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1 Introduction
Integral operators are very useful in the theory of differential equations and boundary
value problems. They are applied to formulate and solve mathematical models of real
world problems; nowadays fractional integral operators are frequently studied to extend
and generalize classical subjects. Fractional integral operators have converted the classical
notions into modern concepts. In the recent past, fractional integral operators were uti-
lized extensively to study the classical inequalities, see [2, 3, 6, 8,9, 13, 14, 16-18, 20, 22]
and the references therein.

The aim of this paper is to give several integral inequalities for strongly convex functions,
resulting in refinements of the integral inequalities presented in [16], also [8, 9, 12]. For
this purpose, we will need the following integral operators:

Definition 1 ([15]) Let 73 : [4,b] — R be an integrable function. Also let 7, be an increas-
ing and positive function on (g, b], having a continuous derivative t; on (a, b). The left-
and right-sided fractional integrals of a function t; with respect to another function 7, on
[a, D] of order ;« where (i) > 0 are defined by:

el T (x) = %,u) / (T2() = rz(t))’klré(t)rl(t) dt, x>a, (1.1)
and
b
olrti(x) = ﬁ / (ra2() - rz(x))ufltz’(t)rl(t) dt, x<b, (1.2)

where I'(-) is the gamma function.
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A k-analogue of the above definition is defined as follows:

Definition 2 ([1]) Lett; : [a,b] — R be an integrable function. Also let 7, be an increasing
and positive function on (4, b], having a continuous derivative t; on (a, ). The left- and
right-sided fractional integrals of a function 7; with respect to another function 7, on [4, b]
of order p; R(w), k > 0 are defined by:

’;21§+ 7(x) = ﬁ(ﬂ) / (tz(x) - Tz(t)) %_lrz/(t)rl(t) dt, x>a, (1.3)
RIK 7(x) = ’ - ks
w11 x) = KT () (Tg(t) 'L'2(x)) L,{Ont)dt, x<b, (1.4)

where I'x(+) is defined by [5]
o0 tk
Ci(x) = / Fle®dt, Rx)>O0. (1.5)
0

The integral operators (1.3) and (1.4) produce several fractional integral operators, see
[16, Remark 1]. A well-known Mittag-Leffler function is defined by [19]

o0 Zn
z) =;m, (1.6)

where o,z € C and R(x) > 0.

This function has been extended and generalized in several different ways. In the follow-
ing, we give a definition of an extended Mittag-Leftfler function with its corresponding
fractional integral operator.

Definition 3 ([2]) Let w,u,a,L,y,c € C, R(w), R(x), R() > 0, R(c) > R(y) > 0 with p > 0,

§>0and 0<k <8 +M(u).Lett; € L1 [a, b] and x € [a, b]. Then the generalized fractional
y,8,k,c

integral operators €, ', .71 and e’ L lw ,-T1 are defined by:
(€rnie 1) (ip) = / (=) EN (0(x - )" p)Ti(t) dt, (1.7)
(ehaos T1)(ip) = (t JE ) ((t -V p)ue) di (L8)
ualwb 1 X p) = x ool (Cl) x »P)Tl ’ :
where
ad +nk,c— " £
E}:ill(c(t ):Z,Bp(y nK, c V) () nk (1.9)

~  Blric-y) Tun+a)Dus
is the extended Mittag-Leffler function.

Recently, a unified integral operator was defined, which unifies several fractional inte-
grals in a compact formula as follows:

Definition 4 ([11]) Let 73,75 : [a4,b] — R, 0 < a < b, be functions such that t; is positive
and 7; € L;[a, b] and 1, is differentiable and strictly increasing. Also let % be an increasing
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function on [a,00) and &, [, v,c € C, R(), R(]) > 0, R(c) > N(y) >0, p, u, 6 >0,and 0 < k <
8 + . Then for x € [a, b], the left and right integral operators are defined by

(o FOT ) (v, w3 p) = / KY(EN 0:0)11(0) d(129), (1.10)
b Jk,
(07 T) (@, 03p) = / KE(EVY, 13 0) 11 (0) d (), (1.11)

8k 8k,
where K (E], o/}, 723 §) = 22EER0) E100 (0o(1 (%) - T2 ()3 ).

For suitable settings of functions ¢, 7, and certain values of parameters included in
Mittag-Leffler function (1.9), very interesting consequences are obtained which are de-
scribed in [16, Remarks 6 & 7].

The objective of this paper is to obtain some inequalities for unified integral operators

via strongly convex functions.

Definition 5 A function 77 : I — R, where [ is an interval in R, is said to be convex if

T1 (tx +(1- t)y) <ttix)+ (1 -)nrl) (1.12)
holds for all ,y € I and ¢ € [0, 1].
The following well-known Hadamard inequality holds for convex functions:

Definition 6 ([7]) Let 7; : I — R be a convex function on an interval I C R and a,b € I

where a < b. Then

b b b
f1(a; )S bia/u Tl(t)dffitl(a);rl( )

holds.

Definition 7 ([21]) Let I be a nonempty convex subset of the normed space X. A real
valued function t; is said to be strongly convex with modulus G > 0 on [ if for each a,b € I
and ¢ € [0,1],

T1 (tx +(1- t)y) <tni(x)+ (1 -1 (y) - GtQ - t)||b - a|*. (1.13)

In the following, we give some results which are directly linked with the main findings
of this paper. The following bounds of unified integral operators for convex functions are
established in [16]:

Theorem 1 Lett; : [a,b] — R be a positive integrable convex function with m € (0,1]. Let
7y : [a,b] — R be differentiable and strictly increasing function, also let % be an increasing
function on [a,b]. If a,1,y,c € C, RN(a),R() >0, R(c) > R(y) >0, p,u,6 >0, and 0 < k <
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8 + 1, then for x € (a, b) we have

(o Eom) @wip) + (o Flyym) (6 0:p) (1.14)
<Ke(EL 7 150) (@) - @) (1) + 71(a)))
+ Ky (E); ‘;]; ,12:0) ((12(8) — T2(%)) (11 (B) + 1 (%))).

The following Hadamard inequality for unified fractional integrals is proved in [16]:

Theorem 2 Under the assumptions of Theorem 1, in addition if t1(x) = t1(a + b — x), then
we have

(50 (LA @)+ (oELLET) i) 115
( F;(fozlb‘ )(a,a);p) ( F¢ala+ rl)(ba)p)

< 2K} (El; P 12:0)) (12(6) - (@) (1 () + T (a)).

The following modulus inequality is obtained for unified integrals in [16].

Theorem 3 Let 11 : [a,b] — R be a differentiable function. Let |t{| be convex with m €
(0,1] and t, : [a, b] — R be differentiable and strictly increasing function, also let % be an
increasing function on [a,b]. If a, 1, v, c € C, R(a), N(l) > 0, R(c) > R(y) >0, p, 0,8 >0, and
0<k <§+ u, then for x € (a,b) we have

I( Pzgla]ﬁ T % To) (%, w5 p) + (rzF,f:ur 11 % 7o) (%, 3 p) | (1.16)

< KL(EL 0 m50) (@) - m@) (|1@)] + |1@)]))
+ K (B, 150) ((2(0) — @) (|7{(B)] + | 7/ ()],

where
(o FOTry % 1) (05 p) —/ KL 1)1 (8) d(a(D)),
(TZF;foblictl*tz)(x,w;p) ::/ I<x(EZi];C,‘L'2;¢)T{(t)d(l’2(t)).

In the upcoming section, we establish the bounds of a unified integral operator using
strongly convexity. An Hadamard inequality is obtained for these integral operators via
strongly convex function. A modulus inequality is obtained for differentiable functions by
utilizing strongly convexity of | 7{| for unified integral operators. Furthermore, refinements
of results given in [8, 16] are identified. In the whole paper we will use

1 b

I(a,b, 1)) =: T

‘L’z(t) dt.

2 Main results
Bounds of unified integral operators (1.10) and (1.11) are studied in the following result:
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Theorem 4 Let 11 : [a,b] —> R be a positive, integrable and strongly convex function with
m € (0,1]. Let 1y : [a, b] —> R be differentiable and strictly increasing function, also let % be
an increasing functionon [a,b]. If o, 8,1, v, c € C, R(a), R(I) > 0, R(c) > N(y) >0, p, u,8 >0,
and 0 < k <8 + |, then for x € (a, b) we have

(o EOTn) (v, 3 p) + (o FO ) (v, 005 p) (2.1)
< KE(EV244, 205 0) (1) — (@) (1 ) + 71(a)
- Gx - a)(2U(a, %, 1iw) - (a + x)1(a,x, 7))
+ K (EV 1:0) (2(0) - 1) () + 11 ()
- G(b-x)(2I(x,b,1472) — (x + b)I(x,b, T2))),

where 1, is the identity function.

Proof Lett € (a,x). Then the following inequality holds:
KL(ED 1) Th(8) < KE(EVSYS, 1a0) T (8), 4 € (a,b). (2.2)

Since 1, is a strongly convex function, for 7; the following inequality holds true:

r1(t)§(x_t)rl(a)+(t_
X—a X —

Multiplying (2.2) with (2.3) and integrating over [a,x], one can obtain

Z)rl ) = Glx— )t - a). 2.3)

/ K, (E;]:ZI;C’ 72;0)71(2) d(72(2))
= Ki(Eai" i) (fﬂa) f (%) d(r(0) + 1) f (fc‘ Z) d(r(0)

_ G/x(x— Ot - a)d(tg(t))).

By using (1.10) of Definition 4 and integrating by parts, the following inequality is ob-
tained:

(wEplicn) (x wip) (2.4)
<K (L1 wi0) (n@) - 1)

X (‘L’l ®x) +1 (a))) —Gx— a)(ZI(a,x, 1;1o) — (a +x)(a,x, 12))).
On the other hand, the following inequality holds true:
KE(ELSN T 0) 73(8) < K (ELSN S, 19)T4(8), %€ (a,b). (2.5)

Using strongly convexity of 7;, we have

n) < <t_x)tl(b) + <b_t)n(x) _GU-)(b-1). (2.6)
b—x b
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Adopting the same procedure as we did for (2.2) and (2.3), the following inequality from
(2.5) and (2.6) can be obtained:

Y50,k
(25 m) (5 3 p) (2.7)
8.k,
<Ky (B g w5 ¢)

x ((12(b) = (@) (11(B) + 1 (%)) = G(b — %) (21 (%, b, I;T5) — (x + b)I(x, b, T5))).
By adding (2.4) and (2.7), (2.1) is obtained. O

Remark1 (i) If wetake G = 0in (2.1), then (1.14) is obtained. In other words, (2.1) provides
a refinement of (1.14).

(ii) If we take ¢(¢) = ];((I?;)(tf) ,G=0, 1(x) =x, and p = w = 0 in (1.14), then [9, Theorem 1]
is obtained. For G # 0, we get its refinement.
(iii) If we take « = B in the result of (ii), then [9, Corollary 1] is obtained. For G # 0, we

get its refinement.

(iv) If we take ¢(¢) = %f‘lg(tf) ,G=0,and p = w =0 in (1.14), then [12, Theorem 6] is ob-
tained. For G # 0, we get its refinement.

(v) If we take & = 8 in the result of (iv), then [12, Corollary 7] is obtained. For G # 0, we
get its refinement.

(vi) If we take ¢(¢) = I'(a)t*, G = 0,and 7,(¢) = tin (1.14), then [4, Corollary 1] is obtained.

For G # 0, we get its refinement.

Corollary 1 If we take ¢(t) = I'(@)t*, p = w = 0 in (2.1), then the following inequality is
obtained for fractional integral operators defined in [15]:

()27 (x) + T ()L 1 (x) (2.8)
< (@) - @) (1@ nE - 1@n@) - (uE) - 1@)iax 1)
+ (1) - @) (1 B)Tab) - 1O TE) - (11(b) - 1)) (%, b,g))
- G((22() - ()" (b = %) (2L (%, b, IyTs) - (x + D) (%, b, T»)

+ (Ta(x) - tz(a))a_l(x - a)(2(a,x,1;72) - (x + a)l(a, %, T5)).

Remark 2 (i) If we take G = 0 and @ = 8 in (2.8), then [13, Theorem 1] is obtained. For
G #0, we get its refinement.

(ii) If o« = B in the result of (i), then [13, Corollary 1] is obtained. For G # 0, we get its
refinement.

(iii) If we take 75(x) = x and G = 0 in (2.8), then [8, Theorem 1] is obtained. For G # 0, we
get its refinement.

(iv) If we take o = B in the result of (iii), then [8, Corollary 1] is obtained. For G # 0, we
get its refinement.

(v) If we take o = B =1 and x = a or x = b in the result of (iv), then [8, Corollary 2] is

obtained. For G # 0, we get its refinement.

a+b

(vi) If we take & = 8 = 1 and x = 57 in the result of (iv), then [8, Corollary 3] is obtained.

For G #0, we get its refinement.
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To prove the the next result we need the following lemma.

Lemma 1 Let 14 : [a,b] — R be a strongly convex function. If 1, is symmetric about “;—b,
then the following inequality holds true:
b G
rl((“- ) <1(x)— —(a+b-2x)? (2.9)
2 4
forall x € [a,b].
Proof Since t; is strongly convex, we have
a+b 1 x—a, b-x x-—a b-x G
1:1( 5 ) < El:t1<—b_ﬂb+ b_ﬂa) + rl(b_aa+ b—ab)i| - Z(az+b—2x)2
1 G
= i(fl(x) +Ti(@a+b-x) - Z(ﬂ +b-2x)2
As 1y is symmetric about %, we have 71(x) = 71(a + b — x) and (2.9) holds. O

Remark 3 Lemma 1 is a refinement of [8, Lemma 1].

The upcoming result gives the Hadamard inequality.

Theorem 5 Under the assumptions of Theorem 4, in addition if t1(x) = t1(a + b — x), then

we have

a+b .8k, G 7,8,k,
2 < 5 )(QFS,;zbcl)(a, w;p) + 2 (QF;f,Z’fbf(a +b - 2x)*)(a, w; p) (2.10)

a+b V,8.k, G v,8,k,
+ (—2 >(,2Fj,;,jfaf1)(b, o)+ (o EO775 (@ + b - 2x)%) (b, w3 p)

D,v,8,k, DY 0.k,
S (fZF/L,Z,l,b’CTI)(d’ CU,P) + (TZF/L,;,l,a*CTI)(b’ a);p)

< (K§ (B w3 0) + K5 (E) 31 73 0))

x ((r2(b) = 12(@)) (11 (B) + 11(@)) — (b — 2)G(21(a, b, 1475) — (a + D)I(a, b,g))).
Proof The following inequality holds true:
KZ(EL2N i) 1y(0) < K (B2 105 ) 13(0), % € (a, ). (2.11)

Using strongly convexity of t; for x € (a, ), we have

o) < <Z‘“>n(b) + <z"x>n(a) _ Glx—a)(b-x). (2.12)

—-a
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Multiplying (2.11) and (2.12) and integrating the resulting inequality over [, b], one can

obtain
fa ’ KZ(ELE 13 9) 1a () d (1))
< K (EV2, 105 0) (r1 (a) /a ' (%) d(ts(x))
+11(b) /b(z - :) d(n)) - G/ub(b —x)(x— a)d(rz(x))>.

By using Definition 4 and integrating by parts, the following inequality is obtained:

Y50,k
(uF07 ) (@, w3 p) (2.13)
< Ki(eg2t )

% ((12(b) - 12(@) (11 (b) + 11(@)) — G(b — @) (2(a, b, Is72) — (@ + b)I(a, b,g)))-

On the other hand, the following inequality holds true:

K (EVy s )1y () < Kit (EVS 125 6) 13 (%), % € (@, B). (2.14)

Adopting the same pattern of simplification as we did for (2.11) and (2.12), the following
inequality can be observed from (2.12) and (2.14):

K,
(rzfﬁ,g_iafn)(b, w; p) (2.15)
= K (B i)

% ((a(b) - (@) (11(B) + 71(@)) - G(b - @) (21(a, b, 1as) — (a + b)I(a, b, g))).
By adding (2.13) and (2.15), the following inequality can be obtained:

(ES e n) @ wip) + (o Fu i m) (b, wip) (2.16)
< (K (L2 ) + KL, 30)

X ((rz(b) - rz(a)) (T (D) + rl(a)) -G(b- a)(ZI(a, b, 1;75) — (a + b)I(a, b,g))).

Multiplying both sides of (2.9) by K g(EZ:Z’f‘C, 7y; ¢)d(72(x)) and integrating over [a, b], we
have

b b .
ao(57) [ K e ()
b
< / K3 (BN 15 0) 11 (0) d (1))

G (? ¢
-2 / K (EV24% 0530) (@ + b - 2002 d (02 ).
a
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From Definition 4, the following inequality is obtained:

a+b .
a5 ) A D G0p 217)
< (o FP% 05 0) (b, w3 p)
G @,y ,8,kc 2
_ Z(TZF/L,ﬂ,l,a* (a+b-2x) )(b, w; p).

Similarly, multiplying both sides of (2.9) by K¢ (E;,’i‘j’c, Ty;¢) d(72(x)) and integrating over

[a, b], we have

a+b k
T (T) (o F0771) (a, 03 p) (2.18)

¥ 0.k,
< (IZFZ”Z, l’h_crl) (a, w; p)

G

- 4 WL @+ b= 22" (@ 3p).

By adding (2.17) and (2.18), following inequality is obtained:

a+b v,8,k, G ,8,k,
T ( 5 ) (rzF,qj,xbfl)(“’ w;p) + 2 (,21-"/‘13,;[‘;],”(5; +b- 2x)2)(a, w; p) (2.19)

a+b . G .
+7 (—2 ) (QFE;;S; 1)(b, ;p) + " (TZFI%?; (a+b- 2x)2)(b, w;p)

Y50,k LY 8,k
S (‘EzFf’Z,l’b—Erl) (ﬂ, CU;P) + (TZFZ’Z‘La-*-Crl)(bv a);p)

Using (2.16) and (2.19), inequality (2.10) can be established. O

Remark 4 (i) If we take G = 0 and « = § in (2.10), then (1.15) is obtained, for G # 0, we get
its refinement.

(ii) If we take ¢(t) = I'(@)t**!, p = w = 0 and G = 0 in (2.10), then [13, Theorem 3] is
obtained. For G # 0, we get its refinement.

(iii) If @ = B in the result of (i), then [13, Corollary 3] is obtained. For G # 0, we get its
refinement.

(iv) If we take ¢(¢) = F(a)t%"l, G =0, »p(x) =x and p = w = 0 in (2.10), then [9, Theo-
rem 3] is obtained. For G # 0, we get its refinement.

(v) If we take @ = B in the result of (iv), then [9, Corollary 6] is obtained. For G # 0, we
get its refinement.

(vi) If we take ¢(¢) = T(@)t%*!, G =0 and p = w = 0 in (2.10), then [12, Theorem 11] is
obtained. For G # 0, we get its refinement.

(vii) If we take a = B in the result of (vi), then [12, Corollary 12] is obtained. For G #0,
we get its refinement.

(viii) If we take ¢(¢) = t**1, 75(t) = t and G = 0 in (2.10), then [4, Corollary 3] is obtained.

For G #0, we get its refinement.

Page9of 13
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Corollary 2 Ifwe take p = w = 0 in (2.10), then the following Hadamard inequality is ob-
tained for fractional integral operators defined in [10]:

BN( 1 40\, . G 1 4o
n(“; )(F@fﬁ Qun+—(F(fﬁ.m+b—m¥)m) (2.20)

a+b 1 o 1 9
”1(T>(F<ﬂ) « )” (F(ﬂ)Ff (“b_zx))(b)

< L b2 I = 1)
—(F<a)F”‘ ”)(“)+(r(ﬂ>Fﬂ* “)"’)

< 21(1:2 (t! X; ¢)
x ((12(b) — 12(@)) (11 (b) + T1(@)) — G(b — ) (21(x, b, I;75) — (x + b)I(x, b, T))).

Remark 5 (i) If we take ¢(t) = T'(@)t**!, p= w = 0, G = 0, and 7,(¢t) = ¢ in (2.20), [8, Theo-
rem 3] is obtained. For G # 0, we get its refinement.
(ii) If we take o = B in the result of (i), then [8, Corollary 6] is obtained. For G # 0, we get

its refinement.

Theorem 6 Let 1, : [a,b] — R be a differentiable function. Let |t]| be strongly convex
with m € (0,1] and t, : [a,b] —> R be differentiable and strictly increasing function, also
let % be an increasing function on [a,b]. If o, 8,1, y,c € C, R(a), R(I) > 0, R(c) > R(y) > 0,
P18 >0,and 0 <k <8+ u, then for x € (a,b) we have

b,y 8.k¢ . b8

|(,F s T ©) % w;p) + (; Fﬂﬁlb_ 11 % ) (%, @3 )| (2.21)
< K{(E[ 0" v 9)
x ((2(®) - (@) (|7{®)| + |11 (@)]) — Gl&x — @) (20(a, %,14T2) — (a + x)](a, %, T2)) )
+K,’,‘(E,’;Zlf, 73;0) ((72(b) — 1)) (|7{ (B)] + | 7] (®)])

-G(b-x) (2I(x, b,1;15) — (x + b)I(x, b, 12))).

Proof Using strongly convexity of |t]|, we have

|7:1(t)| ( >| 1(a)| ( )|t1(x)|—G(x t)(t — a). (2.22)

Inequality (2.22) can be written as follows:

_<(%>\r{(a)|+( )\1 )| - G( —t)(t—a)) (2.23)

<7

5(< >|1a)|< >|1x)|—G(x—t)(t a))

Let us consider the second inequality of (2.23), namely

qms< )m)l< ylmpcutm a). (2.24)
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Multiplying (2.2) and (2.24) and integrating over [a, x], we can obtain
/ KBy m39) T () d(1a(0)
,C , Ylx—t
EK;( Zi]; T2 ¢ <|71(ﬂ)|/ (E) d(‘rz(t))

|rl(x)|/ (t “) (1al0)) - /(x £t - a)d(rz(t))).

By using (1.10) of Definition 4 and integrating by parts, the following inequality is ob-
tained:
(o E27 0T % 1) (3%, 3 ) (2.25)
< KE(EV2, 13;0) (%) — T2(a))
x (|t1@)] + |t](@)]) - Glx - a)(21(a, %, 14T2) - (a + x)1(a, %, 72))).

If we consider the left-hand side of inequality (2.23) and adopt the same argument as for
the right-hand side inequality, then we get

(o Fll i (r1 % 1)) (%, 5 p) (2.26)

> KL 759) (209 - @)

(|‘L’1(x)| |7,'1(a |) - Gx - a)(21(a,x,1d12) —(a+x)(a,x, 7,'2))).
From (2.25) and (2.26), the following inequality is obtained:

[(oF27 05 (11 % 12)) (x, @) | (2.27)

;Lozla*

<K}(E]; i,; 12:0) (%) — 12(@))

X (|r1(x)| + |t1’(a)|) - G(x—a)(Z[(a,x,Idrg) —(a +x)(a,x, 'L'g))).

Now using the strongly convexity of |z;|, we have

(0] < ( >|Tl(b>| < >|1x)|—G(t b -1) (2.28)

With the same procedure as that used for (2.2) and (2.22), one can obtain the following
inequality from (2.5) and (2.28):

|( F%?b (11 % 12)) (%, 3 p)| (2.29)
< K"(Ey Sk 5 150) ((r2(b) - 12(x))

X (|rl/(b)| + |r1/(x)|) -G(b —x)(21(x, b, I;7y) — (x + b)I(x, b, 'Cz))).

By adding (2.27) and (2.29), inequality (2.21) can be achieved. O
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Remark 6 (i) If we take G = 0 and @ = $ in (2.21), then (1.16) is obtained. For G # 0, we get
its refinement.

(i) If we take ¢ (£) = T(@)t k™!, G = 0, 1o (x) = x andp = w = 0in (2.21), then [9, Theorem 2]
is obtained. For G # 0, we get its refinement.

(iii) If we take & = B in the result of (ii), then [9, Corollary 4] is obtained. For G # 0, we
get its refinement.

(iv) If we take « =B =k =1and x = % in the result of (iii), then [9, Corollary 5] is
obtained. For G # 0, we get its refinement.

(v) If we take ¢(¢) = £**1, To(x) =%, p = w = 0 and G = 0 in (2.21), then [8, Theorem 2] is
obtained. For G # 0, we get its refinement.

(vi) If we take « = B in the result of (v), then [8, Corollary 5] is obtained. For G # 0, we
get its refinement.

(vii) If we take ¢(t) = F(a)t%”, T(x) =x, p=w=0and G =0 in (2.21), then [12, Theo-
rem 8] is obtained. For G # 0, we get its refinement.

(viii) If we take o = B in the result of (vii), then [12, Corollary 9] is obtained. For G #0,
we get its refinement.

(ix) If we take ¢(¢) = £%, 15(x) = x and G = 0 in (2.21), then [4, Corollary 2] is obtained.

For G # 0, we get its refinement.

3 Concluding remarks

This research provides inequalities for unified integral operators for strongly convex func-
tions, refined form of convex functions. These inequalities provide refinements of the re-
sults proved in already published works. The special cases also provide results for frac-

tional integral operators and their refinements.
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