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1 Introduction

Carlitz is the first one who initiated the study of degenerate versions of some special num-
bers and polynomials, namely the degenerate Bernoulli and Euler polynomials and num-
bers (see [2]). In recent years, studying degenerate versions of some special numbers and
polynomials regained interests of some mathematicians with their interests not only in
combinatorial and arithmetic properties but also in applications to differential equations,
identities of symmetry, and probability theory (see [9, 10, 12-14, 17, 19, 21] and the ref-
erences therein). It is noteworthy that studying degenerate versions is not only limited to
polynomials but also can be extended to transcendental functions like gamma functions
(see [13]).

The Rota’s theory of umbral calculus is based on linear functionals and differential op-
erators (see [3—7, 20, 23-27]). The Sheffer sequences occupy the central position in the
theory and are characterized by the generating functions where the usual exponential
function enters. The motivation for the paper [10] starts from the question that what if
the usual exponential function is replaced with the degenerate exponential functions (see
(2)). As it turns out, it corresponds to replacing the linear functional with the family of A-
linear functionals (see (12)) and the differential operator with the family of A-differential
operators (see (14)). Indeed, these replacements lead us to defining A-Sheffer polynomials
and degenerate Sheffer polynomials (see (16)).
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As is well known, poly-Bernoulli polynomials are defined in terms of polylogarithm
functions. Recently, as degenerate versions of such functions and polynomials, degener-
ate polylogarithm functions were introduced and degenerate poly-Bernoulli polynomials
were defined by means of the degenerate polylogarithm functions, and some properties
of the degenerate poly-Bernoulli polynomials were investigated (see [17]).

The aim of this paper is to further study the degenerate poly-Bernoulli polynomials,
which is a A-Sheffer sequence and hence a degenerate Sheffer sequence, by using the
above-mentioned A-linear functionals and A-differential operators. In more detail, these
polynomials are investigated by three different tools, namely a formula about representing
a A-Sheffer sequence by another (see (19)), a formula coming from the generating func-
tions of A-Sheffer sequences (see Theorem 1), and a formula arising from the definitions
for A-Sheffer sequences (see Theorems 6, 7). Then, among other things, we represent the
degenerate poly-Bernoulli polynomials by higher-order degenerate Bernoulli polynomials
and by higher-order degenerate derangement polynomials. The rest of this section is de-
voted to recalling the necessary facts that are needed throughout the paper, which includes
the ‘A-umbral calculus.

For k € Z and 0 # A € R, the degenerate polylogarithm functions are defined by

oo
. )" Wi,
Lig(x) = ; Wx (see [9, 17]), (1)
where ()05 = 1, (¥ =2~ 1) -+ (¥ — (1~ 1)), (n > 1).
For any X € R, the degenerate exponential functions are given by

c0- 0 @-d-Y D2y eels,13). ®)

n=0 ! n=0

Note here that, for A #0, €5(t) = (1 + AL)E.
The compositional inverse log, (¢) of e; (¢) is given by

X an-1

log, ()= Y ——(n1(t=1)",  (see [9,13]). (3)

n=1

From (1) and (3), we have
Liy (%) = —log, (1 —x) and lirr(l)Lik,x(x) = Lig(x), (4)

where Lii(x) are the polylogarithm functions defined by

[e¢]

Lig(x Z x_k |x| < 1 ,(see [1,8,9,22]).
n=1

In [9], the degenerate poly-Bernoulli polynomials are defined by Kim—Kim as

Lia(L=e(-8) , o= o i 2
W%@)—ZB»«M : ©

When x =0, Bn 5= 53(0) are called the degenerate poly-Bernoulli numbers.



Kim et al. Journal of Inequalities and Applications (2021) 2021:58 Page 3 of 12
It is well known that Carlitz’s degenerate Bernoulli polynomials of order r are defined
by

t
(M) ek(t)_Zﬂ( (x )— (see [2]). ©

Forr=1, ,BV(IB(x) = B, (x) are called the degenerate Bernoulli polynomials.
From (5), we note that

00 t” Lil,A(l — e;h(—t)) ~ t B} ) 00 p
;0 - C)L(t)—l - eA(t)—leA(t)_;ﬂn’A(x)E' (7)

By (7), we get Bf},i () = By (x), (n = 0).
The degenerate Stirling numbers of the second kind appear as the coefficients in the

expansion

@)= DS (m D) (1> 0),(see [9, 11]). ®)

=0

As the inversion formula of (8), the degenerate Stirling numbers of first kind appear as the

coeflicients in the expansion
n
K=Y Sl D@, (1> 0),(see [9]). ©

Thus, by (8) and (9), we have

(o0 - Zszx("l;k)— (10)
and
o (log,\(l + ) ZSM(H k)— (k > 0), (see [9]).

n=k

In view of (6), the degenerate derangement polynomials of order r(€ N) are defined by

q _lt)r ;d’(“r)* x)—n (see [12, 19]). (11)
Whenr=1,d,, ()= d (x) are called the degenerate derangement polynomials.

Note that lim; _, ¢ d,,,k( ) = d,(x), where d,(x) are the derangement polynomials and d,, =
d,(0) are the derangement numbers (see [12, 15, 16, 18]).

We remark that the umbral calculus has long been studied by many people (see [3—
7, 20, 23-27]). For the rest of this section, we recall the necessary facts on the A-linear
functionals, A-differential operators, A-Sheffer sequences, and so on. The details on these
can be found in the recent paper [10].
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Let C be the field of complex numbers,

o0 k
F= :f(t) =Y |me c},
k=0 !

and let
[o¢]
P=Clx] = {Za,-xi a; € C with a; = 0 for all but finite number ofi}.
i=0
For f(t) € F with f(¢) = > o ak% and A € R, the A-linear functional {f(£)|-); on PP is de-
fined by
fOI@®)ns), =an (1> 0),(see [10]). (12)
By (12), we get
(E1@)ns), = nuk (n,k = 0), (see [10]), (13)

where §,,x is the Kronecker symbol.
The A-differential operators on P are defined by

(tk))\(x),, = { (n)k(x)n—k,)u lfO < k <n, (14)
0, ifk>n.

For () = Y 2% ak% € F, and by (14), we get

n

(F0),ni= Y (Z) @@ty (12 0), (15)

k=0

(€/(0), W = (x+ s (12 0), (see [10]).

Let f(£) be a delta series, and let g(¢) be an invertible series. Then there exists a unique
sequence S, (x)(deg S,,»(x) = n) of polynomials satisfying the orthogonality conditions

(O (F©) 1S @), = nl6,i (n,k = 0), (see [10]). (16)

Here, S, (x) is called the A-Sheffer sequence for (g(¢),f(¢)), which is denoted by S,, . (x) ~
(g(@®),f(£));. The sequence S,,; (x) is the A-Sheffer sequence for (g(t),f(¢)) if and only if

1

_ i "
o (t))e{(f(t)) = ;sn,x(y); (see [10]) (17)

forally e C, wheref(t) is the compositional inverse of f(£) such that f (f @) :j_((f (2) =t
Let Sy,5 (%) ~ (g(2),f(2)). Then, from Theorem 16 of [10], we recall that

(f(8)),Sup(x) = 1S, 1, (x),  (n=1). (18)
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For S, (x) ~ (€(8).f (), 1 (x) ~ (h(2),1(¢));, we have
X)= Y Cuaria(®), (1> 0),(see [10]), (19)

where

1(7wy) ‘0 )nx>. (20)

A

1< I{0))

Finally, we note that A-umbral calculus has some merit over umbral calculus when deal-
ing with A-Sheffer sequences. As one example, we illustrate this with the problem of rep-
resenting the degenerate Bernoulli polynomial S, , (x) in terms of the degenerate falling
factorials (x)«,. As before, let f(£) and g(¢) be respectively a delta series and an invertible
series. First, we recall that S, (x) is Sheffer for (g(¢),f(t)) denoted by S, (x) ~ (g(2),f(¢)) if

and only if
L ooy S, :
g(f(t))e ; (%) - (see [24])

Next, we recall that, for S, (x) ~ (g(£),f(2)), r.(x) ~ (h(t),1(£)), we have

Su@) =Y Cuare(®), (1> 0), (see [24]), (21)
k=0
where
1 —
= D 7)), @)

Now, we observe that f,; (x) is A Sheffer for (e” o8), Bup(x) ~ (25— ®-1 4), and Sheffer for
(*e(fjj% L — 1)), Bunla) ~ (52, LM - 1)). Also, ()1, is A- Sheffer for (1,2), (%) ~
(1,2), and Sheffer for (1, X(e“ —1)), @) ~ (1, %(e“ - 1)). Let Bua(®) = Y i_o Cuk @)k
Then it is obviously easier to compute the coefficients C, x by viewing B, (x) and (x),,; as
A-Sheffer sequences and using (20) than by viewing them as Sheffer sequences and using
(22).

In this paper, we study the properties of degenerate poly-Bernoulli polynomial arising
from degenerate polylogarithmic function and give some identities of those polynomials
associated with special polynomials which are derived from the properties of A-Sheffer

sequences.

2 Representations of degenerate poly-Bernoulli polynomials
For S, (x) ~ (g(t),f(¢)),, (n > 0), we have

= 1
< (f(t))e)"(f ‘(x)nx> =k2=(;5k,x(x)ﬁ<tk|(x)n,)\>/\ 23)

= Sn,k(x): (}’1 = O)
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In (23), we note that

< o T )‘“> o3

1
> ]—,< (f(t))(f() \(x)m> @) (4)

"1
sz C ) 0

j=0

Therefore, by (23) and (24), we obtain the following theorem.

Theorem 1 For S, (x) ~ (g(2),f(t)),., we have

Sunl0) = Zl< 0 |w) @
A

= i\ e(F®)

From (5) and (17), we have

*) e(t) -1 )
BY @) ~ (.—,t . (25)
4 Liga(1-en(=2)) /,
By Theorem 1 applied to (25), we get the following corollary.

Corollary 2 For n > 0, we have
n

BYw=3" <1>B(k) @

j=0

Here we remark that Corollary 2 can also be obtained by combining (15) and the first
line of (27).

From (25), we note that

e (t) - Y N
(m)kl}n,x(ﬁf)—(ﬁc)nl (1,0 (26)

By (26), and noting that (x),,, =Y ;.. Zj:o So (1, D)S11 (1)) (%);,., we get

® (o Lika(1 —en(=2))
BY () = (—ek — ))\(x)n,x 27)
T ;)(M) @)
=0 j=0 1(6) -1 A

2252)“ n, Sl)bl] ZB(k) m )}L

=0 j=0

ZZZ( )Szx(ﬂ,l)sl)\(l ])Bm)\(x), A

=0 j=0 m=0

Page 6 of 12
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= Z Z (};) Son(n, l)&,x(Lj)Bfi&(x),_ml,\

n I I-m

i+ m
= (’ o )su(n, DS1,(L,j + m)BY, (x);5.
=0

N
I
<)
3
i
<)
-~

Therefore, by (27), we obtain the following theorem.

Theorem 3 For n > 0, we have

Bl@=Y"" Z ( >52)\(W, DSy (L) + m)BE, ().
=0

Now, we observe that

@, [Lika (1 —eu(=¢)
B”’X(Y)_<—ek(t) 1 eK(t)’(x)m/\>A (28)
<L1k,\( —e(— t))’( (; e{(t)) x)n)\>
1
= ( Bi).(») EleA —e.(-1)) ’(x)n IA>

m
A

/3W><%Z( SEULIRIAS & (eA(—t)—l)’”\(x)nz,x>

A

1
] |
5o A W et M) (¢1010),

n 1 A" D) "
l)m@) ;Z(Z e ()8, m)—\x)n 1

n o0
2\, ﬂl,x@)jz()(mﬂ D)
n " n— l+1( A.)m_l(l)m, (_1)n—l+1—m
; )82 0) Z Qs gy Sealn= L L)1
n n—i+1 nl (1
oy
- T (Dm1nSap(n =1+ 1,m)B1,(y).
o o (=l m :

Therefore, by (28), we obtain the following theorem.

Theorem 4 For n > 0, we have

n o n- l+1 l)n l()
= Z =1+ Lym- 1(1)m1/x5u(71 [+1,m)B ().

=0 m=1

By (6) and (17), we note that

BY(x) ~ (Mt) . (29)
L A

Page 7 of 12
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From (19), (25), and (29), we have

n
= Z Cn,mﬂ;i?)\ (x); (30)
e
where
1 [Liga(1 - ex( £)) (ex(t) - l)s
_ 1 ; 31
m( O | A>A (31)
n\ [Liga(1 - e, (=1)) (e:(2) = 1)°
(x)n—m,k
m e (t)-1 s N
1\ = S22 (0 +5,5) [Liga (1 - ex(-1))
m l+sl’ ()_1 t‘( n—ni,A
1=0 s
<n>nm3’2kl+s S)( )<Lik,k(1_e)»(_t))‘(x) ) >
— | &) n-min
pn bs l e (t)-1 e
n nmSz)‘(l-!-SS) (k)
( ) Z l+s ( l )Bnml,A'
=0 s
Therefore, by (30) and (31), we obtain the following theorem.
Theorem 5 For n > 0, we have
sw=3 (1) (Z Spallr 5,980 M) 59 )
m=0
For n > 0, we let
= {p(x) € Cl«]| deg p(x) < n}.
Then P, is an (# + 1)-dimensional vector space over C.
From (11), we note that d,,; (x) ~ ((1 — £)e;(£),£), (n > 0). For p(x) € P, we let
px) =3 Cudy (). (32)
1=0
By (16), we have
(1 -)es )™ p)), Z C{(1 - t)e, (£)e™ | dyy. (), (33)

n
=Y Cimlsyy = Cumt
=0

where 0 <m < n.
Therefore, by (32) and (33), we obtain the following theorem.

Page 8 of 12
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Theorem 6 For p(x) € P,,, we have

p@) =) Cida(x),

=0

where
1 I
C = ﬁ<(1 —t)et Ip(x))x.

Let p(x) = Bgf;(x) € P,.. Then we have

BY @)=Y Cdip(w),
=0

where
- %((1 — t)ex ()18 (v),
= <’;)((1 - t)e,\(t)|Bg(_)1,x(x))x
n *)
_ (l><(1 - OIBY, (e 1),
= <7>(1|B;k_)z,x(x +1)), - (7) (n - l)<1|B£zk-)l—1,x(x +D),

n n-1
() -n(" )R

Thus, by (34) and (35), we get

- n n-1
=3 0(()) (") Yot

1=0

G

From (11), we note that d7)(x) ~ (1 — £)"e; (£), £);.
Let us assume that

pw) =Y CYAY, (x) e P,
m=0
Then, by (16), we get

(A -tye@lp@), = > (1 - ex(®)™|d)) (),
=0

= m!CZ) (0<m<n).

Therefore, by (37) and (38), we obtain the following theorem.

(34)

(35)

(36)

(37)

(38)

Page 9 of 12
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Theorem 7 For n > 0, we have

n
x) = Z Cf;)df;),\(x)
m=0

where
1
Cﬁnr) = %((1 — 1) e (t)t" |p(x)))‘.

We let

Mx)—ZC d?, (x

(1 =0 "ex ()" dy (),

1

m!

( ) (=) | doma(x + 1)),

(m) Z Q)( 1Y (n - Wl);(lldn (X + 1))

(VL)Y
j=0

By (39) and (40), we get

3

)= (Z) (Z C) (” . m)j!(—ly'dn_m_;,k<1)) A0, (1=0).
j=0

m=0

Let us take p(x) = Bgf;(x) € P,, (n > 0). Then, by Theorem 7, we get

BY @)=Y "cd?, ), (n=0),

where

m

- (y’;)(( ty1BY (x4 1),

(Lt
Lot

Therefore, by (42) and (43), we obtain the following theorem.

r 1 r k
Cy =—(-1) ex(£)"|BY) (x)),

Page 10 of 12
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Theorem 8 Forn >0,k € Z, and r € N, we have

Br@=3_ (m) (Z (,) (—IY(” ; m>ﬂ3£1k—)m—j,x(1)) i ().
m=0 j=0

3 Conclusion

The umbral calculus had been laid as a rigorous foundation by Rota and is based on linear
functionals, differential operators, and Sheffer sequences. Here, for an invertible series g(¢)
and a delta series f(£), S,(x) is the Sheffer sequence for (g(¢),f(¢)) if and only if

[ee]

L o _ &
g(}?(t))e ;S,,(x)n!. (44)

Recently, the ‘A-umbral calculus’ was developed by the motivation that what if the usual
exponential function appearing in (44) is replaced with the degenerate exponential func-
tions in (2). This question led us to the introduction of the concepts like A-linear function-
als, A-differential operators, and A-Sheffer sequences. In fact, for g(¢) and f(¢) as before,
the sequence S,,; (x) is the A-Sheffer sequence for (g(¢),f(¢)) if and only if

1 o e v
T (f) = ;Sn,)»(x)n!~

We noted that the A-umbral calculus has some advantage over the traditional umbral cal-
culus when dealing with A-Sheffer sequences. This was illustrated with the problem of
representing the degenerate Bernoulli polynomial in terms of the degenerate falling facto-
rials. Moreover, the introduction of the A-umbral calculus is natural in view of the recent
regained interests of many mathematicians in the study of degenerate versions of some
special polynomials and numbers, which was initiated by Carlitz.

In this paper, in order to study the degenerate poly-Bernoulli polynomials, which is a
A-Sheffer sequence, we used three different formulas, namely a formula about represent-
ing a A-Sheffer sequence by another, a formula coming from the generating functions of
A-Sheffer sequences, and a formula arising from the definitions for A-Sheffer sequences.
Then we represented, among other things, the degenerate poly-Bernoulli polynomials by
higher-order degenerate Bernoulli polynomials and also by higher-order degenerate de-
rangement polynomials.

It is one of our future projects to continue to investigate the degenerate special numbers
and polynomials by using the recently developed A-umbral calculus.
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