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1 Introduction
pr>1 +——1 Ay by > 0,0< > > ah, <ooand 0< ) oo, bl < 0o, then we have the

followmg more accurate Hardy— Hllbert s inequality with the best possible constant 7
(cf. [1], Theorem 323):
1 1
Z Z - a b1 . (1)
Clmtn - 1 sm(n/p) = =

For p = q = 2,inequality (1) reduces to the more accurate Hilbert’s inequality. Since ﬁ <
, we still have the following Hardy—Hilbert’s inequality (cf. [1], Theorem 315):

m+n—1
[eSle] oo L 00 .
amb, T ? 1
>y <——(X a2 ) (D) . )
m=1 n=1 mi+n sm(r[/p) m=1 n=1

Assuming that f(x),g(y) > 0,0 < [, fP(x) dx < 00 and 0 < [~ g7(y) dy < 00, we have the
following integral analogue of (2), namely Hardy—Hilbert’s integral inequality:
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e e R
* Sin(z/p) </0 f (x)dx) </0 ¢ (y)dy) ' ®)

with the best possible constant factor e /p) (cf. [1], Theorem 316).
By introducing an independent parameter A > 0, Yang [2, 3] gave an extension of (2) (for
p = q = 2) with the l<erne1 s and the best possible constant factor B( ) (B(u,v) :=

fo 154: ,iw dt (u,v > 0) is the beta function) in 1998. Inequalities (1), (2) and (3) play an
important role in analysis and its applications (cf. [4—15]).

The following half-discrete Hilbert-type inequality was provided in 1934 (cf. [1], The-
orem 351): If K(x) (x > 0) is decreasing, p > 1,1 Sty = =1,0 < ¢(s) = fooo K(x)x*tdx < oo,

a,>0,0<Y > al < oo, then

/0 a2 (ZK(nx)an> dx < ¢P< > Za” )

Some new extensions and applications of (4) were obtained in recent years [16—-21]. In
2016, by the use of the technique of real analysis, Hong et al. [22] provided some equivalent
statements of the extensions of (1) with the best possible constant factor related to several
parameters. Other results about the extensions of (1)—(4) were given by [23-37].

In this paper, following the approach of [22], by means of the weight coefficients, the idea
of introduced parameters and the technique of real analysis, a more accurate Hilbert-type

inequality in the whole plane is given as follows: for r > 1, % + % =1,

B D

|n|=1|m|=1

2 >
< sin(r /r) (IZ

m|=1

|i71——|+|n 3l

1-1 i
bZ) , ()

which is an extension of (1). The general form of (4), as well as an equivalent form, is

brer
(3~

[n|=1

obtained. The equivalent statements of the best possible constant factor related to several

parameters, the operator expressions and a few particular cases are considered.

2 Some lemmas

In what follows, we suppose that p > 1,117 c=1L-3<&n<3,-1<a,B<LA A, €R=

(—00,00),d:=A— A1 =Xy, ki(x,7) (= 0) isa homogeneous functlon of degree —A, satisfying
ko (ux, uy) = u™ ki (x,y) (2,5 > 0),

ki (%, )21 71 (resp. k. (x,y)y*>71) is strictly decreasing and strictly convex with respect to

x> 0 (resp. y > 0), such that (—l)iaa—;(kk(x,y)x’\l‘l) >0, (—l)iaa—;(kk(x,y)yKZ‘l) >0(x,y>0;i=
1,2), and

k() = / k(L) " du €R, = (0,00) (y = hak— A).
0
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We still assume that a,,,, b, > 0 (jm|, |[n| e N={1,2,..

O<Z |lm—&|+a(m— S)] p-h1)- a’,’n<oo,
|m|=1
[o¢]
0< Y [Im=nl+B0r-n)]" b1 < o0,
|n|=1
where, 7 = =30 4+ X 0E - (f=mym).

.}), satisfy

Lemma 1 For any y >0, we have the following inequalities:

(e Is” ED_X [I-a)" "+ 1 +a)7]

oo

<Y [Im-gl+am-£)]"

=1

-1

|m

< %[(1 —a) 7 (L) [y (1) 7

id L >0 (t> %;i =1,2), for % > 1 + |£|, by Hermite—Hadamard’s

Proof Since (-1)' 7 oz

inequality (cf. [38]) and using the decreasing property of series, we find

oo

D lim-gl+am-8)]"

|m|=1

=Z [A-a)E-m)] 7+

-1

Mg

1

= [ -a)m+£)] 7+

m=1

M2 3

1

3
i

<[@-a)7 "+ 1+ ]| (1-151)

r_|I_|

<[@-a)7 e @ra) | (1-15)77
<[@-a)7 "+ @+a)” ]| (1- 151"

[r(-1&)"

—_

= %[(1 —a) " (1)

[e¢]

> lim -l +am-£)]7""

lm|=1

> [(l—oz)’y’1 +(1+a)” 1 Z m+ |$|
m=1

oo

—

> [(1 o) e 1+ oz)_y_l]

1].

[(1+a)m-8)]""

[A+a)m-8)]"
Z ~1&1)” }
/;O(x— |§|)_y_1dx:|

2

/1 :(x— £)”! dx}

+1],

(x+18) 7" dx
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= 1-a)7 '+ Q+a)7,

1+ If;'l)’y[
14

and then we have (6).

The lemma is proved. O

Definition 1 We set
k&,n(min) = k)»(|m -&| +C((Wl _E)r |n—mnl+ /3(71 - 77)) (|WZ|, |n| € N)’

and define the following weight coefficients:

@Oy m) = [|m— |+ a(m -6 ke (m,m)[In -l + Bl — )]

|n|=1
(Im| eN), 7)

@ (hym):= [l =nl+ Bln-m]™" > ke, Omm)[im -]+ a(m-£)]"

lm|=1

(In] €N). (8)
Lemma 2 The following inequalities are valid:

(Ag, m) < ky(x2) (Im] €N), )

2
5
w (A, 1) < I—Lk'\(k - A1) (Inl € N). (10)

o

Proof For fixed |m| € N, we set

KV (m,y) =k (Im - &| + a(m - €),1- B -»), y<n,
k(z)(m’y) = kk(|m_5| +Ol(WI—$),(1+f3)()’—U))» y>n,

where from for y > —n, kD (m, —y) = k(jm - &| + a(m — &), (1 - B)(y + n)). We find

w(ho,m) = [|m - £+ a(m - )]

x { Z KD, m)[(1 = By -~ m)] 7+ 3 kD, m)[(1 + B) (1~ n)]h—l}

n=—1 n=1

—[Im—&+a(m-g]"

x [(1 =Byt Y KV m,—n)(n + )

n=1

+(1+ IB)Az—l Zk(Z)(m’ n)(n - n)kz—l:| )

n=1
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In view of the assumptions, k" (m, —y)(y + n)*27! (resp. k@ (m, y)(y — n)*2>~1) is strictly
decreasing and strictly convex with respect to y € (-1, 00) (resp. y € (n,00)). By Hermite—

Hadamard’s inequality and using the decreasing property of series, for % > 41, we obtain

6()()»2, Wl)

<[Im-gl+am-£]" [(1 - Byt / " KD )y + )y dy

2

+ (1 + ﬂ))ﬂ—l /;OO k(z)(m,y)(y_ n))ng—l d)’]

2

<[m-¢l+am-&]"

X |:(1—,3)A21f /Q(|Wl—$| +am-§),1-8)y+ n))(y_,_n)kz*ldy
-n

+(1+ /3)“’1/ ki (lm-&l+a(m-£),1+B)y-n)y-n" dy], (11)
n

(g, m)

A=Aa

> [Im =&l + a(m—-£)]
x [(1-5)“_1/ ko (|m - £+ a(m—&),(1- )y +m)(y+n)*" dy

1

+(1+/3)“‘1/1 k(lm-&l+a(m—£),(1+B)y-n)y- n”ldy] (12)

Setting u = % (resp. u = Wtﬁ%) in the first (resp. second) integral of (11),
we obtain
* 2k; (A
oG, < [yt (e p)] [ttt = 30,
0 _

Hence, we have (9).

In the same way, setting v = -, we obtain

2 > A1-1 > (A—11)-1 2k; (A = A1)
w (A, 1) < T o2 /0 ky (v, D' ™ du = o2 /0 k(L)W= dy = 1 az
and then (10) follows.
The lemma is proved. 0

Lemma 3 IfA; + Ay =X (or d =0), then for any ¢ > 0, we have

H:= Z <A2——,m>[|m El+am-&)]"

|m|=1
4 2 P o0 e
( f k(L w)u p 7 du + / /q(1,u)u“q1du>. (13)
0 2

722 (1- p)(1-a?)
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Proof By (7) (for A1 + A, = 1) and (12), replacing A, (resp. 1) by A — % (resp. A, + %), we
have

&
a)()\,z — —,Wl>
q

>[lm—¢&|+a(m-§)]

)»1+§
x [(1-5)(”_2)'1/1 ko (jm—&| +a(m—&),(1=B)(y+m)y+n*> 9 dy

+(1Le g f1 fo (I — €| +a<m-s>,(1+ﬁ>(y—n))(y—n>“2-%>-ldy]

Then we find

o]

H> Z [Im —E|+a(m— E)](kl—;—,‘)—l(l _ ﬂ)(xz—g)—l

|m|=1

X /1 ki (Im =] + a(m—&),(1= B)(y + )y +m*> P dy

+ Z [lm—&| +a(m— é)](h_%)"l(l + )2t

[m|=1

X /1 ki (Im — €]+ a(m =), 1+ B)y— )y —m*> 0" dy

~-p P [T k(g1 s alm-£),0- P+ )

L =1

x [lm =&l +am-&)]""P g+ pledlay

e +/3>“2*3’*1/1 S ko (Im— €1+ alm - ), (1 + )y — 1)

|m|=1

4
x [lm -1+ a(m-&)]" 2 y-mt D dy = Y H,
i=1

where we denote
Hy:=(1- ,3)(“_%)_1(1 _ O{)(Al—[%)—l

X ’/1‘ ka((l —Ol)(m + E),(l - IB)(y + n))(m + %-)(Al—!%)—l(y + n)(k2—§)—l dy;
m=1

Hy:=(1 _ﬁ)(/\z—g)—l(l + a)m-g)_l

&

X ’/1 Zk)”((l + Ol)(}’l’l — E), (1 — ﬂ)(y + n))(m _ E)(Kl—f,)—l(y + n)()»Z—q)—l dy;
m=1

Hyi=(1+ )" D7 (1 = )15

&

X /; ka((l —a)(m+&),1+B)y—n)m+ 5)0\1—1%)—1(),_ )21 dy,
m=1
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Hy= (14 )P 0 1+ )70

X / ka((l +a)(m—§),(1+B)y—n))(m- g)m—;H@_ )02t dy.
m=1

1

In the following, we estimate H;. Still using the decreasing property of series, for fixed

1-B)y+n)

Coure) Ve obtain

9c>—‘§,1 > 1(n = «, B), setting u =

2
I-a

1-B

H > (l_lg)kr%—l(l —a)/\ri—l/ [/2 kA((l a)x+&),1-B)y+ n))

x (x + S)M_I%_l(y + 77)“_%_1 dy] dx

1- —&-1 [ed] .
= —( lﬁ)ﬂ , (x+$)’6’1/ k(L w1 dudx
T-a W

» 1 _
v=-g)w+t) hie / e 1/ K (1, u)u>" 5 dudy

_5 1 Ao— q—l
(1 ,3) - a)|: / ko (1, u)u dudy

+/ V_E_I/ kx(l,u)ukr%l dudv:|
2 2
_ 1 2 00 —E_ld y: (1 ) Az—%—ld
_m/o /ﬁ v v ) k.(1, u)u u
1 *© Ap—E-1
+ k(L u)u™> 47 du
e2¢ 2

~ 1 > Ap+E-1 *© Ap—E-1
=H=— k. (1, 2 d 1, 2 du ).
1 21 p)1—a) (/0 (1, u)u”™*"p U+ f2 k(L u)u™*" 4 u)

In the same way, we can find that

H2 >]:[2 = m(‘/ k)\(l I/l A2+ du+/ k)L(I M)l/l 5 du),

B 1 2 N [e'e) .
HysHy=——— (| k(Luwudr"d / k(L uwyu> a  du ),
3> Hj S (/ » (1 u)u u+ ; o.(L,uw)u™" 17 du

H3 >]:[3 = W(/ k)\(l I/[)I/[ ldM +/ k)L(l M)M q_ )

In view of the above results, we have

- 4 2 hot+E-1 *© _7_1
> = i pa- a)(/o Y AT d”)’

and then (13) follows.

The lemma is proved. g
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Lemma 4 The following inequality holds:

Hi= Y " keylm,manub,

In|=1 |m|=1

2k”(k )kq(k ) .
(1 ,32)21/;1(1 az)ll/q { Z [Im £ +a(m— 5)] p(1-11) lafn
|m|=1

[ —
S =

x {Z ln =l +Bln— n)]q“”“bz}q. (14)

In|=1

Proof By Holder’s inequality with weight (cf. [38]), (7) and (8), we obtain

(ln—nl+ B(n—n)]¢2-Vp
" \X‘:u;k”( { —$|+a(m_g)](xl—1)/qam}

{[Im £l +a(m—§)| " }
X bn

[ln—n| + B(n—n)]*2-D

1
p

=& ol pn el
f{lz D o e o) [ “p}

Q=

In|=1|m|=1 — | + B(n —n)]@2-D-1)

r1-1
[sz“( |m £l +a(m—¢)] bq}

- { Z a)()xz,m)[|m - &l +a(m- E)]p(l_h)_d_laﬁl } p

[m]=1

x { Y @Oa,m)(n—nl+pln- n)]q(””‘“bZ} ;

|n|=1

Then by (9) and (10), we have (14).
The lemma is proved. g

Remark 1 (i) By (14), for A1 + Ay = A (or d = 0), we find

0<Z lm—&| +oa(m- é)] p-h1)- ap<oo,

[m]=1

0<Z n—nl+ Bn—n)]™" <00,

In]=1

and the following more accurate Hilbert-type inequality in the whole plane:

D k(lm=&l+a(m=§),ln—nl+B(n—n))anb,
[n]=1|m|=1
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1

2% (1) .
<(1—/32)12’(12—a2)1/qiz [1m =1+ alm =) ““‘r’n}
=1
x {Z[In— q +ﬂ(n—n)]q(H2)_1bg}q. (15)
|nl=1

In particular, fora ==& =n=0,a_,, =au, b_, =b, (m,n € N) in (15), we have

1 1
pf o© q
Z Zk,\(m n)a,b, < ki.(Ay) |:Z mP=4)- f’n] |:Z nq(l_’\z)_le:| . (16)
n=1

n=1 m=1

(i) For A = 1,11 = =, A5 }7 in (16), we have

1
qa’

iiklmnamb </<1( )(Zﬂ)l(gbgf; (17)

n=1 m=1

forA=1,A1=>,Ay = é in (16), we have the dual form of (17) as follows:

1

p
1 1

0o 00 p 00 q

ZZIQ m, n)a,,b, <k1( )(Z mP” Za”) (Z nq_2b3> ; (18)

n=1 m=1 n=1

for p = g =2, both (17) and (18) reduce to the following Hilbert-type inequality:

ZZklmnamb </<1( )(Za sz) ) (19)

n=1 m=1

(iii) For a = =0, =n = 1,1 = 1,k (m,n) = M=1d=10>1L1+1=1), (15
reduces to (5). Hence, (14) and (15) are general extensions of (5).

m+n’

2ala) - in (15) is the best possible.

Lemma 5 The constant factor (e

Proof For any € > 0, we set

-1

(\-£)- 1 (
=[lm-&l+a(m=-&)]""7" b,:=[ln-nl+Bln- 77)] o) (Iml], |n] € N).
If there exists a constant M(< %) such that (15) is valid when replacing
(1/32)2{(/;;% by M, then in particular, in view of 41 + A, = A, by Lemma 1, we have

H=3"3" ki(lm =&l + alm—&),In =l + (1~ 1))nb,

[n|=1|m|=1
o0 p
<M Y[ |m—s|+a(m—é)]”“‘*”‘1é€n} ([ =-nl+Bor-m]" 72 B,
lm|=1 |n|=1

Q=

(17~ &1 + ex(om —s)]‘“} [Z[m —nl+ -]
I

nl=1
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ST

<[y (e (- 1) 1))
X {[(1 )yl ,3)_8_1][8(1 - |17|)_€_1 + 1]} .

Q=

In view of the above result and (13), we have

4 2 i f 1 %) e
21— BO(1 — a?) Luyu™" ko (1, 1)
26(1- B2)(1 - a?) (/0 k(L w)u" 7~ du + /2 i (1, w4 du>

<eH <M{[Q1-a)*" + (1 +a)][e(1~ |f§|)7‘971 +1]}
) A[a=p T+ @+ A e - nl) " + 1]}

ASIE

Q=

For ¢ — 0%, by Fatou lemma (cf. [39]), we find

4
1-p(1 -

. 4 > hat§ * Ap—E-1
< 811)Il(;1+ m(/o kk(l M)M du +v/; k)h(l,M)M 1 du)

- 2M
— (1 _ aZ)l/p(l _ ﬂZ)l/q’

k(X2)

2%, (0 2k, O . .
namely, W < M, which means that M = W is the best possible
constant factor of (15).

The lemma is proved. O

Remark 2 (i) In view of Lemma 5, the constant factors in (16)—(19) are also the best pos-
sible.

(ii) Setting Al L RS R %,5\2 PR s R R WA 2 ve find

~ooa A=Ay A1 A=A Ay A A
AM+Ay= ER ! —2:—+—:A,

quppq

and then by Holder’s inequality (cf. [38]), it follows that

A—A
0 < k() = k)\( 2, 1)
p q

Ay A Ay-1 A-rp-1

:/oolq(l,u) Bt du = /‘Ook)\(l,u)(uzT_)(uT)du
0 0

1o 1
< (/ ko (1, u)ut2 du) ' (/ k(1 w)uP*0-1 du) !
0 0

1 1

= kP Q) (A = A1) < 0. (20)

We can rewrite (14) as follows:

2k (A kq A=A —i1)- ’
B ﬁ,;;%p(f o { o[l -elatm-e" }
m|=1
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N

oo

< IS [+ Bor -] g L (21)

|n|=1

101
2kE (Ap)ky! (A-21)
Lemma 6 Ifthe constant factor W

have Ay + Ay = A.

in (14) (or (21)) is the best possible, then we

1 1

2k? (r)k,! (A-a1) . .
Proof If the constant factor W n (14) (or (21)) is the best possible, then by

(21) and (15) (for A; = A; (i = 1,2)), we have the following inequality:

1 1 ~
2k (A)k (L = A 2k; (A

5 (R2)k;! ( 1) < 2.(A2) (€R.),
(1 _ lBZ)l/p(l _ a2)1/q (1 _ 132)1/17(1 _ a2)1/q

1 1 ~

namely, k' (A2)k;’ (A — A1) < ky(%2), which means that (20) is an equality.

We observe that (20) is an equality if and only if there exist constants A and B, such that
they are not both zero and (cf. [38])

Au?™t =By 171 g inR,.

Assuming that A # 0, it follows that #*>**1=* = 8 ae. in R,, and then A, + A; — A = 0,
namely, A1 + Ay = A.
The lemma is proved. d

3 Main results
Theorem 1 Inequality (14) is equivalent to the following more accurate Hilbert-type in-
equality in the whole plane:

ST

00 PYp
L:= {Z[In—ﬂHﬂ(Vl—n)] P2 (Zkg,,(m n)am) }

|n|=1 |m|=1

k’% k% - > o b
< (lzj/;ih)zl)/px(l(): aih)ll)/ql Z [Im—&|+a(m _f)]p(l r)-d lﬂfn} ’ (22)

=1

Proof Suppose that (22) is valid. By Hélder’s inequality (cf. [38]), we find

H-= Z{m nl+Bn—n)] Zkgnmnﬂm}{[m w4 B )P 1p,)

[n]=1 [m]=1

sL'{Z[ln £+ pln—6)]" ‘“bz}q. (23)

[n]=1

Then by (22), we obtain (14). On the other hand, assuming that (14) is valid, we set

oo p-1
=[|’l—77|+/3("—77)]p(/\2+d)_d_1<2kg,n(m,n)ﬂm> . IneN.

lm|=1

Page 11 of 17
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Then we have

2= ln—nl+pon—m]™ " bt = 1. (24)

|n|=1
If L =0, then (22) is naturally valid; if L = oo, then it is impossible that (22) is valid,
namely, L < 0co. Suppose that 0 < L < co. By (14), it follows that

> lm=nl+ Ben— )] ™2 g

|n|=1

=IP=H«<

oo (= ;
(12?/3(2“)21)/1721():“2‘)11)”{Zﬂm El+a(m- E)] p=h1)-d- lap} 1,

lm|=1

1

L= { > lim=nl+pn- n)]qﬂxz)dlbz}

[n|=1

1 1 1
2k (A2)kyT (L — A1) 1-h)—d-1 ’
A= B (1o ; jm —&| +a(m —£)]"" @,
namely, (22) follows, which is equivalent to (14).
g

The theorem is proved.

Theorem 2 The following statements are equivalent:
1 1
(i) Both ki (A2)k! (A — A1) and k,\(x—2 + 2= “) are independent of p, q;
1 1
(i) kY )k O = A1) < Ko (2 + 250);
(lll) AM+Ay=A;
1 1
Pl
(iv) % is the best possible constant factor of (14);
17 q
() % is the best possible constant factor of (22).

If the statement (iii) follows, namely, A; + A; = A (or d = 0), then we have the following
2k; (A2)

inequality equivalent to (15) with the best possible constant factor (et

) ] Py p
Z[m—mwm—m]"”l{z kx(lWl—El+a(M—€),In—n|+ﬁ(n—n))am} }

In|=1 |m|=1
1
p

2k ad )
< 1= ﬂz)l/;(()fz o2)la i Z [Im—&|+a(m- S)]p(l ) lafn} . (25)

|m|=1

In particular, for o = 8 =& =1 =0,a_,, = ay,b_, = b, (m,n € N) in (25), we have the
following inequality equivalent to (16) with the best possible constant factor & (A;):

»

00 00 P 117 o
|:an’\2‘1<2k,\(m,n)am) i| <k (x2) [Zmp(l_kl)_laﬁq} : (26)
m=1

n=1 m=1
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1 1
Proof (i) = (ii). Since k; (A2)k; (A — A1) is independent of p, g, we find
1 1 1 1
kf ()»z)kf (}\. - )»1) = lim llnil k}lj ()»z)k}? ()\, — )\1) = k)\()»z).
q—>o0 p—1*

Then by Fatou lemma (cf. [39]), we have the following inequality:

Ay A—A P s N
kk<—2 R ) ~ lim (xz . 5) > K (ha) = K7 Gua)kf O — ).
p q

q q—> 00

1 1
(i) = (iii). If k&7 (A2)k, (A = Aq) < k)\(%2 + %), then (20) is an equality. By the proof of
Lemma 6, it follows that A; + Ay = A.
(iii) = (i). If A1 + A = A, then we have

Ay A—A 1 i
b <_2 N 1) = kP )k (= 21) = K (ha).
p q

Both k% ()\2)]()% (A =2X1) and k,\(% + %) are independent of p, g.

Hence, we have (i) < (ii) < (iii).

(iii) < (iv). By Lemmas 5 and 6, we obtain the conclusions.

(iv) < (v). If the constant factor in (14) is the best possible, then so is the constant factor
in (22). Otherwise, by (23), we would reach a contradiction that the constant factor in (14)
is not the best possible. On the other hand, if the constant factor in (22) is the best possible,
then so is the constant factor in (14). Otherwise, by (24), we would reach a contradiction
that the constant factor in (22) is not the best possible.

Therefore, the statements (i)—(v) are equivalent.

The theorem is proved. d

4 Operator expressions
We define functions

p(1-11)-d-1

P(m):=[|lm—&| +a(m-§)] . Y =[ln-nl+Bn-n)

]q(l—)»z)—d—l

’

where

Ao +d)—d-1

WP (n) = [In =l + Bln -] (Iml, In] €N).

Define the following real normed spaces:

o0 »
lp,qﬁ = ia = {dm}ryon\:l; ”ﬂ”p,zﬁ = (Z ¢(m)|ﬂm|p> < OO};

[m]=1

%0 3
Loy = {b = {bu} 513 1bllgy = <Z w(n)wm) < oo},

Inl=1

1
o »
lp,x/,lfp = :C = {Cn}r;f\ﬂ; ||C||p,¢1fp = (Z wl"’(n)lbnl") < OO]

[n]=1

Page 13 of 17
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Assuming that a € /, 4 and setting

o0
c= {cn}lo,f‘:l,c,, = Z ke y(m,n)ay,, |n| €N,

[m]=1

we can rewrite (22) as follows:

1 1
el s < 2ky (Aa)k! (A — A1)
PV (1= B2)Up(1 — a2) Ve

lallpp < o0,

namely, c€ [, j1-p.

Definition 2 Define a Hilbert-type operator T':l,4 — 1, ;1-» as follows: For any a € [,
there exists a unique representation 7a = ¢ € 1, ,1-p, satisfying for any [n| € N, Ta(n) = c,.
Define the formal inner product of Tz and b € [y, and the norm of T, as follows:

(Ta,b):=) ( > ke (m, n)am) by =H,

[n|=1 \|m|=1
I Zall, y1-»

171 ==
a)el,,  Nallpg
By Theorems 1 and 2, we have

Theorem 3 Ifa € l,4,b € l;y, |allps, |Dllgy > O, then we have the following equivalent
inequalities:

1 1
2k” (oK (0= )
g =g 4le 1Bl

(Ta, b) < (27)

1 1
2/(){? (}»g)k}? ()\, - )\1)
< Gy = grya Ml

I Tall ) y1-» (28)

Moreover, M1 + Ay = A if and only if the constant factor

1 1
2k) M)k (=) (- 2k; (A2)
(1- ﬁZ)I/p(l —a?)lq - (1- IBZ)l/p(l —a?)lg
in (27) and (28) is the best possible, namely,

24;.(A2)
(1 _ ﬁ2)1/p(1 _ a2)l/q'

1T = (29)

Examplel Fori >0,0<0 <1, €(0,1)N(0,1] (i = 1,2), setting k; (x,y) = W (x,y >
0) yields that
1
ke, (m,n) = (Iml,|n| €N),

{llm =&l +a(m=8)] +[In-nl+ Bln—n)]" P

Page 14 of 17
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k. (%, y)x*171 (resp. k; (x,y)y*271) is strictly decreasing and strictly convex with respect to

x>0 (resp. y > 0), such that

00 My—l e 1 oo V(y/a)—l
k)= | " = | T —a
) /0 L+ ueyie U/O L+ @

1 A—
B(Z. y>€R+ ()/:)\.2,)\—)\‘1).
o o

o

By Theorem 3, it follows that 1, + A, = A if and only if

e 2 Lp(l 2 (30)
- 1- ‘32)1/17(1 —a?)V1 o o o)
Example?2 For0<Xx <1,%;€(0,A)N(0,1] (i = 1,2), setting k, (x,y) = i;x(’_c/yyx) (x,y > 0) yields
that
I L=t lran=¢)
ke (m,m) = e (1ml, In] €N),

[lm =& +a(m &) —[In—nl+ Bln—n)]*

ki (%, y)x*171 (resp. k; (x,y)y*271) is strictly decreasing and strictly convex with respect to
x>0 (resp. y > 0), such that

© uwlny T 2
k = d = R+ =)\, ,)\.—)\, .
+() /0 w1 [Asin(ny/k)] € (v =2 1)

By Theorem 3, it follows that A; + A, = A if and only if

1T = (31)

2 T ’
(1-B2)Vr(1 - a?)VVa I:k sin(nkg/k)] ’

5 Conclusions

In this paper, by means of the weight coefficients, the idea of introduced parameters and
the technique of real analysis, a more accurate Hilbert-type inequality in the whole plane
is obtained in Lemma 4, which is an extension of (1). An equivalent form is given in The-
orem 1. The equivalent statements of the best possible constant factor related to several
parameters are considered in Theorem 2. The operator expressions and some particular
cases are provided in Theorem 3, Remark 1 and Examples 1-2. The lemmas and theorems

provide an extensive account of this type of inequalities.
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