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Abstract
In this paper, we introduce certain classes of multilinear Calderón–Zygmund
operators with kernels of Dini’s type. Applying the sharp method and A∞

�p (ϕ)
functions, we first establish some weighted norm inequalities for multilinear
Calderón–Zygmund operators with kernels of Dini’s type, including pointwise
estimates, strong type, and weak endpoint estimates. Furthermore, similar weighted
norm inequalities for commutators with BMOθ (ϕ) functions are also obtained, but
the weak endpoint estimate is of L(logL) type.
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1 Introduction
In the 1980s, the multilinear Calderón–Zygmund theory was first studied by Coifman
and Meyer [1, 2]. The multilinear Calderón–Zygmund operators with standard kernels
were then further investigated by many authors, such as [3–8]. Meanwhile, many authors
weakened the standard kernel conditions to rough associated kernel conditions; see [9–
13]. Particularly, in 1985, Yabuta [10] introduced the Calderón–Zygmund operators of
type ω(t) (the definition given below) and obtained weighted norm inequalities of the
Calderón–Zygmund operators of type ω(t) on Lp spaces, here weight functions belong
to Muckenhoupt’s class Ap. In 2014, Lu and Zhang [12] obtained the weighted bounded-
ness of multilinear Calderón–Zygmund operators of type ω(t) and their commutators with
BMO functions from weighted Lp spaces to weighted product of Lp spaces. In 2016, Zhang
and Sun [13] further considered weighted norm inequalities of iterated commutators that
multilinear Calderón–Zygmund operators of type ω(t) with BMO functions.

Throughout this paper, ω(t) : [0,∞) → [0,∞) is a nondecreasing function with 0 <
ω(1) < ∞.
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For a > 0, we say that ω ∈ Dini(a), if

|ω|Dini(a) :=
∫ 1

0

ωa(t)
t

dt < ∞.

It is worth mentioning that Dini(a1) ⊂ Dini(a2) when 0 < a1 < a2.

Definition 1.1 Let K(x, y1, . . . , ym) be a locally integrable function, defined away from the
diagonal x = y1 = · · · = ym in (Rn)m+1, it is said to belong a certain class of multilinear
Calderón–Zygmund kernel of type ω(t), if there exist constant A > 0, N > 0 such that

∣∣K(x, y1, . . . , ym)
∣∣ ≤ A

(
∑m

j=1 |x – yj|)mn(1 +
∑m

j=1 |x – yj|)N (1.1)

for all (x, y1, . . . , ym) ∈ (Rn)m+1 with x �= yj for some j = 1, 2, . . . , m and

∣∣K(x, y1, . . . , ym) – K
(
x′, y1, . . . , ym

)∣∣

≤ A
(
∑m

j=1 |x – yj|)mn(1 +
∑m

j=1 |x – yj|)N ω

( |x – x′|∑m
j=1 |x – yj|

)
(1.2)

whenever |x – x′| ≤ 1
2 max1≤j≤m |x – yj|, and

∣∣K(x, y1, . . . , yj . . . , ym) – K
(
x, y1, . . . , y′

j, . . . , ym
)∣∣

≤ A
(
∑m

j=1 |x – yj|)mn(1 +
∑m

j=1 |x – yj|)N ω

( |yj – y′
j|∑m

j=1 |x – yj|
)

(1.3)

whenever |yj – y′
j| ≤ 1

2 max1≤j≤m |x – yj|.

Let T : S(Rn) × · · ·×S(Rn) → S ′(Rn) (from the product of Schwarz spaces to the space
of tempered distributions) be a multilinear operator with certain classes of multilinear
Calderón–Zygmund kernels of type ω(t) if there exists a K(x, y1, . . . , ym) that satisfies (1.1)–
(1.3), such that

T(f1, . . . , fm)(x) =
∫

(Rn)m
K(x, y1, . . . , ym)f1(y1) · · · fm(ym) dy1 · · · dym (1.4)

whenever x /∈ ⋂m
j=1 supp fj and each fj ∈ C∞

c (Rn), j = 1, . . . , m.
If T can be extended to a bounded multilinear operator:

Lq1
(
R

n) × · · · × Lqm
(
R

n) → Lq(
R

n) (1.5)

for some 1 < q1, . . . , qm < ∞ with 1/q1 + · · · + 1/qm = 1/q, or

Lq1
(
R

n) × · · · × Lqm
(
R

n) → Lq,∞(
R

n) (1.6)

for some 1 ≤ q1, . . . , qm < ∞ with 1/q1 + · · · + 1/qm = 1/q, then T is said to belong to the
class of multilinear Calderón–Zygmund operators of type ω(t).
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Remark When N = 0 in Eqs. (1.1)–(1.3), such kernels have a standard kernel of type ω(t)
as Lu and Zhang [12] and Zhang and Sun [13] considered.

The assumption of (1.6) is reasonable, one may refer to [12, Theorem 1.2].
Let T be a multilinear operator and �b = (b1, . . . , bm) be a locally integrable vector function

in BMOm(Rn), the multilinear commutators of T with �b is defined by

T��b (f1, . . . , fm) =
m∑

j=1

Tj
�b(�f ),

where

Tj
�b(�f ) ≡ bjT(f1, . . . , fj, . . . , fm) – T(f1, . . . , bjfj, . . . , fm).

In 2003, Pérez and Torres [14] first introduced multilinear commutators of multilin-
ear Calderón–Zygmund operators and established their boundedness from Lq1 (Rn) ×
· · · × Lqm (Rn) to Lq(Rn) for 1 < q, q1, . . . , qm < ∞ with 1/q1 + · · · + 1/qm = 1/q, also, from
Lq1 (Rn) × · · · × Lqm (Rn) to Lq,∞(Rn) for 1 ≤ q, q1, . . . , qm < ∞ with 1/q1 + · · · + 1/qm = 1/q.
In 2009, Lerner et al. [8] obtained some weighted boundedness of multilinear commuta-
tors as follows:

∥∥T��b (�f )
∥∥

Lq(v�w) ≤ C
m∑

j=1

‖bj‖BMO

m∏
j=1

‖fj‖Lpj (wj),

and for the weak end-point also it was proved that

v�w
{

x ∈R
n :

∣∣T��b (�f )(x)
∣∣ > tm} ≤ C

m∏
j=1

(∫
Rn

�

( |fj(x)|
t

)
wj(x) dx

) 1
m

.

To clarify the notation, if T is associated in the usual way with a kernel K(x, y1, . . . , ym)
satisfying (1.1)–(1.3), then at a formal level

T��b (f1, f2, . . . , fm)(x)

=
∫

(Rn)m

m∏
j=1

(
bj(x) – bj(yj)

)
K(x, y1, . . . , ym)f1(y1) · · · fm(ym) dy1 · · · dym.

Lerner [8] obtained weighted norm inequalities of classical multilinear Calderón–
Zygmund operators and their commutators with BMO functions through new maximal
functions. In 2014, end-point estimates for iterated commutators of multilinear singular
integrals were shown by Pérez et al. [15]. Lu and Zhang [12] studied multilinear Calderón–
Zygmund operators with type ω(t) and multilinear commutators with BMO functions. Si-
multaneously, they established some weighted norm inequalities, such as strong type and
weak end-point estimates. The corresponding result of iterated commutators by Zhang
and Sun [13] was shown, where the weights belong to A�p. In 2015, Pan and Tang [16] and
Bui [17], respectively, established weighted norm inequalities for certain classes of mul-
tilinear Calderón–Zygmund operators and their commutators with BMOθ (ϕ). The dif-
ference is that Pan and Tang also considered weak end-point results. In 2019, Hu and
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Zhou [18] obtained weighted norm inequalities of Calderón–Zygmund operators of type
ω(t) and their commutators with BMOθ (ϕ) functions, here weights belong to Ap(ϕ) func-
tions.

Inspired by the work above, this paper’s primary purpose is to obtain weighted norm
inequalities for certain classes of multilinear operators of type ω(t) and their commutators,
including the pointwise estimate, strong type, and weak end-point estimates.

2 Some preliminaries and notations
In this section, we first recall some notations. For a measure set E, we define |E| as
the Lebesgue measure of E and χE as the characteristic function of E. Q(x, r) denotes
the cube centered at x with the side length r and λQ = Q(x,λr). �q = (q1, q2, . . . , qm) and
�θ = (θ1, θ2, . . . , θm). For a locally integrable function f , fQ denotes the average fQ = (1/|Q|)∫

Q f (y) dy. In this paper, let ϕθ (Q) = (1 + r)θ , where r is the side length of the cube Q.

2.1 The A∞
�p (ϕ) weights

According to [16], we say that a weight w belongs to the class Aθ
p(ϕ) for 1 < p < ∞, if there

exists a constant C such that, for all cubes Q,

(
1

ϕθ (Q)|Q|
∫

Q
w(y) dy

)(
1

ϕθ (Q)|Q|
∫

Q
w(y)

–1
p–1 dy

)p–1

≤ C.

In particular, when p = 1,

(
1

ϕθ (Q)|Q|
∫

Q
w(y) dy

)
≤ C inf

x∈Q
w(x).

Notice that A∞
p (ϕ) =

⋃
θ≥0 Aθ

p(ϕ), A∞∞(ϕ) =
⋃

p≥1 A∞
p (ϕ) and A0

p(ϕ) is equivalent to the
Muckenhoupt class of weights Ap in [19] for all 1 ≤ p < ∞. However, in general, the class
A∞

p (ϕ) is strictly larger than the class Ap for all 1 ≤ p < ∞.
Next, we give some necessary properties of Aθ

�p(ϕ) functions.

Lemma 2.1 ([20]) The following statements hold:
(i) A∞

p (ϕ) ⊂ A∞
q (ϕ) for 1 ≤ p ≤ q < ∞.

(ii) If w ∈ A∞
p (ϕ), with p > 1 then there exists ε > 0 such that w ∈ A∞

p–ε(ϕ). Consequently,
A∞

p (ϕ) =
⋃

q<p A∞
q (ϕ).

(iii) If w ∈ A∞
p (ϕ) with p ≥ 1, then exist positive numbers δ, l and C so that, for all cubes

Q,

(
1

|Q|
∫

Q
w1+δ(x) dx

) 1
1+δ ≤ C

(
1

|Q|
∫

Q
w(x) dx

)
ϕl(Q).

Lemma 2.2 ([21]) The following statements hold:
(i) w ∈ Aθ

p(ϕ) if and only if w– 1
p–1 ∈ Aθ

p′ (ϕ), where 1
p + 1

p′ = 1;
(ii) if w1, w2 ∈ Aθ

p(ϕ), p ≥ 1, then wα
1 w1–α

2 ∈ Aθ
p(ϕ) for any 0 < α < 1;

(iii) if w ∈ Aθ
p(ϕ), for 1 ≤ p < ∞, then

1
ϕθ (Q)|Q|

∫
Q

∣∣f (y)
∣∣dy ≤ C

(
1

w(5Q)

∫
Q

∣∣f (y)
∣∣pw(y) dy

) 1
p

.
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In particular, let f = χE for any measurable set E ⊂ Q,

|E|
ϕθ (Q)|Q| ≤ C

(
w(E)

w(5Q)

) 1
p

.

Let �p = (p1, . . . , pm) and 1/p = 1/p1 + · · · + 1/pm with 1 ≤ p1, . . . , pm < ∞. Given �w =
(w1, . . . , wm), each wj being nonnegative measurable, we set

v�w =
m∏

j=1

wp/pj
j .

For θ ≥ 0, we say that �w satisfies the Aθ
�p(ϕ) condition and denote �w ∈ Aθ

�p(ϕ), if

sup
Q

(
1

ϕθ (Q)|Q|
∫

Q
v�w(x) dx

)1/p m∏
j=1

(
1

ϕθ (Q)|Q|
∫

Q
wj(x)1–p′

j dx
)1/p′

j
< ∞,

where the supremum is taken over all cubes Q ⊂ R
n, and the term ( 1

|Q|
∫

Q wj(x)1–p′
j )1/p′

j

coincides with (infx∈Q wj)–1 when pj = 1 j = 1, 2, . . . , m.
For 1 ≤ p1, . . . , pm < ∞, set A∞

�p (ϕ) =
⋃

θ≥0 Aθ
�p(ϕ). When θ = 0, the class A0

�p(ϕ) coincides
with the class of multiple weights A�p introduced by [15].

Lemma 2.3 ([17]) Let 1 ≤ p1, . . . , pm < ∞ and �w = (w1, . . . , wm). Then the following state-
ments are equivalent:

(i) �w ∈ A∞
�p (ϕ);

(ii) w
1–p′

j
j ∈ A∞

mp′
j
, j = 1, . . . , m, and v�w ∈ A∞

mp(ϕ).
The class A∞

�p (ϕ) is not increasing, which means that, for �p = (p1, . . . , pm) and �q =
(q1, . . . , qm) with pj ≤ qj, j = 1, . . . , m, the following may not be true A∞

�p (ϕ) ⊂ A∞
�q (ϕ).

Lemma 2.4 ([17]) Let 1 ≤ p1, . . . , pm < ∞ and �w = (w1, . . . , wm) ∈ A∞
�p (ϕ). Then

(i) for any r ≥ 1, �w ∈ A∞
r�p (ϕ);

(ii) if 1 < p1, . . . , pm < ∞, then there exists r > 1 so that �w ∈ A∞
�p/r(ϕ).

2.2 BMO∞(ϕ) spaces
Now, recall the definition and properties of the BMO∞ spaces introduced by [20].

A locally integrable function b is in BMOθ (ϕ)(θ ≥ 0) if

‖b‖BMOθ (ϕ) := sup
Q

1
ϕθ (Q)|Q|

∫
Q

∣∣b(y) – bQ
∣∣dy < ∞.

When θ = 0, BMO0(ϕ) = BMO(Rn). Clearly BMO(Rn) ⊂ BMOθ (ϕ) and BMOθ1 (ϕ) ⊂
BMOθ2 (ϕ) for θ1 ≤ θ2. We denote BMO∞(ϕ) =

⋃
θ≥0 BMOθ (ϕ).

Lemma 2.5 ([20]) Let θ > 0, s ≥ 1. If b ∈ BMOθ (ϕ) then for all cubes Q = Q(x, r)
(i) ( 1

|Q|
∫

Q |b(y) – bQ|s dy) 1
s ≤ ‖b‖BMOθ (ϕ)ϕθ (Q);

(ii) ( 1
|3kQ|

∫
3k Q |b(y) – bQ|s dy) 1

s ≤ k‖b‖BMOθ (ϕ)ϕθ (3kQ), for all k ∈ N .
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2.3 The norm of Orlicz spaces
For �(t) = t(1+ log+t) and a cube Q in R

n, we will consider the average ‖f ‖�,Q of a function
f given by the Luxemburg norm

‖f ‖�,Q = inf

{
λ > 0 :

1
|Q|

∫
Q

�

( |f (x)|
λ

)
dx ≤ 1

}
.

The generalized Hölder inequality in Orlicz spaces together with the corresponding
John–Nirenberg inequality in [18, Lemma 2.5] implies that

1
|Q|

∫
Q

∣∣(b(y) – bQ
)
f (y)

∣∣dy ≤ ‖b‖BMOθ (ϕ)‖f ‖L(LogL),Qϕθ (Q).

2.4 Maximal functions and Sharp maximal functions
Maximal functions and sharp maximal functions play an important role in the proof of
the main theorem. Next, recall the relevant definition.

For 0 < η < ∞, the maximal operator Mϕ,η is defined by

Mϕ,ηf (x) = sup
x∈Q

1
ϕ(Q)η|Q|

∫
Q

∣∣f (y)
∣∣dy.

Definition 2.6 ([21]) Let 0 < η < ∞, then the dyadic maximal function Md
ϕ,η is defined by

Md
ϕ,ηf (x) = sup

x∈Q(dyadiccube)

1
ϕ(Q)η|Q|

∫
Q

∣∣f (y)
∣∣dy.

Let Q be a dyadic cube; f is a locally integral function, then the dyadic sharp maximal
function M�,d

ϕ,η is defined by

M�,d
ϕ,ηf (x) = sup

x∈Q,r<1

1
|Q|

∫
Q(x0,r)

∣∣f (y) – fQ
∣∣dy + sup

x∈Q,r≥1

1
ϕ(Q)η|Q|

∫
Q(x0,r)

∣∣f (y)
∣∣dy

 sup
x∈Q,r<1

inf
C

1
|Q|

∫
Q(x0,r)

∣∣f (y) – C
∣∣dy + sup

x∈Q,r≥1

1
ϕ(Q)η|Q|

∫
Q(x0,r)

∣∣f (y)
∣∣dy,

where fQ = 1
|Q|

∫
Q f (y) dy.

From the above definition, the variants of the dyadic maximal operator and the dyadic
sharp maximal operator are as follows:

Md
δ,ϕ,ηf (x) =

[
Md

ϕ,η
(|f |δ)] 1

δ , M�,d
δ,ϕ,ηf (x) =

[
M�,d

ϕ,η
(|f |δ)

] 1
δ .

Lemma 2.7 ([21]) Let 1 < p < ∞, w ∈ A∞
p , 0 < η < ∞ and f ∈ Lp(w), then

‖f ‖Lp(w) ≤ ∥∥Md
ϕ,ηf

∥∥
Lp(w) ≤ ∥∥M�,d

ϕ,ηf
∥∥

Lp(w).

Lemma 2.8 ([21]) Let 1 < p < ∞, ω ∈ A∞∞, 0 < η < ∞ and δ > 0 and let ψ : (0,∞) �→ (0,∞)
be doubling, that is, ψ(2a) ≤ ψ(a) for a > 0. Then there exists a constant C depending upon
the A∞∞ condition of w and the doubling condition of ψ such that

sup
λ>0

ψ(λ)w
({

y ∈ R
n : Md

δ,ϕ,ηf (y) > λ
}) ≤ C sup

λ>0
ψ(λ)w

({
y ∈R

n : M�,d
δ,ϕ,ηf (y) > λ

})
,
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ML(log L),ϕ,ηf (x) = sup
x∈Q

1
ϕ(Q)η

‖f ‖L(log L),Q.

Let 0 < η < ∞, �f = (f1, f2, . . . , fm), then the multilinear maximal operators Mϕ,η and
ML(LogL),ϕ,η are defined by

Mϕ,η�f (x) = sup
x∈Q

m∏
j=1

1
ϕ(Q)η

‖fj‖Q,

ML(LogL),ϕ,η�f (x) = sup
x∈Q

m∏
j=1

1
ϕ(Q)η

‖fj‖L(log L).

Lemma 2.9 ([16]) Let 1 < pj < ∞, j = 1, 2, . . . , m, 1
p = 1

p1
+ 1

p2
+ · · · + 1

pm
and �w ∈ A∞

�p , then
there exists some η0 > 0 depending on p, m, pj such that

∥∥Mϕ,η0 (�f )
∥∥

Lp(v�w) ≤ C
m∏

j=1

‖fj‖Lpj (wj).

3 Estimates for multilinear operators
Theorem 3.1 Let T be a multilinear Calderón–Zygmund operator of type ω(t) as in Def-
inition 1.1, assume that 0 < δ < 1

m , 0 < η and ω is satisfying ω ∈ Dini(1). Then there exists a
constant C > 0 such that

M#,d
δ,ϕ,η

(
T(�f )

)
(x) ≤ CMϕ,η(�f )(x)

for all �f in Lp1 (Rn) × · · · × Lpm (Rn) with 1 ≤ pj < ∞ for j = 1, . . . , m.

Proof If ω ∈ Dini(1), then

∞∑
k=1

ω
(
2–k)

≈

∫ 1

0

ω(t)
t

dt < ∞.

For a fixed point x ∈ R
n and let x ∈ Q = Q(x0, r), Q is a dyadic cube. To complete the

proof, we consider the following two cases of the side length r: r ≤ 1 and r > 1.
Case 1. When r ≤ 1. Since 0 < δ < 1

m < 1, η > 0 and ||a|t – |b|t| < |a – b|t for 0 < t < 1, for
any number C we can estimate

(
1

|Q|
∫

Q

∣∣∣∣T(�f )(z)
∣∣δ – |C|δ∣∣dz

) 1
δ ≤

(
1

|Q|
∫

Q

∣∣T(�f )(z) – C
∣∣δ dz

) 1
δ

.

Let Q∗ = 8
√

nQ, we decompose fj = f 0
j + f ∞

j for each fj, where f 0
j = fjχQ∗ . Then

m∏
j=1

fj(yj) =
∑

α1,...,αm∈{0,∞}
f α1
1 (y1) · · · f αm

m (ym) =
m∏

j=0

f 0
j (yj) +

∑
α1,...,αm∈L

f α1
1 (y1) · · · f αm

m (ym),

where L = {(α1, . . . ,αm) : there is at least one αj �= 0}.



Zhao and Zhou Journal of Inequalities and Applications         (2021) 2021:29 Page 8 of 23

Let C =
∑

α1,...,αm∈L Cα1,...,αm , from this condition, we can get the following a series of
estimates:

(
1

|Q|
∫

Q

∣∣T(�f )(z) – C
∣∣δ dz

) 1
δ

≤
(

1
|Q|

∫
Q

∣∣T(
f 0
1 , . . . , f 0

m
)
(z)

∣∣δ dz
) 1

δ

+
∑

α1,...,αm∈L

(
1

|Q|
∫

Q

∣∣T(
f α1
1 , . . . , f αm

m
)
(z) – Cα1,...,αm

∣∣δ dz
) 1

δ

:= I + II.

Since T : L1 × · · · × L1 → L 1
m ,∞ and using the Kolmogorov inequality with p = δ and

q = 1
m , we have

I ≤ C
∥∥T

(
f 0
1 , . . . , f 0

m
)∥∥

L
1
m ,∞(Q, dx

|Q| )

≤ C
m∏

j=1

1
|Q∗|

∫
Q∗

∣∣fj(z)
∣∣dz

≤ C
m∏

j=1

1
ϕ(Q∗)η|Q∗|

∫
Q∗

∣∣fj(z)
∣∣dz

≤ CMϕ,η(�f )(x).

To estimate II , we choose Cα1,...,αm = T(f α1
1 , . . . , f αm

m )(x), for any z ∈ Q, the following esti-
mate holds:

∑
α1,...,αm∈L

∣∣T(
f α1
1 , . . . , f αm

m
)
(z) – T

(
f α1
1 , . . . , f αm

m
)
(x)

∣∣ ≤ CMϕ,η(�f )(x).

We consider first the case when α1 = · · · = αm = ∞. For any z ∈ Q, we get

∣∣T(
f ∞
1 , . . . , f ∞

m
)
(z) – T

(
f ∞
1 , . . . , f ∞

m
)
(x)

∣∣

≤
∫

(Rn\Q∗)m

∣∣K(z, �y) – K(x, �y)
∣∣ m∏

j=1

∣∣f (yj)
∣∣d�y

≤
∞∑

k=1

∫
(�k )m

∣∣K(z, �y) – K(x, �y)
∣∣ m∏

j=1

∣∣f (yj)
∣∣d�y,

where �k = (2k+3√nQ) \ (2k+2√nQ) for k = 1, 2, . . . .
Note that, for x, z ∈ Q and any (y1, . . . , ym) ∈ (�k)m,

|z – yj| ≥ 2k√nr and |z – x| ≤ √
nr,
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since ω is nondecreasing, and through the kernel condition (1.2), we have

∣∣K(z, �y) – K(x, �y)
∣∣ ≤ A

(
∑m

j=1 |z – yj|)mn(1 +
∑m

j=1 |z – yj|)N ω

( |z – x|∑m
j=1 |z – yj|

)

≤ Cω(2–k)
|2k√nQ|m(1 + 2k√nr)N .

Then, taking N ≥ mη,

∣∣T(
f ∞
1 , . . . , f ∞

m
)
(z) – T

(
f ∞
1 , . . . , f ∞

m
)
(x)

∣∣

≤ C
∞∑

k=1

ω
(
2–k)∫

(�k )m

1
|2k√nQ|m(1 + 2k√nr)N

m∏
j=1

∣∣f (yj)
∣∣d�y

≤ C
∞∑

k=1

ω
(
2–k) m∏

j=1

1
|2k√nQ|(1 + 2k√nr) N

m

∫
2k+3√

nQ

∣∣fj(yj)
∣∣dyi

≤ C|ω|Dini(1)Mϕ,η(
−→
f )(x).

We are now to consider αj1 = · · · = αjl = 0 for 1 ≤ l < m. Let J := {j1, . . . , jl} then αj = ∞
for j /∈ J . Thus

∣∣T(
f α1
1 , . . . , f αm

m
)
(z) – T

(
f α1
1 , . . . , f αm

m
)
(x)

∣∣

≤
∫

(Rn)m

∣∣K(z, �y) – K(x, �y)
∣∣ m∏

j=1

∣∣f αj
j (yj)

∣∣d�y

≤
∫

(Q∗)l

∏
j∈J

∣∣fj(yj)
∣∣
∫

(Rn\Q∗)m–l

∣∣K(z, �y) – K(x, �y)
∣∣ ∏

j /∈J

∣∣fj(yj)
∣∣d�y

≤
∫

(Q∗)l

∏
j∈J

∣∣fj(yj)
∣∣ ∞∑

k=1

∫
(�k )m–l

∣∣K(z, �y) – K(x, �y)
∣∣ ∏

j /∈J

∣∣fj(yj)
∣∣d�y.

Similar to the above discussion, taking N ≥ mη, we have

∣∣T(
f α1
1 , . . . , f αm

m
)
(z) – T

(
f α1
1 , . . . , f αm

m
)
(x)

∣∣

≤ C
∫

(Q∗)l

∏
j∈J

∣∣fj(yj)
∣∣ ∞∑

k=1

ω
(
2–k)∫

(�k )m–l

1
|2k√nQ|m(1 + 2k√nr)N

∏
j /∈J

∣∣fj(yj)
∣∣d�y

≤ C
∞∑

k=1

ω
(
2–k) 1

|2k√nQ|m(1 + 2k√nr)N

(∏
j∈J

∫
Q∗

∣∣fj(yj)
∣∣dyj

)

×
(∏

j /∈J

∫
2k+3√

nQ

∣∣fj(yj)
∣∣dyj

)

≤ C
∞∑

k=1

ω
(
2–k) m∏

j=1

1
|2k√nQ|(1 + 2k√nr) N

m

∫
2k+3√

nQ

∣∣fj(yj)
∣∣dyi

≤ C|ω|Dini(1)Mϕ,η(�y)(x).
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Case 2. When r > 1, since 0 < δ < 1
m < 1, and η > 0, it follows that

(
1

ϕ(Q)η|Q|
∫

Q

∣∣T(�f )(x)
∣∣δ dx

) 1
δ

≤ 1
ϕ(Q)η/δ

(
1

|Q|
∫

Q

∣∣T(
f 0
1 , . . . , f 0

m
)
(x)

∣∣δ dx
) 1

δ

+
∑

α1,...,αm∈L

1
ϕ(Q)η/δ

(
1

|Q|
∫

Q

∣∣T(
f α1
1 , . . . , f αm

m
)
(z)

∣∣δ dz
) 1

δ

:= I + II.

For I , by the Kolmogorov inequality and T : L1 × · · · × L1 → L 1
m ,∞, we have

I ≤ C
1

ϕ(Q)mη

∥∥T
(
f 0
1 , . . . , f 0

m
)∥∥

L
1
m ,∞(Q, dx

|Q| )

≤ C
1

ϕ(Q)mη

m∏
j=1

1
|Q∗|

∫
Q∗

∣∣fj(z)
∣∣dz

≤ CMϕ,η(�f )(x).

To estimate II , note that, for z ∈ Q and any (y1, . . . , ym) ∈ (�k)m, |z – yj| ≥ 2k√nr. Con-
sider now α1 = · · · = αm = ∞, taking N ≥ mη + 1, the following estimate holds:

1
ϕ(Q)η/δ

(
1

|Q|
∫

Q

∣∣T(
f ∞
1 , . . . , f ∞

m
)
(z)

∣∣δ dz
) 1

δ

≤ C
|Q|

∫
Q

∣∣T(
f ∞
1 , . . . , f ∞

m
)
(z)

∣∣dz

≤ C
|Q|

∫
Q

∞∑
k=1

∫
(�k )m

∣∣K(z, �y)
∣∣ m∏

j=1

∣∣f (yj)
∣∣d�y dz

≤ C
|Q|

∫
Q

∞∑
k=1

∫
(�k )m

∏m
j=1 |f (yj)|

(
∑m

j=1 |z – yj|)mn(1 +
∑m

j=1 |z – yj|)N d�y dz

≤
m∑

k=1

C
|2k+3√nQ|m(1 + 2k+3√nr)N

∫
(2k+3√

nQ)m

m∏
j=1

∣∣f (yj)
∣∣dyj

≤
m∑

k=1

C
(1 + 2k+3√nr)N

m∏
j=1

1
|2k+3√nQ|

∫
2k+3√

nQ

∣∣f (yj)
∣∣dyj

≤
m∑

k=1

C
(1 + 2k+3√nr)

Mϕ,η(�f )(x)

≤ CMϕ,η(�f )(x).
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When αj1 = · · · = αjl = 0 for 1 ≤ l < m. Let J := {j1, . . . , jl} then αj = ∞ for j /∈ J , taking
N ≥ mη + 1, then

1
ϕ(Q)η/δ

(
1

|Q|
∫

Q

∣∣T(
f α1
1 , . . . , f αm

m
)
(z)

∣∣δ dz
) 1

δ

≤ C
∫

(Q∗)l

∏
j∈J

∣∣fj(yj)
∣∣
∫

(Rn\Q∗)m–l

∏
j /∈J |fj(yj)|

(
∑m

j=1 |z – yj|)mn(1 +
∑m

j=1 |z – yj|)N d�y

≤ C
∏
j∈J

∫
Q∗

∣∣fj(yj)
∣∣ ∞∑

k=1

∫
(�k )m–l

∏
j /∈J |fj(yj)|

|2k+3√nQ|m(1 + 2k+3√nr)N d�y

≤ C
∞∑

k=1

1
|2k+3√nQ|m(1 + 2k+3√nr)N

(∏
j∈J

∫
Q∗

∣∣fj(yj)
∣∣dyj

)(∏
j /∈J

∫
2k+3√

nQ

∣∣fj(yj)
∣∣dyj

)

≤ CMϕ,η(�f )(x).

Pan and Tang in [16, Lemma 2.7] proved the result in our framework, which is similar to
the classical Fefferman–Stein inequalities. Next, using Lemma 2.7 of our paper, we obtain
the result as follows. �

Corollary 3.2 Let T be a multilinear operator satisfying (1.1)–(1.5), and suppose that ω is
satisfying ω ∈ Dini(1), w ∈ A∞∞, η > 0 and p > 0. Then there exist constants C > 0, such that

∥∥T(�f )
∥∥

Lp(w) ≤ C
∥∥Mϕ,η(�f )

∥∥
Lp(w)

and

∥∥T(�f )
∥∥

Lp,∞(w) ≤ C
∥∥Mϕ,η(�f )

∥∥
Lp,∞(w).

Proof From Lemma 2.7 and Theorem 3.1, we get

∥∥T(�f )
∥∥

Lp(w) ≤ ∥∥Md
ϕ,η

(
T(�f )

)∥∥
Lp(w)

≤ C
∥∥M�,d

ϕ,η
(
T(�f )

)∥∥
Lp(w)

≤ C
∥∥Mϕ,η(�f )

∥∥
Lp(w). �

Similarly, with the help of Lemma 2.8, the weak-type estimate is obtained.

Theorem 3.3 Let T be a multilinear operator satisfying (1.1)–(1.5), �w ∈ A∞
�p (ϕ) and 1/p =

1/p1 + · · ·+ 1/pm. If ω is satisfying ω ∈ Dini(1), then there exists a constant C > 0, such that:
(i) If 1 < pj < ∞, j = 1, . . . , m, then

∥∥T(�f )
∥∥

Lp(v�w) ≤ C
m∏

j=1

‖fj‖Lpj (wj).
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(ii) If 1 ≤ pj < ∞, j = 1, . . . , m, and at least one of pj = 1, then

∥∥T(�f )
∥∥

Lp,∞(v�w) ≤ C
m∏

j=1

‖fj‖Lpj (wj).

Proof The desired result directly is obtained from Theorem 3.1, Corollary 3.2, Lemma 2.4
and Lemma 2.9. The proof is completed. �

4 Estimates for multilinear commutators
To ensure the fluency of the demonstration in this section, we need first to explain the
meaning of some notations. We write

Cm
j =

{
σ : σ =

{
σ (1),σ (2), . . . ,σ (j)

}
, 1 ≤ j ≤ m

}
,

We always take σ (i) ≤ σ (j) if i ≤ j.
For any σ ′ ∈ Cm

j , we have σ ′ = {σ (1),σ (2), . . . ,σ (m)} \ σ and σ ′ ∈ Cm
m–j.

Let �b be m-tuple functions and σ ∈ Cm
j , we have the j-tuple function �b = (bσ (1), bσ (2), . . . ,

bσ (j)). For all bσ (j) ∈ BMOθ (ϕ), 1 ≤ j ≤ m, we have �b = (bσ (1), bσ (2), . . . , bσ (m)) ∈ BMOm
�θ (ϕ).

See [15, 16].
Corresponding to the classical form, can define the following form of the iterated com-

mutators:

T� �bσ
(�f )(x) =

∫
(Rn)m

m∏
i=1

(
bσ (i)(x) – bσ (i)(yσ (i))

)
K(x, y1, . . . , ym)f1(y1) · · · fm(ym) dy1 · · ·dym.

Theorem 4.1 Let T be a multilinear Calderón–Zygmund operator of type ω(t) as in Def-
inition 1.1, T��b be a multilinear commutator with �b ∈ BMOm

�θ (ϕ). We have 0 < δ < ε < 1/m
and η > (θ1, . . . , θm)/(1/δ – 1/ε), assume that ω is satisfying

∫ 1

0

ω(t)
t

(
1 + log

1
t

)m

dt < ∞. (4.1)

Then there exists a constant C > 0 such that

M#,d
δ,ϕ,η

(
T��b (�f )

)
(x) ≤ C

m∏
j=1

‖bj‖BMOθj (ϕ)
(
ML(log L),ϕ,η(�f )(x) + Md

ε,ϕ,η
(
T(�f )

)
(x)

)

+ C
m–1∑
j=1

∑
σ∈Cm

j

j∏
i=1

‖bσ (i)‖BMOσ (i) Mε,ϕ,η
(
T��b

σ ′
(�f )

)
(x),

for all m-tuples �f = (f1, . . . , fm) of bounded measurable functions with compact support.

Proof For simplicity, we only prove the case m = 2 and θ1 = θ2 = θ .
If ω is satisfying (4.1), then ω ∈ Dini(1) and

∞∑
k=1

km · ω(
2–k)

≈

∫ 1

0

ω(t)
t

(
1 + log

1
t

)m

< ∞.
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For b1, b2 ∈ BMOθ (ϕ), it suffices to prove that

M#,d
δ,ϕ,η

(
T��b (f1, f2)

)
(x) ≤ C‖b1‖BMOθ (ϕ)‖b2‖BMOθ (ϕ)

(
ML(log L),ϕ,η(f1, f2)(x)

+ CMd
ε,ϕ,η

(
T(f1, f2)

)
(x)

)

+ C
(‖b2‖BMOθ (ϕ)Mε,ϕ,η

(
T1

b1

)
(f1, f2)(x)

+ C‖b1‖BMOθ (ϕ)Mε,ϕ,η
(
T2

b2

)
(f1, f2)(x)

)
.

For any constants λ1,λ2, it follows that

T��b (f1, f2)(x) =
(
b1(x) – λ1

)(
b2(x) – λ2

)
T(f1, f2)(x) –

(
b1(x) – λ1

)
T

(
f1, (b2 – λ2)f2

)
(x)

–
(
b2(x) – λ2

)
T

(
(b1 – λ1)f1, f2

)
(x) + T

(
(b1 – λ1)f1, (b2 – λ2)f2

)
(x)

= –
(
b1(x) – λ1

)(
b2(x) – λ2

)
T(f1, f2)(x) +

(
b1(x) – λ1

)
T2

b2–λ2 (f1, f2)(x)

+
(
b2(x) – λ2

)
T1

b1–λ1 (f1, f2)(x) + T
(
(b1 – λ1)f1, (b2 – λ2)f2

)
(x),

where

T1
b1–λ1 (f1, f2)(x) =

(
b1(x) – λ1

)
T(f1, f2)(x) – T

(
(b1 – λ1)f1, f2

)
(x) (4.2)

and

T2
b2–λ2 (f1, f2)(x) =

(
b2(x) – λ2

)
T(f1, f2)(x) – T

(
f1, (b2 – λ2)f2

)
(x). (4.3)

Now, we fix x ∈ R
n, a dyadic cube Q � x and a constant c, then, since 0 < δ < 1

2 , we only
need to consider the two cases r ≤ 1 and r > 1.

Case 1: When r ≤ 1, the following estimate holds:

(
1

|Q|
∫

Q

∣∣∣∣T��b (f1, f2)(z)
∣∣δ – |c|δ∣∣dz

) 1
δ

≤
(

1
|Q|

∫
Q

∣∣T��b (f1, f2)(z) – c
∣∣δ dz

) 1
δ

≤
(

C
|Q|

∫
Q

∣∣(b1(z) – λ1
)(

b2(z) – λ2
)
T(f1, f2)(z)

∣∣δ dz
) 1

δ

+
(

C
|Q|

∫
Q

∣∣(b1(z) – λ1
)
T2

b2–λ2 (f1, f2)(z)
∣∣δ dz

) 1
δ

+
(

C
|Q|

∫
Q

∣∣(b2(z) – λ2
)
T1

b1–λ1 (f1, f2)(z)
∣∣δ dz

) 1
δ

+
(

C
|Q|

∫
Q

∣∣T(
(b1 – λ1)f1, (b2 – λ2)f2

)
(z) – c

∣∣δ dz
) 1

δ

:= I + II + III + IV .
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Let Q∗ = 8
√

nQ and let λj = (bj)Q∗ be the average of bj on Q∗, j = 1, 2. For any 1 < r1, r2, r3 <
∞ with 1/r1 + 1/r2 + 1/r3 = 1, choosing a δ to make δri < 1, i = 1, 2 and r3 < ε/δ.

By Hölder’s inequality, we have

I ≤ C
(

1
|Q|

∫
Q

∣∣b1(z) – (b1)Q∗
∣∣r1δ dz

) 1
r1δ

(
1

|Q|
∫

Q

∣∣b2(z) – (b2)Q∗
∣∣r2δ dz

) 1
r2δ

×
(

1
|Q|

∫
Q

∣∣T(f1, f2)
∣∣r3δ dz

) 1
r3δ

≤ C‖b1‖BMOθ (ϕ)‖b2‖BMOθ (ϕ)Md
ε,ϕ,η

(
T(f1, f2)

)
(x)).

For II , let 1 < t1, t2 < ∞ with 1 = 1/t1 + 1/t2 and t2 < ε/δ. By Hölder’s inequality,

II ≤ C
(

1
|Q|

∫
Q

∣∣b1(z) – (b1)Q∗
∣∣t1δ dz

) 1
t1δ

(
1

|Q|
∫

Q

∣∣T2
b2–λ2 (f1, f2)(z)

∣∣t2δ dz
) 1

t2δ

≤ C‖b1‖BMOθ (ϕ)Mt2δ,ϕ,η
(
T2

b2–λ2 (f1, f2)
)
(x)

≤ C‖b1‖BMOθ (ϕ)Mε,ϕ,η
(
T2

b2–λ2 (f1, f2)
)
(x)

= C‖b1‖BMOθ (ϕ)Mε,ϕ,η
(
T2

b2 (f1, f2)
)
(x).

Similarly, we obtain

III ≤ C‖b2‖BMOθ (ϕ)Mε,ϕ,η
(
T1

b1 (f1, f2)
)
(x).

Now for the last term IV . We split each fj as fj = f 0
j + f ∞

j where f 0
i = fjχQ∗ and f ∞

j = fj – f 0
j .

Let c = c1 + c2 + c3, where

c1 = T
(
(b1 – λ1)f 0

1 , (b2 – λ2)f ∞
2

)
(x),

c2 = T
(
(b1 – λ1)f ∞

1 , (b2 – λ2)f 0
2
)
(x),

c3 = T
(
(b1 – λ1)f ∞

1 , (b2 – λ2)f ∞
2

)
(x).

Then

IV ≤ C
(

1
|Q|

∫
Q

∣∣T(
(b1 – λ1)f 0

1 , (b2 – λ2)f 0
2
)
(z)

∣∣δ dz
) 1

δ

+ C
(

1
|Q|

∫
Q

∣∣T(
(b1 – λ1)f 0

1 , (b2 – λ2)f ∞
2

)
(z) – c1

∣∣δ dz
) 1

δ

+ C
(

1
|Q|

∫
Q

∣∣T(
(b1 – λ1)f ∞

1 , (b2 – λ2)f 0
2
)
(z) – c2

∣∣δ dz
) 1

δ

+ C
(

1
|Q|

∫
Q

∣∣T(
(b1 – λ1)f ∞

1 , (b2 – λ2)f ∞
2

)
(z) – c3

∣∣δ dz
) 1

δ

:= IV 1 + IV 2 + IV 3 + IV 4.
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For IV 1, choosing 1 < p < 1
2δ

and applying Kolmogorov’s inequality with p = δ < 1
2 , q = 1

2 ,

IV 1 = C
∥∥T

(
(b1 – λ1)f 0

1 , (b2 – λ)f 0
2
)∥∥

Lδ (Q, dx
|Q| )

≤ C
∥∥T

(
(b1 – λ1)f 0

1 , (b2 – λ)f 0
2
)∥∥

L
1
2 ,∞(Q, dx

|Q| )

≤ C
1

|Q|
∫

Q

∣∣(b1(z) – λ1
)
f 0
1 (z)

∣∣dz
1

|Q|
∫

Q

∣∣(b2(z) – λ2
)
f 0
2 (z)

∣∣dz

≤ C‖b1‖BMOθ (ϕ)‖b2‖BMOθ (ϕ)ML(log L),ϕ,η(f1, f2)(x).

Next to estimate IV 2. For any z ∈ Q, let c1 = T((b1 – λ1)f 0
1 , (b2 – λ2)f ∞

2 )(x), we have

IV 2 =
(

1
|Q|

∫
Q

∣∣T(
(b1 – λ1)f 0

1 , (b2 – λ2)f ∞
2

)
(z) – T

(
(b1 – λ1)f 0

1 , (b2 – λ2)f ∞
2

)
(x)

∣∣δ dz
) 1

δ

≤
∫

(Rn)2

∣∣K(z, y1, y2) – K(x, y1, y2)
∣∣∣∣(b1(y1) – λ1

)
f 0
1 (y1)

∣∣∣∣(b2(y2) – λ2
)
f ∞
2 (y2)

∣∣dy1 dy2

≤
∫

Q∗

∣∣(b1(y1) – λ1
)
f1(y1)

∣∣

×
(∫

Rn\Q∗

∣∣K(z, y1, y2) – K(x, y1, y2)
∣∣∣∣(b2(y2) – λ2

)
f2(y2)

∣∣dy2

)
dy1.

For any z ∈ Q, y1 ∈ Q∗ and y2 ∈ �k ,

∣∣K(z, y1, y2) – K(x, y1, y2)
∣∣

≤ A
(|z – y1| + |z – y2|)2n(1 + |z – y1| + |z – y2|)N ω

( |z – x|
|z – y1| + |z – y2|

)

≤ C
ω(2–k)

|2k+3√nQ|2(1 + 2k+3√nr)N ,

then we have

IV 2 ≤ C
∫

Q∗

∣∣(b1(y1) – λ1
)
f1(y1)

∣∣

×
( ∞∑

k=1

∫
�k

ω(2–k)
|2k+3√nQ|2(1 + 2k+3√nr)N

∣∣(b2(y2) – λ2
)
f2(y2)

∣∣dy2

)
dy1

≤ C
∫

Q∗

∣∣(b1(y1) – λ1
)
f1(y1)

∣∣

×
( ∞∑

k=1

ω
(
2–k)∫

2k+3√
nQ

|(b2(y2) – λ2)f2(y2)|
|2k+3√nQ|2(1 + 2k+3√nr)N dy2

)
dy1

≤ C
∞∑

k=1

ω(2–k)
|2k+3√nQ|2(1 + 2k+3√nr)N

×
∫

(2k+3√
nQ)2

∣∣b1(y1) – λ1
∣∣∣∣f1(y1)

∣∣∣∣b2(y2) – λ2
∣∣∣∣f2(y2)

∣∣dy1 dy2.
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Note that, for the constant λj = (bj)Q∗ , the following holds:

∫
2k+3√

nQ

∣∣b(y) – bQ∗
∣∣∣∣f (y)

∣∣dy ≤ Ck
∣∣2k+3√nQ

∣∣ϕ(
2k+3√nQ

)‖b‖BMOθ (ϕ)‖f ‖L log L,2k+3√
nQ.

Taking N ≥ 2η, then

IV 2 ≤ C
∞∑

k=1

k2ω
(
2–k)‖b1‖BMOθ (ϕ)‖b2‖BMOθ (ϕ)‖f1‖L log L,2k+3√

nQ‖f2‖L log L,2k+3√
nQ

≤ C‖b1‖BMOθ (ϕ)‖b2‖BMOθ (ϕ)ML(log L),ϕ,η(f1, f2)(x).

Similarly to IV 2, we can estimate

IV 3 ≤ C‖b1‖BMOθ (ϕ)‖b2‖BMOθ (ϕ)ML(log L),ϕ,η(f1, f2)(x).

Now for the term IV 4. For any z ∈ Q and y1, y2 ∈ �k ,

∣∣K(z, y1, y2) – K(x, y1, y2)
∣∣

≤ A
(|z – y1| + |z – y2|)2n(1 + |z – y1| + |z – y2|)N ω

( |z – x|
|z – y1| + |z – y2|

)

≤ C
ω(2–k)

|2k+3√nQ|2(1 + 2k+3√nr)N .

Note c3 = T((b1 – λ1)f ∞
1 , (b2 – λ2)f ∞

2 )(x). Then

IV 4 ≤ C
(

1
|Q|

∫
Q

∣∣T(
(b1 – λ1)f ∞

1 , (b2 – λ2)f ∞
2

)
(z)

– T
(
(b1 – λ1)f ∞

1 , (b2 – λ2)f ∞
2

)
(x)

∣∣δ dz
) 1

δ

≤ C
∫

(Rn\Q∗)2

∣∣K(z, y1, y2) – K(x, y1, y2)
∣∣
( 2∏

j=1

∣∣(bj(yj) – λj
)
fj(yj)

∣∣
)

dy1 dy2

≤ C
∞∑

k=1

∫
(�k )2

∣∣K(z, y1, y2) – K(x, y1, y2)
∣∣
( 2∏

j=1

∣∣(bj(yj) – λj
)
fj(yj)

∣∣
)

dy1 dy2

≤ C
∞∑

k=1

∫
(2k+3√

nQ)2

ω(2–k)
|2k+3√nQ|2(1 + 2k+3√nr)N

( 2∏
j=1

∣∣bj(yj) – λj
∣∣∣∣fj(yj)

∣∣
)

dy1 dy2

≤ C
∞∑

k=1

k2ω
(
2–k)‖b1‖BMOθ (ϕ)‖b2‖BMOθ (ϕ)‖f1‖L log L,2k+3√

nQ‖f2‖L log L,2k+3√
nQ

≤ C‖b1‖BMOθ (ϕ)‖b2‖BMOθ (ϕ)ML(log L),ϕ,η(f1, f2)(x).

Case 2: When r > 1. Let 0 < δ < ε < 1, the following holds:

(
1

ϕ(Q)η|Q|
∫

Q

∣∣T��b (�f )(z)
∣∣δ dy

) 1
δ
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≤ C
1

ϕ(Q)η/δ

(
1

|Q|
∫

Q

∣∣(b1 – λ1)(b2 – λ2)T(f1, f2)
∣∣δ dz

) 1
δ

+ C
1

ϕ(Q)η/δ

(
1

|Q|
∫

Q

∣∣(b1 – λ1)T
(
f1, (b2 – λ2)f2

)∣∣δ dz
) 1

δ

+ C
1

ϕ(Q)η/δ

(
1

|Q|
∫

Q

∣∣(b2 – λ2)T
(
(b1 – λ1)f1, f2

)∣∣δ dz
) 1

δ

+ C
1

ϕ(Q)η/δ

(
1

|Q|
∫

Q

∣∣T(
(b1 – λ1)f1, (b2 – λ2)f2

)∣∣δ dz
) 1

δ

:= I + II + III + IV .

Let Q∗ = 8
√

nQ and let λj = (bj)Q∗ be the average of bj on Q∗, j = 1, 2. For any 1 < r1, r2, r3 <
∞ with 1/r1 + 1/r2 + 1/r3 = 1, we choose a δ small enough to make δri < 1, i = 1, 2 and
r3 < ε/δ.

Using Hölder’s inequality, choosing η so that η( 1
δ

– 1
ε

) > 2θ , then

I ≤ C
1

ϕ(Q)
η
δ

(
1

|Q|
∫

Q

∣∣b1(z) – λ1
∣∣r1δ dz

) 1
r1δ

×
(

1
|Q|

∫
Q

∣∣b2(z) – λ2
∣∣r2δ dz

) 1
r2δ

(
1

|Q|
∫

Q

∣∣T(f1, f2)(z)
∣∣r3δ dz

) 1
r3δ

≤ C
ϕ(Q)η/ε

ϕ(Q)η/δ ϕ2
θ

(
Q∗)‖b1‖BMOθ (ϕ)‖b2‖BMOθ (ϕ)

(
1

ϕ(Q)η|Q|
∫

Q

∣∣T(f1, f2)(z)
∣∣ε dz

) 1
ε

≤ C‖b1‖BMOθ (ϕ)‖b2‖BMOθ (ϕ)Md
ε,ϕ,η

(
T(f1, f2)

)
(x).

By the Hölder inequality, and Lemma 2.5, we have

II ≤ C‖b1‖BMOθ (ϕ)
1

ϕ(Q)η/δ–θ

(
1

|Q|
∫

Q

∣∣T(
f 0
1 , (b2 – λ2)f 0

2
)
(z)

∣∣pδ dz
) 1

pδ

+ C‖b1‖BMOθ (ϕ)
1

ϕ(Q)η/δ–θ

(
1

|Q|
∫

Q

∣∣T(
f 0
1 , (b2 – λ2)f ∞

2
)
(z)

∣∣pδ dz
) 1

pδ

+ C‖b1‖BMOθ (ϕ)
1

ϕ(Q)η/δ–θ

(
1

|Q|
∫

Q

∣∣T(
f ∞
1 , (b2 – λ2)f 0

2
)
(z)

∣∣pδ dz
) 1

pδ

+ C‖b1‖BMOθ (ϕ)
1

ϕ(Q)η/δ–θ

(
1

|Q|
∫

Q

∣∣T(
f ∞
1 , (b2 – λ2)f ∞

2
)
(z)

∣∣pδ dz
) 1

pδ

:= II1 + II2 + II3 + II4.

Now to estimate II1, using the Kolmogorov inequality and the boundedness of operators,
we have

II1 ≤ C‖b1‖BMOθ (ϕ)
1

ϕ(Q)η/δ–θ

∥∥T
(
f 0
1 , (b2 – λ2)f 0

2
)∥∥

L
1
2 ,∞(Q, dx

|Q| )

≤ C‖b1‖BMOθ (ϕ)
1

ϕ(Q)η/δ–θ

1
|Q|

∫
Q

∣∣f 0
1 (z)

∣∣dz
∫

Q

∣∣(b2 – λ2)f 0
2 (z)

∣∣dz
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≤ C‖b1‖BMOθ (ϕ)
1

ϕ(Q)η/δ–θ
‖b2‖BMOθ (ϕ)‖f2‖L(LogL),Qϕθ (Q)|f1|Q

≤ C‖b1‖BMOθ (ϕ)
1

ϕ(Q)η(1/δ–2)–2θ
‖b2‖BMOθ (ϕ)ML(LogL),ϕ,η(f1, f2)(x)

≤ C‖b1‖BMOθ (ϕ)‖b2‖BMOθ (ϕ)ML(log L),ϕ,η(f1, f2)(x).

The way of estimate II2 is the same as II3, we only prove II2:

II2 ≤ C‖b1‖BMOθ (ϕ)
1

ϕ(Q)η/δ–θ

1
|Q|

∫
Q

∣∣T(
f 0
1 , (b2 – λ2)f ∞

2
)
(z)

∣∣dz

≤ C‖b1‖BMOθ (ϕ)
1

ϕ(Q)η/δ–θ

1
|Q|

∫
Q

(∫
Q∗

∣∣f1(y1)
∣∣dy1

)

×
(∫

Rn\Q∗

|(b2(y2) – λ2)f2(y2) dy2|
(|z – y1| + |z – y2|)2n(1 + |z – y1| + |z – y2|)N

)
dz

≤ C
1

ϕ(Q)η/δ–θ

∞∑
k=1

k(1 + 2k+3√nr)θ+2η

(1 + 2k+3√n|Q| 1
n )N

‖bBMOθ (ϕ)‖b2‖BMOθ (ϕ)ML(log L),ϕ,η(f1, f2)(x).

Choosing η such that η/δ – 1 > 0, N ≥ θ + 2η + 1, we get

II2 ≤ C‖b1‖BMOθ (ϕ)‖b2‖BMOθ
ML(log L),ϕ,η(f1, f2)(x).

Let N ≥ θ + 2η + 1 and η/δ – 1 > 0, then

II4 ≤ C‖b1‖BMOθ (ϕ)
1

ϕ(Q)η/δ–θ

1
|Q|

∫
Q

∣∣T(
f ∞
1 , (b2 – λ2)f ∞

2
)
(z)

∣∣dz

≤ C‖b1‖BMOθ (ϕ)
1

ϕ(Q)η/δ–θ

1
|Q|

×
( ∞∑

k=1

∫
(�k )2

|f1(y1)||(b2(y2) – λ2)f2(y2)|dy1 dy2

(|z – y1| + |z – y2|)2n(1 + |z – y1| + |z – y2|)N

)
dz

≤ C
1

ϕ(Q)η/δ–θ

∞∑
k=1

k(1 + 2k+3√nr)θ+2η

(1 + 2k+3√n|Q| 1
n )N

‖b1‖BMOθ (ϕ)‖b2‖BMOθ (ϕ)ML(log L),ϕ,η(f1, f2)(x)

≤ C‖b1‖BMOθ (ϕ)‖b2‖BMOθ (ϕ)ML(log L),ϕ,η(f1, f2)(x).

Now estimate IV . We first split any function

IV ≤ C
1

ϕ(Q)η/δ

(
1

|Q|
∫

Q

∣∣T(
(b1 – λ1)f 0

1 , (b2 – λ2)f 0
2
)
(z)

∣∣δ dz
) 1

δ

+ C
1

ϕ(Q)η/δ

(
1

|Q|
∫

Q

∣∣T(
(b1 – λ1)f 0

1 , (b2 – λ2)f ∞
2

)
(z)

∣∣δ dz
) 1

δ

+ C
1

ϕ(Q)η/δ

(
1

|Q|
∫

Q

∣∣T(
(b1 – λ1)f ∞

1 , (b2 – λ2)f 0
2
)
(z)

∣∣δ dz
) 1

δ

+ C
1

ϕ(Q)η/δ

(
1

|Q|
∫

Q

∣∣T(
(b1 – λ1)f ∞

1 , (b2 – λ2)f ∞
2

)
(z)

∣∣δ dz
) 1

δ
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:= IV 1 + IV 2 + IV 3 + IV 4.

Similar to the estimate of II1, taking η( 1
δ

– 2) > 2θ , then

IV 1 ≤ C‖b1‖BMOθ (ϕ)‖b2‖BMOθ (ϕ)ML(log L),ϕ,η(f1, f2)(x).

IV 2 and IV 3 are symmetric, here, only to estimate of IV 2, similar to II2, taking N ≥
2θ + 2η + 1, we get

IV 2 ≤ C‖b1‖BMOθ (ϕ)‖b2‖BMOθ (ϕ)ML(log L),ϕ,η(f1, f2)(x).

Finally, similarly we estimate IV 4,

IV 4 ≤ C‖b1‖BMOθ (ϕ)‖b2‖BMOθ (ϕ)ML(log L),ϕ,η(f1, f2)(x).

Thus, we completed the proof of Theorem 4.1. �

Theorem 4.2 Let T be a multilinear Calderón–Zygmund operator of type ω(t) as in Def-
inition 1.1, T��b be a multilinear commutator with �b ∈ BMOm

�θ (ϕ) and �w ∈ A∞
�p (ϕ) with

1/p = 1/p1 + · · · + 1/pm and 1 < pj < ∞, j = 1, . . . , m. If ω satisfies

∫ 1

0

ω(t)
t

(
1 + log

1
t

)m

dt < ∞,

then there exists a constant C > 0 such that

∥∥T��b (�f )
∥∥

Lp(v�w) ≤ C
m∏

j=1

‖bj‖BMOθj (ϕ)

m∏
j=1

‖fj‖Lpj (wj).

Proof It is sufficient to prove that, p > 0, w ∈ A∞∞,

∫
Rn

∣∣T��b (�f )(x)
∣∣pw(x) ≤ C

m∏
i=1

‖bj‖BMOθj (ϕ)

∫
Rn

ML(log L),ϕ,η(�f )(x)pw(x) dx.

By the related Fefferman–Stein inequality (Lemma 2.7) and Theorem 4.1, we get

∥∥T��b (�f )
∥∥

Lp(w) ≤ ∥∥Md
δ,ϕ,η

(
T��b (�f )

)∥∥
Lp(w)

≤ ∥∥M�,d
δ,ϕ,η

(
T��b (�f )

)∥∥
Lp(w)

≤ C
m∏

j=1

‖bj‖BMOθj(ϕ)

∥∥ML(log L),ϕ,η(�f )
∥∥

Lp(w) +
∥∥Md

ε,ϕ,η
(
T(�f )

)∥∥
Lp(w)

+ C
m–1∑
j=1

∑
σ∈Cm

j

m∏
j=1

‖bσ (i)‖BMOσ (i)

∥∥Mε,ϕ,η
(
T� �bσ ′ (�f )

)∥∥
Lp(w)

≤ C
m∏

j=1

‖bj‖BMOθj(ϕ)

∥∥ML(log L),ϕ,η(�f )
∥∥

Lp(w) +
∥∥M�,d

ε,ϕ,η
(
T(�f )

)∥∥
Lp(w)
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+ C
m–1∑
j=1

∑
σ∈Cm

j

m∏
i=1

‖bσ (i)‖BMOσ (i)

∥∥M�
ε,ϕ,η

(
T� �b

σ ′
(�f )

)∥∥
Lp(w).

Here ε,η are the same as in Theorem 4.1.
By Theorem 3.1, then

∥∥M�,d
ε,ϕ,η

(
T(�f )

)∥∥
Lp(w) ≤ C

∥∥Mϕ,η(�f )
∥∥

Lp(w)

≤ C
∥∥ML(log L),ϕ,η(�f )

∥∥
Lp(w).

For simplicity, we only prove the case m = 2 in the following:

∥∥M�
ε,ϕ,η

(
T� �b

σ ′
(�f )

)∥∥
Lp(w) ≤ C

∥∥M�
ε,ϕ,η

(
T1

b1 (f1, f2)
)∥∥

Lp(w)

+ C
∥∥M�

ε,ϕ,η
(
T1

b2 (f1, f2)
)∥∥

Lp(w).

Similar to the estimate of ‖M�,d
ε,ϕ,η(T(�f ))‖Lp(w), and Eqs. (4.2) and (4.3),

∥∥M�
ε,ϕ,η

(
Tj

bj
(f1, f2)

)∥∥
Lp(w) ≤ C‖bj‖BMOθj

∥∥ML(log L),ϕ,η(�f )
∥∥

Lp(w).

To sum up, we obtain

∫
Rn

∣∣T��b (�f )(x)
∣∣pw(x) ≤ C

m∏
i=1

‖bj‖BMOθj (ϕ)

∫
Rn

ML(log L),ϕ,η(�f )(x)pw(x) dx. (4.4)

By Lemma 2.3, we get

∫
Rn

∣∣T��b (�f )(x)
∣∣pv�w ≤ C

m∏
i=1

‖bi‖BMOθi

∫
Rn

ML(log L),ϕ,η(�f )(x)pv�w dx.

If μ > 1, and since �(t) = t(1 + log+(t)) ≤ tμ(t > 1), we easily get

ML(log L),ϕ,η(�f )(x) ≤Mμ,ϕ,η(�f )(x).

By Lemma 2.9, then

∥∥Mμ,ϕ,η(�f )
∥∥

Lp(v�w) ≤ C
m∏

j=1

‖fj‖Lp
(wj)

.

The inequality ‖Mμ,ϕ,η(�f )‖Lp
(v(�w))

≤ C
∏m

j=1 ‖fj‖Lp
(wj)

is equivalent to ‖Mϕ,η(�f )‖Lp/u(v�w) ≤
C

∏m
j=1 ‖fj‖Lp

(wj)
, which was proved in [16]. For some μ > 1, using Lemma 2.4, we get

∥∥T��b (�f )
∥∥

Lp(v�w) ≤ C
m∏

j=1

‖bj‖BMOθj (ϕ)

m∏
j=1

‖fj‖Lpj (wj).

Thus, this proof is finished. By the proof of Theorem 4.2, the following results are ob-
tained. �
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Theorem 4.3 Let p > 0 and w be a weight in A∞∞(ϕ), and suppose that T��b is a multilinear
iterated commutator with �b ∈ BMOm

�θ (ϕ). Let η > 0 and ω is satisfying (4.1). Then there
exist constants C > 0 depending on the A∞∞(ϕ) constant of w such that

∫
Rn

∣∣T��b (�f )(x)
∣∣pw(x) ≤ C

m∏
i=1

‖bj‖BMOθj (ϕ)

∫
Rn

ML(log L),ϕ,η(�f )(x)pw(x) dx

and

sup
t>0

1
�(m)( 1

t )
w

({
y ∈ R

n :
∣∣T��b (�f )(y)

∣∣ > tm})

≤ C sup
t>0

1
�(m)( 1

t )
w

({
y ∈R

n : ML(log L),ϕ,η(�f )(y) > tm})
.

Proof The first result is proved in Theorem 4.2, the proof of second result is similar to
the first, also refer to the [8, Theorem 3.19], we need to use Lemma 2.8, Theorem 3.1 and
Theorem 4.1. We omit the details here. �

Lemma 4.4 ([21]) Let w ∈ Aθ
�1(ϕ) and η > 2θ . Then there exists a constant C > 0 such that

v�w
{

x ∈R
n : ML(log L),ϕ,η(�f )(x) > tm} ≤ C

m∏
j=1

(∫
Rn

�(m)
( |fj(x)|

t

)
wj(x) dx

) 1
m

,

where �(t) = t(1 + log+t) and �(m) = � ◦ · · · ◦ �︸ ︷︷ ︸.

Theorem 4.5 Let T be a multilinear Calderón–Zygmund operator of type ω(t) as in Def-
inition 1.1, T��b be a multilinear commutator with �b ∈ BMOm

�θ (ϕ) and �w ∈ A∞
�1 (ϕ), assume

that ω is satisfying (4.1). Then there exists a constant C > 0 such that

v�w
{

x ∈R
:∣∣T��b (�f )(x)

∣∣ > tm} ≤ C
m∏

j=1

(∫
Rn

�(m)
( |fj(x)|

t

)
wj(x) dx

) 1
m

.

Proof Now by Theorem 4.1, Theorem 4.3 and Lemma 4.4, we can get the above result.
Since this argument is the same as the proof of [16, Theorem 4.2], here, we omit the
proof. �

Corollary 4.6 Let T be a multilinear Calderón–Zygmund operator of type ω(t) as in Defi-
nition 1.1, T��b be a multilinear commutator with �b ∈ BMOm

�θ (ϕ), assume that ω is satisfying
(4.1), 0 < δ < ε < 1/m and η ≥ 2(θ1, . . . , θm)/(1/δ – 1/ε). Then there exists a constant C > 0
such that

M�,d
δ,ϕ,η,

(
T��b (�f )

)
(x) ≤ C

m∑
j=1

‖bj‖BMOθj (ϕ)

( m∑
j=1

Mi
L(log L),ϕ,η(�f )(x) + Md

ε,ϕ,η
(
T(�f )

)
(x)

)
.

For all m-tuples �f = (f1, . . . , fm) of bounded measurable functions with compact support.

Proof In fact, the multilinear commutator is a special case of iterate commutator, so we
can directly obtain this result through Theorem 4.1. �
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Corollary 4.7 Let T��b be a multilinear commutator with �b ∈ BMOm
�θ (ϕ), T be a multi-

linear Calderón–Zygmund operator of type ω(t) as in Definition 1.1 and �w ∈ A∞
�p (ϕ) with

1/p = 1/p1 + · · · + 1/pm and 1 < pj < ∞, j = 1, . . . , m. If ω is satisfying

∫ 1

0

ω(t)
t

(
1 + log

1
t

)m

dt < ∞,

then there exists a constant C > 0 such that

∥∥T��b(�f )
∥∥

Lp(v�w) ≤ C
m∑

j=1

‖bj‖BMOθj (ϕ)

m∏
j=1

‖fj‖Lpj (wj).

Proof Obviously, the multilinear commutator is a special case of the iterate commutator,
then, through Theorem 4.2 we can directly obtain this result. �

Corollary 4.8 Let p > 0 and w be a weight in A∞∞(ϕ), and suppose that T��b be a multilinear
commutator with �b ∈ BMOm

�θ (ϕ), T be a multilinear Calderón–Zygmund operator of type
ω(t) as in Definition 1.1. Let η > 0 and ω is satisfying (4.1). Then there exist constants C > 0
depending on the A∞∞(ϕ) constant of w such that

∫
Rn

∣∣T��b (�f )(x)
∣∣pw(x) ≤ C

m∑
i=1

‖bj‖BMOθj (ϕ)

∫
Rn

m∑
i=1

Mi
L(log L),ϕ,η(�f )(x)pw(x) dx

and

sup
t>0

1
�( 1

t )
w

({
y ∈R

n :
∣∣T��b (�f )(y)

∣∣ > tm})

≤ C sup
t>0

1
�( 1

t )
w

({
y ∈R

n :
m∑

i=1

Mi
L(log L),ϕ,η(�f )(y) > tm

})
.

Proof Similar to the proof of [8, Theorem 3.19], we need to use Lemma 2.7, Lemma 2.8,
Theorem 3.1, and Corollary 4.6. We omit the details here. �

Lemma 4.9 ([16]) Let w ∈ Aθ
�1(ϕ) and η > 2θ . Then there exists a constant C such that

v�w
{

x ∈R
n : Mi

L(log L),ϕ,η(�f )(x) > tm} ≤ C
m∏

j=1

(∫
Rn

�

( |fj(x)|
t

)
wj(x) dx

) 1
m

,

where �(t) = t(1 + log+t).

Corollary 4.10 Let T��b be a multilinear commutator with �b ∈ BMOm
�θ (ϕ), T be a multilin-

ear Calderón–Zygmund operator of type ω(t) as in Definition 1.1 and �w ∈ A∞
�1 (ϕ), assume

that ω is satisfying (4.1). Then there exists a constant C such that

v�w
{

x ∈R
n :

∣∣T��b (�f )(x)
∣∣ > tm} ≤ C

m∏
j=1

(∫
Rn

�

( |fj(x)|
t

)
wj(x) dx

) 1
m

.
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Proof Now by Corollary 4.8 and Lemma 4.9. We can get Corollary 4.10. Since this argu-
ment is the same as the proof of [16, Theorem 4.2], here, we omit the proof. �
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