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1 Introduction

Fixed point theory has an important role in the study of theory of nonlinear equations.
Several problems can be formulated as equations of the form Jx = x, where J is a self-
mapping in a metric space or in other spaces as appropriate framework. Fixed point the-
ory concerning contraction and generalized contractions has been studied by many math-
ematicians. It is well-known that the first person who gave the idea of a contraction was
Banach [4]. In 1922, he introduced the concept of a contraction of a self-mapping in a met-
ric space and proved that every contraction mapping from a complete metric space X into
itself has a unique fixed point. Later, in 2004, the Romanian mathematician Berinde [7]
introduced the concept of a weak contraction mapping in a metric space, which is the gen-
eralization of the contraction mapping. He proved that every weak contraction mapping
from a complete metric space X into itself has a fixed point. In addition to the references
mentioned above, there are two interesting articles about the existence of a fixed point
for a single-valued mapping which was studied by Hussain et al. [16] and Latif et al. [20].
Although fixed point theory has great importance in solving nonlinear equations of the
form Jx = x, where J is a self-mapping, if J is a non-self-mapping, then it is possible that J
has no fixed points. But we know that the distance between x and Jx is always greater than
or equal to zero. So d(x, Jx) > 0 for all x in the domain of J. Hence, it raises the following
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question: Can we find an element x in the domain of J such that
d(x,Jx) = min d(y,Jy),
(xJ2) = min d(y)

where D(J) is the domain of /. From the above questions, this resulted in the study of a
best proximity point theorem. Let (X, || - ||) be a normed vector space and C a nonempty
compact convex subset in X. In 1969, Fan [12] was the first to study the best proximity
point theorem, and he proved that if J : C — X is a contraction non-self-mapping, then
there exists x* € C such that ||x* — Jx*|| = d(Jx*, C), where d(Jx*, C) = min{|Jx* — x| : x €
C}. Clearly, if J(C) € C, then x* is a fixed point of J. Later, Kirk et al. [19] studied and
introduced the concept of a cyclic mapping in the context of a metric space. Moreover,
they proved thatif J: Y UZ — Y UZ is a cyclic mapping on a complete metric space (X, d)

and J satisfies the condition
d(x, Jy) < ad(x,y),

for some @ € [0,1) and forallx € Y, y € Z, then Y N Z # ¥ and ] has a unique fixed point
in Y U Z. Three years later, Eldred and Veeramani [11] introduced the concept of a cyclic
contraction and proved the existence and convergence results of a best proximity point for
the cyclic contraction in a uniformly metric space and a convex Banach space, which is an
extension of the results of Kirk et al. [19] to the case Y N Z # (. Based on the concept of El-
dred and Veeramani [11], many mathematicians got interested in studying best proximity
point theorems in various directions. More details can be found in [1, 9, 13, 15, 17, 21, 22].

In 2011, Gabeleh and Abker [15] studied and discussed the existence and convergence
of a best proximity point of a semicyclic contraction pair (/, T'), where J and T are self-
mappings on Y U Z. In the same year, Basha [5] introduced the concept of a proximal
cyclic contraction of two mappings / and 7. Furthermore, the author gave the concept of
a proximal contraction of the first and the second kind for non-self-mappings. Especially,
the author obtained some interesting results on best proximity points for there mappings
in a complete metric space.

In addition to the above article, many famous researchers have been interested in study-
ing best proximity point theory in different directions. For more details, see Ayari et al. [3],
Sehgal and Singh [25], Vetrivel et al. [26], Anuradha and Veeramani [2], Basha and Veera-
mani [6], Kirk et al. [18], Raj [23], Gabeleh [14], Abkar and Gabeleh [1], Du and Lakzian
[10], Eldred and Veeramani [11], Reich [24], and the references therein.

The main aim of this paper is to study a coincidence best proximity point result for
proximal Berinde g-cyclic contraction of two non-self-mappings, and a coincidence best
proximity point result for proximal Berinde g-contraction of the first and second kind on

a complete metric space.

2 Preliminaries
In this section, we will review the notations and definitions to provide basic knowledge

for creating the main results of this article.
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Definition 2.1 ([7]) Let (X,d) be a metric space. A mapping J : X — X is called a weak
contraction if there exist k € (0,1) and L > 0 such that

d(Jx,Jy) < ad(x,y) + Ld(x,]y), forallx,ye€ X. (2.1)

Remark 2.2 In some articles, the mapping J satisfying the condition (2.1) is called an al-

most contraction (see, [8]).

Let (X,d) be a metric space and Y, Z be nonempty subsets of X. Let J : Y — Z and
g:Y — Y be mappings. A point x € Y such that d(x, Jx) = d(Y, Z) is called a best proximity
point of J. A point x € Y is said to be a coincidence best proximity point of the pair (g,]) if
d(gx,Jx) = d(Y,Z). We give the meaning of the sets Y and Zj as follows:

ay,z) ::inf{d(x,y) 1x € YandyeZ},
Yy := {x €Y :dx,y) =d(Y,Z) for somey € Z},

Zy = {y €Z:d(x,y) =d(Y,Z) for some x € Y},
A mapping J: YU Z — Y U Z is called a cyclic mapping if J(Y) C Zand J(Z) C Y.

Definition 2.3 ([11]) A mapping/:Y UZ — Y U Z is called a cyclic contraction if the
following conditions hold:
(i) Jisa cyclic mapping;
(i) There exists k € (0,1) such that d(Jx, Jy) < kd(x,y) + (1 - k)d(Y,Z) forallx € Y,
yeZ

Definition 2.4 ([15]) Let Y, Z be two nonempty closed subsets of a complete metric space
(X,d), and let J, T be two self-maps on Y U Z. We call (J, T') a semicyclic contraction pair
if the following conditions hold:
(i) Jisa cyclic mapping;
(ii) There exists o € (0,1) such that d(Jx, Ty) < ad(x,y) + (1 —a)d(Y,Z) forallx € Y,
yeZ.

Obviously, in the case that / = T, a semicyclic contraction pair reduces to a cyclic con-

traction.

Definition 2.5 ([5]) Given non-self-mappings/:Y — Zand T:Z — Y, the pair (J, T) is
said to form a proximal cyclic contraction if there exists a nonnegative number o < 1 such
that

d(u,Jx) =d(Y,Z)
= du,v)<adxy)+(1-a)d,2), (2.2)
dv, Ty)=d(Y,Z)

forallu,xin Y and v,y in Z.
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Definition 2.6 ([5]) A mapping/:Y — Z is said to be a proximal contraction of the first
kind if there exists a nonnegative number « < 1 such that

d(u1,Jx1) =d(Y,Z)
= d(u,u) < ad(x1,%,), (2.3)
d(uz, Jx2) = d(Y,Z)

for all u1, uy, x1, %, in Y.

Note that, if / is a self-mapping, then, using Definition 2.6, we get that J is a contraction.
So, the pair (/,/) forms a proximal cyclic contraction.

Definition 2.7 ([5]) A mapping/:Y — Zissaid to be a proximal contraction of the second
kind if there exists a nonnegative real number « < 1 such that

d(u,Jx1) =d(Y, Z)
= d(u1,Juz) < ad(Jx,Jx2), (2.4)
d(uy, Jxz) = d(Y, Z)

for all u1, Uy, x1, %, in Y.

It is remarked that in the case that J is a non-self-mapping, a proximal contraction of
the first kind reduces to a contraction and every contraction is a proximal contraction of
the second kind.

Definition 2.8 ([5]) Given a mapping/:Y — Z and an isometry g: Y — Y, the mapping
] is said to preserve isometric distance with respect to g if

d(Jgx1,Jgx2) = d(Jxy, Jx2)
forallx; and x, in Y.

Also, Basha [5] proved the existence of the following best proximity point in a complete

metric space.

Theorem 2.9 (Basha [5], Theorem 3.1) Let Y and Z be nonempty closed subsets of a com-
plete metric space such that Yy and Zy are nonempty. Let ] : Y — Z, T : Z — Y, and
g:YUZ — Y UZ satisfy the following conditions:

(@) J and T are proximal contractions of the first kind;

(b) J(Yo) € Zo and T(Zo) < Yo;

(c) The pair (J, T) forms a proximal cyclic contraction;

(d) gisan isometry;

(e) Yo Cg(Yo) and Zy C g(Zo).
Then, there exist a unique element x in Y and a unique element y in Z satisfying

d(gx,Jx)=d(Y,Z) =d(gy, Ty) and d(x,y)=d(Y,2).
Further, for any fixed element x, in Yy, the sequence {x,}, defined by

d(gxn+1¢]xn) = d(Y,Z),
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converges to the element x. For any fixed element y, in Zy, the sequence {y,}, defined by
Ad@yns1, Tyn) = d(Y, Z),
converges to the element y.

Motivated by Eldred and Veeramani [11], Gabeleh and Abker [15], and Basha [5], and
the idea of Berinde [7], we introduce the new classes of proximal Berinde g-contractions
of the first and second kind, and proximal Berinde g-cyclic contractions which are more
general than the class of non-self-mappings in [5]. Moreover, we obtain a coincidence best
proximity point theorem. We also give some examples to illustrate our results.

3 Main results

In this section, we shall first introduce proximal Berinde g-contractions of the first and
second kind, as well as proximal Berinde g-cyclic contractions. Then, we prove the exis-
tence of coincidence best proximity points for these non-self-mappings in a metric space.
Throughout this section, Y and Z are two nonempty subsets of a metric space (X, d).

Definition 3.1 Let/:Y - Z,T:Z — Yandg: Y UZ — Y UZ be mappings. An element
(x,y) € Y x Z is called a coincidence best proximity point of the triple (g,], T) if (gx,gy) €
Y x Z and d(gx,Jx) = d(Y, Z) = d(gy, Ty).

Definition 3.2 Let /: Y — Z and g: Y — Y be mappings. A mapping J is said to be a
proximal Berinde g-contraction of the first kind if there exist « € [0,1) and L; > 0 such
that for all %1, %0, 41, up €Y,

d(guy,Jx1) =d(Y,Z) d(guy, gus) < ad(gri,gx2)
_ 3.1)
d(gus, Jxz) = d(Y, Z) + Ly min{d(gxy, gus), d(gx2, gur) }.

From Definition 3.2, if we take L; = 0 and g as the identity mapping, then a proximal
Berinde g-contraction of the first kind reduces to a proximal contraction of the first kind
which was introduced by Basha [5].

Example 3.3 Consider the complete metric space R? with the usual metric defined by

d(x,y) = /(1 —31)% + (x2 — )%, forallx = (x1,%),5 = (y1,7) € R%.

Let Y = {(1,9):y € [-1,0]}U{(0,0)} and Z = {(x,y) € R?: 5% + y> =1 and x € [-1,0]}. Then
d(Y,Z) = 1. Define the mappings J: Y — Zand g: Y — Y as follows:

0,1), if (x,7) = (0,0),
J(x,y) = T
%;_ 1_%)1 1f(x;)/) € Y_{(070)}
and
(x:%)’ lf(x!y)e Y_{(L_l)}’
g(xry) =

(1,-1), if(xy) =(1,-1).



Klanarong and Chaiya Journal of Inequalities and Applications (2021) 2021:21 Page 6 of 16

Now, we will show that J is a proximal Berinde g-contraction of the first kind. Let x; =
(%1, 95), %2 = (x5,5) € Y and u1,u, € Y be such that

d(gul,]xl) =d(Y,Z) = d(guz,lxz)‘

We shall divide the consideration into five cases.
Case 1. Let x1 = (0,0) = x,. Then Jx; = (0,1) = Jx5, and so gu; = gu, = (0,0). Obviously, J
satisfies the inequality (3.1), for all L; > 0.
Case 2. Let x1 = (0,0), %2 = (x3,¥5) € Y —{(0,0)} (similarly, if x, = (0,0), x; € Y — {(0,0)}).
/ 72
Then Jx; = (0,1), Jxs = (2,—/1 - 22-), and so gu; = (0,0), gu, € {(0,0), (1,-1)}.
If gu, = (0, 0), then J satisfies the inequality (3.1), for all L; > 0.
If guy = (1,-1), then x, = (1,0). This implies

d(guy, gus) = V/2,d(gx1,g%) =1 and min{d(gx1,gus), d(gxs, gur)} = 1.
It follows that
1 .
d(gu,gus) < Ed(gxl,gxg) + Ly min{d(gxy, gus), d(gxs, 1)},

forall L; > /2 - %
Case 3. Let x1, x, € Y — {(0,0),(1,0)}. Then gu; = gu, = (0,0). Obviously, J satisfies the
inequality (3.1), for all L; > 0.
Case 4. Let x1 = (1,0) = x5. Then Jx; = (0,-1) = Jx,, and so gus, gus € {(0,0),(1,-1)}. Ob-
viously, if gu; = gu,, then J satisfies the inequality (3.1) for all L; > 0.
Suppose that gu; # guy. Then

d(gu1,guy) = V/2,d(gx1,gx,) =0 and min{d(gxl,gug),d(gxz,gul)} =1.
It follows that
1 .
dlgur, gur) = Sd(gnr gx) + Ly min{d(gx1, gus), d(gx2, gu1)},

where L; > +/2.
Case 5. Let x; = (1,0) and %, € {(0,0),(1,0)} (similarly, if x, = (1,0), 1 € ¥ - {(0,0),

/ 12
(1,0)}). Then Jx; = (0,-1), Js = (%, —/1 - %), and so gu; € {(0,0),(1,-1)}, gus = (0,0).
Obviously, if gu; = guy = (0,0), then J satisfies the inequality (3.1) for all L; > 0.
Suppose that gu; # gus. Then

/

d(gui,gus) = «/i,d(gxl,gxz) = % and min{d(gxl,guz),d(gxz,gul)} =1
It follows that

1 .
d(gu,gus) < S d(grr, gx) + L min{d(gxy, gus), d(gxa, gur)},

where L; > +/2. From each case, we can conclude that J is a proximal Berinde g-
contraction of the first kind with « = % and L; = +/2. From Case 4, we noticed that J is
not a proximal contraction of the first kind when L; = 0 and g is the identity mapping.
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Definition 3.4 Let/:Y — Z and g: Y — Y be mappings. A mapping J is said to be a
proximal Berinde g-contraction of the second kind if there exist 8 € [0,1) and L, > 0 such
that for all x1,x0,u1,us €Y,
d(Jgus,Jgus) < Bd(Jgx1,Jgx2)
= +1L, min{d(]gxl,]guz), 3.2)
d(]gxz,]gul)}.

d(gul,]xl) = d(Y, Z)
d(guszz) =d(Y,Z)

From Definition 3.4, if we take L, = 0 and g as the identity mapping, then a proximal
Berinde g-contraction of the second kind reduces to a proximal contraction of the second

kind which was introduced by Basha [5].

Definition 3.5 LetJ:Y — Z, T:Z — Y and g: Y UZ — Y U Z be mappings. The pair
(/, T) is said to be a proximal Berinde g-cyclic contraction if there exist y € [0,1) and L >0

such that
d(guy,Jx) =d(Y,Z) d(gui, guy) < yd(gx1,gx2)
= (3.3)
d(guy, Txy) =d(Y, 2) +(1—y)d(Y,Z) + Ld(gx1,gu1),

for all x1,8U1 € Y and x2,8Uy € Z.

From Definition 3.5, if we take L = 0 and g as the identity mapping, then a proximal
Berinde g-cyclic contraction reduces to a proximal cyclic contraction which was intro-
duced by Basha [5].

Before giving the coincidence best proximity point theorems, we give the following lem-
mas, which are important tools for proving the existence of coincidence best proximity

points in a metric space.

Lemma 3.6 Let Y and Z be nonempty subsets of a metric space (X,d) such that Yy is
nonempty. Let ] : Y — Z and g: Y — Y with J(Yy) € Zy and Yo C g(Yo). Then
(i) Foreachx €Yy, there exists y € Yy such that d(gy,Jx) =d(Y,Z);

(ii) For each xo € Yy, the sequence {x,} in Yy satisfies
d(gxne1,Jxn) =d(Y,Z), forallne N,

Proof (i) Let x € Y, be given. Since J(Yy) € Zo, Jx € Zy. Then, there exists z € Y, such that
D(z,Jx) =d(Y,Z). Since Yy C g(Y), there exists y € Y, such that z = gy, and then d(gy, Jx) =
dly,2z).

(ii) Let xo € Yo be given. By using (i), we get that there exists x; € Yj such that

d(gx1,Jx0) =d(Y, Z).
Again, from x; € Yj and using (i), we have that there exists x; € ¥, such that

d(gxs,Jx)) = d(Y, Z).
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Continuing in the same way, we can establish a sequence {x,} in Y, such that
d(gxps1,Jxq) =d(Y,Z), forallneN*.
The proof is completed. d

Lemma 3.7 Let Y be a nonempty closed subset of a complete metric space (X, d). Suppose
that {x,} is a sequence in Y and there exists a € [0, 1) such that

A%y, xps1) < a"d(xo,%1), forallneN,
then a sequence {x,} converges to some point x in Y.

Proof We shall divide our proof into two cases.
Case 1. If d(x9,x1) = 0 or a = 0, then we get that {x,} converges to some point x in Y.
Case 2. If d(xo,x1) #0 and o # 0, then for each m, n € N such that m > n,

d(xmrxn) = d(xnxxnﬂ) + d(xn+1:xn+2) +eeet d(xm—bxm)

< a"d(xo,%1) + " d(xo, 1) + - - + @ (o, %1)

n

d(x0,%1).

Since a € (0,1), {x,} is a Cauchy sequence in X, and hence converges to some point x in Y’
since Y is closed. O

Lemma 3.8 Let Y and Z be nonempty closed subsets of a complete metric space (X, d), with
Yo being nonempty. Let ] : Y — Z and g : Y — Y satisfy the following conditions:
(i) J is a proximal Berinde g-contraction of the first kind such that J(Yo) € Zo;
(i) g is an isometry with Yo C g(Yp).
Then, there exists a point x € Y such that x,, — x, as n — 0.
Proof Let xg € Y be given. By Lemma 3.6, we can find a sequence {x,} in Y, defined by
d(gxps1,Jx,) =d(Y,Z), forallneN*.
Since J is a proximal Berinde g-contraction of the first kind and
d(gxn, Jxn-1) =d(Y,Z) = d(gxy.1,Jx,), forallmeN,

we obtain that for each n € N,

(g, gxne1) < (g1, g%4) + L min{d(gx, 1, g¥n1), A(gXn &%) }
= ad(gxy-1,8%n). (3.4)

By using (3.4), we get

A(gxn, @xur1) < a”d(gxo,gx1), forallmeN.
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It implies that
A%, xne1) < a”d(xg,x1), forallmeN,

because g is an isometry. Since « € [0, 1) and using Lemma 3.7, we obtain that there exists

x € Y such that x,, — x as n — oo. O

Theorem 3.9 Let Y and Z be nonempty closed subsets of a complete metric space (X, d)
such that Yy is nonempty. Let J : Y — Z, T:Z — Y,and g: Y UZ — Y U Z satisfy the
following conditions:
() J and T are proximal Berinde g-contractions of the first kind, i.e., there exist
a,B €[0,1) and Ly, Ly > 0 such that ] and T satisfy the condition (3.1), respectively;

(ii) J(Yo) € Zo and T(Zy) < Yo;

(ili) g is an isometry with Yo C g(Yo) and Zy € g(Zy);

(iv) The pair (J, T) is a proximal Berinde g-cyclic contraction.
Then, there exists a point x € Y and there exists a point y € Z such that

d(gx,Jx) = d(gy, Ty) = d(x,y) = d(Y, Z). (3.5)
Moreover, for any fixed xo € Yy, the sequence {x,} defined by

d(gxps1,Jx,) =d(Y,Z), forallne N*
converges to the element x, and for any fixed yy € Zy, the sequence {y,} defined by

d(gyus1, Tyn) =d(Y,Z), forallne N*
converges to the element y.

In addition, if o + Ly < 1 and B + Ly < 1, then there exists a unique element x and there

exists a unique element y which satisfy the equation (3.5).

Proof From ] satisfies the conditions (i)—(iii) and using Lemma 3.8, we get that for x( € Y,

we can find a sequence {x,} in Yj such that
d(gxps1,Jxq) =d(Y,Z), forallne N,

and which converges to some element x € Y. Similarly, for o € Z,, we can find a sequence
{y.} in Zy such that

d(gyui1,Jyn) =d(Y,Z), forallme N,

and which converges to some element y € Z. Since the pair (/, T) is a proximal Berinde

g-cyclic contraction and

d(gxn+1¢]xn) = d(Y’Z) = d(gyn+1; Tyn)v for all » € N*,
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there exist y € [0,1) and L > 0 such that

Ad(@xns1,&Vni1) < yd(gxn, gyn) + (L= y)d(Y, Z) + Ld(gxy, g%ns1)-
It implies that

d(xn+1:yn+l) 5 yd(xn:yn) + (1 - )/)d(Y,Z) + Ld(xmxwrl)'
Taking limit as n — oo, we have d(x,y) < yd(x,y) + (1 -y)d(Y,Z),and so d(x,y) < d(Y, Z).
Then d(x,y) = d(Y, Z), that is, x € Y and y € Zy. Since J(Yy) C Zp and T(Zy) C Yo, Jx € Zy
and Ty € Y;. Hence there exist w € Yj and v € Z; such that

d(gw,Jx) =d(Y,Z) = d(gv, Ty),

since Yy € g(Yp) and Zy C g(Zy). Since J is a proximal Berinde g-contraction of the first
kind and

d(gw,Jx) =d(Y,Z) = d(gxns1,Jx,), forall m e N¥,
we obtain that

d(gw, gxu1) < ad(gx, gx,) + Ly min{d(gx, gx,,1), d(gw, gxn) }
< ad(gx,gx,) + L1d(gx, gxy41)-

Taking n — oo in above inequality, by the continuity of g, we get d(gw, gx) = 0, and so,
gx = gw. It implies that

d(gx,Jx) =d(Y,Z).
Similarly, it is easy to verify that d(gy, Ty) = d(Y, Z). Thus, we can conclude that

d(gx,Jx) =d(gy, Ty) =d(x,y) = d(Y, Z).
Therefore, (x,y) is a coincidence best proximity point of the triple (g,/, T). Next, we will
show that (x,y) is unique. Suppose that « + L; < 1, 8 + L, < 1 and there exists gw € Y such
that

d(gw,Jw) =d(Y,Z).

Since J is a proximal Berinde g-contraction of the first kind, we have that

d(gx, gw) < ad(gx,gw) + Ly min{d(gx, gw), d(gw, gx) }
< (o + L1)d(gx,gw).

Since o + L; < 1, d(gx,gw) = 0. It follows that gx = gw, which implies that there exists a
unique x € Y such that d(gx, Jx) = d(Y, Z). Similarly, we can show that there exists a unique
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y € Z such that d(gy, Ty) = d(Y, Z). Therefore, the pair (x,y) is a unique coincidence best
proximity point of the triple (g,/, T). O

Example 3.10 Consider the complete metric space R? with the usual metric defined by

d(x,y) = /(1 —1)% + (x2 — )2, forallx = (x1,%),5 = (y1,7) € R%

Let Y = {(x,00 e R?>:x € [0,1]} and Z = {(y,1) e R%2:y € [0,1]}. Then d(Y,Z) =1, Yy, = Y
and Z, = Z. Define the mappings /: Y - Z, T:Z— Y,andg: YUZ — Y U Z by

J(x,0)=(§,1), J(y,1)=(§,o) and g(x,9) = (<x,7).

Obviously, g is an isometry, / and T are proximal Berinde g-contractions of the first kind,
and the pair (J,T) is a proximal Berinde g-cyclic contraction. Clearly, the mappings /,
T, and g satisfy the conditions (ii) and (iv). Therefore, all hypothesis of Theorem 3.9 are
satisfied. Moreover, (0,0) € Y is a coincidence best proximity point of the pair (g,/) and
(0,1) € Z is a coincidence best proximity point of the pair (g, T), i.e., ((0,0),(0,1)) is a
coincidence best proximity point of the triple (g,/, 7).

If we take L; =0, L, =0 and L = 0 in Theorem 3.9, we obtain the following coincidence
best proximity point theorem which is more general than that of Basha [5].

Corollary 3.11 Let Y and Z be nonempty closed subsets of a complete metric space (X, d)
such that Yy is nonempty. Let ] : Y — Z, T:Z — Y,and g: Y UZ — Y U Z satisfy the
following conditions:
(i) J and T are proximal g-contractions of the first kind;

(ii) J(Yo) € Zy and J(Zy) C Yo;

(iii) g is an isometry with Yo C g(Yo) and Zoy < g(Zo);

(iv) The pair (J, T) is a proximal g-cyclic contraction.
Then, there exists a unique point x € Y and there exists a unique point'y € Z such that

d(gx,Jx) = d(gy, Ty) = d(x,y) = d(Y, Z).

Moreover, for any fixed xo € Yy, the sequence {x,} defined by
d(gxpi1,Jx,) =d(Y,Z), forallneN*

converges to the element x and for any fixed yo € Zy, the sequence {y,} defined by
Ad(@yns1, Tyn) =d(Y,Z), foralln e N*

converges to the element y.

If g is the identity mapping, we immediately obtain the following corollary as follows.

Corollary 3.12 Let Y and Z be nonempty closed subsets of a complete metric space (X, d)
such that Y, is nonempty. Let ] : Y — Z and T : Z — Y satisfy the following conditions:
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(i) J and T are proximal contractions of the first kind;
(ii) J(Yo) € Zo and J(Zo) < Yo;
(ii) The pair (J, T) is a proximal cyclic contraction.
Then, there exist a unique point x € Y and a unique point y € Z such that

d(x,Jx) = d(y, Ty) = d(x,y) = d(Y, Z).

Moreover, for any fixed xo € Yy, the sequence {x,} defined by
dXy1,Jxy) =d(Y,Z), forallne N*

converges to the element x and, for any fixed yo € Zy, the sequence {y,} defined by
AdWni1, Tyu) =d(Y,Z), foralln e N

converges to the element y.

Theorem 3.13 Let Y and Z be nonempty closed subsets of a complete metric space (X, d)
such that Yy is nonempty. Let ] : Y — Z and g : Y — Y satisfy the following conditions:

(i) ] is a proximal Berinde g-contraction of the first and second kind, i.e., there exist
a,B €[0,1) and Ly, Ly > 0 such that ] satisfies the conditions (3.1) and (3.2),
respectively;

(i) J preserves the isometric distance with respect to g and J(Yy) C Zo;
(ili) g is an isometry with Yoy C g(Yo).
Then, there exists a point x € Y such that

d(ge,Jx) =d(Y, Z). (3.6)
Moreover, for any fixed xo € Yy, the sequence {x,} defined by
d(gxy1,Jx,) =d(Y,Z), foralln e N*
converges to the element x.
In addition, ifoa + L1 < 1 and B + Ly < 1, then there exists a unique coincidence best prox-
imity point of the pair (g,]).
Proof By Lemma 3.8, it is possible to establish a sequence {x,} in ¥, such that
d(gxps1,Jx,) =d(Y,Z), forallneN*.
Since J is a proximal Berinde g-contraction of the first kind and
d(gxey, Jx,-1) =d(Y,Z) = d(gx,.1,Jx,), forallmeN, (3.7)

there exist o € [0,1) and L; > 0 such that

A(g, §Xn1) < ad(gu_1,g%,) + L1 min{d(gx,, gx4), d(ghn-1,g%n1) }
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= ad(gx,_1,8%n).

Since g is an isometry, d(x,, ¥,+1) < ad(x,-1,%,), for all n € N.

Hence
A%y, %ps1) < a"d(x,%1), forallmeN.
By Lemma 3.7, we get that there exists x € Y, such that
Xy —> X as N —> 00. (3.8)

Since ] is a proximity Berinde g-contractions of the second kind and due to (3.7), there
exist B8 € [0,1) and L, > 0 such that

d(]gxn+17]gxn) 5 ,Bd(]gxm]gxn—l)
+ Ly min{d(Jgx,, Jgxn), AUgxn-1,]g%n1) }
= :Bd(]gxnr]gxn—l)'

Since J preserves isometric distance with respect to g,
d(Jx,.1,Jx,) < Bd(Jx,, Jx,-1), forallmeN.
This implies that
A1, Jxq) < B"d(Jxo, Jx1), forallmeN.
By Lemma 3.7, we get that there exists y € Z such that
Jxn —y asmn— oo. (3.9)
From (3.8), (3.9), and d(gx,+1,/x,) = d(Y, Z), we get
d(ge,y) =d(Y,2).

This implies that gx € Yj. Since Yy C g(Yp), there exists z € Y, such that gx = gz. So,x =z €
Y, because g is an isometry. Since J(Yy) C Zy, Jx € Zy and there exists u € Y; such that

d(gu,Jx) =d(Y,2). (3.10)
Again, since J is a proximity Berinde g-contractions of the first kind and due to (3.7),

A(gu, gxn1) < ad(gx, gxn) + Ly min{d(gx, gx.1), d(gxn, gu) }

< ad(gx,gx,) + L1d(gx, gxy41)-
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Taking limit as n — 0o, we have d(gu, gx) = 0. Thus, gu = gx. From (3.10), we obtain that
d(gx,Jx) = d(Y, Z),

i.e., x is a coincidence best proximity point of the pair (g,/). The uniqueness and remaining
path of the proof follows by that of Theorem 3.9. d

Example 3.14 Consider the complete metric space R with the usual metric. Let Y = [-1, 1]

and Z = [-4,-3] U [3,4]. Then d(Y,Z) = 2, Yy = {-1,1} and Z; = {-3, 3}. Define the map-
pings/:Y - Zandg:Y — Y by

3, ifxisrational,
Jx = and g(x) = —x.
—4, otherwise,

Obviously, g is an isometry with Yy € g(Yy), ] preserves the isometric distance with respect
to g and it is a proximal Berinde g-contraction of the first and the second kind with J(Y,) C
Zy. Therefore, all hypothesis of Theorem 3.13 are valid. Moreover, —1 € Y is a coincidence
best proximity point of the pair (g,/).

If we suppose that Yj is closed in Theorem 3.13, then we do not need to assume that J is
a proximal Berinde g-contractions of the second kind. This gives the following theorem.

Theorem 3.15 Suppose that all the assumptions of Lemma 3.8 hold. In addition, suppose
that Yy is closed. Then, there exists an element x in Y such that d(gx,Jx) =d(Y,Z), i.e., x is
a coincidence best proximity point of the pair (g,]).

Proof By the proof of Lemma 3.8, we get that the sequence {x,} in Y, defined by

d(gxps1,Jx,) =d(Y,Z), forall n e N* (3.11)

converges to an element x € Y. Since Y is closed, we obtain that x € Y. Since J(Y,) € Zo,
there exists z € Y; such that

d(gz,Jx) =d(Y,2).
Since J is a proximal Berinde g-contraction of the first kind and using (3.11), we have

A(gxni1,82) < ad(gx,,gx) + Lmin{d(gx,, g2), d(gxn.1,g%)}
< ad(gx,, gx) + Ld(gx,41,8%).

Taking n — oo in the above inequality, by the continuity of g, we get d(gx, gz) = 0, and so,
gx = gz. It implies that

d(gx,Jx) = d(Y, Z),

i.e,, x is a coincidence best proximity point of the pair (g, /). d
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If we take L; = 0 and L; = 0 in Theorem 3.13, we obtain the following coincidence best
proximity point result, which is more general than a coincidence best proximity point
result in [5].

Corollary 3.16 Let Y and Z be nonempty closed subsets of a complete metric space (X, d)
such that Yy is nonempty. Let ] : Y — Z and g : Y — Y satisfy the following conditions:
(i) J is a proximal contraction of the first and second kind;
(ii) J preserves the isometric distance with respect to g and J(Yo) € Zo;
(ili) g is an isometry with Yoy C g(Yo).
Then, there exists a unique element x € Y such that

d(gx,Jx) =d(Y, Z).

Moreover, for any fixed xy € Yy, the sequence {x,} defined by
d(gxps1,Jxq) =d(Y,Z), forallneN*

converges to the element x.

If g is the identity mapping, we obtain the following result by applying Theorem 3.13 as
follows.

Corollary 3.17 Let Y and Z be nonempty closed subsets of a complete metric space (X, d)
such that Yy is nonempty. Suppose that ] : Y — Z is a proximal contraction of the first and
the second kind with J(Yo) C Zy. Then there exists a unique element x € Y such that

d(x,Jx)=d(Y,Z).
Moreover, for any fixed xq € Yy, the sequence {x,} defined by
dxpi1,Jxn) =d(Y,Z), forall n e N*

converges to the element x.
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