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1 Introduction

Consider the nonlinear parabolic equations related to the p(x)-Laplacian
u; = div(b(x, )| VAW [P 2 VA®W) + a6 ) VAW) +f (e t,w), (60 €Qr,  (L1)

where Qr = Q x (0, T),  C RY is a bounded domain with smooth boundary 9%, the vari-

able exponent p(x) > 1 is a C(R2) function, and «(x, ) and b(x, t) € C'(Qr) are nonnegative,
b(x,t) >0, (xt)eQx][0,T]; b(x,t)=0, (x,1)€dR x][0,T], (1.2)

A'(s) = a(s) > 0, a(s) € C(R), and A(0) = 0. The evolutionary p(x)-Laplacian equation is a
new and interesting topic in this century. Since it is with variable exponent, many math-
ematical difficulties arise; we refer to [3, 5, 8, 19, 34] for details. If A(s) = s, a(x,t) = 0,
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and b(x,t) = 1, then equation (1.1) becomes the so-called electrorheological fluid equa-
tion [1, 19]

U = div(|Vu|p(x)_2Vu) +f(x,t,u), (xt) €Qr, (1.3)

which also has many other important applications, for example, image processing [8] and
elasticity [34].

For p(x) satistying the logarithmic Holder continuity condition, Antontsev—Shmarev
[2] established the existence and uniqueness results of equation (1.3) with usual initial

boundary value conditions

ulx, t) = up(x), xe€8, (1.4)

ulx,t)=0, (x,£)edQx|[0,T), (1.5)

when ug(x) € L*°(2). Bendahmane et al. [7] studied the well-posedness (existence and
uniqueness) of a renormalized solution to equation (1.3) with L!(£2)-data. Since then, there
were many papers on the solvability and regularity of the equation related to equation (1.3);
see [4, 6, 14, 16, 21, 22, 33]. By adopting a method of difference in time Liang et al. [16]
studied the well-posedness of solutions to equation (1.3) without the logarithmic Holder
continuity condition, provided that f satisfies some other restrictions.

If a(x) = 0, A(s) = s, and b(x, t) = b(x) satisfies

b(x)>0, xe; b(x)=0, x€0Q, (1.6)
then equation (1.1) becomes
u, = div(b()|VulPY 2 Vu) + f(x,t,u),  (x,t) € Qr. (1.7)

This equation was first studied in [23, 27, 32], where some achievements were made;
among them, the most important discovery is that the degeneracy of b(x) in (1.6) can
replaced by the Dirichlet boundary value condition (1.5). Recently, Liu and Dong [17] con-

sidered the initial boundary value problem of the equation
u, = div(a| V" ’p(szVu”’ + g V™) + ul™,  (x,t) € Qr, (1.8)

where a > 0 is a constant, g(x, £) > 0 is the convection function satisfying the Carathéodory
condition, m € (0,1), and p(x, £) and g(x, £) satisfy the logarithmic Holder continuity con-
dition. Firstly, they proved the existence of weak solutions and obtained suitable energy
estimate of solutions in anisotropic Orlicz—Sobolev spaces. Secondly, by applying the en-
ergy functional method and the convexity method they showed blowup criteria of solu-
tions. Thirdly, they studied the extinction or nonextinction of solutions by using energy
inequalities and comparison principle of ordinary differential equations. Fourthly, they
showed some results on global solutions without assumptions on initial data. Moreover,

they gave some asymptotic estimates of blowup and extinction solutions.
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Certainly, equation (1.1) also can be regarded as a generalization of the following poly-
tropic infiltration equation:

u, = div(a(x)| Vi |p_2Vum) +f(x,t,u, Vu), (xt) € Qr, (1.9)

where m > 0;ifp > 1+ %, then it is called the slow diffusion case, whereasifp <1 + %, then
it is called the the fast diffusion case. There are a great deal of papers devoted to various
subjects such as the well-posedness problem, the Harnack inequality, the extinction, pos-
itivity, and blowup of solutions, and the large-time behavior of solutions to equation (1.9);
we refer to [9, 11, 12, 15, 18, 20, 2426, 28-30, 35, 36].

In addition, when A(s) = s and b(x,t) = 0, equation (1.1) becomes the heat conduc-
tion equation (it is also called the Newtonian fluid equation). When «/(x,£) = 0, it is the
electrorheological fluid equation (it is also called the smart non-Newtonian fluid equa-
tion when p(x,t) = p > 1 is a constant). Thus we can say that equation (1.1) is a New-
tonian fluid~non-Newtonian fluid mixed-type equation. Obviously, as we have men-
tioned before, since A(s) may be a nonlinear function, equation (1.1) has a broader
sense. In this paper, we study the existence and uniqueness of weak solutions to equa-
tion (1.1).

2 Basic functional spaces and the definition of weak solution
To make the paper sufficiently self-contained and present our discussions in a straight-
forward manner, let us briefly recall some preliminary results on properties of vari-
able exponent Lebesgue spaces L/ (£2) and variable exponent Sobolev spaces W17®) ()
[10, 13].

Set

C.(Q) = {h e C(Q): minh(x) > 1}.

xeQ2

For any 4 € C,(R), set

h* =suph(x) and h = insgh(x).
xe

xeQ

For any p € C,(R), let L’ (RQ) be the set of measurable real-valued functions u(x) satis-

fying
/ |u(x)‘p(x) dx < o0
Q

and endowed with the Luxemburg norm

u(x) p(*)

||u||Lp<x)(Q)=inf{A>O:/ dx < 1}.
Q
Define

WP(Q) = {u € IPY(Q) : |[Vu| € PV (Q)}
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endowed with the norm

”M”Wl,p(x)(gz) = ||u||uz(x)(g) + ||V”||Lp(x)(g)o
Let Wol’P(x)(Q) be the closure space of C°(Q2) in W™ (Q).

Different from the usual Sobolev space W1#(), a very important property of the func-

tion spaces with variable exponents was found by Zhikov [34], who showed that
Wo?@ () # v e W™ (Q) : vag = 0} = WW(Q).

However, if the exponent p(x) is satisfies the logarithmic Holder continuity condition
lp(x) - p»)| < o(lx -yl

for all x,y € Qr such that |x — y| < % with
lim w(s)ln<l> =C < o0,
s—0* s

then (see [21])
W, P(Q) = WHH(Q).

From [10, 13] we have the following:
Lemma 2.1 () The spaces (L"(Q), | - lpt0(@), (W'#D(Q) 11 oo @), and Wy ()
are reflexive Banach spaces.

(i) (p(x)-Holder’s inequality) Let p1(x) and pi(x) be real functions satisfying Iﬁ +

zﬁ = 1. Then the conjugate space of IP'(Q) is [7*"(Q). For any u € I"'W(Q) and

v e LP2W(Q), we have

/ uvdx
Q

(iif) We have that

=< 2”””[}71(96)(9) ”V”Lpz(x)(g)'

if lullpwyq) =1, then / |ulP® dx = 1;
Q
if lullppeoqy > 1, then ||u||§;(x)(9) < /;2 |ulP® dx < ”””i;mm; and
Il ey < 1, then ko, < /Q 0 e <
(iv) If p1(x) < pa(x), then

Lm(x)(Q) ») Lpz(x)(Q).

Page 4 of 19
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) If p1(x) < pa(x), then
Wire)(Q) s Winl(q),
(vi) p(x)-Poincaré’s inequality. If p(x) € C(R2), then there is a constant ¢y > 0 such that
el s ) < Coll Vil pioreyr Ve € W™ (),
which implies that || Vul| e q) and ||ullypw q) are equivalent norms of Wol’p(x)(Q).

Definition 2.2 A function u(x, t) is said to be a weak solution of equation (1.1) with initial
condition (1.5) if u# € L*(Q7),

% /Ou Val(s)ds € L*(Qr),

b, )| VA@)™™ € L'(Qr), @1)
a(x, )| VA®W)|* € LYQr),
and for any function ¢ € C}(Qr), we have the following integral equivalence:
a %)=
// I:—Mq)(x, t) + b(x, t)|VA(u)|p( ) 2VA(u) Vo +alx, t)VA(u)V<p:| dxdt
Qr dt
(2.2)
= // flx, t,u)p(x, t) dxdt.
Qr
The initial condition (1.5) is satisfied in the sense of
u(x,t) uo(x)
}ir% / val(s) —/ Val(s)ds|dx =0. (2.3)
—YJalJo 0

In our paper, we first study the existence of a weak solution.

Theorem 2.3 If p~ > 2, A(s) is a strictly increasing continuous function, A(0) = 0, b(x, t)
satisfies (1.2) and

‘ 9b g’; 2 ' < bl b), (2.4)
da(x,t) -
a7 >0, (2.5)

a(x, t) satisfies a(x, '™ < cb(x,t), uo(x) > 0, and
ug €L(Q),  blx,0)uo(x) € W(Q), (2.6)

then equation (1.1) with initial value (1.5) has a solution.
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Theorem 2.4 Suppose b(x, t) satisfies (1.2), A(s) is a strictly increasing function, A(0) = 0,
Va(x,t) =0, (xt)€d x[0,T], (2.7)

and for large enough n,

1

-k @ 7.\
nr [VbIP™ dx <c(T); (2.8)
Q1,\ 22,

Let u(x,t) and v(x,t) be two solutions of equation (1.1) with the initial values uo(x) and

vo(x), respectively. Then
fQ|u(x, t) — v(x, t)| dx < C/Q|u(x, 0) — v(x, 0)| dx. (2.9)
In this paper, Vb represents the gradient of the spatial variable x, and for any ¢ € [0, T),
Q%t = {xe Q:b(x,t) > %}

3 Proof of Theorem 2.3
Without loss the generality, we assume that A(s) is a strictly increasing C' function and

A'(s) = a(s) = 0. Consider the parabolically regularized system

g = div((b(x, £) + €)| VA@)|"” 7 VA@)

(3.1)

+(a@x,t) +6)VA@W)) +f(x,t,u), (xt) € Qr,
u(x,0) =ug(x) +&, x€€, (3.2)
ulx,t)=¢, (xt)€dx(0,T). (3.3)

Proof of Theorem 2.3 Similarly to [31], by the monotone convergence method we are
able to prove that the solution #, of the initial-boundary value problem (3.1)—(3.3), u.; €
L*(Qr), Alu,) € L®(0, T; WH®(Q)) N L>(0, T; W*(R2)), and

lze |l oo (@p) < c. (3.4)

Also, we can obtain the existence of weak solutions in another sense, for example, u,, €
W'(Qr) in [17, 23,27, 32], where W(Qr) is a specified reflexive Banach space, and W' (Qr)
is its dual space.

Multiplying (3.1) by A(u,) — A(e), integrating over Q; = Q x (0,t) for any ¢ € [0, T), and

denoting

/rA(S) ds = A(r),
0

Page 6 of 19
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we have

/ Ao (x,0)) dx + / / (b, ) + &) | VA(u,) [ dxdt
Q Q:
(,t) + &) | VAu,)|* dxdt
+f/Qt(otx + &) VAG)|* dx
:/ A(uo(x)) dx+A(e)/[u(x,t)—uo(x)] dx
Q Q
+f f(x,t,ug)[A(ug)—A(s)] dx dt,
Qt
which implies
f f blx, )| VA(u,) [ dxdt
Q¢

p) (3.6)
§c//(;t(b(x,t)+s)|VA(u£)‘ dxdt

EC)

/f a(x, )| VA(u,)|” dxdt
Q:

2 (3.7)
< c/th(b(x,t) +6)|VA(u,)|” dxdt

<ec.

If p~ > 2, then since «(x, HPW) < cb(x, t), by the Young inequality we have

// a(x, )| VAu,)| dxdt
Q¢
<c 1+alx )9 |VA(u,) PO gy dt
I VAW -
< c/f [1+ b, £)| VAG) "] dxdt
Q¢

<c.

Multiplying (3.1) by [A(u:) — A(e)]; and integrating over Q; = €2 x (0,), we have
f f t(A(ug))tugt dxdt + / /Q t (b, 1) + &) [ VAW " VAWV (Aln,)), dx dt
+ / / t(ot(x, £) + &) VAV (Alwe)), dxdt (3.9)
= / 5 Ftu)[Alue) - Ale)], dudt.
Hence

x)—2

IVA(ue)?
VA7V (Aw), = % / P57 ds,
0

Page 7 of 19
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and | 224 | < ch(x, 1)

// (b, 0) + &) | VA@w) "7V (A(u,)), dx dt

1 9 IVA@e)?
——// —|:(b(x,t)+8)/ Sp(gzds]dxdt
2 JJg 0t 0
IVA@e)*
—lff / 22 4 D
2JJq Jo ot

1

2

/ —b (x, t) VA u8)|p(x) dxdt
QP

da(xt)
Tot

Again, since >0,

// (a(x, t) + s)VA(ug)(V(A(us))tdxdt
Qs

= %//Q %[(a(x,t)+s)|VA(ue)|2] dxdt

1 3
_5//t&(a(x,f)+€)|VA(uS)|2dxdt

1 1
= E/Q|VA(ug)|2(a(x,t)+e)dx—5/;2|VA(us)|2(a(x,o)+g)dx

—%//Q %(a(x,t)+€)|VA(uE)|2dxdt
fi//Q R 9w s

<c.

Once more,
‘ / [ res ol —A(s)]tdxdt‘
= / [ Gt ue) (Ale)) | de it
//[ s 1, 0e)alaee) | + d(ug)|ust|i|dxdt

<cty // a(ug)|ue|* dx dt.

Thus from (3.9)—(3.12) we deduce that

// (A(ue)) uer dxdt = // alue)|ue | dxedt < c,

= —/ ]9(2 ) [(b(x, t)+ 8)|VA(M5)|P (b(x, 0) + 8)|VA(MO)|p(x)] dx

Page 8 of 19
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which implies that

/ /Q (A, vt~ / fQ Pl dede < / /Q P sde e (14

By (3.6), ue — u weakly star in L*(Qr). For any ¢(x, t) € C3(Qr), we have

i [ [ s [ v
~ _lim / /Q f " @) sy, £) dudt

e—=0

== lim //QT Va(&)(u—u)p:(x,t) dxdt

-0,

(3.15)

from which we can extrapolate that

%/0 E\/a(s)dSA %/0 Val(s)ds, inL*(Qr). (3.16)

At the same time, for any ¢(x, ) € C}(Qr), we have

e—=0

lim // a(x,t)[VA(ug) —VA(M)](p(x, t)dxdt
Qr

=—1lim // [A(us) - A@W)][Valx, Do (x, 1) + alx, 1) Vo(x, t) dxdt
Qr

e—0

e—0

=—lim /-/QT /uue a(s)ds[Va(x, He(x, ) + alx, ) Vo(x, t) dxedt (3.17)

= —giir}) //QT a(&)(ue —u)[Valx, ), t) + alx, ) Vo(x, t) dx dt
=0.
Thus

o(x, ) VA®@,) — alx, t)VAw), inLY(Qr). (3.18)

Moreover, by (3.6), since b(x,t) > 0 for x € Q, for any compact 2; C €2, we have
’ @
f f |VAu,)|"™ dxdt < c. (3.19)
0 Q1
Combining this with (3.14), since A(s) is a strictly increasing function, we get that
Ug u
Alu,) = f a(s)ds — / a(s)ds=A(w), inL'(0,T: L’(x)(Ql)),
0 0

which implies that A(u,) — A(u) a.e. in Q1 X [0, T). By the arbitrariness of £2; we extrap-
olate that A(u,) > A(u) a.e.in Q7 =2 x (0,T). Sou, — ua.e.in Qr = Q2 x (0, T).

Page 9 of 19



Weng Journal of Inequalities and Applications (2021) 2021:23 Page 10 of 19

Hence by (3.6) we easily get that there exists an n-dimensional vector E =(¢1,.+.,&n) such
that

Zl el (0, T; WH(Q))
and
b, )| A(Vu) [ Vu, ~ T in 177 (0, T; W),

To prove that u is the solution of equation (1.1), we notice that for any function ¢ €

C(Qr),
// [ustgo + (b(x, t)+ 8) }VA(ug)’p(x)_ZVA(ug) . V(p] dxdt
Qr
(%, t)VA(ue )V dx dt 3.20
+//QT05 X u;)Vodx ( )

= / flx,t,us)p(x, t) dx dt.
Qr

As & — 0, since b(x, ) is a Cl(@) function with b(x, t)lyaxjo,r] = 0 and b(x,t) > 0, (x,£) €
Q x [0, T'], we have ¢ > maxgppy b ;> 0 by ¢ € C3°(Qr), and, accordingly,

|VA Uy ‘p A(Vu,)-Vodxdt

<eg sup Vel // b(x,t)(‘VA(us)‘p(x)+c)dxdt
Qr

supp ¢ b(x: t)

— 0,

Since p(x) > 1, by the Young inequality,

// A(Vu,) - Vo dxdt‘
Qr

Ssi;';% b(x, // b(x,t) |VA(uS)|p +c)dxdt

=0,

lime
e—>0

and thus

/ { Vodxdt = hm // (%t ‘VA U |p A(u,) - Vodxdt
Qr

= lin(l) /:/ (b(x, t)+ s)|VA(u£)|p(x)_2VA(u5) -Vodxdt
- hms // |VA(uE) VA(ug) -Vodxdt

= lim // (b(x, )+ 8) ’VA(u8)|p(x)72VA(u£) -Vodxdt.

e—0
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Now, for any function ¢ € C}(Q7),

// (mpt +¢-Vo+alx,t)VA(u) - V(p) dxdt = / fx, t,u)pdxdt. (3.21)
Qr Qr
We will prove that
/ / b(x,t)|[VulPD2Vy . Vo dxdt = / - Vodxdt. (3.22)
Qr Qr

We choose 0 < ¢ € C3°(Qr) and ¥ =1 in suppg. Let v € L*(Qr), b(x, )| VAW)|PW ¢
LY(Qr). Then

/ f ¥ (b, £) + &) (|A(Vu) D2V A,) - [VAW)[PY P VA®W))
Qr

- (VA(u,) - VAW)) dxdt (3.23)

>0,

/ f ¥ (a(x,2) +€)|VA(u,) - VAW)|* dxdt > 0. (3.24)
Qr
Let ¢ = Yy A(u,) in (3.20). Then

// w(b(x,t)+s)]VA(ug)|P(x)dxdt+// (a(et) + ) |VA(u,)| dxdt
Qr Qr
:/ Ve A(ug) dx dt
Qr
- / / (b, £) + &) Alut) | VA(e) [V A(ue) Vo dxdit (3.25)
Qr
—// (o, £) + €) Alute ) VA(ue )V dxdt
Qr

+/ flx, tu: )W A(u,) dxdt.
Qr
Accordingly,

/ VA (u,) dxdt — / / (b, £) + ) Ao ) [ VAGue) ¥ 2V A(u,) - Vo dxdt
Qr Qr
- f/ (a(x,2) +&)Au:) VA(u, )V dxdt
Qr
_ / / (b, £) + ) | VAGue) P>V A VA) dacdt
o (3.26)

- // (a(x,t) + &)Y VA(u, ) VA() dx dt
Qr

- f/ (b(x, )+ s)w |VA(V) ’p(xHVA(V) . V(A(ug) —A(v)) dxdt
Qr

Page 11 0of 19
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— // (a(x, t) + 5)¢VA(V) . V(A(ug) —A(v)) dxdt
Qr

+ / f(xr tug)WA(u,) dxdt
Qr

>0,
Thus
f . VeA(u,) dx dt — / QT(b(x, £) + &) Aue)(| VAGe) "V >V A(w,) - Vi dxdt
_//QT(oz(x,t)+8)A(u8)VA(u8)V1pdxdt
_ / /Q T (b, 2) + £) | VA "2V A(,) Vv drdt
_//QT(b(x, t) + &)Y VA(u:)Vvdxdt

- / Whb(x,t)

—8/ W}VA ‘p (VA(ug) (v)) dxdt

VAW [ VAW) - (VA(e) - VAW)) dxdt (3:27)

—g/ YVA®W) - (VA(u,) — VA(v)) dx dt
Qr

(7; a)w (a)
+[/ fxtu Au dxdt

Now we have

waA(v) PY2VAW) - (VAw,) - VAW)) dxdt

| -
=% her b D) f/Q ROIVAO VA - VAW drd

v
SE N b (/ be)

+ / /Q ) b(x, )| VAW [P VA, dxdt),

(3.28)

VA(v) |p ® dxdt

which converges to 0 as ¢ — 0. Since p~ > 2, by the Young inequality we have

11m £

/ YVA®W)- (VA(ue)—VA(v))dxdt‘
Qr

< limS/ id X
=0 Qr b(x’ t)

[Y]
< (xqu%T b gg%s / o b(x, t)[|VA(V) . VA(M,S)| + !VA(V)\Z] dxdt (3.29)

- (VA(ue) - VAW))| dxdt

Page 12 of 19
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< C(xi)l;%T b(xw,lt) gill(l)e‘/./(;T b(x, t)[|VA(u8)|p(x) + \VA(V)] |p(x) dxdt
=0.
Thus
Auw)dxdt — AW)C -V dxd
/QT% (w) dxdt f/Q W% -V dudt
-/f A(u)VA(u)-wdxdt-/ Ve - VAW) dxdt
Qr Qr
- / Wb, 1) VAW P VAW) - (VA(u) - VA(Y)) dxdt
Qr
+/ flx,t,u)y A(u) dx dt
Qr
> 0.

Let ¢ = YA(u) in (3.21). We obtain
/ , Wi - VA(u)dxdt + //Q ¥ | VAW dxdt - //Q Aw)y, dxdt
+ f/Q AW)C -V dedt + //Q AW)VA®@) -V dxdt
- / / ft, )Y Au) dx .
Qr
Accordingly,
/ /Q ¥ (Z = b, )| VAW)["V*VAW)) - (VA) - VAW)) dxdt > 0.
Let A(v) = A(u) — Ap, A >0, ¢ € C4(Qr), or equivalently v = A~ (A(u) — Ap). Then
f /Q ¥ (Z = b, )|V (A@w) - 29) PV (A(w) - 1)) - Vo dxdt > 0.
If » — 0, then
/ /Q ¥ (Z - b, 1) VAW ["Y >V AW)) - Vo dxdt > 0.
r
Moreover, if A < 0, then we similarly get
/ /Q ¥ (Z = b, )| VAW PP VAW)) - Vodrdt < 0.
Thus
/ /Q ¥ (Z = b, )| VAW [P *VAW)) - Vo dxdt = 0.
r

Since ¥ = 1 on supp ¢, (3.22) holds.

(3.30)

(3.31)
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Finally, let us prove that the initial condition (1.4) is satisfied in the sense of (2.3). For
any 0 <t <t < T, by (3.13) we have

J

dx

ug (%) ug (x,t1)
/ Val(s) —/ Val(s)ds
0 0

1 9 ug (x,st2+(1-s)t1)
< (tz—tl)/ / —/ Va(s)ds|dx
alJo 9sJo
1 9 U (x,st2+(1-s)t1)
§(t2—t1)// —/ a(s)|dsdx
aJo 195 Jo (3.32)
T P Ug (%,5)
< (tz—t1)/ / — Vals)| dsdx dt
o JaldtJo
T ) )
s(tz—m( f / Nzeae dxdt)
0 Ja
<c(ty - t).
Thus u satisfies equation (1.1) in the sense of Definition 2.2. O

4 Stability theorem
Theorem 4.1 Suppose b(x,t) satisfies (1.2), A(s) is a strictly increasing function, A(0) = 0,
b(x, t) satisfies, for n large enough,

1

1 ot
n' ( / |VbP®) dx>” <c(T), (4.1)

Q1,\22,
and a(x, t) satisfies
1 2 2
n2 [Val“dx | <c(T). (4.2)
Q%t\g%t

Let u(x,t) and v(x,t) be two solutions of equation (1.1) with the initial values uy(x) and
vo(x), respectively. Then

/ |u(x, t) — v(x, t)| dx < c/ |u(x, 0) — v(x, 0)| dx. (4.3)
Q Q

Proof For any positive integer #, let S,(s) be an odd function defined for s > 0 as

Su(s) =

22l 0<s< 2
and let
H,(s) = fsSn(s) ds.
0
Clearly,

lim S,(s) =sgn(s), s € (~00,+00).

n—00
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Denote Qy; = {x € Q:b(x,t) > A}, t € [0, T), and define

1, x €z,
Gulx,t) = Y n(b(x,0) - 1), x€Q1,\Q2,
0, xeQ\Qu,

Let u(x, t) and v(x,t) be two weak solutions of equation (1.1) with initial values uy(x) and
vo(x), respectively. We choose ¢,,S,,(A(u) — A(v)) as a test function. Then

//qbnxt)S( () - A(v ))8(“ ")yt

// (x,0)(|VA@)["P 2V A®W) - VAW PV Av)

“V(AW) - AW))S, (A(u) - A(W)) pn(x, t) dx dt
¥ / / bix, O)(|VA@) | VA®W) - VAW PP VAW))
0 JQ

(4.4)
. V(A(u) - A(v))S,, (A(u) - A(v))Vq&,, (x, 1) dxdt

+/0t/9a(x,t)

+ / t / a(x,t)[VA(u) = VAW)[Su(A() - A(W)) Ve (x, t) dx dt
0 JQ

V(A@w) - AW)) |’SL(A@W) - AW)$ulx, 1) dxdt

:/t/ [f(x,t, u) —f(xt, v)]qﬁ,,S,,(A(u)—A(v)) dxdt.
0 Ja

First, since A(r) > 0 is an increasing function, we have

n— 00

:/ /sgn(A(u)—A(v)) (u ; )dxdt

//sgnu v

:/|u(x,t)—v(x,t)
Q

lim/ /q&n(x,t)S (Aw) - A(v)) ( )d dt

ddt

dx — /Q|uo(x) - vo(%)| dx.

Second,

/ t / bix, ) (|VA@)["P >V A®W) - VAW [P VAW))
0 JQ

V(A@) - AW))S w(Aw) — AW)) e, £) dixdit (4:6)

>0,
and

[[fos

£)|VA®w) - VAW)|*S (A() — A1) pu(x, £) dxcdt > 0. (4.7)
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Third, for any ¢t € [0, T), |V, (x,£)| = %Vb(x, t) forx € 21, \ Q2, and equals zero other-
wise. Thus by (4.1) we have

/ t f bix, O)(|VA@W) [ VA®W) - VAW PP VAW))
0 JQ
-V, (x,t)S, (A(u) —A(V)) dx dt'

t
/ / b(x, 1) (| VAW |[" 2V A®W) - VAW P VAW))
0 J1\Q2,
- Vg, (Au — Av) dx dt‘

t
< / " / b, )| VA@ [P + | VAW P | VBS, (Aw) - AW))| dx
0 le\ﬂ%t

5c/otK/Qlt\%b(x,t){VA(u)|p(x>)q+
¥ < / b(x, t)|VA(V)‘p(x))q+j| dt
Qlt\ﬂ%t
. / n( / b(x,t)|Vb(x,t)|p(x)dx>F dt
0 QLI\Q%[

‘ b : A P(x))q
sc/O [(/ﬂlt\% ()| VA(w)|

]dt

V(x| dx) dt

(4.8)

+"“

1
Vi

b(x, t)|VA(V)\’”<x))

[~

IA
o
S~
—
N
5
v}
=
8
R
<
=
&
s
&
1 N~
»&_‘_‘,_,

which tends to 0 as n — 0o, where we denote g(x) =

pzc(;‘_)l as usual and ¢+ = max, g ().

Since a/(x, t) satisfies (4.2), we have

/t/ a(x,t)(VAu) = VA®W)) - Vo (x,1)S,(A(u) — A(v)) dxdt‘
0 Ja

/t/ o(x, t)(VA(u) - VA(V)) -Vug, (A(u) —A(V)) dxdt‘
0 Ql\Qgt
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< /tn/ a(x,t)|[VA@W)| + |[VAW)||VaS,(A() - A(W))| dx
0 Q1\Q2t

1 1
t 3 3
< c/ [(f a(x,t)|VA(u)|2> + </ a(x,t)yVA(v)f) }dt
0 sz%t\sz%t eﬂ%t\ﬂ%t
4.9
; o (4.9)
/ n</ alx, t)|Va(x, t)| dx) dt
0 Q%t\ﬂ%t
t 7 7
2 2
fc/ |:(/ a(x,t)|VA(u)| ) + (/ oz(x,t)|VA(v)| ) i|dt
0 Q%t\Q%[ Eg%t\Q%t
1
1 2 2
f n2(f ‘Va(x,t)| dx) dt
0 Q%t\Q%t
t % %
2 2
§c/ |:</ a(x,t)’VA(u)‘ ) + (/ a(x,t)!VA(V)‘ ) :|dt,
0 Q%I\Q%t eﬂ%t\ﬂ%t
which tends to 0 as n — 0.
Fourth, we have
t
/ / [, 0) — £ o )|, 5, (Ae) — AW)) dix dt‘
0 Ja
, (4.10)
5/ / }u(x, t)— v(x,t)‘ dxdt.
0 Ja
Now let n — o0 in (4.4). By (4.5)—(4.9) we have
f |u(x, t) —vix, t)|dx
Q
L
< / |u0(x)—vo(x)|dx+/ /|u(x,t)—v(x,t)|dxdt, Vte [0, T).
Q 0o Ja
By the Gronwall inequality we have the conclusion. d

Proof of Theorem 2.4 We only need to show (4.9) in another way. Since «/(x, t) satisfies
(2.7), that is,

Va(x,t) =0, (x,t) €0 x[0,T],

by the definition of the trace on the boundary we have

lim
n— 00

/t/ a(x, t)(VA(u) — VA(V)) -V, (x,t)S, (A(u) —A(V)) dxdt‘
0 Ja

= lim
n— 00

/ t / a(x,t)(VA(u) - VAW)) - Vougu(A(u) - Av)) dxdt‘
0 JQ1\Q3,

n—o0

< lim /tn/ a(x,t)|VA(u)| + |VA(V)||VaSn(A(u)—A(v))|dx
0 QLZ\Q%[
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1

fclim/[<f oz(x,t)|VA(u)|2>7
n—=00 Jo Qlt\ﬂ%t
+</Q \Q3,
ftn</ a(x,t)’Va(x,t)|2dx>2dt
0 Q1,\Q

nt’ nt

t
ceom [[(f
n—o0 Jq Q1 \Q

2
at’ ot

1
2
+</ oz(x,t)|VA(v)|2) ]dt
Q%t\g%z
- L\
f nz(f ‘Va(x,t)| dx) dt
0 Q%t\Q%t
L 1 2 %
§c/ lim <—/ |Va(x,t)| dx) dt
o "o\ n QLL\QZ[

:c/Ot(/mwa(x,t)|2d2)%dt

=0.

alx, t)|VA(v)|2> 2] dt

1
at

) (4.11)
o(x, t)|VA(u)|2>2

The other parts of the proof of Theorem 4.1 are valid. Thus we have completed the proof
of Theorem 2.4. O

Acknowledgements
The author would like to thank everyone for his helps!

Funding
No applicable.

Availability of data and materials
No applicable.

Competing interests
The author declares that he has no competing interests.

Authors’ contributions
The author read and approved the final manuscript.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 27 October 2019 Accepted: 8 January 2021 Published online: 28 January 2021

References

1. Acerbi, E, Mingione, G.: Regularity results for stationary electrorheological fluids. Arch. Ration. Mech. Anal. 164,
213-259 (2002)

2. Antontsev, S, Shmarev, S.: Anisotropic parabolic equations with variable nonlinearity. Publ. Mat. 53, 355-399 (2009)

3. Antontsev, SN.,, Shmarev, S.I.: A model porous medium equation with variable exponent of nonlinearity: existence,
uniqueness and localization properties of solutions. Nonlinear Anal. 60, 515-545 (2005)

4. Antontsev, SN, Shmarev, S.I.: Parabolic equations with double variable nonlinearities. Math. Comput. Simul. 81,
2018-2032 (2011)



Weng Journal of Inequalities and Applications (2021) 2021:23
5. Antontsev, SN, Zhikov, V.V.: Higher integrability for parabolic equations of p(x, t)-Laplacian type. Adv. Differ. Equ. 10,
1053-1080 (2005)
6. Aramaki, J.. Holder continuity with exponent (1 + «)/2 in the time variable for solutions of parabolic equations.
Electron. J. Differ. Equ. 2015, 96, 1-6 (2015)
7. Bendahmane, M., Wittbold, P, Zimmermann, A.: Renormalized solutions for a nonlinear parabolic equation with
variable exponents and L'-data. J. Differ. Equ. 249, 1483-1515 (2010)
8. Chen,Y, Levine, S, Rao, M.: Variable exponent, linear growth functionals in image restoration. SIAM J. Appl. Math. 66,
1383-1406 (2006)
9. Droniovu, J, Eymard, R, Talbot, K.S.: Convergence in C([0, T];L?(€2)) of weak solutions to perturbed doubly degenerate
parabolic equations. J. Differ. Equ. 260, 7821-7860 (2016)
10. Fan, XL, Zhao, D.: On the spaces [P¥(£2) and W% _J. Math. Anal. Appl. 263, 424-446 (2001)
11. Gianni, R, Tedeev, AF, Vespri, V.: Asymptotic expansion of solutions to the Cauchy problem for doubly degenerate
parabolic equations with measurable coefficients. Nonlinear Anal. 138, 111-126 (2016)
12. Harjulehto, T, Hastd, P, Koskenoja, M., Varonen, S.: The Dirichlet energy integral and variable exponent Sobolev
spaces with zero boundary values. Potential Anal. 25(3), 205-222 (2006)
13. Kovacik, O, Rakosnik, J.. On spaces [P and WP¥_Czechoslov. Math. J. 41, 592-618 (1991)
14. Le, CN, Quach, V.C, Le, X.T.: Potential well method for p(x)-Laplacian equations with variable exponent sources.
Nonlinear Anal., Real World Appl. 56, 103155 (2020)
15. Li, Q: Weak Harnack estimates for supersolutions to doubly degenerate parabolic equations. Nonlinear Anal. 170,
88-122(2018)
16. Lian, S, Gao, W,, Yuan, H., Cao, C.: Existence of solutions to an initial Dirichlet problem of evolutional p(x)-Laplace
equations. Ann. Inst. Henri Poincaré, Anal. Non Linéaire 29, 377-399 (2012)
17. Liy, B, Dong, M.: A nonlinear diffusion problem with convection and anisotropic nonstandard growth conditions.
Nonlinear Anal., Real World Appl. 48, 383-400 (2019)
18. Otto, F. L'-Contraction and uniqueness for quasilinear elliptic-parabolic equations. J. Differ. Equ. 131, 20-38 (1996)
19. Ruzicka, M. Electrorheological Fluids: Modeling and Mathematical Theory. Lecture Notes in Math. Springer, Berlin
(2000)
20. Shang, H., Cheng, J.: Cauchy problem for doubly degenerate parabolic equation with gradient source. Nonlinear
Anal. 113, 323-338 (2015)
21. Tersenov, AS.: The one dimensional parabolic p(x)-Laplace equation. Nonlinear Differ. Equ. Appl. 23, 27 (2016)
22. Tersenov, AS, Tersenov, AS.: Existence of Lipschitz continuous solutions to the Cauchy-Dirichlet problem for
anisotropic parabolic equations. J. Funct. Anal. 272, 3965-3986 (2017)
23. Zhan, H.: The stability of the anisotropic parabolic equation with the variable exponent. Bound. Value Probl. 2017,
134 (2017)
24. Zhan, H.: Solutions to polytropic filtration equations with a convection term. Electron. J. Differ. Equ. 2017, 207, 1-10
(2017)
25. Zhan, H.: Infiltration equation with degeneracy on the boundary. Acta Appl. Math. 153(1), 147-161 (2018)
26. Zhan, H.: The stability of the solutions of an anisotropic diffusion equation. Lett. Math. Phys. 109(5), 1145-1166 (2019)
27. Zhan, H, Feng, Z.: Solutions of evolutionary p(x)-Laplacian equation based on the weighted variable exponent space.
Z. Angew. Math. Phys. 68, 134 (2017) 1-17
28. Zhan, H, Feng, Z: The stability of the solutions of convection—-diffusion equation. Nonlinear Anal. 182, 193-208
(2019)
29. Zhan, H, Feng, Z: The well-posedness problem of an anisotropic parabolic equation. J. Differ. Equ. 268, 389-413
(2020)
30. Zhan, H, Feng, Z. Stability of anisotropic parabolic equations without boundary conditions. Electron. J. Differ. Equ.
2020, 74, 1-14 (2020)
31. Zhan, H, Ouyang, M.: The stability of the solutions for a porous medium equation with a convection term. Discrete
Dyn. Nat. Soc. 2018, Article ID 5364746 (2018)
32. Zhan, H., Wen, J.: Evolutionary p(x)-Laplacian equation free from the limitation of the boundary value. Electron. J.
Differ. Equ. 2016, 143, 1-13 (2016)
33. Zhang, C, Zhuo, S., Xue, X.: Global gradient estimates for the parabolic p(x, t)-Laplacian equation. Nonlinear Anal. 105,
86-101(2014)
34. Zhikov, V.V On the density of smooth functions in Sobolev-Orlicz spaces. Zap. Nauc. Semin. POMI 310, 67-81 (2004)
35. Zhou, Z, Guo, Z,, Wu, B.: A doubly degenerate diffusion equation in multiplicative noise removal models. J. Math.
Anal. Appl. 458, 58-70 (2018)
36. Zou, W, Li, L Existence and uniqueness of solutions for a class of doubly degenerate parabolic equations. J. Math.

Anal. Appl. 446, 18331862 (2017)

Page 19 of 19



	On a degenerate parabolic equation with Newtonian ﬂuidnon-Newtonian ﬂuid mixed type
	Abstract
	MSC
	Keywords

	Introduction
	Basic functional spaces and the deﬁnition of weak solution
	Proof of Theorem 2.3
	Stability theorem
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Publisher's Note
	References


