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1 Introduction
The nonlocal fractional p-Laplacian problems with difference appear in the models of
nonlinear fractional Laplace flows such as the parabolic boundary value problems with
time derivative and the fractional p-Laplacian differential operators. The fractional Lapla-
cian flows arise in applications of nonlinear elasticity theory, electro rheological fluids,
non-Newtonian fluid theory in a porous medium (cf. [9, 31, 40]).

In this paper we consider a family of the fractional p-Laplacian problems of Rothe type
with difference under boundary and initial conditions:

|un|r71un - |Mn—1 |r71Mn

g 1.0 ingQ, (1.1)

(=AYt + AV () 111 +

u,=0 onos,
u,(0)=uy in €,
where Q is a bounded domain of RN, N > 3, with smooth boundary 3, s € (0,1), p is

Np
N-sp

areal constant, 2 <p <N,r=pi-1= -1, g, is a continuous function defined by

g(t) = [t[P~2¢t, t # 0, g0)=0,1>0, V:Q — [0,00) is a continuous function, and u, is

a measurable function defined on 2 with valued into R, n = 1,2,..., and (—A)z,p is the
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fractional p-Laplacian operator defined as follows: for each x € RN and any u € C5°(Q2),

s ~ lu(x) —u@)\ ulx)-uly) dy
R R G e e e
lu(x) — u() P2 ulx) — uly) ulx) —uly) dy
o |lx—ype2 e =yl Julx) — u@)| o —yN+’

=PV. (1.2)

where P.V. denotes the Cauchy principle value. For 0 <s < 1, (—A)zp is called the fractional
p-Laplacian operator.

In the last years, for pure mathematical research and concrete real-world applications,
the fractional p-Laplacian operator has been studied on the fractional Sobolev space

|u(x) — u(y)lP

WL, () = cl, (Q):
(€ {” () /g o lx—yNe

dxdy < oo},

where Ly, (€2) is the Banach space defined by

[u(x)]
Ly, () = {u : Q — R is a measurable function : / </ (1) dt) dx < oo}.
2 \Jo

The fractional p-Laplacian operator and the fractional Sobolev space arise in many fields of
science, for example, elastic mechanics (see [40]), electro-rheological fluid dynamics(see
[31]), and image processing (see [6]) and the references therein. When 0 <s < 1, (-A)* is
the usual fractional Laplacian operator defined by: for each x € RN and any u € C°(2),

(_A)su(x) — Rv/ u(x) - MU/) u(x) - 14()/)

o = ) )] P (13)

where P.V. denotes the Cauchy principle value. Since 0 < s < 1, (-A)* is called the frac-
tional Laplacian operator. For the fractional Laplacian operator, see [8, 10, 19] and the
references therein. The fractional Laplacian problems arise from continuum mechanics,
phase transition phenomena, population dynamics, minimum surfaces, and game theory.
The body of literature on the fractional Laplacian operators and their applications is quite
large. We refer the reader to [3, 12, 13, 2429, 33—38] and the references therein. For the
basic properties of the fractional Sobolev spaces, we refer the readers to [10]. If s — 17,
(—A)# reduces to —A. For s = 1, we identify (—A)* with the classical Laplacian opera-
tor —A. If 2 <5 < 00, (1.1) is called s-exponent problems of elliptic type. The s-exponent
Laplacian problems of elliptic type appear in a lot of applications, for example, elastic me-
chanics, electro-rheological fluid dynamics, and image processing. We refer the readers to
[2,9,11, 22,23, 31] and the references therein. In [5, 6, 16], there are some papers concern-
ing related equations involving the fractional Laplacian operator, but results for fractional
Sobolev spaces and the fractional Laplacian operator with exponent are few. In particular,
the fractional Laplacian operator with variable exponent was suggested firstly by Lorenzo
and Hartley [20]. The fractional Laplacian operator with variable exponent and the vari-
able exponent fractional Sobolev space have appeared in a nonlinear diffusion process.
Some diffusion processes reacting to temperature changes can be explained well by frac-
tional derivatives in a nonlocal integro differential operator (see [21]). In [17, 18, 30], the
authors consider the pseudodifferential equations on the fractional Sobolev spaces.
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In recent years, the Kirchhoff equations involving fractional p-Laplacian have attracted
interest and have been researched by some mathematicians. In particular, when s = 1 and
p =2, —A is the classical Laplace operator. Ji, Fang, and Zhang [15] provided multiplicity
results of solutions for asymptotically linear Kirchhoff equations by using a variant version
of mountain pass theorem and the variational method. When 0 < s < 1 and p = 2, Fiscella
[14] provided the existence of solution for a class of Kirchhoft-type problems involving
fractional Laplacian operator singular term and a critical nonlinearity. When 0 <s < 1 and
1 < p < N/s, Xiang, Zhang, and Radulescu [39] obtained multiplicity results for superlin-
ear Schrodinger—Kirchhoff equations involving fractional N/s-Laplacian with critical ex-
ponential nonlinearity by using the concentration compactness principle in the fractional
Sobolev and mountain pass theorem. When 0 < s < 1 and p = N/s, Mingqi, Radulescu, and
Zhang [25] provided existence and multiplicity of solutions for Kirchhoff equations involv-
ing fractional N/s-Laplacian with critical nonlinearity by the mountain pass geometry and
Ekeland’s variational principle. They [26] also obtained the existence and multiplicity re-
sults of solutions for Kirchhoff equations involving fractional N/s-Laplacian with singular
exponential nonlinearity by using the same methods.

The weak solutions #, € W*Lg,(€2) of (1.1) are a measurable function defined on €2 with

valued into R, n = 1,2,..., and satisfy the following in weak sense:

n— |un—1 |r_1un

Y = w(x)dx =0

s -2 ||
[(—A)g U, + AV (x)|u, P u,,]w(x) dx +
Q i Q
for any w € Wngp(Q) and
||u(x)—uo||—>0 asx — 0.

Our main result is as follows.

Theoren_l 1.1 Assumethat0<s<1,2<p<oo,r= N[i’zp ~l=p;-1,N>spuge WLy, ()
and V : Q — [0,00) is a continuous function satisfying

(V1) J =int(V-X0)) C Q is a nonempty bounded domain and J = V=(0),

(Va) there exists a nonempty open domain Qo C J such that V(x) = 0 for all x € 2.

Then there exists a family of weak solutions u, € WLy, (Q), n=1,2,... of (1.1).

The outline of the proof of Theorem 1.1 is as follows: We first prove the existence of
a sequence of weak solutions for a family of the fractional p-Laplacian difference equa-
tions defined on the finite-dimensional subspace. We next show that there exists a limit
sequence of the sequence of weak solutions for the finite-dimensional problem, and this
limit sequence is the sequence of the solutions of our problem. We get this result by the
estimate of the energy functional and the compactness property of the continuous em-
bedding inclusions between some special spaces. In Sect. 2, we introduce the fractional
Lebesgue space with exponent and the fractional Sobolev space and give some properties.
In Sect. 3, we first prove that problem (1.1) defined on the finite-dimensional subspace has
a sequence of weak solutions for each n =1,2,.... In Sect. 4, we show that there exists a
limit sequence of the sequence of weak solutions for finite-dimensional problem, and this

limit sequence is a sequence of solutions of our problem (1.1).
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2 Preliminaries
For the variational setting for our problem, we introduce some definitions and theories on
the fractional Lebesgue space with exponent and the fractional Sobolev space.

Let N > 3 and Q2 be a bounded open domain in RN with smooth boundary 9€2. Let
Nj
Nf:p

2<p<ooandr= — 1. The Lebesgue space with p-exponent is

’(Q) = {u : Q — R is a measurable function : (/ |u(x)‘p dx)p < oo}
Q

with the Luxemburg norm on L?(2)

nmm«n=mﬂk>0\/
Q

The Sobolev space with p-exponent is

u(x)
A

»
dx < 1}.

wWiP(Q) = {u € I7(Q) : Q — R is a measurable function :

[l wirg) = <f9|Vu(x)|p dx)p < oo}

with the Sobolev norm

ST

lullwgy = [Nulloigy + (11,07

Then L?(R2) and W1#(Q2) are Banach spaces. We also define the Sobolev space WO1 ()
as the closure of C{°(2) in W'?(Q). The space is also a reflexive Banach space. If p is
bounded, then norm || - || y1,(g) is equivalent to the norm [-]y1p(q). If p = 00, L*(2) is the
Banach space of essentially bounded. If p is bounded and p’ is the conjugate exponent of
p defined by p’ = 14%’ then the dual space (L7(€2))’ can be identified with 1P (Q).If 1 <p<
00, then the Lebesgue space L?(2) with p-exponent is separable and reflexive. In L?(£2),
Holder’s inequality is valid: for all u € L#(2), v € L7 (Q) with 1 < p < 00, we have

fmeMMmmww@
Q

Let us set g,(¢) = [¢[*~>¢. Then g, (¢) = (T > 0,g,'(t) = 7T if <0 and g,'(0)=0.By
Young’s inequality, we have

1 1. (" b
rt < —|rfP + = [t :/ |x|”_2xdx+/ yPll dy forallr,t>0.
V4 p 0 0
Let Lg, (€2) be the space defined by

Lg, () = {u : Q — R is a measurable such that

vl
sup{/ uvdx;/[/ yl’lldy]dxf 1}<oo}
Q alJo
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equipped with the norm

vl
ol :sup{f uvdx;/[/ e dy] dxfl}.
Q Q 0

Then (Lg, (2), l|ull Lgp) is a Banach space whose norm is equivalent to the Luxemburg norm

|
||u||gp :inf{)\>0;/‘/
QJo

In Ly, (2), Holder’s inequality is valid: for all u € Ly, (), v € ngl(Q) with 1 < p < 00, we

@
P2t dedx < 1.

have

/Q |uv]dx < 2|ullg, [IV] 1.

Now we introduce the fractional Sobolev space with p-exponent. Let0<s<land2 <p<
0o. The fractional Sobolev space with p-exponent is defined by
[1(x)-2()]

=T . dxdy
L, ()= {uely, (Q):[ulf, = |-
WL () {ue ()1 1y, /Q/Q[fo “ “’”} |x-y|N<°°}

equipped with the norm

=

lllsg, = (lulif ($2) + [ul?,)

Lemma2.1([7]) LetO<s<land?2 <p<oo.Then WL, (RN) is a reflexive and separable
Banach space. Moreover, C3°(RN) is dense in W*Lg, (RY).

Let WiLg,(€2) denote the closure of C3°(€2) in the norm |u||s,g, -
The following lemma shows that the norm [-]s,, is a norm of WL, () equivalent to

” : ”s,g,;n

Lemma 2.2 ([32]; Generalized Poincaré inequality) Let 0 <s <1 and 2 < p < co. Then

there exists a positive constant C > 0 such that

lullg, < [lsg, Vi € WiLe, (). (2.1)
That is, the embedding

WiLe, () = Ly ()
is continuous and compact. Furthermore, [ulsg, is a norm of WyL,, () equivalent to || - |, -

Lemma2.3 LetO<s< 1,2 <p<oo0.lfN > sp, for any fixed constant exponent q € (1, A%],

WLy, (S2) is continuously embedded into qu(Q). If u € WLy, (S2), then there exists a con-
stant Cy = C1(N, p,q,s) > 0 such that

lullg, < Cillullsp- (2.2)
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Furthermore, [uls, is a norm of WiLg, (2). Moreover, there exists a constant Cy =
Cy(N, p,s) > 0 such that

”M”gq = CZ[M]s,p- (23)

Proof By Theorem 6.7 and Theorem 6.9 of [10], for N > sp and any fixed constant expo-

nent g € (1, NNf‘;p], WiLg,(S2) is continuously embedded into Lg, (€2). It follows that (2.2)

holds. By combining inequalities (2.1) and (2.2), [u];g, is an equivalent norm of WgL,,(€2).
It follows that (2.3) holds. |

Lemma 2.4 Let0<s; <s<sy<1and2<p<oo. Then the embeddings
WLy, () = WL, () < Wi'Ly, ()
are continuous.

Proof For any u € Wy’Lg, ($2), we have

/Q /Qﬂ{x—y>1} |:/0
‘Iu(xg\l
x—yl
L [ ]
Q JQN{lx-y|=1} LJ0
Ju(
<[ Lol
o Jan(zi=13LJo

e
< C/ |u(x)|pdx.
Q

|u(x)]

x—y[S dxd

- |t|p2tdti| X yN
lx =yl

dxdy
e = yIN

dxdz
lx — yIN

x)|
1 -2
[t|P tdt]

Moreover we have

lu(x)-u(y)|

x—y[$ d d
// |:/‘ F=1 |t|1"2tdt] x yN
@ Janfx—y<11LJo o =yl

u(x)-u()|

x—y|*: dxd
5// [/ ot |t|p—2tdt] x yN
@ Jan(ix-y<13LJo | =yl

Ju(x)-u@)|
PR dxd
5//[] o lt|P2tdf] e
eJalJo o = I

Thus we have

Ju(x)-u()|

x—y[$ dxd
L e 225
e JalJo o = 1

[u(x)-u()|

x—y[$ dxd
S// |:/ F=T |t|p‘2tdt:| x J’N
e Jan{x-y>1} LJo | — yl

lu(x)-u()|

x—y|5 dxd
+// [/ ! |t|1’2tdt] i yN
Q Jon{lx-y|<1}LJo B
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<Cf|u |pdx+//[/ lx y‘ |t|P—2tdt]|dxdTN
x—y

<C</|u(x |pdx+//[/ "‘fy‘ Itlp2tdt] ljfj}l}N)

It follows from this inequality that we can easily verify that the embedding Wgngp () —

WLy, (€2) is continuous. Similarly, for any u € WL, (€2), we have

lu@)|

x—ylS dxd
L [ e et
QN{lx—y|>1} lx =yl

lutx)
ER dxdy
| Pt dt]
//Qﬁ {lzl=1} [f lx —yIN

§D/ |ux)|” dx.
Q

Moreover, we have

Ju@)-u@)|

Jx=yI*1
|t|1’ tht]
/ /Qﬁ {lx—y|<1} |:/ | - |N

u(x)-u()|

x—y[$ dxd
5// [/ . |t|1’-2rdt] il
Qn{lx—yl<1} e =y

Ju(x)—u(y,
=R g dx dy
|t|1’ tht] )
f / U lx = yIN

Thus we have

|u(x)—

LU e =

|ae(ox) -4
— d
L
Qn{la-yl=1) e — I
o)1)
x dxd
// |:/ = |t|p_2tdt] X J’N
Qn(lx—yl<1) | =y

|u()-u()|

<D/|u(x)}pdx+//[/ o Itlpztdt:| |:f6;J|/N

<D(/ |u(x)|pdx+/ / [/ L ItIP‘tht:| ;f:'yN)

It follows that the embedding WjL, (2) < ngLgp(Q) is continuous. Thus the proof of
the lemma is complete. O

Lemma2.5 LetO0<s< 1,2 <p<o0.IfN > sp, for any fixed constant exponent q € (1
the embedding

ol

WL, (R) = Lg, ()
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is continuous and compact. That is, if u € W*Lg (), then there exists a constant D =
D(N, p,s) > 0 such that

llatllg, < Dllutllsg,-

Furthermore, [ulsg, is a norm of Wyl (). Moreover, there exists a constant Cy =
Cy(N, p,s) > 0 such that

”M”gq =< CZ[M]s,gp-
Proof Let us set

«_ Np
ps =

N—sp’

llullg,s (Vi) = llcllg, Ivio (ulsg, (Vi) = [ulsg, v, and  lullsg, (Vi) = llullsg,|v;-

Since 0 < s <1 and N > sp, there exists a constant 7; > 0 such that

pi—-p=>1>0.

Since Q2 is bounded, there exist a constant € > 0 and / numbers of disjoint hypercubes V;
such that Q = Ule V; and diam V; < € such that

71
P:—PZE>0

onV;,i=1,2,...,1. By Lemma 2.3, Theorem 6.7, and Theorem 6.9 of [12], there exists a
constant D = D(N, s, p) such that

=

el (Vi) < D(lll, (Vi) + [l (Vi)

(2.4)
By Holder’s inequality, if g € (1, p}], we have

llullg, (Vi) < Dllullg,, (V).

We note that

!
luellg, () <Y llullg, (V2).

i=1

Thus we have

! l
leellg, () < ) lutllg, (V) <D lluelg,, (V).
i=1

i=1
It follows from (2.4) that

I

S D(Jull, (V) + )2, (V) ? < Dl

i=1

lluellg, () <
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Thus the embedding W*Lg, () < L, (€2) is continuous. Furthermore, we show that the
embedding is compact. In fact, in the constant p} on V;, for g € (1,p}] on V;, the em-
bedding W*Lg, (Vi) < Lg,(V;) is compact. Thus the embedding W*L,, () < Lg () is
compact. It follows that there exists a constant D = D(N, p, s) > 0 such that

llllg, < Dlliatllsg,- O
By Lemma 2.2, we have the following lemma.

Lemma 2.6 Ifu, u, € WLy, (), n=1,2,..., then the following statements are equivalent
to each other:
(i) 1Moo 12ty — ttll5g, =0, i = 1,2,
(i) limy— oo [ [ty — ul? dx = 0 and limy,_, oo (1, — ulsg, =0,
(i) u, — u in measure in Q2 and lim,,_, o, fQ |u,|? dx = fQ |ul? dx.

We need the following inequality for the p-Laplacian operator.

Lemma 2.7 ([1]) Let 1 < p < 0o. Then there exist constants C, and C, depending on p and
N such that, for any &, n € RN,

M) 1772 — InlP2n| < G181+ Inl)” 1 =l
and
i) (11772~ [nl"n) - (€ = ) = Colé —nlP.
We recall a fundamental fact, which is a crucial role for our main result.
Lemma 2.8 ([4]) Assume that Q is a continuous vector field from RN to RN and satisfies
Qx)- x>0 iflxl=p

for some p > 0. Then there exists a point x € B, (0) such that

where B,(0) denotes a ball centered at the origin with radius p in RN.

3 Existence of approximating solutions
In this section we show that there exists a unique approximating solution for (1.1) on each
finite-dimensional subspace.

Let us choose a family of bases {¢;(x)}) in WiL,,(€2) such that {¢;(x)};7) is an orthonor-
mal system in L#(2) and span{¢;(x)}{*; is dense in WL, (S2). Let ug € W{Lg,(2). Since
span{¢;(x)}77) is dense in WL, (S2), any element u, in WL, (€2) and the initial data ug
can be expanded as

u(0) = Y aldix),  uox) =) api(x).
i=1 i=1
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Let us define the finite subspace Fy of WL, (€2) by

Fy = SPan{¢1(x): .. 1¢k(x)}

Let N be any positive integer which shall be sent to infinity and /% be any small pos-
itive number. For any fixed integer k = 1,2,..., let u,; = 25:1 ai,,,(qbi(x) be a family of
the Galerkin approximating solutions for a family of fractional Laplace equations with
p-exponent and difference defined on the finite-dimensional subspaces.

[ v [ Vi v s
Q Q

" / |un,k|r_lun,k - |un—1 |r_1un
Q

-1
- Ydx=0, (3.1)

Vi € F,
k .
uo (%) = Z aydi(x).
i1

Now we shall show that, foreachn =1,2,...,Nand k=1,2,...,(3.1) has a unique solution
Ui € Fr C WéLgp ().

Lemma 3.1 (Existence of approximating weak solutions) For each n=1,2,...,N and k =
1,2,..., there exists a unique weak solution u, € Fx C WiLg,(S2) of (3.1).

Proof Let us choose any element v € Fy C WL, (€2). Then v can be represented by

k
v= Z p'di.
i=1
Let us set
p= (pl,...,pk) e R,
Let us define the functional ],ilyk(,o) by

|V|r_1V - |un—l|r_1un

Tialo) = [[a,r-didsen [ Vv gdrs [ L gy
’ Q ” Q Q h
-2
2// [v(x) — v |7~ vix) = v(y) ¢i(x) — ¢i(y) dxdy
alal lx-yF le—yls |x—yN*
r-1 r-1
+A/ V(x)|v|p’2v-¢idx+f i L T -vdx.
Q Q h

Let us define the functional ], x = (]nl_k, ... ,]Zf,k) : Rk — Rk Then Juk is continuous on p and
satisfies

k
Juik(p) - p =Y Jirp'
i=1

Page 10 of 17
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_ »
_ / V() sz drd
alao -yl

r-1,, _ r-1
Y / V)|l dx + / My = gt (3.2)
Q Q h

We claim that J,x(p) - p > 0. In fact, by Young’s inequality and generalized Poincaré’s in-
equality of Lemma 2.2, for any € > 0, there exists a constant C, > 0 such that

-1 P 1
f a1ty - vl < P22 / PP / (PP dx
Q p Q pPJa

<C /Q |L¢,4,1|14’er1 dax + e[v]f,gp.
Thus
1 +1
Juk(p) - p 2 Vg, + 4 | V@)Wida+ o | V™ dx
Q Q
Ce . €
7/, |41 |71 dx — Z[V]f,gp‘ (3.3)

By (3.2) and (3.3), we have

1 e o
Jnk(p) - p = (1 - %)[v]f,gp er [ veowrase [ wrttas- e [ s

Taking € > 0 so that € = % for a small positive number /, we have

1 1 C. R
oale) 0z 3 Wy + [ VP dse g [ rtae- 56 [ uaiFds Ga)

By Holder’s inequality and the orthonormality of {¢;} in L, (€2), we have

2
r+l o 1 2
V™" dx >—=lpl"
Q |Q| r+1

Since r + 1 = p* > p and A > 0, we can choose |p|? so large that the right-hand side of

(3.4) is nonnegative. It follows from Lemma 2.8 that /,, x has a zero. Let this point be p =
(DL pr---r P i) and s = Zf;] P} x%i- Then we have

8%t s [ Vit i
Q Q

+/ |un,k|r_lun,k_|un—l|r_1un
Q

- L gidx=0

foralli=1,..., k. Then, for any element ¥ € Fx C W{Lg, (2), we have

[ 8t wdn e [ VOl v s
Q Q

+/ |”n,k|r71un,k _h|un—1|r71un—l '(/IdeO
Q
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foralli=1,...,k, ie.,

/ | jc (%) — U e D) P72 thyje (%) — i ic(y) ¥ (%) — ¥ (y) dxdy

lx — y|s¥-2) lx — yl* lx — y[N+s

|r—1

Uil Yt — |thy1 | tty1
[ VOl Py [ P Ty gy
Q Q

h

foralli=1,...,k. Then u,; = Zle pikqb,» is a weak solution of (3.1) on Fj for each integer
n=1,2,...,Nandk=1,2,.... O

Lemma 3.2 (Energy estimate for finite-dimensional problem) Suppose that
{tnitn=12.. Nk=12.. is a solution of (3.1). Then, for each integer n = 1,2,...,N and k =
1,2,..., we have

r 1 |Mn,k (x) - un,k(y)|p
- " dx > Dok~ Pk e d
(r+1)h/9'” ! "—/Q 0 gy W

r
A akl? —_— " ™1 dx. 3.
+ /Q\/(x)lu xlP dx + (r+1)h/9|u x| dx (3.5)

Proof Putting ¥ = u, in (3.1), we have

/ (—A)z, Upj - Upg X + A/ V() |y |F dx
Q ” Q

r—1 _ r-1

+/‘ (g™ s = |n1 | tna g dx = 0. (3.6)
o h
That is,
/ [tk lunk_lun 1l u Mn’kdx

12

ff |unk(x) ijivnk(y” d dy_k/ V) uil? dx. (3.7)
|x y| +sp Q

By Young’s inequality, we have
r-1 r r r+1 1 r+1
[ 1| thy1 - e < Nt | |Uni] < ?Wﬂ—ll + r—|un,k| .

Thus we have

|Mn,k |r—1 Upk — |un—l |rilun—1

h

# r+1 _# r+l
> fg T /Q a1 . (3.9)

Combining (3.7) and (3.8), we have

p
. r+l g >/f |”nk(~x) unk()/)| dxd
r+1)h/|u i * o — y|N+sp 4

r
Al VvV P d ikl dx.
. /Q ()t x+(r+1)h/9|u,k| ;

Ui Ax
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Thus the lemma is proved. O

4 Proof of Theorem 1.1

In this section we prove Theorem 1.1 by showing that the limit u,, = limg_, o #,,x of the
subsequence {u,x}n=12, Nk=12,. of the sequence of weak solutions of (3.1) on Fj satisfies
(1.1).

Lemma 4.1 Let {u,x}u-12,. Nk=12,. be a solution of (3.1) satisfying

[t wdn i [ VOl v s
Q Q

+/ |”n,k|r71un,k _h|un—1|r71un—l wdxzo
Q

VY € Fy. Then there exists a subsequence, up to a subsequence, {Uyi}n=12, Nik=12,. CON-
verging to limy_, o Ui = Uy, such that

(i) i — wy strongly as k — 00 in Lg,(2).

(i) (il Yttng — |ttn| " 1, strongly as k — oo in LY(R).

Proof (i) The sequence u,_; € Lg,,, (2) is defined inductively and by Lemma 3.2, {u,,«} is

r+1
bounded in WL, (€2). Since the embedding W{Lg, (€2) < Ly, (€2) is continuous and com-
pact for any g with 1 <g < 1\% =r+ 1, the embedding WiL,, (2) < L, (2) is continuous
and compact. Thus the sequence {u, «} has a subsequence, up to a subsequence, {u,,}
converging strongly to lim_, oo Uk = Uy in Lg, (€2).

(i) By Lemma 2.7 (i), there exist constants C > 0 and C’ > 0 such that

-1 -1 -1 -1
/“Mn,kv un,k_|un|r un|dx§ C/(|Mn,k|r +|Mn|r )|Mn,k_un|dx
Q Q

r—1
< c(/ (il + L") dx) </ g —unl’dx>
Q Q

= C/”un,k - un||Lgr~

Since by (i) u,x — u, strongly as k — oo in Ly (2) and u, € L, (), it follows that
|un,k|r_1un,k - |un|r_1un € LI(Q)« 0

Proof of Theorem 1.1 By Lemma 3.1, foreachn=1,2,...,N and k= 1,2,..., there exists a

unique weak solution u,,x € Fx C WL, (2) of (3.1). By Lemma 4.1, there exists a subse-

quence, up to a subsequence, {u,} converging strongly to limy_, oo Unk = Uy in Lg, (€2).
We shall show that u,, satisfies (1.1). That is, we shall show that, for any w € WiL,, (2),

/(—A)zpun -wdx + A/ V(x)|unl? 2, - wdx
Q Q

|Mn|r71un - |un—1|r71un—1
+ Y -wdx =0,
Q
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ie.,

14 (%) = b D) IP ™ 1 (%) — 1 () W(x) — w(y)
dxd
/Q o lx—ype-2 lx—yls Jx—yIN*s i
|r—1

L wdx=0.

| Yy — |1,
+A/ V(x)|u,,|p’2un~wdx+/ 4] LT
Q Q h

In fact, forany w € WiLg, (2), let wy = Zle hy,,:¢i(x) be the approximating sequence which
converges to w in WiLg, (€2). By Lemma 2.7 (ii), there exists a constant C; > 0 such that

[ (8% - 8ga0e) - = a0

// (Iwr(x) = we DIP2 (Wi (%) = we () = (s, (%) = 2k D) P W 1 () = 10,1 (9))
lx — ysP-D|x — yIs

L W) — 1 (09) = W) — i)

|x _y|N+s
_ — _ 2
o f [(wi(x) un,kfz)iﬂg\z/iy) Unk(¥))] dxdy > 0. 1)

On the other hand, putting w = u,, in (3.1), we have

_/ (_A);'p Upk * Unk dx = )‘/ V(x)|un,k|p_2un,k s Upk dx
Q Q

|un,/< |r—1 Upk — |un—1 |r—1 Up-1

. Uy dx. (4.2)
Taking the test function as wy — u,.x in (3.1), we have
- [ Ayt O )
=1 /Q V(@) [tk 2t - (Wi = ) dc
+f | iel” thn —h|Mn71|HMnf1 (W — 1) dx. (4.3)
Q

By adding (4.1) and (4.2), we have

[ 8w =) 1 [ VOt s O = 1)l
Q Q

u Vflu —u,_ r’lu _
+/ |t i|”™" i h| 1 -1 (Wi — up i) dx > 0. (4.4)
Q

By the energy estimate theorem Lemma 3.2, there exists a constant C; > 0 such that

J R T eyl

|unk unk(y |p / r / 1
= —d dy+Ar [ V wklf d. Wk d
/Q ) xdy+h | () |2t T QIbt |t dx

|x _y|N+sp

= C11

Page 14 of 17
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it follows that the sequence {u,,} is bounded in L, (2) and so, up to a subsequence,
Up converges to u, weakly in Lg, (2).

Passing to the limit as k — 0o, we have that the first part and the second part of the left-
hand side of (4.4)

[0 =)+ [ VOt s O = 0,0)
Q Q
— [ )i [ VO, G- w)d 5)
Q Q

On the other hand, by (ii) of Lemma 4.1, u,x — u, a.e., in Q and by Vitali’s converging

theorem, up to a subsequence,
r-1 r-1 : r+l
[t ic| ™ Ui converges to |u,|" " u, weakly in L (2).

It follows that the third part of the left-hand side of (4.4)

- (Wi — i) dx

f |unk|r lunk_lun 1w !

r-1 r-1
/ 4] |un " -y - (W —u,)dx. (4.6)
Combining (4.4), (4.5), and (4.6), we have

[y o) s / VOOl 210, - (= 10,) d

r— 1 r—
/ dad '”” It ) dx= 0 (4.7)
for any w € WiLg, (2). Let us set
w=u, +ny forany yr € Wyl (€2) and 5 > 0.

Inserting the test function w = u,, + ny in (4.7), we have

/ ()% Gt + 1) - 7+ / V10 - dx

r— 1 r— 1
f |24, |Mn 1l L ydx> 0, 4.8)
Letting n — 0, we have

—_A) . =2, .
[ e [ Ve, s

r-1,, _ r-1
+/‘ 179 L7 Lluml' Up_1 Y dx> 0. (4.9)
Q
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Replacing ¥ by —¢ and letting  — 0 in (4.8), we have

—A)Y (u,) - AV AP 2w, - d
[ v [ Ve, s

r-1,, _ r-1
+/ |, tu, Ihunf1| Up_1 Y dx <0, (4.10)
Q

Combining (4.9) and (4.10), we obtain the equality

—A) . =2,
[ v [ Vet s

r-1 _ r-1
+/ |Mn| Uy |Mn—1| Up-1 I/fdx:()
Q h
Thus the proof of Theorem 1.1 is complete. O
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