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Abstract
By using the idea of introducing parameters and weight coefficients, a new reverse
discrete Mulholland-type inequality in the whole plane with general homogeneous
kernel is given, which is an extension of the reverse Mulholland inequality. The
equivalent forms are obtained. The equivalent statements of the best possible
constant factor related to several parameters and a few applied examples are
presented.
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1 Introduction
Assuming that p > 1, 1

p + 1
q = 1, am, bn ≥ 0, 0 <

∑∞
m=1 ap

m < ∞ and 0 <
∑∞

n=1 bq
n < ∞, we

have the following well-known Hardy–Hilbert inequality with the best possible constant
π

sin(π/p) (cf. [1], Theorem 315):

∞∑

m=1

∞∑

n=1

ambn

m + n
<

π

sin(π/p)

( ∞∑

m=1

ap
m

) 1
p
( ∞∑

n=1

bq
n

) 1
q

. (1)

With regards to the similar assumption to (1), we still have Mulholland’s inequality with
the same best possible constant factor as follows (cf. [1], Theorem 343, replacing am

m , bn
n

by am, bn):

∞∑

m=2

∞∑

n=2

ambn

ln mn
<

π

sin(π/p)

( ∞∑

m=2

ap
m

m1–p

)1/p( ∞∑

n=2

bq
n

n1–q

)1/q

. (2)
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If f (x), g(y) ≥ 0, 0 <
∫ ∞

0 f p(x) dx < ∞ and 0 <
∫ ∞

0 gq(y) dy < ∞, then we have the integral
analogous to (1), called Hardy–Hilbert’s integral inequality, as follows:

∫ ∞

0

∫ ∞

0

f (x)g(y)
x + y

dx dy <
π

sin(π/p)

(∫ ∞

0
f p(x) dx

) 1
p
(∫ ∞

0
gq(y) dy

) 1
q

, (3)

where the constant factor π
sin(π/p) is still the best possible (cf. [1], Theorem 316).

In 1998, by introducing an independent parameter λ > 0, Yang [2, 3] gave an extension
of (2) (for p = q = 2) with the kernel as 1

(x+y)λ and a best possible constant factor B( λ
2 , λ

2 )
(B(u, v) (u, v > 0) is the beta function). Inequalities (1), (2) and (3) with their extensions
and reverses play an important role in analysis and its applications (cf. [4–18]).

The following half-discrete Hilbert-type inequality was presented in 1934 (cf. [1], The-
orem 351): If K(x) (x > 0) is decreasing, p > 1, 1

p + 1
q = 1, 0 < φ(s) =

∫ ∞
0 K(x)xs–1 dx < ∞,

then, for an ≥ 0, 0 <
∑∞

n=1 ap
n < ∞,

∫ ∞

0
xp–2

( ∞∑

n=1

K(nx)an

)p

dx < φp
(

1
q

) ∞∑

n=1

ap
n. (4)

Some new extensions of (4) with the reverses were obtained by [19–24] in recent years.
In 2016, by using the technique of real analysis and the weight coefficients, Hong et al.

[25] considered some equivalent statements of the extensions of (1) with the best possible
constant factor related to several parameters. Other similar results about the extensions
and the reverses of (1)–(4) were given by [26–46].

In this paper, following [25], by means of the idea of introducing parameters and the
weight coefficients, a reverse discrete Mulholland-type in the whole plane is given as fol-
lows: for r > 1, 1

r + 1
s = 1,

∞∑

|n|=3

∞∑

|m|=3

ambn

ln |mn|

>
2π

sin(π/r)

[ ∞∑

|m|=3

(

1 – θ̃1

(
1
s

, m
))

ln
p
s –1 |m|

|m|1–p ap
m

] 1
p
( ∞∑

|n|=3

ln
q
r –1 |n|

|n|1–q bq
n

) 1
q

, (5)

which is an extension of the reverse of (2). The general forms as well as the equivalent
forms are obtained. The equivalent statements of the best possible constant factor related
to several parameters are presented, and a few applied examples are considered.

2 Some lemmas
In what follows, we suppose that 0 < p < 1 (q < 0), 1

p + 1
q = 1, – 1

2 ≤ α, β ≤ 1
2 , λ,λ1,λ2 ∈ R =

(–∞,∞), c := λ – λ1 – λ2, kλ(x, y) (≥ 0) is a homogeneous function of degree –λ, satisfying

kλ(ux, uy) = u–λkλ(x, y) (u, x, y > 0),

and kλ(x, y)xλ1–1 (resp. kλ(x, y)yλ2–1) is strictly decreasing with respect to x > 0 (resp. y > 0),
such that

kλ(γ ) :=
∫ ∞

0
kλ(1, u)uγ –1 du ∈ R+ = (0,∞) (γ = λ2,λ – λ1). (6)
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We still assume that

θλ(λ2, m) :=
1

kλ(λ2)

∫ 2
ln(|m|+αm)

0
kλ(1, u)uλ2–1 du ∈ (0, 1),

am, bn ≥ 0 (|m|, |n| ∈ N\{1, 2} = {3, 4, . . .}), satisfying

0 <
∞∑

|m|=3

lnp(1–λ1)–c–1(|m| + αm)
(|m| + αm)1–p ap

m < ∞ and

0 <
∞∑

|n|=3

lnq(1–λ2)–c–1(|n| + βn)
(|n| + βn)1–q bq

n < ∞,

where
∑∞

|j|=3 · · · =
∑–∞

j=–3 · · · +
∑∞

j=3 · · · (j = m, n).

Lemma 1 For η > 0, we have the following inequalities:

21–η

η(1 – β2)
<

∞∑

|n|=3

ln–η–1(|n| + βn)
|n| + βn

<
1
η

(

ηO1 +
2

1 – β2

)

. (7)

Proof In view of the decreasing property of series, for e
1±β

< 6, 3 < e2

1±β
, we have

∞∑

|n|=3

ln–η–1(|n| + βn)
|n| + βn

=
–∞∑

n=–3

ln–η–1[(1 – β)(–n)]
(1 – β)(–n)

+
∞∑

n=3

ln–η–1[(1 + β)n]
(1 + β)n

= O1 +
∞∑

n=7

ln–η–1[(1 – β)n]
(1 – β)n

+
∞∑

n=7

ln–η–1[(1 + β)n]
(1 + β)n

< O1 +
∫ ∞

e
1–β

ln–η–1[(1 – β)y]
(1 – β)y

dy +
∫ ∞

e
1+β

ln–η–1[(1 + β)y]
(1 + β)y

dy

= O1 +
1

η(1 – β)
+

1
η(1 + β)

=
1
η

(

ηO1 +
2

1 – β2

)

,

∞∑

|n|=3

ln–η–1(|n| + βn)
|n| + βn

=
∞∑

n=3

ln–η–1[(1 – β)n]
(1 – β)n

+
∞∑

n=3

ln–η–1[(1 + β)n]
(1 + β)n

>
∫ ∞

e2
1–β

ln–η–1[(1 – β)y]
(1 – β)y

dy +
∫ ∞

e2
1+β

ln–η–1[(1 + β)y]
(1 + β)y

dy

=
2–η

η(1 – β)
+

2–η

η(1 + β)
=

21–η

η(1 – β2)
.

Hence, we have (7).
The lemma is proved. �
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Definition 1 We set

K(m, n) := kλ

(
ln

(|m| + αm
)
, ln

(|n| + βn
)) (|m|, |n| ∈ N\{1, 2})

and define the following weight coefficients:

ω(λ2, m) := lnλ–λ2
(|m| + αm

) ∞∑

|n|=3

K(m, n)
lnλ2–1(|n| + βn)

|n| + βn
(|m| ∈ N\{1, 2}), (8)

� (λ1, n) := lnλ–λ1
(|n| + βn

) ∞∑

|m|=3

K(m, n)
lnλ1–1(|m| + αm)

|m| + αm
(|n| ∈ N\{1, 2}). (9)

Lemma 2 The following inequalities are valid:

0 <
2kλ(λ2)
1 – β2

(
1 – θλ(λ2, m)

)
< ω(λ2, m) <

2kλ(λ2)
1 – β2

(|m| ∈ N\{1, 2}). (10)

Proof For |m| ∈ N\{1, 2}, we set

K (1)(m, y) := kλ

(
ln

(|m| + αm
)
, ln

[
(1 – β)(–y)

])
, y < –

1
1 – β

,

K (2)(m, y) := kλ

(
ln

(|m| + αm
)
, ln

[
(1 + β)y

])
, y >

1
1 + β

,

where, from for y > 1
1–β

, K (1)(m, –y) = kλ(ln(|m| + αm), ln[(1 – β)y]). We find

ω(λ2, m) = lnλ–λ2
(|m| + αm

)
{ –∞∑

n=–3

K (1)(m, n)
lnλ2–1[(1 – β)(–n)]

(1 – β)(–n)

+
∞∑

n=3

K (2)(m, n)
lnλ2–1[(1 + β)n]

(1 + β)n

}

= lnλ–λ2
(|m| + αm

)
{ ∞∑

n=3

K (1)(m, –n)
lnλ2–1[(1 – β)n]

(1 – β)n

+
∞∑

n=3

K (2)(m, n)
lnλ2–1[(1 + β)n]

(1 + β)n

}

.

It is evident that, for fixed |m| ∈ N\{1, 2}, by the assumptions, both

K (1)(m, –y)
lnλ2–1[(1 – β)y]

(1 – β)y
=

1
(1 – β)y

kλ

(
ln

(|m| + αm
)
, ln

[
(1 – β)y

])
lnλ2–1[(1 – β)y

]

and K (1)(m, y) lnλ2–1[(1+β)y]
(1+β)y are strictly decreasing with respect to y > 2. By the decreasing

property of series, we have

ω(λ2, m) < lnλ–λ2
(|m| + αm

)
{∫ ∞

2
kλ(ln

(|m| + αm, ln
[
(1 – β)y

]) lnλ2–1[(1 – β)y]
(1 – β)y

dy

+
∫ ∞

2
kλ(ln

(|m| + αm, ln
[
(1 + β)y

]) lnλ2–1[(1 + β)y]
(1 + β)y

dy
}

,
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ω(λ2, m) > lnλ–λ2
(|m| + αm

)
{∫ ∞

3
kλ(ln

(|m| + αm, ln
[
(1 – β)y

]) lnλ2–1[(1 – β)y]
(1 – β)y

dy

+
∫ ∞

3
kλ(ln

(|m| + αm, ln
[
(1 + β)y

]) lnλ2–1[(1 + β)y]
(1 + β)y

dy
}

.

Setting u = ln[(1–β)y]
ln[|m|+αm] (resp. u = ln[(1+β)y]

ln(|m|+αm) ) in the above first (resp. second) integrals, since
2(1 ± β) ≥ 1 and 3(1 ± β) < e2 (β ∈ [– 1

2 , 1
2 ]), we obtain

ω(λ2, m) <
[
(1 – β)–1 + (1 + β)–1]

∫ ∞

0
kλ(1, u)uλ2–1 du =

2kλ(λ2)
1 – β2 ,

ω(λ2, m) >
1

1 – β

∫ ∞

ln[3(1–β)]
ln(|m|+αm)

kλ(1, u)uλ2–1 du +
1

1 + β

∫ ∞

ln[3(1+β)]
ln(|m|+αm)

kλ(1, u)uλ2–1 du

≥ 2
1 – β2

∫ ∞

2
ln(|m|+αm)

kλ(1, u)uλ2–1 du

=
2kλ(λ2)
1 – β2

(
1 – θλ(λ2, m)

)
> 0.

Hence, we have (11).
The lemma is proved. �

Note In the same way, we still have the following inequality:

� (λ1, n) <
2

1 – α2 kλ(λ – λ1)
(|n| ∈ N\{1, 2}). (11)

Lemma 3 The following reverse Mulholland-type inequality in the whole plane is valid:

I :=
∞∑

|n|=3

∞∑

|m|=3

K(m, n)ambn

>
2k

1
p
λ (λ2)k

1
q
λ (λ – λ1)

(1 – β2)1/p(1 – α2)1/q

[ ∞∑

|m|=3

(
1 – θλ(λ2, m)

) lnp(1–λ1)–c–1(|m| + αm)
(|m| + αm)1–p ap

m

] 1
p

×
[ ∞∑

|n|=3

lnq(1–λ2)–c–1(|n| + βn)
(|n| + βn)1–q bq

n

] 1
q

. (12)

Proof By the reverse Hölder inequality with weight (cf. [47]), we obtain

I =
∞∑

|n|=3

∞∑

|m|=3

K(m, n)
[

(|m| + αm)1/q ln(λ2–1)/p(|n| + βn)
(|n| + βn)1/p ln(λ1–1)/q(|m| + αm)

am

]

×
[

(|n| + βn)1/p ln(λ1–1)/q(|m| + αm)
(|m| + αm)1/q ln(λ2–1)/p(|n| + βn)

bn

]

≥
[ ∞∑

|m|=3

∞∑

|n|=3

K(m, n)
(|m| + αm)p–1 lnλ2–1(|n| + βn)

(|n| + βn) ln(λ1–1)(p–1)(|m + αm)
ap

m

] 1
p
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×
[ ∞∑

|n|=3

∞∑

|m|=3

K(m, n)
(|n| + βn)q–1 lnλ1–1(|m| + αm)

(|m| + αm) ln(λ2–1)(q–1)(|n| + βn)
bq

n

] 1
q

=

[ ∞∑

|m|=3

ω(λ2, m)
lnp(1–λ1)–c–1(|m| + αm)

(|m| + αm)1–p ap
m

] 1
p

×
[ ∞∑

|n|=3

� (λ1, n)
lnq(1–λ2)–c–1(|n| + βn)

(|n| + βn)1–q bq
n

] 1
q

.

Then, by (10) and (11), for 0 < p < 1, q < 0, we have (12).
The lemma is proved. �

Remark 1 (i) By (12), for λ1 + λ2 = λ (or c = 0), we find

0 <
∞∑

|m|=3

lnp(1–λ1)–1(|m| + αm)
(|m| + αm)1–p ap

m < ∞,

0 <
∞∑

|n|=3

lnq(1–λ2)–1(|n| + βn)
(|n| + βn)1–q bq

n < ∞,

and the following Mulholland-type inequality in the whole plane:

∞∑

|n|=3

∞∑

|m|=3

kλ

(
ln

(|m| + αm
)
, ln

(|n| + βn
))

ambn

>
2kλ(λ2)

(1 – β2)1/p(1 – α2)1/q

[ ∞∑

|m|=3

(
1 – θλ(λ2, m)

) lnp(1–λ1)–1(|m| + αm)
(|m| + αm)1–p ap

m

] 1
p

×
[ ∞∑

|n|=3

lnq(1–λ2)–1(|n| + βn)
(|n| + βn)1–q bq

n

] 1
q

. (13)

In particular, for α = β = 0, λ = 1, k1(x, y) = 1
x+y , λ1 = 1

r , λ2 = 1
s (r > 1, 1

r + 1
s = 1),

θ̃1

(
1
s

, m
)

:=
sin(π/r)

π

∫ 2
ln |m|

0

1
1 + u

u– 1
r du ∈ (0, 1),

(14) reduces to (5); for α = β = 0, a–m = am, b–n = bn (m, n ∈ N\{1, 2}) in (14), we have

ϑλ(λ2, m) :=
1

kλ(λ2)

∫ 2
ln m

0
kλ(1, u)uλ2–1 du ∈ (0, 1)

(
m ∈ {3, 4, . . .}),

∞∑

n=3

∞∑

m=3

kλ(ln m, ln n)ambn (14)

> kλ(λ2)

[ ∞∑

m=3

(
1 – ϑλ(λ2, m)

) lnp(1–λ1)–1 m
m1–p ap

m

] 1
p
[ ∞∑

n=3

lnq(1–λ2)–1

n1–q bq
n

] 1
q

.



Luo et al. Journal of Inequalities and Applications         (2021) 2021:46 Page 7 of 20

(ii) For α = β = ± 1
2 in (13), we have the following Mulholland-type inequality in the

whole plane:

∞∑

|n|=3

∞∑

|m|=3

kλ

(

ln

(

|m| ± 1
2

m
)

, ln
(

|n| ± 1
2

n
))

ambn

>
8
3

kλ(λ2)

[ ∞∑

|m|=3

(
1 – θ̂λ(λ2, m)

) lnp(1–λ1)–1(|m| ± 1
2 m)

(|m| ± 1
2 m)1–p

ap
m

] 1
p

×
[ ∞∑

|n|=3

lnq(1–λ2)–1(|n| ± 1
2 n)

(|n| ± 1
2 n)1–q

bq
n

] 1
q

, (15)

where θ̂λ(λ2, m) := 1
kλ(λ2)

∫
2

ln(|m|± 1
2 m)

0 kλ(1, u)uλ2–1 du ∈ (0, 1).

Lemma 4 If there exists a constant δ0 > 0, such that kλ(λ2 ±δ0) < ∞, then, for any 0 < δ < δ0,
we have kλ(λ2 ± δ) < ∞, and

kλ(λ2 ± δ) → kλ(λ2)
(
δ → 0+)

. (16)

Proof For any 0 < δ < δ0, we have

kλ(λ2 ± δ) =
∫ 1

0
kλ(1, u)uλ2±δ–1 du +

∫ ∞

1
kλ(1, u)uλ2±δ–1 du

≤
∫ 1

0
kλ(1, u)uλ2–δ0–1 du +

∫ ∞

1
kλ(1, u)uλ2+δ0–1 du

≤ kλ(λ2 – δ0) + kλ(λ2 + δ0) < ∞.

We find

0 ≤ kλ(1, u)uλ2±δ–1 ≤ F(u) := kλ(1, u)uλ2–δ0–1 (
u ∈ (0, 1)

)
,

0 ≤ kλ(1, u)uλ2±δ–1 ≤ F(u) := kλ(1, u)uλ2+δ0–1 (
u ∈ [1,∞)

)
,

and then
∫ ∞

0
F(u) du =

∫ 1

0
F(u) du +

∫ ∞

1
F(u) du

≤ kλ(λ2 – δ0) + kλ(λ2 + δ0) < ∞.

By Lebesgue dominated convergence theorem (cf. [48]), it follows that

∫ ∞

0
kλ(1, u)uλ2±δ–1 du →

∫ ∞

0
kλ(1, u)uλ2–1 du

(
δ → 0+)

.

The lemma is proved. �

Lemma 5 If there exist constants σ 0, δ0 > 0, such that θλ(λ2, m) = O( 1
lnσ0 (|m|+αm) ) and

kλ(λ2 ± δ0) < ∞, then the constant factor 2kλ(λ2)
(1–β2)1/p(1–α2)1/q in (13) is the best possible.
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Proof For any 0 < ε < pδ0, we set

ãm :=
ln(λ1– ε

p )–1(|m| + αm)
|m| + αm

, b̃n :=
ln(λ2– ε

q )–1(|n| + βn)
|n| + βn

(|m|, |n| ∈ N\{1, 2}).

If there exists a constant M(≥ 2kλ(λ2)
(1–β2)1/p(1–α2)1/q ), such that (13) is valid when replacing

2kλ(λ2)
(1–β2)1/p(1–α2)1/q by M, then in particular, we have

Ĩ :=
∞∑

|n|=3

∞∑

|m|=3

K(m, n)ãmb̃n

> M

[ ∞∑

|m|=3

(
1 – θλ(λ2, m)

) lnp(1–λ1)–1(|m| + αm)
(|m| + αm)1–p ãp

m

] 1
p

×
[ ∞∑

|n|=3

lnq(1–λ2)–1(|n| + βn)
(|n| + βn)1–q b̃q

n

] 1
q

.

By the assumption, (10) and Lemma 1, we obtain

Ĩ > M

[ ∞∑

|m|=3

(

1 – O
(

1
lnσ0 (|m| + αm)

))
ln–ε–1(|m| + αm)

|m| + αm

] 1
p
[ ∞∑

|n|=3

ln–ε–1(|n| + βn)
|n| + βn

] 1
q

= M

[ ∞∑

|m|=3

ln–ε–1(|m| + αm)
|m| + αm

–
∞∑

|m|=3

O
(

ln–(σ0+ε)–1(|m| + αm)
|m| + αm

)] 1
p

×
[ ∞∑

|n|=3

ln–ε–1(|n| + βn)
|n| + βn

] 1
q

>
M
ε

(
21–ε

1 – α2 – εO(1)
) 1

p
(

εÕ1 +
2

1 – β2

) 1
q

.

By (11) (for (λ1 – ε
p ) + (λ2 + ε

p ) = λ) and Lemma 1, since

kλ(x, y)xλ1– ε
p –1 =

(
kλ(x, y)xλ1–1)x– ε

p

is also strictly decreasing with respect to x > 0, we obtain

Ĩ =
∞∑

|n|=3

∞∑

|m|=3

K(m, n)
ln(λ1– ε

p )–1(|m| + αm)
|m| + αm

ln(λ2– ε
q )–1(|n| + βn)
|n| + βn

=
∞∑

|n|=3

�

(

λ1 –
ε

p
, n

)
ln–ε–1(|n| + βn)

|n| + βn
<

2kλ(λ2 + ε
p )

1 – α2

∞∑

|n|=3

ln–ε–1(|n| + βn)
|n| + βn

<
2kλ(λ2 + ε

p )
1 – α2

[

O1 +
2

ε(1 – β2)

]

.
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In view of the above results, we have

2kλ(λ2 + ε
p )

1 – α2

(

εO1 +
2

1 – β2

)

> εĨ > M
(

21–ε

1 – α2 – εO(1)
) 1

p
(

εÕ1 +
2

1 – β2

) 1
q

.

For ε → 0+, by Lemma 4, we find kλ(λ2 + ε
p ) → kλ(λ2) and then

4kλ(λ2)
(1 – α2)(1 – β2)

≥ 2M
(1 – α2)1/p(1 – β2)1/q ,

namely, 2kλ(λ2)
(1–β2)1/p(1–α2)1/q ≥ M, which means that M = 2kλ(λ2)

(1–β2)1/p(1–α2)1/q is the best possible
constant factor of (13).

The lemma is proved. �

Remark 2
(i) Following the assumption of Lemma 5, the constant factors in (14) and (15) are also

the best possible.
(ii) If there exists a constant δ0 > 0, such that kλ(λ2 ± δ0) < ∞, setting

λ̂1 :=
λ – λ2

p
+

λ1

q
= λ1 +

c
p

, λ̂2 :=
λ – λ1

q
+

λ2

p
= λ2 +

c
q

,

then we find λ̂1 + λ̂2 = λ1 + c
p + λ2 + c

q = λ, and for c ∈ (–|q|δ0, |q|δ0), by Lemma 4 and the
reverse Hölder inequality (cf. [47]), we obtain

∞ > kλ(λ̂2)

= kλ

(
λ2

p
+

λ – λ1

q

)

=
∫ ∞

0
kλ(1, u)u

λ2
p + λ–λ1

q –1 du

=
∫ ∞

0
kλ(1, u)

(
u

λ2–1
p

)(
u

λ–λ1–1
q

)
du

≥
(∫ ∞

0
kλ(1, u)uλ2–1 du

) 1
p
(∫ ∞

0
kλ(1, u)uλ–λ1–1 du

) 1
q

= k
1
p
λ (λ2)k

1
q
λ (λ – λ1) > 0. (17)

We can reduce (12) to the following:

I >
2k

1
p
λ (λ2)k

1
q
λ (λ – λ1)

(1 – β2)1/p(1 – α2)1/q

[ ∞∑

|m|=3

(
1 – θλ(λ2, m)

) lnp(1–λ̂1)–1(|m| + αm)
(|m| + αm)1–p ap

m

] 1
p

×
[ ∞∑

|n|=3

lnq(1–λ̂2)–1(|n| + βn)
(|n| + βn)1–q bq

n

] 1
q

. (18)
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Lemma 6 If there exists a constant δ0 > 0, such that kλ(λ2 ± δ0) < ∞, c = λ – λ1 – λ2 ∈
(–|q|δ0, |q|δ0), and the constant factor 2k

1
p
λ (λ2)k

1
q
λ (λ–λ1)

(1–β2)1/p(1–α2)1/q in (12) is the best possible, then we
have λ1 + λ2 = λ (or c = 0).

Proof If the constant factor 2k
1
p
λ (λ2)k

1
q
λ (λ–λ1)

(1–β2)1/p(1–α2)1/q in (12) is the best possible, then, by (17) and
(13) (for λi = λ̂i (i = 1, 2)), we have the following inequality:

2k
1
p
λ (λ2)k

1
q
λ (λ – λ1)

(1 – β2)1/p(1 – α2)1/q ≥ 2kλ(λ̂2)
(1 – β2)1/p(1 – α2)1/q (∈ R+),

namely, k
1
p
λ (λ2)k

1
q
λ (λ–λ1) ≥ kλ(λ̂2), from which it follows that (17) keeps the form of equal-

ity.
We observe that (17) keeps the form of equality if and only if there exist constants A and

B, such that they are not both zero and (cf. [47])

Auλ2–1 = Buλ–λ1–1 a.e. in R+.

Assuming that A �= 0, it follows that uλ2+λ1–λ = B
A a.e. in R+, and then λ2 +λ1 –λ = 0, namely,

λ1 + λ2 = λ.
The lemma is proved. �

3 Main results
Theorem 1 Inequality (12) is equivalent to the following reverse Mulholland-type inequal-
ities in the whole plane:

J1 :=

[ ∞∑

|n|=3

lnp(λ2+c)–c–1(|n| + βn)
|n| + βn

( ∞∑

|m|=3

K(m, n)am

)p] 1
p

>
2k

1
p
λ (λ2)k

1
q
λ (λ – λ1)

(1 – β2)1/p(1 – α2)1/q

[ ∞∑

|m|=3

(
1 – θλ(λ2, m)

) lnp(1–λ1)–c–1(|m| + αm)
(|m| + αm)1–p ap

m

] 1
p

, (19)

J2 :=

[ ∞∑

|m|=3

lnq(λ1+c)–c–1(|m| + αm)
(|m| + αm)(1 – θλ(λ2, m))q–1

( ∞∑

|n|=3

K(m, n)bn

)q] 1
q

>
2k

1
p
λ (λ2)k

1
q
λ (λ – λ1)

(1 – β2)1/p(1 – α2)1/q

[ ∞∑

|n|=3

lnq(1–λ2)–c–1(|n| + βn)
(|n| + βn)1–q bq

n

] 1
q

. (20)

Proof Suppose that (19) is valid. By the reverse Hölder inequality (cf. [47]), we find

I =
∞∑

|n|=3

[
ln

–1
p +λ2+ c

q (|n| + βn)
(|n| + βn)1/p

∞∑

|m|=3

K(m, n)am

][
ln

1
p –λ2– c

q (|n| + βn)
(|n| + βn)–1/p bn

]

≥ J1 ·
[ ∞∑

|n|=3

lnq(1–λ2)–c–1(|n| + βn)
(|n| + βn)1–q bq

n

] 1
q

. (21)

Then, by (19), we obtain (13).
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On the other hand, assuming that (13) is valid, we set

bn :=
lnp(λ2+c)–c–1(|n| + βn)

|n| + βn

( ∞∑

|m|=3

K(m, n)am

)p–1

, |n| ∈ N\{1, 2}.

Then we have

Jp
1 =

∞∑

|n|=3

lnq(1–λ2)–c–1(|n| + βn)
(|n| + βn)1–q bq

n = I. (22)

If J1 = 0, then (19) is naturally valid; if J1 = ∞, then it is impossible that makes (19) valid,
namely, J1 < ∞. Suppose that 0 < J1 < ∞. By (13), it follows that

∞∑

|n|=3

lnq(1–λ2)–c–1(|n| + βn)
(|n| + βn)1–q bq

n

= Jp
1 = I

>
2k

1
p
λ (λ2)k

1
q
λ (λ – λ1)

(1 – β2)1/p(1 – α2)1/q

[ ∞∑

|m|=3

(
1 – θλ(λ2, m)

) lnp(1–λ1)–c–1(|m| + αm)
(|m| + αm)1–p ap

m

] 1
p

Jp–1
1 ,

J1 =

[ ∞∑

|n|=3

lnq(1–λ2)–c–1(|n| + βn)
(|n| + βn)1–q bq

n

] 1
p

>
2k

1
p
λ (λ2)k

1
q
λ (λ – λ1)

(1 – β2)1/p(1 – α2)1/q

[ ∞∑

|m|=3

(
1 – θλ(λ2, m)

) lnp(1–λ1)–c–1(|m| + αm)
(|m| + αm)1–p ap

m

] 1
p

,

namely, (19) follows, which is equivalent to (12).
Suppose that (20) is valid. By the reverse Hölder inequality (cf. [47]), we find

I =
∞∑

|m|=3

[
(
1 – θλ(λ2, m)

) 1
p ln

1
q –λ1– c

p (|m| + αm)
(|m| + αm)–1/q am

]

×
[

ln
–1
q +λ1+ c

p (|m| + αm)
(|m| + αm)1/q(1 – θλ(λ2, m))1/p

∞∑

|n|=3

K(m, n)bn

]

≥
[ ∞∑

|m|=3

(
1 – θλ(λ2, m)

) lnp(1–λ1)–c–1(|m| + αm)
(|m| + αm)1–p ap

m

] 1
p

J2. (23)

Then, by (20), we obtain (12).
On the other hand, assuming that (12) is valid, we set

am :=
lnq(λ1+c)–c–1(|m| + αm)

(|m| + αm)(1 – θλ(λ2, m))q–1

( ∞∑

|m|=3

K(m, n)am

)q–1

, |m| ∈ N\{1, 2}.
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Then we have

Jq
2 =

∞∑

|m|=3

(
1 – θλ(λ2, m)

) lnp(1–λ1)–c–1(|m| + αm)
(|m| + αm)1–p ap

m = I. (24)

If J2 = 0, then (20) is naturally valid; if J2 = ∞, then it is impossible that makes (20) valid,
namely, J2 < ∞. Suppose that 0 < J2 < ∞. By (12), it follows that

∞∑

|m|=3

(
1 – θλ(λ2, m)

) lnp(1–λ1)–c–1(|m| + αm)
(|m| + αm)1–p ap

m

= Jq
2 = I

>
2k

1
p
λ (λ2)k

1
q
λ (λ – λ1)

(1 – β2)1/p(1 – α2)1/q Jq–1
2 ·

[ ∞∑

|n|=3

lnq(1–λ2)–c–1(|n| + βn)
(|n| + βn)1–q bq

n

] 1
q

,

J2 =

{ ∞∑

|m|=3

(
1 – θλ(λ2, m)

) lnp(1–λ1)–c–1(|m| + αm)
(|m| + αm)1–p ap

m

} 1
q

>
2k

1
p
λ (λ2)k

1
q
λ (λ – λ1)

(1 – β2)1/p(1 – α2)1/q

[ ∞∑

|n|=3

lnq(1–λ2)–c–1(|n| + βn)
(|n| + βn)1–q bq

n

] 1
q

,

namely, (20) follows, which is equivalent to (12).
Hence, inequalities (12), (19) and (20) are equivalent.
The theorem is proved. �

Theorem 2 Suppose that there exists a constant δ0 > 0, such that kλ(λ2 ± δ0) < ∞. The
following statements (i), (ii), (iii), (iv), (v) and (vi) are equivalent:

(i) Both k
1
p
λ (λ2)k

1
q
λ (λ – λ1) and kλ( λ2

p + λ–λ1
q ) are independent of p, q;

(ii)

k
1
p
λ (λ2)k

1
q
λ (λ – λ1) = kλ

(
λ2

p
+

λ – λ1

q

)

;

(iii) if c ∈ (–|q|δ0, |q|δ0), then λ1 + λ2 = λ (or c = 0);
(iv) if there exists a constant σ 0 > 0, such that θλ(λ2, m) = O( 1

lnσ0 (|m|+αm) ), then

2k
1
p
λ (λ2)k

1
q
λ (λ–λ1)

(1–β2)1/p(1–α2)1/q is the best possible constant factor of (12);

(v) 2k
1
p
λ (λ2)k

1
q
λ (λ–λ1)

(1–β2)1/p(1–α2)1/q is the best possible constant factor of (19);

(vi) 2k
1
p
λ (λ2)k

1
q
λ (λ–λ1)

(1–β2)1/p(1–α2)1/q is the best possible constant factor of (20).

If the statement (iii) follows, namely, λ1 + λ2 = λ (or c = 0), there exist constants σ 0 > 0,
such that θλ(λ2, m) = O( 1

lnσ0 (|m|+αm) ), then we have the following equivalent inequalities
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equivalent to (13) with the best possible constant factor 2kλ(λ2)
(1–β2)1/p(1–α2)1/q :

[ ∞∑

|n|=3

lnpλ2–1(|n| + βn)
|n| + βn

( ∞∑

|m|=3

kλ

(
ln

(|m| + αm
)
, ln

(|n| + βn
))

am

)p] 1
p

>
2kλ(λ2)

(1 – β2)1/p(1 – α2)1/q

[ ∞∑

|m|=3

(
1 – θλ(λ2, m)

) lnp(1–λ1)–1(|m| + αm)
(|m| + αm)1–p ap

m

] 1
p

, (25)

[ ∞∑

|m|=3

lnqλ1–1(|m| + αm)
(|m| + αm)(1 – θλ(λ2, m))q–1

( ∞∑

|n|=3

kλ

(
ln

(|m| + αm
)
, ln

(|n| + βn
))

bn

)q] 1
q

>
2kλ(λ2)

(1 – β2)1/p(1 – α2)1/q

[ ∞∑

|n|=3

lnq(1–λ2)–1(|n| + βn)
(|n| + βn)1–q bq

n

] 1
q

. (26)

In particular, for α = β = 0, a–m = am, b–n = bn (m, n ∈ N\{1, 2}) in (25) and (26), we have
the following inequalities equivalent to (14) with the best possible constant factor kλ(λ2):

[ ∞∑

n=3

lnpλ2–1 n
n

( ∞∑

m=3

kλ(ln m, ln n)am

)p] 1
p

> kλ(λ2)

[ ∞∑

m=3

(
1 – ϑλ(λ2, m)

) lnp(1–λ1)–1 m
m1–p ap

m

] 1
p

, (27)

[ ∞∑

m=3

lnqλ1–1 m
m(1 – ϑλ(λ2, m))q–1

( ∞∑

n=3

kλ(ln m, ln n)bn

)q] 1
q

> kλ(λ2)

[ ∞∑

n=3

lnq(1–λ2)–1 n
n1–q bq

n

] 1
q

. (28)

Proof (i) ⇒ (ii). Since k
1
p
λ (λ2)k

1
q
λ (λ – λ1) is independent of p, q, we find

k
1
p
λ (λ2)k

1
q
λ (λ – λ1) = lim

p→1–
lim

q→–∞ k
1
p
λ (λ2)k

1
q
λ (λ – λ1) = kλ(λ2).

Then, by Lemma 4, we have the following equality:

kλ

(
λ2

p
+

λ – λ1

q

)

= kλ

(

λ2 +
c
q

)

= lim
q→–∞ kλ

(

λ2 +
c
q

)

= kλ(λ2) = k
1
p
λ (λ2)k

1
q
λ (λ – λ1).

(ii) ⇒ (iii). If k
1
p
λ (λ2)k

1
q
λ (λ – λ1) = kλ( λ2

p + λ–λ1
q ), then (17) keeps the form of an equality.

By the proof of Lemma 6, it follows that λ1 + λ2 = λ.
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(iii) ⇒ (i). If λ1 + λ2 = λ, then we have

kλ

(
λ2

p
+

λ – λ1

q

)

= k
1
p
λ (λ2)k

1
q
λ (λ – λ1) = kλ(λ2).

Both k
1
p
λ (λ2)k

1
q
λ (λ – λ1) and kλ( λ2

p + λ–λ1
q ) are independent of p, q.

Hence, we have (i) ⇔ (ii) ⇔ (iii).
(iii) ⇔ (iv). By Lemma 5 and Lemma 6, we obtain the conclusions.
(iv) ⇔ (v). If the constant factor in (12) is the best possible, then so is constant factor in

(19). Otherwise, by (21), we would arrive at a contradiction that the constant factor in (12)
is not the best possible. On the other hand, if the constant factor in (19) is the best possible,
then so is constant factor in (12). Otherwise, by (22), we would reach a contradiction that
the constant factor in (19) is not the best possible.

(iv) ⇔ (vi). If the constant factor in (12) is the best possible, then so is constant factor in
(20). Otherwise, by (23), we would reach a contradiction that the constant factor in (12) is
not the best possible. On the other hand, if the constant factor in (20) is the best possible,
then so is constant factor in (12). Otherwise, by (24), we would reach a contradiction that
the constant factor in (20) is not the best possible.

Therefore, the statements (i), (ii), (iii), (iv), (v) and (vi) are equivalent.
The theorem is proved. �

4 Some applied examples
Example 1 For λ > 0, λi ∈ (0,λ) ∩ (0, 1] (i = 1, 2), setting kλ(x, y) = 1

(x+y)λ (x, y > 0), then
kλ(x, y)xλ1–1 (resp. kλ(x, y)yλ2–1) is strictly decreasing with respect to x > 0 (resp. y > 0),
such that (cf. [49])

kλ(γ ) =
∫ ∞

0

uγ –1

(1 + u)λ
du = B(γ .λ – γ ) ∈ R+ (γ = λ2,λ – λ1),

0 < θλ(λ2, m)

=
1

B(λ – λ2,λ2)

∫ 2
ln(|m|+αm)

0

uλ2–1

(1 + u)λ
du

≤ 1
B(λ – λ2,λ2)

∫ 2
ln(|m|+αm)

0
uλ2–1 du

=
1

λ2B(λ – λ2,λ2)

(
2

ln(|m| + αm)

)λ2

(σ0 = λ2 > 0).

Substitution of K(m, n) = 1
lnλ[(|m|+αm)(|n|+βn)] and

k
1
p
λ (λ2)k

1
q
λ (λ – λ1) =

(
B(λ – λ2,λ2)

) 1
p
(
B(λ1,λ – λ1)

) 1
q

in Lemma 3 and Theorem 1, we have the equivalent inequalities (12), (19) and (20) with the
particular kernel as well as the particular constant factor. We set δ0 = 1

2 min{λ2,λ – λ2} > 0,
satisfying

kλ(λ2 ± δ0) = B(λ – λ2 ∓ δ0,λ2 ± δ0) ∈ R+.
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Then, by Theorem 2, λ1 + λ2 = λ if and only if the constant factor

2k
1
p
λ (λ2)k

1
q
λ (λ – λ1)

(1 – β2)1/p(1 – α2)1/q

(

=
2B(λ1,λ2)

(1 – β2)1/p(1 – α2)1/q

)

in (12), (19) and (20) is the best possible.

Example 2 For λ > 0, λi ∈ (0,λ) ∩ (0, 1] (i = 1, 2), setting kλ(x, y) = ln(x/y)
xλ–yλ (x, y > 0), then

kλ(x, y)xλ1–1 (resp. kλ(x, y)yλ2–1) is strictly decreasing with respect to x > 0 (resp. y > 0),
such that

kλ(γ ) =
∫ ∞

0

uγ –1 ln u
uλ – 1

du =
[

π

λ sin(πγ /λ)

]2

∈ R+ (γ = λ2,λ – λ1).

For fixed m, since f (u) := uλ2/2 ln u
uλ–1 is continuous at [0, 2] (f (0) := 0, f (1) := 1

λ
), we have

0 < θλ(λ2, m)

=
[

λ sin(πλ2/λ)
π

]2 ∫ 2
ln(|m|+αm)

0

uλ2–1 ln u
uλ – 1

du

=
[

λ sin(πλ2/λ)
π

]2 ∫ 2
ln(|m|+αm)

0

(
uλ/2 ln u
uλ – 1

)

u
λ2
2 –1 du

≤
[

λ sin(πλ2/λ)
π

]2

M
∫ 2

ln(|m|+αm)

0
u

λ2
2 –1 du

=
[

λ sin(πλ2/λ)
π

]2 2M
λ2

(
2

ln(|m| + αm)

) λ2
2

(

σ0 =
λ2

2
> 0

)

.

Substitution of K(m, n) = ln[ln(|m|+αm)/ ln(|n|+βn)]
lnλ(|m|+αm)–lnλ(|n|+βn) and

k
1
p
λ (λ2)k

1
q
λ (λ – λ1) =

1
λ2

[
π

sin(πλ2/λ)

] 2
p
[

π

sin(πλ1/λ)

] 2
q

in Lemma 3 and Theorem 1, we have equivalent reverse inequalities (12), (19) and (20) with
the particular kernel as well as the particular constant factor. We set δ0 = 1

2 min{λ2,λ–λ2} >
0, satisfying

kλ(λ2 ± δ0) =
[

π

λ sinπ (λ2 ± δ0)/λ

]2

∈ R+.

Then, by Theorem 2, λ1 + λ2 = λ if and only if the constant factor

2k
1
p
λ (λ2)k

1
q
λ (λ – λ1)

(1 – β2)1/p(1 – α2)1/q

(

=
2[ π

λ sin(πλ2/λ) ]2

(1 – β2)1/p(1 – α2)1/q

)

in (12), (19) and (20) is the best possible.
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Example 3 For 0 < η + λi < 1 (i = 1, 2), λ + 2η > mini=1,2{0,η + λi}, setting kλ(x, y) =
(min{x,y})η

(max{x,y})λ+η (x, y > 0), then

kλ(x, y)xλ1–1 =
(min{x, y})ηxλ1–1

(max{x, y})λ+η
=

⎧
⎨

⎩

xη+λ1–1, 0 < x < y,
yη

xλ+η–λ1+1 , x ≥ y

(resp. kλ(x, y)yλ2–1) is strictly decreasing with respect to x > 0 (resp. y > 0), such that

kλ(γ ) =
∫ ∞

0

(min{1, u})ηuγ –1

(max{1, u})λ+η
du

=
∫ 1

0
uη+γ –1 du +

∫ ∞

1

uγ –1

uλ+η
du

=
λ + 2η

(η + γ )(λ + η – γ )
∈ R+ (γ = λ2,λ – λ1),

0 < θλ(λ2, m) =
(λ2 + η)(λ – λ2 + η)

λ + η

∫ 2
ln(|m|+αm)

0

(min{1, u})ηuλ2–1

(max{1, u})λ+η
du

=
(λ2 + η)(λ – λ2 + η)

λ + η

∫ 2
ln(|m|+αm)

0
uη+λ2–1 du

=
λ – λ2 + η

λ + η

(
2

ln(|m| + αm)

)η+λ2 (
ln

(|m| + αm
)

> 2;σ0 = η + λ2 > 0
)
.

Substitution of K(m, n) = (min{ln(|m|+αm),ln(|n|+βn)})η
(max{ln(|m|+αm),ln(|n|+βn)})λ+η and

k
1
p
λ (λ2)k

1
q
λ (λ – λ1) =

[
λ + 2η

(λ2 + η)(λ – λ2 + η)

] 2
p
[

λ + 2η

(λ1 + η)(λ – λ1 + η)

] 2
q

in Lemma 3 and Theorem 1, we have equivalent reverse inequalities (12), (19) and (20)
with the particular kernel as well as the particular constant factor. We set δ0 = 1

2 min{η +
λ2,η + λ – λ2} > 0, satisfying

kλ(λ2 ± δ0) =
λ + 2η

(η + λ2 ± δ0)(η + λ – λ2 ∓ δ0)
∈ R+.

Then, by Theorem 2, λ1 + λ2 = λ if and only if the constant factor

2k
1
p
λ (λ2)k

1
q
λ (λ – λ1)

(1 – β2)1/p(1 – α2)1/q

(

=
2

(1 – β2)1/p(1 – α2)1/q
λ + 2η

(η + λ2)(η + λ – λ2)

)

in (12), (19) and (20) is the best possible.

Example 4
(i) In view of the following expression for the cotangent function (cf. [50]):

cot x =
1
x

+
∞∑

k=1

(
1

x – πk
+

1
x + πk

)
(
x ∈ (0,π )

)
,
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for b ∈ (0, 1), by the Lebesgue term by term theorem (cf. [44]), we obtain

Ab :=
∫ ∞

0

ub–1

1 – u
du =

∫ 1

0

ub–1

1 – u
du +

∫ ∞

1

ub–1

1 – u
du

=
∫ 1

0

ub–1

1 – u
du –

∫ 1

0

v–b

1 – v
dv =

∫ 1

0

ub–1 – u–b

1 – u
du

=
∫ 1

0

∞∑

k=0

(
uk+b–1 – uk–b)du =

∞∑

k=0

∫ 1

0

(
uk+b–1 – uk–b)du

=
∞∑

k=0

(
1

k + b
–

1
k + 1 – b

)

= π

[
1

πb
+

∞∑

k=1

(
1

πb – πk
+

1
πb + πk

)]

= π cotπb ∈ R := (–∞,∞).

(ii) For λ,η > 0, we set the homogeneous function of degree –λ as follows:

kλ(x, y) :=
xη – yη

xλ+η – yλ+η
(x, y > 0),

satisfying kλ(v, v) := η

(λ+η)vλ (v > 0). It follows that kλ(x, y) is a positive and
continuous function with respect to x, y > 0. For x �= y, we find

∂

∂x
kλ(x, y) = –xη–1(xλ+η – yλ+η

)–2
ϕ(x, y),

where we set the following differentiable function:

ϕ(x, y) := λxλ+η – (λ + η)yηxλ + ηyλ+η (x, y > 0).

We find that, for 0 < x < y,

∂

∂x
ϕ(x, y) = λ(λ + η)xλ–1(xη – yη

)
< 0;

for x > y, ∂
∂xϕ(x, y) > 0. It follows that ϕ(x, y) is strictly decreasing (resp. increasing)

with respect to x < y (resp. x > y). Since ϕ(y, y) = minx>0 ϕ(x, y) = 0 (y > 0), we have
ϕ(x, y) > 0 (x �= y), namely, ∂

∂x kλ(x, y) < 0 (x �= y). Therefore, in view of kλ(x, y) is
continuous at x = y, we confirm that kλ(x, y) (y > 0) is strictly decreasing with
respect to x > 0. In the same way, we can show that kλ(x, y) (x > 0) is also strictly
decreasing with respect to y > 0. Hence, for λi ∈ (0,λ) ∩ (0, 1] (i = 1, 2), kλ(x, y)xλ1–1

(resp. kλ(x, y)yλ2–1) is strictly decreasing with respect to x > 0 (resp. y > 0).
(iii) Since kλ(x, y) > 0, by (i), we obtain

kλ,η(γ ) :=
∫ ∞

0
kλ(1, u)uγ –1 du =

∫ ∞

0

1 – uη

1 – uλ+η
uγ –1 du

v=uλ+η

=
1

λ + η

(∫ ∞

0

v
γ

λ+η
–1

1 – v
dv –

∫ ∞

0

v
γ +η
λ+η

–1

1 – v
dv

)

=
π

λ + η

[

cot

(
πγ

λ + η

)

– cot

(
π (γ + η)

λ + η

)]
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=
π

λ + η

[

cot

(
πγ

λ + η

)

+ cot

(
π (λ – γ )

λ + η

)]

∈ R+ (λ = λ2,λ – λ1),

0 < θλ(λ2, m)

=
1

kλ,η(λ2)

∫ 2
ln(|m|+αm)

0

(1 – uη)uλ2–1

1 – uλ+η
du ≤ 1

kλ,η(λ2)

∫ 2
ln(|m|+αm)

0
uλ2–1 du

=
1

λ2kλ,η(λ2)

(
2

ln(|m| + αm)

)λ2

(σ0 = λ2 > 0).

On substitution of K(m, n) = lnη(|m|+αm)–lnη(|n|+βn)
lnλ+η(|m|+αm)–lnλ+η(|n|+βn) and

k
1
p
λ (λ2)k

1
q
λ (λ – λ1) = k

1
p
λ,η(λ2)k

1
q
λ,η(λ – λ1)

in Lemma 3 and Theorem 1, we have the equivalent inequalities (12), (19) and (20) with the
particular kernel as well as the particular constant factor. We set δ0 = 1

2 min{λ2,λ – λ2} > 0,
satisfying kλ,η(λ2 ± δ0) ∈ R+. Then, by Theorem 2, λ1 + λ2 = λ if and only if the constant
factor

2k
1
p
λ,η(λ2)k

1
q
λ,η(λ – λ1)

(1 – β2)1/p(1 – α2)1/q

(

=
2kλ,η(λ2)

(1 – β2)1/p(1 – α2)1/q

)

in (13), (19) and (20) is the best possible.

5 Conclusions
In this paper, by means of the idea of introducing parameters and the weight coeffi-
cients, a new reverse discrete Mulholland-type inequality in the whole plane is obtained
in Lemma 3, which is an extension of the reverse of (2). The equivalent forms are given in
Theorem 1. The equivalent statements of the best possible constant factor related to sev-
eral parameters are considered in Theorem 2. Some particular inequalities are presented
in Theorem 2 and Remark 1. Some applied examples are given in Example 1–4. The lem-
mas and theorems provide an extensive account of this type of inequalities.

Acknowledgements
The authors thank the referee for his useful proposal to amend the paper.

Funding
This work is supported by the National Science Foundation of China (11961021 and 11561019), Guangxi Natural Science
Foundation (2020GXNSFAA159084 and 2020GXNSFAA159172), the Hechi University Research Fund for Advanced Talents
(2019GCC005) and Characteristic innovation project of Guangdong Provincial Colleges and universities in 2020
(2020KTSCX088).

Availability of data and materials
We declare that the data and material in this paper can be used publicly.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
BY carried out the mathematical studies, participated in the sequence alignment and drafted the manuscript. RL and XH
participated in the design of the study and performed the numerical analysis. All authors read and approved the final
manuscript.

Author details
1School of Mathematics and Statistics, Hechi University, Yizhou, Guangxi 456300, P.R. China. 2Department of
Mathematics, Guangdong University of Education, Guangzhou, Guangdong 51003, China.



Luo et al. Journal of Inequalities and Applications         (2021) 2021:46 Page 19 of 20

Publisher’s Note
Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 1 August 2020 Accepted: 25 February 2021

References
1. Hardy, G.H., Littlewood, J.E., Polya, G.: Inequalities. Cambridge University Press, Cambridge (1934)
2. Yang, B.C.: On Hilbert’s integral inequality. J. Math. Anal. Appl. 220, 778–785 (1998)
3. Yang, B.C.: A note on Hilbert’s integral inequality. Chin. Q. J. Math. 13(4), 83–86 (1998)
4. Yang, B.C.: The Norm of Operator and Hilbert-Type Inequalities. Science Press, Beijing (2009)
5. Yang, B.C.: Hilbert-Type Integral Inequalities. Bentham Science Publishers, United Arab Emirates (2009)
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