ > ;. On the other hand, it follows from the monotonicity of r({)v/({) that

< p(s)v'(s) , * 1 ,
v(l) > _/1 ) ds > —r(l)v (l)‘/l @ ds > —r(D)V'(D)x (1), (2.10)
that is,
v(l) + r()vV' Dz (1) > 0. (2.11)
Now

( w(l) ) _ v - v(l)n/(l). (2.12)

7 (1) 2(0)
From (2.11) and (2.12), we conclude that

v\ _rOr v O+ )
(ﬂ(l)) - r(Dm2(l) -

The proof of the lemma is complete. g
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Theorem 2.1 Let condition (1.2) be satisfied. If

7 (A(D) ﬂ(k(l))) 0 (2.13)

0<l=ab—g <b zézf(l_q(l) (0

and

1
f f dsdu 00, (2.14)
lo =1

then every solution x(l) of (1.1) is oscillatory.

Proof Let x(I) be a nonoscillatory solution of (1.1). Without loss of generality, we may
assume that x(/) > 0, x(A({)) > 0 and x(c ({)) > 0 for [ > [; > ly. It is well known that (2.1) is
necessary to verify (2.14). Since the function

‘/loo i hi(s)m (ai(s)) ds
0 =1

is unbounded due to (1.2) and 7'({) < 0, (2.1) must hold. Using Lemma 2.1, v(J) satisfies
(2.2) for [ > I;. It follows from (2.3) that there is ¢ > 0 such that

V(l)

-0 2 (2.15)
and
2 (1) = WD)~ q((D) = v(D) ~ qU)v(2(D)
r (D)) 7 (A(0)
>v(l) -q() =0 (1)<1 - 20 ) (2.16)
Using (2.15) and (2.16) in (1.1), we obtain
7 (Moi(1)))
(r(l)v l) —k;h (l)v a,(l)) (1 q( (l)) 2 0) )
- 7 (Moi(1)))
< —kZhi(l)<1 - q(a,-(l)) 20 0) >c7z (ai(l)). (2.17)

i=1

Integrating (2.17) from /; to [, we obtain

r(W () —r(h)V (L) < —kc/ Zh (s) ( z( ))ﬂ()»((G,(S))))) (oi(s))ds
b

that is,

ﬂ(/\(Ul(S)))
= r(l)/;1 ;h ( JT(cr,-(s)) ) (0i(s) ds. (2.18)
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Integrating (2.18) again from /; to / and taking into account (2.13) and (2.14), we have

v(l) < v(lh) / / Zh s)( nj(:\(f:l(is))))))n(m(s)) dsdu
< vl ~ke min g(l a(oits ))”ff(ff‘(s)) ) / / Zh (97 (01(9)) dsdue.

The above inequality, taking assumptions (2.13) and (2.14) into account, implies that
v(l) - —o0 as [ — 0o, which is a contradiction. The proof of the theorem is complete. [J

Theorem 2.2 Suppose that (1.2) and (2.1) hold. If

7 (A(D)

0<1-4() <0

<1 (2.19)

and

, = 7 (A (o:(0)))
w'(l) > (k 21: h()M(o:(D)) (1 —q(a:() D) )) W (o () (2.20)

is oscillatory, where

MO =k [ 703 hm(o19) (1-alo9) 2 S5 ) o

i=1
then every solution x(I) of (1.1) is oscillatory.

Proof Let x(I) be a nonoscillatory solution of (1.1). Without loss of generality, we may
assume that x(/) > 0, x(A({)) > 0 and x(c({)) > 0 for [ > [; > ly. Because of (2.1), from
Lemma 2.1, we can conclude that v(J) satisfies (2.2). Now, since

/

(v(D) + r(l)v/(l)n(l))/ =vV{)+ (r(l)v’(l))/n(l) +r()W (') = (r(l)v’(l)) 7 (), (2.21)

using (1.1) and (2.16), (2.21) becomes

(v() + r(0)v (l)n(l)) —km (l) Zh (Dx* (o:(D))

i=1

7 (Aoi(0))
< —kn(l ;h (v (o; 1))(1 a(o (1))#) <0. (222

Hence, we observe that ®(J) = v(I) + r({)v' ()7 (I) > 0 is nonincreasing. By integrating (2.22)
from [ to co and using (2.11), we obtain

00 " (A(oi(s)))
o) = /l kﬂ(s)th(S)V(Ut(s))(l‘q(o"(s))nn(i(ss)) )ds

- 7 (A(oy(s)))
k/; (s ;:h, al S) (UL(S)))”(Ui(S))<l_q(U’( ) 7 (oy(s)) )
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00 m ) n()h(ai(s)))
>k /l (s) ;hi(s)(—r(s)v () (01(5)) (1 ~4(09) 56 ) &

. (—r(l)l/(l))k/ 7 (s) Z hi(s)m (01(5)) <1 - q(al»(s)) ”:‘(S’(S))))) ds,

since r())v' () ({) < 0, we get

v(l) > (—r(l)V/(l))k/lOo 7(s) th(S)JT (04(s)) (1 _ q(ai(s))n(k(ai(s)))> ds
i-1

m(oi(s))
> M) (-r()V (D). (2.23)

From (2.17), we have

Y “ A(oi(l
(rV () <k ZE hi(Dv(oi(D) (1 —q(o:(D) ”7(1 (E: (g))))) ) (2.24)

Using (2.23) and (2.24), we see that W (/) = —r({)V/ (/) is a positive solution of the differential
inequality

; . 7 (AMoi(1)
WD) = k ; hi(DM (0:(1) (1 - q(0i(2) 0.0) ) W (ai(0)).

From the increasing property of W (J), we get

y . 7 (Ma:(D))
W) = k ; hi(DM (0:(1)) (1 —q(0i(2) 0.0) ) W (o (),

that is,

, - 7 (Moi(D))
W(l)z(k;hi(l)M(m(l))(l—q(oi(l)) o) ))W(a(z)),

which is a contradiction. The proof of the theorem is complete. O

Theorem 2.3 Suppose that (1.2), (2.1) and (2.19)hold. If

/ N (kn © > hils) <1 — q(0i(s)) ﬂ””"“”’) rlods) 1 ) ds=oo, (225)
lo i=1

w(ois) ) wls)  4r(s)m(s)
then every solution x(I) of (1.1) is oscillatory.

Proof Let x(I) be a nonoscillatory solution of (1.1). Without loss of generality, we may
assume that x(I) > 0, x(A(l)) > 0 and x(o({)) > 0 for [ > [; > ly. Because of (2.1), from
Lemma 2.1, we can conclude that v(J) satisfies (2.2). We now define the following func-
tion:

(v ()

() = T (2.26)

Page 7 of 11
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for [ > [;. Differentiating (2.26), we have

oo r@VQ) r()V(D)?
() = 020 (2.27)

from (2.24) and (2.27), we have

KL mDV@D)1 = D) T () (1)

¢'() =< 0 20

Because of (2.3) and (2.26), we conclude

() < —kZhi(z><1 - q(i) "

i=1

()»(Gi(l)))> m(oi(D)  ¢*()
moD) ) =0 @’

Multiplying this inequality by 7 (/) and integrating the resulting inequality from /; to [ we
find

l " . .
2 (D(l) - (L)) < —k / 76) > hi(s) (1 — (i) ”(A(m(s)))) m(os)
h i=1

7 (0i(s)) 7 (s)
_ /h ln(s)qf(g) ds — lll%ds, (2.28)
using the inequality
I

~BQ + AQEV >

VYR AIB 0) 2.29
T (o + 1)t A g (2.29)

where
A=m(s)/r(s), B=1/r(s) and Q=-¢(),

thus (2.28) becomes

! m . .
2 (06(0) - 7 ()ph) < —k / ()Y k(o) (1 —4(ois) n(x(axs)))) 7o) |
h i=1

m(oi(s)) ) 7(s)

101
¥ 1/,1 o (230

From (2.10) and (2.26), we have

e ) @31

In view of (2.30) and (2.31), we obtain

i m 7 (A(o3(s))) \ 7 (0(s)) 1
L+m(h)p(lh) > -/11 (kﬂ(S) Lz;hi(S)(l ~4(0i(s) 7(0i(s)) ) n(s) 4r(s)n(s)> &

which is a contradiction. The proof of the theorem is complete. d
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Now, we will present examples to illustrate our main results.

Example 2.1 Consider the second-order neutral differential equation

(12 (x3(1) + %x(é)) ) +812x3(20) + I*+*(3]) = 0, (2.32)

where k = 1 and m = 2. Now, we note that « =3 > 1, r(l) = 2, q(I) = 1/3, A() = 1/2, hy(I) =
8102, hy(l) = I*, o1(I) = 21 and 0,(!) = 31. Then it is easy to see that

n(z):/loo;ds:/oo -

7 (x(l) 1_(1) 1/(72) 1
3

(0 R

0<1-40) 1/l 3

and

1
/ cr, ) dsdu / / (813 — +s —)dsdu 0.
ly r(u) Iy i: 28

By using Theorem (2.1), we see that (2.32) is oscillatory.
Example 2.2 Consider the second-order neutral differential equation
(B(°) + qoxtkiD))') + holx® (ko) + I Ix® (Ks1) = 0, (2.33)

where k=1, m =2, k; € (0,1], k, > 1 and k3 > 1. Now, we note that g(l) = go, qo € (0,k?),
a=5>1, r(l) = 13, )\(l) = kll, hl(l) = hol, ]’lo >0, hz(l) = h*l, ]’l* >0, 0’1(1) = kzl and 0’2(1) = /(3[.
Then it is easy to see that

[e¢] (o] 1
— = de = 3 de=
n(l)_fl o / s ds= o

/ Zh(s)ds— " (hos + hus) ds = oo,

— lo

RO0) o1

0<1-4() <0 k2

and

00 " 7 (A(oi(s))) \ 7 (oi(s)) 1
/;0 (kn(s)zhi(8)<1—‘1(°i(s)) 7'((0,'(8))) 7(s) _4r(s)JT(S)>dS

i=1

/1 1 1 1 1 1
/, (22<h05< q"k)kz*h*S(l q°k>k2)‘4s3<1/<2s2)>>ds’

therefore, we find that the condition (2.25) is satisfied if

1 1
h +hy— > —. (2.34)
Okz k3 (1—qoé)

By using Theorem (2.3), we see that (2.33) is oscillatory if (2.34) holds.

Page 9 of 11
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3 Conclusions

In this work, we have obtained some new oscillation criteria for (1.1) in the case where
v(l) := x*(l) + q(1)x(A(])). These results ensure that all solutions of the equation studied are
oscillatory. The results obtained here extend and complement some known results in the
literature. See for example [21-23]. It will be of interest to investigate the higher-order
equations of the form

(rO O + q0x(:0))" ) + 3" hiDg(x(0: (D)) = 0,

i=1

where g(x) > kx“.
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