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1 Introduction
Most classical nonhomogeneous wavelet systems are derived from a refinable structure
(see[2,5,7,9,21] and the references therein). To obtain the stability of frames or bi-frames,
some technical restrictions are imposed on refinable masks in this literature. Observe that
for wavelet systems derived from refinable structures, one of the most important features
is their associated fast wavelet transform. Due to lack of a refinable function, the corre-
spondence between the homogeneous systems and fast wavelet transforms is not exact,
while the nonhomogeneous systems are different. Moreover, Han in [12] showed that non-
homogeneous wavelet systems are closely related to nonstationary wavelets (see [6, 14]).
Based on these considerations, in this paper, we will dicuss the nonhomogeneous wavelet
bi-frames under the setting of the reducing subspaces of Sobolev spaces.

The notion of frames was first introduced in [10], which dealt with nonharmonic Fourier
series. Let Z be a countable set, and  be a separable Hilbert space. The sequence {e;};c7 C

‘H is called a Bessel sequence in H if there exists C > 0 such that

Z\(f,ei)|2 <C|fII* forfeH;

i€
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this is called a frame for H if there exist 0 < C; < Cy < +00 such that

GlfI* < Z|(f,€t)|2 < GIfII* forfeH.

i€

Given two frames {e;};c7 and {&;};cz for H, we call {e;};c7 a dual of {e;};c7 if

f=) (f.ée forfeH. (1.1)

€T

It is easy to check that (1.1) is equivalent to

f=) (frede forfeH.

i€l

So, in the case, we also say ({e;}icz, {€i}icz) is a pair of bi-frames. It is well known that
({ei}icz, {€i}iex) is a pair of bi-frames for H if {e;};c7 and {é;};cz are Bessel sequences sat-
istying (1.1).

Let d be a positive integer. The Fourier transform of an integrable function f € L!(R%)
is defined by

ok /Mﬂ@e””““ da

and is naturally extended to the tempered distribution spaces, where (-, -) means the Eu-
clidean inner product in R, Similarly, its inverse Fourier transform is defined as

f= / Fx)e¥™ ) dy,
R4
For functions f and g on R?, we define

[Fgl() =D fC+hgl+R)(1+]-+kP)’, teR,

kezd

if it is well-defined in some sense, where | - | denotes its Euclidean norm. We denote by xr
the characteristic function of a Lebesgue measurable set E and by § the Dirac sequence.
The support of a distribution f on R is defined by

supp(f) = {x € R?: f(x) #0}

which is well-defined up to a null set. Given s € R, let H*(R“) be the Sobolev space con-
sisting of all tempered distributions f such that

Ve = [ JFOP L+ 1) de <ox.

It is easy to check that H*(R?) is a Hilbert space under the inner product:

{f & ss(rey = A J@E(1+16P) de forf,g e H'(RY).
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In particular, H'(R?) is the usual Hilbert space L?(R?) by the Plancherel theorem. More-
over, for every g € H*(R%),

o= [ Fea@ds forf e ()

defines a continuous linear functional on H*(R%). So the spaces H*(R?) and H~*(R“) con-
stitute a pair of dual spaces.

We say that an integer matrix A is expansive if all its eigenvalues are greater than 1 in
module. Throughout this paper, we always assume that A is isotropic, i.e. A is similar to
a diagonal matrix diag(A, Xy, -, Ag) satisfying |A1]| = [Ap| = - = |Ag4] = |detA|$. We always
denote by A* its conjugate transpose for a matrix A. Define a function « : Z¢ — Z by

K(n):sup{jeZ+ :A*_jneZd}, (1.2)

where Z, denotes the set of the natural integers. It is obvious that «(0) = +oc. Define the
shift operator Ty with k € Z“ and the dilation operator by

1
Tif()=f(~K) and Df()=|detAlif(A)
for a distribution f, respectively. For convenience, we write m = |detA| a , and write
fik= Dika and jjsk = m‘%k

for s e R, je Z and k € Z%. Given L € N. Let ¥, € H*(R?) be a tempered distribution,
and W = {y1,..., ¥} C H(R?) a finite set of tempered distributions, we denote the ho-
mogeneous wavelet system X*(¥) and the nonhomogeneous wavelet system X*(vo; V) in
H:(RY), respectively, by

X(W)={v}:jeZkeZl=1,...,L} (1.3)
and

X(Yo; W) = Yook : ke ZY Uy}, 1j € Zy, ke Z41=1,...,L}. (1.4)
In particular, we write

XO(W) =X(¥) and  X°(o; ¥) = X(Y0; W)
for simplicity.

Han in [15] studied nonhomogeneous wavelet frames in (H*(R?), H=*(R%)). In particu-
lar, when s # 0 and A is the dyadic matrix 21, [15, Theorem 1.1], not only established the
mixed extension principle for nonhomogeneous wavelet bi-frames in (H* (RY), H=5(R%)),
but also characterized the functions in H*(R?) and H~*(R?) using such bi-frames. The

characterization is different from the one in [3, 4], using homogeneous wavelet bi-
frames in L2(R“). The homogeneous wavelet bi-frames used in [3, 4] are required to have
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vanishing moments and positive regularity simultaneously, however, this pair of compet-
ing requirements can be completely separated for two wavelet systems in nonhomoge-
neous wavelet bi-frames used in [15, Theorem 1.1]. Without loss of generality, assum-
ing that s > 0, then one can demand the synthesis system to adapt the desired order
of regularity, while requiring the analysis system to have the desired order of vanishing
moments to achieve the sparsity. This gives great flexibility in constructing bi-frames in
(H*(R%), H=5(R%)). Two variations of [15, Theorem 1.1] are obtained in [11, Theorem 2.1]
and [20, Theorem 4.1]. Li and Zhang in [18] obtained the following characterization for a
nonhomogeneous wavelet bi-frames of (H*(R?), H=(R%)).

Proposition 1.1 Let X*(yo; V) and X5(Wo; ¥) be Bessel sequences in H*(R?) and H-*(R?),
respectively. Then (X*(Yo; V), X =S(o; W) is a nonhomogeneous wavelet bi-frames in
(H*(R%), H~*(R?)) if and only if, for every k € 7,

L« e
Yo() ol + k) + Z 1&1((A*)7/-)1ﬁ1((A*)7](- +k)) =805 a.e onR?. (1.5)
0

=1 j=

In particular, when s # 0, Proposition 1.1 reduces to the one in [19, Lemma 2.5], with tak-
ing Q = R?.[19, Lemma 2.5], is a variation of [13, Theorems 9, 11] and [1, Proposition 2.3].
[13, Theorems 9, 11] are for frequency-based nonhomogeneous wavelet bi-frames in space
of distribution. And [1, Proposition 2.3], is for wavelet bi-frames in L>(R?). Observe that
all the above work concerns the whole space H*(R%) or L?>(R?). This paper addresses non-
homogeneous wavelet bi-frames under the setting of reducing subspaces of H*(R?) which
is more general than H*(R?). Now, we introduce the definition of reducing subspaces of
H(RY).

Definition 1.1 Given s € R and a d x d expansive matrix A, a nonzero closed linear sub-
space X of H*(R?) is called a reducing subspace if DX = X and TiX = X for every k € Z¢,
and

(L @) ) R = (117K, (16)
where X = {f:feX}.

Observe that (1.6) is trivial if s = 0. Definition 1.1 is a generalization of the notion of
reducing subspaces of L?(R?). The following proposition gives a Fourier-domain charac-
terization for reducing subspaces of L>(R%).

Proposition 1.2 ([8, Theorem 1]) Fora d x d expansive matrix A, X is a reducing subspace

of LX(R?) if and only if X = FL*(Q) for some Q C R with nonzero measure satisfying Q =
A*Q, where

FL*(Q) := {f e L*(RY): supp(f) C Q}.

Before proceeding, let us introduce some notations and notions. For & c R with

nonzero measure, we write

FHY(Q) = |f € H'(RY) s supp(f) C e},
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and FH°(Q) = FL*(Q2). Then FH*(R?) = H*(R%). Obviously, for each g € FH*(R),

0= [ J@F@ds forf e FrE@

defines a continuous linear functional on FH*(R2). Then (FH*(2), FH(R2)) constitutes a
pair of dual spaces, as we discussed above as regards (H*(R%), H~*(R%)).

Theorem 2.1 in Sect. 2 claims that X is a reducing subspace of H*(R?) if and only if
X = FH*(Q) for some nonzero measure set Q C R satisfying Q = A*Q. So, specifically, we
denote as FH*(2) a reducing subspace of H*(R%) in place of X.

Next, we introduce the definition of a nonhomogeneous wavelet bi-frames in reduc-
ing subspaces of Sobolev spaces. Let FH*(2) and FH*(2) be reducing subspaces of
H*(R%) and H~*(R?), respectively. ¥ € FH*(R2), Vo € FH(2), ¥ and ¥ be finite sub-
sets of FH*(2) and FH™*(2), respectively. We say that X*(; W) is a nonhomogeneous
wavelet frame (Bessel sequence) in FH*(2) if it is a frame (Bessel sequence) in FH*(S2),
and that (X*(Yo; W), X*(Yo; ¥)) is a nonhomogeneous wavelet bi-frames (NWBFs) in
(FH*(2), FH5(Q2)) if

(1) X5(yo; W) is a frame for FH3(Q) and X=5(Wo; ¥) is a frame in FH5();

(2) the identity

(£,8) = Y _Afs o0 (Voow8) + Y D D L Uiviieg) (1.7)

L
kezd =1 j=0 kezd
holds for all f € FH*(2) and g € FH*(2).
The notion of NWBFs herein is a direct generalization of the one in [16], which deals with
(H5(R?), H-5(R?)). Observe that X*(1o; ¥) and X~*(o; ¥) cannot be replaced by X (v, ¥)
and X (o, ¥) in the above definitions when s # 0. An argument for this can be found in
[17].
Denote

D={f :f € L®(RY), supp(f) is bounded}.

It is well known that D is dense in H*(R?) and D N FH*(R) is dense in FH*(R2) for every
s € R, respectively.

The paper is organized as follows. In Sect. 2, we characterize the reducing subspaces of
H*(R%) and give some auxiliary lemmas used later. In Sect. 3, we establish a characteriza-
tion of a NWBFs in (FH*(2), FH*(2)) via a pair of equations.

2 Reducing subspaces of H*(R?) and some auxiliary lemma
In this section, we characterize the reducing subspaces of Sobolev spaces, and give some
auxiliary lemmas used later.

By a careful computation, we get the following lemma.

Lemma 2.1 Lets € R, and let Q be a measurable set in R? with nonzero measure. Define
A by

FO =1+ 2)2F0)
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for f € H(R?). Then

(i) » and \* are unitary operators from H*(R?) onto L*(R?) and onto H-*(R?), respec-
tively;

(i) MEH*(R)) = FL*(2), and A*(FH*(R2)) = FH™(Q);

(i)

()‘ﬁ,k)A(') = |detA|*% (1 +]- |2)%e—zm<k,(A*)—f.)j((A*)_j.)
1+]-12 \? -
“\T a0 2 Ml
(1 +(A%)7 - |2) [( f)/k]( )

Jorf € H (RY).
Theorem 2.1 Given s € R and a d x d expansive matrix A, X is a reducing subspace of
H*(R?) if and only if X = FH*(2) for some Q2 C R with nonzero measure satisfying Q =
A*Q.

Proof Necessity. Suppose X is a reducing subspace of H*(R?). Defined A as in Lemma 2.1,
and denote X; = AX., Then we only need to prove that

X, = FL3(Q)

for some measurable set Q2 in R? with Q = A*Q by Lemma 2.1. By the unitarity of A, X; is
a linear closed subspace of L?(R%). So it is sufficient to prove that

DXI :XI and Tle :Xl fork e Zd (21)

by Proposition 1.2. A simple computation shows that

Nl

BX: = (1+ (&) ) DK = D%, = (1 +](4") ) IR = (141 ) IR = K,

— —

TeXo=(1+] ) TeX =TeXa = (1+]- 2)

[SEY

f(:)/(\l for k € 77,
according to Definition 1.1 and the fact that X is a reducing subspace of H*(R%). Hence
(2.1) holds.
Sufficiency. Assume that X = FH*(2), A*Q = Q. Obviously, (1.6) holds. By Lemma 2.1,

) is a unitary operator, FH*(2) = A"}(FL2(R2)). Furthermore, FL2(R2) is a linear closed sub-
space of L>(R%). So X is a linear closed subspace of H*(R%). For k € Z¢, we have

T X=e?* X=X and DX=D'X=X
due to the fact that A*Q = Q. It follows that

DX=X and TiX=X forkeZ’

Therefore, X is a reducing subspace of H*(R?). The lemma is proved. d

The following three lemmas are borrowed from [18, Lemmas 3.6, 3.9 and 3.11].
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Lemma 2.2 Lets € R and ¢ € H(R?). Then
(i) {Tx¢ : k € 7%} is a Bessel sequence in H*(R?) if and only if

(6, 91, € L®(TY).

In this case, || [dA),qAS]S||LDO(Td) is a Bessel bound.
(i)) If{Tx¢ : k € Z%} is a Bessel sequence in H*(R?), then {q&;k :k € 7%} is a Bessel sequence
in HS(R?).

Lemma 2.3 Lets€ Randj e Z. Given ¢ € H*(R?) and f € H™*(R?). Then the kth Fourier
coefficient of [| det A| %fA((A*)f-), A)o(€) is {f>djx) for k e 7%, In particular,

[1det AL (A7), 80036 = S (Fs a7 k4) (2.2)

kezd

if {Tx¢ : k € 7%} is a Bessel sequence in H*(R?).
Lemma 2.4 Given s € R, let X*(o; W) be a Bessel sequence in H*(R?). Then

L oo

—2js| 4 —7\|2 —s
+2 2 m i ((aT) )P < B+ 1) (23)

=1 j=0
holds a.e. on R?.
Lemma 2.5 GivenseR.Ifg € D, then [g,8]s(-) < C.

Proof By g € D, we have g € L*(R%) and supp(g) C K for some bounded set K. Observe
that

(8,855 Z|g§+k (1+1& + k%)

kezd

is Z-periodic. So we only need to prove that [g,g]s(-) < C on T¢. Combining this with the
boundedness of supp(g), we can deduce that there are only finitely many nonzero terms
18 + 2L+ & +kI?)* in Yy ez 18 + K21+ |€ + k) for & € T and thus [g, 8](-) < C.
The lemma is completed. O

Lemma 2.6 Let K C R? be a bounded set. Then there exist finite sets Fy C Z, and F, C
74\ {0} such that

KN(K+A*k)=0 (2.4)
for (j, k) & F1 x Fy with k #0.
Proof Since A is expansive, we have

hm”( )_j”%<r for some 0 <r<1.
J—> 00
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Take & > diamter(K). It follows that there exists Jy > —log, § such that
|| (A*)_j || <r forr>J.
So 1 < |k| < ¥|(A*Yk| and it leads to
’(A*)jk’ > r7 > § > diameter(K) (2.5)

forj>Jpand 0 #k € Z2. Below we consider the case 0 <j < Jo. By the definition of the

operator norm, we get

1= (gmas 164971 (a6

0<j<Jo

for k € Z%. Again using (2.5), we have

[V p—

> — > diameter(K) (2.6)
maxo<j<j, | (A*)7||

if |k| > (maxo<j<y, [|(A*)7|)S. Take
Fi={jeZ:0<j<])o}
and

Fy={ke 4\ (0}: K| = (max | (4%) 7] )s}.

0=j<lo

Then (2.4) holds by (2.5) and (2.6). The lemma is proved. a

3 The characterization of NWBFs
In this section, we focus on characterizing a NWBFs in (FH*(S2), FH*(£2)). For this pur-
pose, we first give two lemmas.

Lemma 3.1 Given s € R, let {Tio : k € 74 U {Tyv - k e Z%,1 <1 < L} be a Bessel se-
quence in H*(R?). Then

L o
Z (g, Wo,o,k”2 + ZZ Z l(g, wls,j,k)|2

kezd =1 j=0 kezd

L oo
= /R | |§(s>|2<|1/7o(s>|2 . ZZm-ZfSW%((A*)"s)P) dt

=1 j=0

+/Rd@ > dE+k)

0xkezd

L w(k) P
x (&o(sh&o(s +h)+ Y T ((A)7E)n((A%) 76 + k))) dg (3.1)

=1 j=0

forgeD.
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Proof Applying Lemma 2.3, we obtain

L o
Z (g, wo,o,w\z + Z Z Z lle: ‘/fls,j,k)yz
kezd I=1 j=0 kezd
Y &E + kol +h)

f d
T kezd

=1 j=0

2
d§

[2_ & V(& +0) (e +k)

kZd

- A(Z Yol +k)m)<2§<s +k>m) i

kezd kezd

d-’E

+ Z y m fT ( > vile + bg((A) € + k)))

=1 j=0 kezd

x (Z Y& + k) e +k)> dg

fT ( ol + KB + k))Eo@)ds

kezd

L oo . .
+ZZ s 2s/ (ZWIéJrk ($+k)))Ez,j($)d5

=1 j=0 kezZd

=111 +12, (32)

where Eo(-) = Y 10 8 + Ko(E + k) and Epj(-) = Y4 c5a 8(A*Y(E + K)yn(€ + k). Note
that {Tk1/10 ke Zd} is a Bessel sequence in H*(R?) and g € D, then we have |Ey(-)| <
& g]_s( )[wo, wo] (+) < 0o by Lemma 2.2 (i) and Lemma 2.5. It follows that

/ 8. -s(%‘)[lﬁo,lﬂo]s (§)d§ < oo,

kzd
and thus
/(Zwos+k>g<s+k)<2gs+k >)ds
B kezZd kezd

- [ Do Y ate + krinte + s

kezd

by the Fubini—Tonelli theorem. Furthermore, we have

[ @@ 3 Jete + kdole + 1| < [

kezd supp(@)

2
(Z (& + K)o & + k) ds|) dt

kezd
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IA

[8,8)-5(&) [Wro, rols(€) d&

supp(g)

N

e.¢]

since [g,g]_s(- [Wo wo] (-) is essentially bounded by Lemma 2.2. It follows that

h= [ 0@ Y ate + ke + b ds

kezd

f D@ 18] dt + / Dol 3(E + )olE + k) de. (3.3)

O#kGZd

Below we calculate I, to finish the proof. Define g by g( ) =4(( *y.), then we deduce that
[2((ar)-).8((a7) )]0 =C

by g € D and Lemma 2.5. So |Ey;()] < [2((A*)), 2(A*) 12O $112 () < 00 and thus

L= Zm/d 29 / TR ((A7VE) S 2((A7Y (& +0) (s + b de.

I=1 j=0 kezd

Take K as a bounded set in R? such that supp(g) C K. By Lemma 2.6, we have
KN (K+(A*Yk)=9 for (k) & Fy x F, with k #0,

where F; C Z, and F, C Z% \ {0} are two finite sets. It follows that

zz_zsz“@/ P©2((A7)8) 3 2((A) & + L) dute + k) de.

I=1 jeFR keFy

Denote S = Uycr, 000/ (Ujer, (A*)7K + k). Then we deduce that

/ @2 (A7) E)a (A + (A Y K)Tn(e + K| e

< 18 /(A*)_th/Afl(E)l/Afz(E + )| dt

A2 ~ 2 % 2 2 %
<08l i@ de) ([ e ol )
SO

for each (j, k) € F; x F,. Also observe the fact 1 < (maxgcs(1 + [£[%)°)(1 + |£]%)* for & € S.
It follows that

| ey (e + (47 0yiute + o] de

Page 10 of 16
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< (max(1+ 1)) 180 /S )2 (1 + 16 ) de
< (rgeasx(l + |§ |2)—5) ||§||im(Rd) ||1/fl||1215(Rd)

< OQ.

Combining the above formula, then we have

fRdZZ”"M o le((a)e)| a¢

=1 j=0

o, Y Y @i Y Vi) ule + k) de

=1 j=0 0kezd
L[S iy e Pl
R4 =1 j=0
L oo '
+ / DY IREW((AT)7E) Y &6 + (AT R)in((47) T + k) de
R o 0#kezd
[ S iy e Pl P
=1 j=0
L «(k)
/ 8E) Y GE+ kDY  m P ((A%) e ) (A7) Ve + k) de (3.4)
0xkezd =1 j=0

by the definition of « (k). It leads to (3.1) by (3.2), (3.3) and (3.4). The lemma is proved. [J

Lemma 3.2 Given s € R, let X*(Yo; W) and X~5(o; V) be Bessel sequences in H*(R?) and
H(R?), respectively. Then

L oo
Z (f, Vo0k) (Yoo 8) + ZZ (f Wz,k Wz,k g)

kezd 1=1 j=0 kezd
— L o0 +
= /R df(s)@(%@)&o(s £ Y (A7) 78)n((A%)” s))ds
=1 j=0
o[ 5 X feri
0xkeZ4
L «k(k -
(wo(s>wo(s+k>+22wz Tg)in((4%) ’(s+k>)> d (35)
=1 j=0
forf,geD.

Proof Since X*(1o; W) and X*(yo; W) are Bessel sequences in H*(R%) and H~*(R%), re-

spectively, the expression of (3.5) is meaningful. According to an argument similar to

Page 11 0of 16
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Lemma 3.1, we can deduce that

L oo
Z (f> Vo04) (Wo0.08) + Z Z Z {ir, &[jkal/’ls,j,k’g)

kezd I=1 j=0 kezd

- [ In©FE) Y- 7€ + kyine + s

kezd

L oo
YAl [ (7)) Y F(AY € + 0)inte + ke

=1 j=0 kezd

=i+ (3.6)

Observe that

i00Z0] S JFC + 0o + 0] < 112 Ol Fol 202 8200, Yol (),

kezd

which is bounded by Lemma 2.2 (i). Then we deduce that

[ @& 3 7 + Rnjote + o] ds

kezd

< / T0(@2@)] 3 [ + Kolt + 0| dé < oc,
supp(g

kezd

and thus

Ji= / FEOFE o) ole) de + RZGEODY FE&+ Mo +hds.  (37)

0xkez4

Next we discuss /; into two parts: the k = 0 term and k # 0 term. By Lemma 2.4 and the
Cauchy-Schwartz inequality, we have

Zi £)in((47)78)|

=1 j=0

~.

IA

=1 j=0 =1 j=0

~.

(Zi (A7) )2<ZZm2”Iwz \)2

It follows that

/ FOFEI S S hi((4%) ) in((a°) Te)| de

=1 j=0

< By By|supp(f) N supp(@) | I1f | oo ey 181 o0 ey
< 00. (3.8)

Page 12 0f 16
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Take a compact set K € R? such that supp(jAr )N supp(g) C K. Applying Lemma 2.6, we have
KN (K+(AYk)=0 for (j,k) ¢ Fi x F, with k #0, (3.9)

where F;, C Z, and F, C Z¢ \ {0} are two finite sets. Using an argument similar to /5 in
Lemma 3.1, we obtain

A

[ (A £V (4 & + ) e + ) e

= ||§||L°°(Rd)”f”L°°(Rd) (/ Wl | ) (/ ) |1z1($ + k)‘2d$> '
(AIK (A"TK
< 18l [l ( /S !&I(S)yzds) : ( /S \%(snzds)z

< 1wty ey (e (L 161%) 72 ) (max (14 161%) ) 1ty | s

<00 (3.10)
for (j,k) € F1 x F», where S = Ucp,u10/(Ujer, (A*)7K + k). According to (3.8) and (3.10),
we have
L oo - P
R=Y3 [ FE@R(A) ) Y 6w () Rdn((ar) e + k) ds
1 jmo R O;’keZd
L o0 -
- [ S E@) ) Y e (YR () s+ ) de
= Jj=0 O#keZd
R L «(k) ) I
- [F@ X Je X > dn(() i) 6 + k) e, (3.11)
R 0#kez4 =1 j=0

where we replace (A*Yk by k' in the last step. Collecting (3.6), (3.7) and (3.11), we obtain
(3.5). The lemma is completed. O

The next theorem presents a characterization of NWBFs in (FH*($2), FH*(£2)) via a pair
of equations.

Theorem 3.1 Given s € R, let FH*(Q2) and FH*(Q) be reducing subspaces of H*(R?) and
H(R?), respectively, ¥, € FH*(R), Vo € FH(Q), and ¥ C FH*(Q), ¥ C FH™(Q). Sup-
pose that X*(Yo; W) and X*(o; V) are Bessel sequences in FH*(Q2) and FH™(S2), respec-
tively. Then (X*(vo; W), X5 (Yo; U)) is an NWBFs in (FH*(Q), FH™(S)) if and only if

Yol- )Kﬁo Z Z 1,01 A*) '(' + k)) =38k a.e. on Q. (3.12)

Proof Since D N FH*(R2) is dense in FH*(S2),

(X (Y03 W), X~ (Yo B))
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is an NWBFs in (FH*(2), FH*(2)) if and only if

L

Z (f, Yook) (Vookrg) + Z Z Z(f» Vil 8) = (,2)

kezd =1 j=0 kezd

for f € DN FH*(Q2) and g € D N FH~*(R2), equivalently,

L oo
Z((fXQ) Vo0k) (Voo (@xa)) + ZZ Z<¢XQ)V¢¢E]‘fk><wls,j,k’ (szz)V)
kezd I=1 j=0 kezd
=((Fx)", @x)") (3.13)

for f,g € D due to the fact D N FH*(R) = {(il}(g)v : h € D}. In view of X*(o; ¥) and
X5 (Yo; ¥) being Bessel sequences in H*(R?) and H~*(R?), respectively, we know that the
expression of (3.13) is well-defined. By Lemma 3.2, (3.13) can be rewritten as

| jei

(wox? +ZZ¢; ’sw(*)’s))a

/ g(E)XQ(é) Z (fxg (E+k)

0xtkeZd

_— L «(k) -
x (x/?o(sw?o(s +h)+ Y 4 di((a%) 7 +k))) dt

=1 j=0

- | J©&)xa®ds (3.14)

for f,g € D. Obviously, (3.12) leads to (3.14). Now, to finish the proof, we prove the con-
verse statement. Assume that (3.14) holds. Applying the Cauchy—Schwartz inequality, we

get
[Fo()o(- + K| ZZW IYn((4%) 7+ )|
=1 j=0
. L oo o ) %
< (wor sz%wz«mwof)
=1 j=0

x <|1Z70(-+k)| szzﬁw )7 + k)| )

=1 j=0
<BBy(1+- ) (1 +]-+k*)

=Cr<o0

for each k € Z¢ by Lemma 2.4. Thus the series 1}0(-)1;0(' +k) + ZIL:I Zfz(é) Ui((A%)7) x

Ui((A%)(- + k) converges absolutely a.e. on R? and belongs to L>*(R%) for every k € Z*.
So almost all points in R are its Lebesgue points. Next, we deal with it for two cases.
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When k = 0. Let & 70 be a Lebesgue point of Yio()ro(-) + -k, 325 P((A*) ) ((4%) )
and xq(-). ForO<e <3 ! take f and g such that

P _ XB(oe ()

()=8() =
JO=80= e o

in (3.14), where B(&y, €) = {£ e R?: |€ — &| < €}. Then

50; )| ,/EOE (Wo(f)’zo@) + Z I}I«A*);’é)m) e

- dE,
|B($o,€)| B(Eo,E)XQ(é) d

and letting € — 0 we obtain
L oo

&0(&0)1;0(50)+Z 50 ‘/’l(( ) 150) =

=1 j=0

The case of k #0: we fix 0 # ko € Z, take f and g such that

k — 506)()
fe+ko)=g() = —(50, )

in (3.14), where 0 < € < % Then

1
|B(&0, €)1 JBey,e)

_ L «(k)
(wo(swos+ko SN du((A7) e (A7) (5+ko)))ds:o,

=1 j=0

xa(&)

letting € — 0 and applying the Lebesgue differentiation theorem, we obtain

K

>

- 1 ) ;
Vo(€o) 1ﬁo(Eo + ko) + Z i JEO)WI(( *)7 (& + ko)) =

=1 j

Il
(=}

Due to the arbitrariness of & and ko, we obtain (3.12). The theorem is proved. O
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