O et al. Journal of Inequalities and Applications (2020) 2020:31 ® Journal of Inequalities and Applications
https://doi.org/10.1186/513660-020-2304-3 a SpringerOpen Journal

RESEARCH Open Access

Check for
updates

A stochastic Gronwall inequality in random
time horizon and its application to BSDE

Hun O', Mun-Chol Kim" and Chol-Kyu Pak'*

“Correspondence:

pck2016217@gmail.com Abstract

"Faculty of Mathematics, Kim Il Sung . ’ . . -
University, Pyongyang, Democratic In this paper, we introduce and prove a stochastic Gronwall inequality in an
People’s Republic of Korea (unbounded) random time horizon. As an application, we prove a comparison

theorem for backward stochastic differential equation (BSDE for short) with random
terminal time under a stochastic monotonicity condition.

MSC: 60E15; 60H20

Keywords: Gronwall inequality; Stochastic; Random time horizon; Backward
stochastic differential equation; Comparison

1 Introduction

Gronwall’s inequality is a handy tool to derive many useful results such as uniqueness,
comparison, boundedness, continuous dependence with respect to initial value, and sta-
bility in the theory of differential and integral equations. It was first introduced by Gron-
wall [9] as a differential form, and the integral inequality was proposed by Bellman
[3]. Since then, many researchers have studied the various types of generalizations of
this inequality motivated by the development of the differential and integral equations
[1,5,7,8,12, 16, 19]. Among such generalizations, we are concerned with the stochastic
version of Gronwall’s inequality.

Let (£2, F,P) be a complete probability space on which a d-dimensional Brownian mo-
tion B = (By);>0 is defined. Let (F;);>0 be the right-continuous completion of the natural
filtration generated by B, that is, F; := o {B;, s < t}, and augment it by P-null sets of F. The
stochastic forward Gronwall inequality was first proposed by It6 [10] and was developed
in several papers (see e.g. [2, 18, 20]).

Recently, Wang and Fan [17] proposed the following stochastic backward Gronwall in-
equality due to the development of backward stochastic differential equations.

Proposition 1 Let ¢ >0, T > 0, and an (F;)i=o-progressively measurable non-negative
process a : 2 x [0, T] — R* satisfy fOT a(t)dt < M,P-a.s. for some constant M > 0. If an
(Fr)e=o0-progressively measurable process x : 2 x [0, T] — R* satisfies

T
IE[ sup x(t)] < +00, x(t) <c+ E[/ a(s)x(s) ds

te[0,T]

]-"ti|, tel0,T],
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then, for each t € [0, T,
x(t)<c- IE[eftT”(s)dsl]:t], P-a.s.

Unlike the deterministic case, the backward version of stochastic Gronwall’s inequal-
ity has an essential difference to the forward one. If the backward inequality is given by a
differential equation, then the diffusion term needs to be controlled to ensure the adap-
tivity of the stochastic processes with respect to the filtration. Indeed, the solution of the
backward stochastic differential equation should be a pair of adapted processes, not one
process. So the stochastic backward Gronwall inequality involves the conditional expecta-
tion. If the random processes a(t) and x(¢) are deterministic functions in the above propo-
sition, then we reach the well-known Gronwall inequality (more precisely deterministic

backward Gronwall inequality) as follows.

Corollary 1 Let ¢ > 0 be a constant. If a(t) and x(t) are two non-negative (deterministic)
functions defined on [0, T] satisfying

T
x(t)<c+ / a(s)x(s)ds, tel0,T],

then, for each t € [0, T1,
x(t) <c- eftT “(S)ds'

In this paper, we study the complete version of backward Gronwall’s inequality in the
stochastic sense. More precisely, in Proposition 1, the constants ¢ and T are replaced by a
random variable and an (unbounded) stopping time, respectively, and the integral of a(t)
is not assumed to be essentially bounded.

Our method uses the martingale representation and random time change to prove the
main inequality. Due to the type of the proposed inequality, the application to the stochas-
tic differential (or integral) equation with stochastic coefficients defined up to a random
time (more precisely, stopping time) is naturally considered. We give the proof of a com-
parison theorem of L”-solutions to backward stochastic differential equation (BSDE for
short) with random terminal time and stochastic coefficients by using the stochastic Gron-

wall inequality in a random time horizon, effectively.

2 Notations
Let p > 1 and 7 be an (F;);>o-stopping time. That is, V¢ > 0, {w|7(w) < t} € F;. Throughout
the paper, | - | means the standard Euclidean norm. We put A(t) := fot a(s) ds, where a(s)
is a non-negative progressively-measurable process. The symbols E[-] and E[-|F;] denote
the expectation and conditional expectation (with respect to F;), respectively.

In the following notations, 6 € R is a fixed constant.

— L?(0,a,t,R) is the set of real-valued F,-measurable random variables & such that

E[eg(m(” |& |”] < +00.
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— SP(0,a,[0,t],R) is the set of real-valued cadlag, adapted processes Y such that

E[ sup eg(’A(t)lYtlp] < 0.

0<t<rt

— HP*(0,a,[0,7],R) is the set of real-valued cadlag, adapted processes ¥ such that

T
E|:/ a(t)e?40|y, P dt] < 00.
0

— H”(6,a,[0, 7], R1*?) is the set of predictable processes Z with values in R*? such that

z 5
E[(/ eeA(t)th|2ds> ]<oo.
0

For m,n € R, m A n:= min{m, n} and m* := max{m, 0}.
— I is an indicator function of a set B, that is, Ig(x) = 1 if x € B and Iz(x) = 0 if x ¢ B.

3 Main inequality

Theorem 1 Let p > 1, [ > 0 be constants and q be a constant such that 1/p + 1/q = 1.

Let t be an (F;)>o-stopping time and & be a non-negative random variable. Let a(t) and

x(t) be non-negative progressively measurable processes. Let p > 0 be a constant such that

E[e3@-0"A0)] ¢ o0, where A(t) := fota(s) ds and a(t) > € for some constant € > 0. Assume

that & belongs to L¥(0,a, T, R) and x(t) belongs to H*(0, a, [0, ], R) for some constant 0 > p.
Ifx(t) <E[§ + lf;M a(s)x(s) ds| F;], P-a.s., then we have P-a.s.,

x(t) =< E[g . elf;/\r a(S)dsl-E].

Proof Define the process X(t) := E[£ +/ ffM a(s)x(s) ds| F;], then it follows that x(¢) < X(¢)
from the assumption. Let us put n:= & +/ fot a(s)x(s) ds. Using Holder’s inequality with

1/p+1/g=1,
T 12 T oA
/ a(s)x(s)ds| < / €249 g(s)x(s) ds
0 0
T p
_ / ()l/peGA /Zx(s) € —0)A (S)/Za(s)llqu
0
T T 5 plq
< f a(s)x(s)Pe 2?40 gs . ( f e2(P=04 a(s))
0 0
T 2 g rlq
= a(s)x(s)”e%%(s) ds - ( 1 — e2(P=0A[) )
/0 q(0 - p) ( )
T » 2 plq
5/ a(s)x(s)Pe2?4w ds-( ) < 00. (1)
0 q(0 - p)
Therefore,

E[ni] < 20! (E[|g|p] + lPE[(/O a(s)x(s) ds) D

P-1R[1£ 7] 4 2P-17 PR
<2'E[|§)P] +2 l< - p)) [/0 a(s)x(s)Pe ds:|<oo
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By the martingale representation theorem (see [13], Corollary 2.44), there exists a process
7 satisfying E[(fOT 1Z,12ds)%] < oo for any T > 0 such that P-a.s.

17,%4
E[n|F] =Eln] + f Z,dB,,
0

So,

INT INT INT
X(t) =E[n|F]-IE [/ a(s)x(s) ds‘]:t] =E[n] +/ Z,dBg — l/ a(s)x(s) ds.
0 0 0
Moreover, we have the backward version: for all T > 0,

TAt Trt
X)) =X(Tnrt)- / ZsdB + l/ a(s)x(s) ds

INT

with X(z) = &.
Or equivalently,

X(t) =& - / " Z.dB.+1 / " als)x(s) ds. @)

AT

Now we shall show that Z € H?(p, a, [0, 7], R"*%). First, we introduce a certain random
time change. Since the process A; = fot a(s) ds is strictly increasing and continuous, we can
define its inverse denoted by C, := A~!(s). Then a family of stopping times {C,},s > 0, is
an (F;)i>0-random time change (see [14], Chapter V, Sect. 1 for systematic study of ran-
dom time changes). Set ]T't := Fc,, then (ft)tzo is a new filtration. For any adapted pro-
cess X, we assume that X means the time-changed process, that is, X(¢) = X(C,) (more
precisely, X = X o (ide x C). We also define 7 := A(r) and W, := fot Ja(s) dB,. Note that
W= (W', W?,...,W? is a d-dimensional (ﬁt)tzo -Brownian motion by Levy’s characteri-
zation theorem. In fact, for each i € {1,...,d},

t t o
(W', W) = / a(s)d(B', B'), = / @(s)d(Bi, Bl),
0 0
¢ G
= / a(s)dC; = / a(s)ds = A(C,) = ¢.
0 0

From the properties of (stochastic) integral with respect to time change,

T A(r) T
/ a(s)x(s)ds = / )x(Cs)ds= /A x(s) ds,

AT A(tAt (AT

/ Z,dB, = / Z,dB, = / As) V2 Z, AW,
tAT A(ONT A(OAT

So, we get the following expression with respect to (]?t)tzoz

X(t)=£ - / A6s) P Z AW, + 1 / %(s) ds,
INT AT
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or equivalently, for all T>0,

TAT TAT
X)) =X(T A7) - f A6s) 2 Z AW, + 1 f %(s) ds
t

AT AT

with X(7) = &.
According to [6], Proposition 3.2, for all T>0,

b TAT et pl2
1E|: sup eith(t)p+</ ~—|Zt|2dt) }
£€[0,TAT] 0 a(t)
Do e~ AT p
5c(p)-1E[e7ﬂ<TA?)X(TA?)"+ ( f le”sm%(s)ds) }
0

It is easy to check that

sup e2”X(tf = sup eZPAOX(pp,
te[0,TAT) te[0,TAt]

TAT TAT Trt
/ "% (s) ds = / "0 25(5) dA(s) = f als)e”x(s) ds,
0 0 0

TAT ePt o TAt epA(t) TAT
/ & TPt / \Zi 2 dA(D) = / 40\ Z,P dy,
o a() 0 a(t) 0

where T = C5 is an (F;);>0-stopping time. So, we get

» TAT pl2
]E|: sup e2PAOX()y + (/ e”A(t)|Zt|2dt> ]
0

te[0,TAT]

p Thrt V4
<c(p)- ]E|:e2pA(T”)X(T ATY + (/ la(s)eP A9 2 x(s) ds) ] (3)
0

Since X(T A1) =E[& +1 [, a(s)x(s) ds|Fra.], we see that

p
a(s)x(s) ds’]:TM ] ) :|

< E[egf”“(“’) . (g +1 ' a(s)x(s) ds)p]

E[e3ATAX(T A 1)) = E[eg”A(T“) : <]E[g +1

TAt

TAt

. r
< 2p—1E[e’2’pA(TAr) (519 /2 (/ a(s)x(s) dS) >]
TAT

T p
< T IE[e3PA0Er] 4 2P—1ZPE[e§"A‘T”) ( / a(s)x(s) dS) ]
T

AT

On the other hand,

LpA(TAT) i b
ez’ < / a(s)x(s) ds)
TAt

T p
= 5PATAT) (/ a(s)"Pe340) x(s)a(s) e 540) ds)
T

AT

Page 5 of 10
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T T rlq
< (/ a(s)e P40 (s ds) . <equ(T”)/ a(s)e 2940 ds>
TAT TAT
' p 2\
< (/ a(s)e2PA0 x(sy ds) . (—) (1 e~ 5alA(D)- (T”)])”/q
TAT rq

2 \?1 T »
< (p_q> / a(s)ePAOx(s)’ ds.
0

Therefore, we get

]E[eI%pA(T”)X(T A 7:)1’] <c(p)- E[e%’pA(r)gp + /T a(s)egpA(s)x(S)p dsi| (4)
0

for some constant ¢(p) > 0 depending on p. Using (1), (3), (4), we deduce that

» TAT pl2
]E|: sup e2” X(t) + (/ UV A dt) ]
te[0,TAT] 0

< C(P)']E|: FPAWED 4 /0 a(s)e2PAG) x(s)P ds:| < 00.

Sending T — +oc (hence T — oc), Fatou’s lemma ensures that

T pl2
]E|: sup eEPAOX (1P 4 </ e"A(t)|Z,|2dt> :| < 00. (5)
te[0,7] 0

So we have proved that Z € H?(p, a, [0, T], R'*%). Applying Ito’s formula to (2), we get

T T

a(s)e e [x(s) -X (s)] ds — f 497 dB,.

IAT

X)) = gt A(e )+lf

tAT

From x(£) < X(¢), it follows that

T
X(t)elA(tAr) < selA(r) _ / elA(s)ZS st (6)
AT

From expression (5) and the Burkholder—Davis—Gundy inequality (see Chapter IV, Sect. 4
in [14] or Corollary 2.9 in [13]), we deduce

tAT T 172
f ez, dB, } <c- IE[( / eZIA(S)|ZS|2dS> ]
0 0

C_E[(/regA(S”ZsP'e(Zl p). S)ds> ]

0

<c- E[e(l—p/Z)A(t)\/O (/ |Z |2 QA(S ) :I

- 0

EE[(/ |Z,|% - ePA ds) ] + IE[ ji- ")m(’)] < +00.
p 0 q

E |:sup

t>0

IA
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Thus, M(t) = fot T el46)z, dB is a uniformly integrable martingale. Taking conditional ex-
pectations with respect to F; on both sides of (6), we get

X(t)elA(t/\T) — E[X(t)elA(tAt)l‘Ft] < E[EelA(Z) |-/—"t]'
So, we have x(¢t) < X(¢) < IEI[SelfrrM als)ds| 7.1, which is the desired result. O

Remark 1 If [ =1 and p = 2 (hence 6 > 2), then E[e%(y"’)m(’)] = 0. So, we do not have to
assume that E[e%(ZZ”’)+A(’)] < 00.

In many cases, x(¢) belongs to S#(0, 4, [0, t], R) as well as H?#(0, 4, [0, ], R). For example,
if the process x(¢) is an L?-solution of the backward stochastic differential equation, then
it belongs to S¥(0, 4, [0, 7], R) NHP#(0, 4, [0, ], R) (see e.g. [15]).

4 Application

In this section, we show a comparison principle of L?-solutions to BSDEs with random
terminal time under stochastic monotonicity condition on generator. The existence and
uniqueness of L2-solutions (that is, p = 2) to BSDEs under the Lipschitz condition was
studied in [4]. Wang et al. [15] first established the existence and uniqueness result of L?-
solutions under the stochastic Lipschitz condition. Recently, Pardoux and Rascanu [13]
studied the existence and uniqueness of L”-solutions to BSDEs with random terminal time
under a stochastic monotonicity condition. The comparisons theorems of L”-solutions
were studied in [13, 17] under the stochastic Lipschitz (or monotonicity) conditions, but
those were restricted to the case of deterministic terminal time. We shall prove the com-
parison theorem of L?-solutions in an unbounded random time horizon. Let us consider

the following one-dimensional BSDE with random terminal time:

T

Yt:$+/ f(s,Ys,Zs)ds—/ ZdB, (7)
INT INT

where the terminal time t is an (F;);>o-stopping time, the terminal value £ is an F;-
measurable random variable, and the generator f : 2 x R* x R x R — R is (F})=0-
progressively measurable. The solution of BSDE (7) is a pair (Y}, Z;);>o of progressively
measurable processes such that Y; = &£ and Z, = 0, P-a.s. for t > 7, and for all 0 < T < o0,

TAt Tnt

Yoo = Y+ | fls. Yo Zy)ds / Z,dB, te[0,T].

INT tNT

For convenience, we characterize BSDE (7) by a triple (z,§,f).

Theorem 2 Let p > 1 and consider two BSDEs with data (t,€',f') and (t,£2%,f?). Let
(Y'Y, ZY) and (Y?, Z%) be two solutions of BSDE (7) corresponding to (t,&,f1) and (t,£2,f?),
respectively. Suppose that f is stochastic monotone in y and stochastic Lipschitz in z: that
is, there exist progressively processes r:, u; such that, for all y,y' € R and z,7 € R'*,

L -0 tr2-f(ty,2) <ry-y)

2. |ft.y,2)—ft,y,2)| <ulz-7|.
Seta(t):=r, + ﬁuf, A(t) = fota(s) ds. Assume that a(t) > € for some € > 0.

We further assume that (Y*,Z"), i = 1,2, belongs to (§°(0,a,[0,t],R) N H**(0,4, [0, 7],
R)) x HP(8, a, [0, ], R'*%) for some 6 > 2.

IfEY <E2andf(t, Y2, Z2) <f'(t,Y?,Z2), then Y} < Y2, P-as.



O et al. Journal of Inequalities and Applications (2020) 2020:31

Proof Define Yi=Y'-Y2 Z:=2' - 72, é = &1 — £2 then

ke [ (P12 -y z)ds- [ Zas,
t

AT INT

Let 6 be an arbitrary number such that 6 > 6" > 2. We setp’ := %@ —1)+1. Then p’ satisfies
1<p' <pand

16 1
2 -1) 0 2p-1)

(8)

By the virtue of Ito—Tanaka’s formula (see Exercise VI.1.25 in [14] or p. 220 in [11] for

details), we have

o PN [T
() + =5 | 1Lyl Zi ds
T

=) ep [ I alf 530,20 -6 2 22

INT

T
-y f Y1 "1y, o Z, dB;.
t

AT

From assumptions,

PV ol (s Y 2)) 12 (s. Y2, 22)]
=PIV ol (s 28) -1 (s, Y2 2)]
+ P 1Y ol (5 Y7, 20) =11 (s, Y2, 20) ]
+ IV ol (5 Y7, 22) = f2(s, Y2, 20)]

<pr- (Y;)p’—Z'K'z +p/ut(}7s+)p’—1|zs|
N N 1 A
< () (T (0 T () )

_ / (' —1 /o _ _ ’
Sp/rt . (YS+)17 + %(y‘:)l’ 2|Zs|2 + (YS+)I7 ﬁu?

, 1 o DW=
=P (’t ' muf) (1) == () iz

Using the Burkholder—Davis—Gundy inequality (see Chapter IV, Sect. 4 in [14] or Corol-
lary 2.9 in [13]), we see that fomz |YS|P’-11?S>OZS dBs is a uniformly integrable martingale. In

fact,
T , _ 1/2
}SE[(/ m|2<"-”|zs|2ds) ]
0
_ T 1/2
sE[sup w*([ |Zs|2ds) ]
s€0,7] 0

AT _ , B
/ (o1 Iy, 07, dB,
0

E |:sup

t>0

Page 8 of 10
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' _1 _ o, 1 T P2
<? " Luf p |1@|P]+—,E[(f 2.245) }
p s€[0,7] p 0

< Q.

Consequently, we obtain

T

(Yt+)p/ < E[(é‘r)l’/ + '/t/\rp/(rs + ﬁu?) ()_/:)P/ ds‘]—'{|
[ [ (e s ) Y @]
= ]E|:(§+)1’/ + /: e ;("s + ﬁu?)(ffg)ﬁ ds‘]:t:|,

where we used expression (8). From &' < £2, it follows that (£ Y =0.
Setp:=plp,a(s):=p - %a(s), A(s) := fo a(r)dr, and x(t) := (Y;)’”/. Then we have

T - B 9/ T _
]E[/ a(s)e TPAG) x(5)P ds} =p - EE[/ a(s)e%”““s)(Y;)p ds} < 00.
0 0

This implies x(t) € H”%(#’,a,[0,7],R). Theorem 1 yields that x(tf) = 0. Hence,
Y} <Y2 O

Remark 2 1f the generator f does not depend on z, we can prove the comparison theorem
more easily, by applying Ito—Tanaka’s formula to ¥;'.

Remark 3 As a direct consequence of Theorem 2, we see that the solution of BSDE (7)

must be unique.
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