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1 Introduction

Flow control problems have been widely used in science and engineering. Finite element
[2, 5], finite difference [28], and spectral [7] methods have been employed to numerically
solve them. Finite volume method is an effective discretization technique for partial differ-
ential equations. Due to its local conservative property and other attractive properties, the
finite volume method is widely used in the numerical approximation fluid dynamics. Since
the method was proposed, there have been a lot of studies of mathematical theory for the
finite volume method in the literature (1, 3, 4, 6, 10, 11, 14, 15]. Bank and Rose obtained
some results for elliptic boundary value problems that the finite volume element approxi-
mation was comparable with the finite element approximation in H'-norm which can be
found in [1]. In [15], the authors presented the optimal L?-error estimate for second-order
elliptic boundary value problems under the assumption that f € H*, they also obtained
the H'-norm and maximum-norm error estimates for those problems. In [6], Chatzipan-
telidis proposed a nonconforming finite volume method and obtained the L2-norm and
H'-norm error estimates for elliptic boundary value problems in two dimensions. The au-
thors discussed a priori estimates for a linear elliptic optimal control problem in [26], they
derived the optimal order error estimates in L? and L*-norm for the state, costate, and
control variables, and the optimal H' and W'*-norm error estimates for the state and
costate variables. At the same time, there are some other literature works to study optimal
control problems [8, 9, 16, 19-25].
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In fact, finite volume methods lie somewhere between finite difference and finite ele-
ment methods, they have a flexibility similar to that of finite element methods for handling
complicated solution domain geometries and boundary conditions, and they have a sim-
plicity for implementation comparable to finite difference methods with triangulations of
a simple structure. The finite volume methods and finite element methods are commonly
employed in computational fluid mechanics and computational solid dynamics, where the
finite volume method is traditionally associated with computational fluid mechanics and
the finite element method is associated with computational solid dynamics. In general,
two different functional spaces (one for the trial space and one for the test space) are used
in the finite volume method. Owing to the two different spaces, the numerical analysis of
the finite volume method is more difficult than that of the finite element method and fi-
nite difference method. In [18], the authors developed a family of stabilized discontinuous
finite volume element methods for the Stokes equations. A priori error estimates are de-
rived for the velocity and pressure in the energy norm, and convergence rates are predicted
for velocity in the Ly-norm under the assumption that the source term was locally in H;.
In [13], the authors established a general framework for analyzing the class of finite vol-
ume methods for the Stokes equations. Under the framework, optimal L, error estimates
for velocity were obtained for the first time for several different finite volume methods.
In recent years, the authors studied the Legendre—Galerkin in spectral approximation of
distributed optimal control problems governed by Stokes equations. They derived a pri-
ori error estimates in both H; and L, norms for the Legendre—Galerkin approximation of
the unconstrained control problems in [7]. However, a priori error estimates for the finite
volume element approximation of optimal control problem governed by Stokes equations
have few papers to study.

In this paper, we mainly establish finite volume schemes for Stokes optimal control
problem and obtain some optimal order error estimates. Firstly, we use the finite volume
method to discretize the state and adjoint equation of the optimal control problem. Then,
applying the variational discretization concept [17], the control variable is not discretized
directly, but discretized by a projection of the discrete costate variable. At last, we obtain
some optimal order error estimates under some reasonable assumptions.

In this paper, we adopt the standard notation W™?(Q2) for Sobolev spaces on 2
with a norm [[v|l,, given by [VIp = >0 < ||D°‘v||12,,(9) and the semi-norm | v [}, ,=
> alem ||D°‘V||IZP(Q). We set W,"(Q) = {v € W™P(Q) : v |sq= 0}. For p = 2, we denote
H™(Q) = W™X(Q), Hy'(R2) = W5 (), Il lm = Il llma, and [| - | = [| - lo2- Let || - [l denote
the maximum norm, ||f||o = esssup,.q [f(®)]. L3(RQ) = {g € L*(Q); [, q = 0}. As usual, we
use (-,-) to denote the L2(2)-inner product.

In this paper, we consider the following Stokes optimal control problem:

min > lly = yallacg, + lull? (L1)
uetiny 27 " alz@ T 5 1@y :

- vAy+Vr=f+u, ing, (1.2)
V.y=0, ing, (1.3)

y=0, ond<, (1.4)
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where  C R? is a bounded convex polygon domain with boundary 92, f € L?(2)? or

H}()?% v >0 is a given constant, and y, u are unknown functions, U, is denoted by
U,y = {u e L*(2)? : u(x) > 0, a.e. in Q}
Let
a(y,w)=v ‘/;2 Vy-Vw, Ywe H(}(Q)Z,
b(w,r) = /;zrV -w, Y(w,r)e H(%(Q)2 X L(Z)(Q),
(u,w) = /Q u-w, Y(u,w)eLi(Q)* x Hy(Q)>
The bilinear form b(-, -) relating the functional spaces for velocity and pressure satisfies

the following Babuska—Brezzi condition (see [27] for example): there exists a constant
¢ > 0 such that

b )
sup (V q)

n > sliqll- (1.5)
7€L5(Q) yeH} (@) Ivily

The weak formulation associated with the state equations (1.1)—(1.4) is given as follows:
find (y,r) € H}(R)? x L3(R) such that

1 9 1 .,
uréllllgd 5 ||)’ —J’d”Lz(Q) + 5 ”u”LZ(Q) (16)
aly,w)-bw,r)=(f +u,w), Ywe H&(Q)z, (1.7)
b(y,$)=0, V¢ elLi(Q). (1.8)

The paper is organized as follows. In Sect. 2, we present some notations and describe
the finite volume method briefly. In Sect. 3, we analyze the error estimates between the
exact solution and the finite volume element approximation. Finally, we give a conclusion

and some possible future work in Sect. 4.

2 Finite volume element approximation
As is shown in [15], the partition 7}, is quasi-uniform, i.e., there exists a positive constant
C such that

C'hW? <meas(V;) < Ch?, VVieT,.

For the convex polygon €2, we consider a quasi-uniform triangulation 7, consisting of
closed triangle elements K such that Q = | J keT;, K. We use N, to denote the set of all
nodes or vertices of 7;, N; denote the number of triangles in the primal partition. To define
the dual partition 7,* of 7y, we divide each K € 7}, into three quadrilaterals by connecting
the barycenter Cx of K with line segments to the midpoints of edges of K as is shown in
Fig. 1.
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Figure 1 The dual partition of a triangular K

Figure 2 The control volume V; sharing the same vertex z;

The control volume V; consists of the quadrilaterals sharing the same vertex z; as is
shown in Fig. 2.

The dual partition 7, consists of the union of the control volume V;. Let & = max{/},
where /ig is the diameter of the triangle K. The dual partition 7,* is also quasi-uniform.

We define the finite dimensional space V), associated with 7}, for the trial functions by
Vi ={v:ve L*(Q) v € P1(K)*,¥K € Ty, Vlsa = 0},

and define the finite dimensional space Qj associated with the dual partition 7,* for the

test functions by

Qu={a € L*()*:qlv € Po(V)’ ,VV € T/ qlv, =0,z € 92},
where V, is a dual element and P;(K) or P;(V) consists of all the polynomials with degree
less than or equal to / defined on K or V.

Let Ry, be the following finite dimensional space for pressure:

Ry ={reLy(Q):rlx € Po(K),Vk € Ty}
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To connect the trial space and the test space, we define a transfer operator I, : V}, — Qy,

as follows:

Lvw="Y_ va@)xo luvalv, = vi(z),  YVi €Ty,

zZ;eNy,

where y; is the characteristic function of V.
It is well known (see [12] for example) that there exists a positive constant C such that,
forallve V,

lv—1Iwvll < Chllvll, (2.1)

a(vp, Iyvi) = Cllvall}. (2.2)

The finite volume scheme of (1.6)—(1.8) is defined as the solution of the problem: find
(/i) € Vi X Ry, such that

a(yn, Iown) = bUpwi, i) = (f + up, Lwy),  Ywy, € Hy(Q)?, (2.3)

byyn, ¢n) =0, V¢ € Ry, (2.4)

where the bilinear forms a(yy, I,wy) and b(I,wy, ry) are defined by

alyw lwn) ==A Y wi(z) | Vy-nds, yu,wy € HY(Q) NV,
Zl‘ENh Vi

and

b(Iywy, rp) = Z Wh(zi)/ rpnds,  rp,wy € Ry NV,
Vi

z;eNy,

where n is the unit outward normal vector to aV;.
The bilinear form af(-,-) is not symmetric though the problem is self-adjoint. Then, for
all wy, vy, € Vy, there exist positive constants C and /4y > 0 such that [11], for all 0 < /1 < kg,

|a(wn, Invi) — a(vi, Inwn) | < Chllw 1 l|vall1. (2.5)
It is well known (see, e.g., [20]) that the optimal control problem (1.1)—(1.4) has a unique

solution (y,r,u), and that if a triplet (y,7,u) is the solution of (1.1)—(1.4), then there is
a co-state (p,s) € H3(Q)? x L3() such that (y,7,p,s, u) satisfies the following optimality

conditions:
aly,w)-bw,r)=(f +u,w), VYwe H&(Q)Z, (2.6)
b(y,$) =0, V¢ €Li(Q), 2.7)
alqp) +b(q,5) = (Y- ya,q),  Vq € Hy(Q)*, (2.8)
b(p,y)=0, Yy €Lj(Q), (2.9)

(u+p,v—u)=>0, Vvely. (2.10)
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We use the finite volume method to discretize the state and costate equation. Then the op-
timal control problem (2.6)—(2.10) can be approximated as follows: find (¥4, 71, pu, Si, i) €
Vi x Ry, x Vi, x Ry, x U, such that

ayn, Iywp) — bUnwi, 1) = (f + up, Lywy),  Ywy, € Vi, (2.11)
b(Inyn, on) =0, V¢ € Ry, (2.12)
a(pn, Ingn) + bngn, sn) = On — ya- Inqn),  Van € Vi, (2.13)
b(Inpn, ¥n) =0, Yy € Ry, (2.14)
(up +pny v —up) 20, Vv, € Uyq. (2.15)

3 L2 error estimates
In this section, we consider the error analysis of the finite volume element approximation.
Let (yn(u), (), pr (), su(y)) be the solution of

a(yn(ue), Iown) — b(ru(), Town) = (f + w, ywn),  Ywy, € Vi, 3.1)
b(Inyn(u), ¢n) =0, Ve, € Ry, (3.2)
a(pn®), Indn) + b(su ) Inqn) = (y1 () =y, Indn),  Van € Vi (3.3)
b(Inpn(), ¥n) =0, ¥, € Ry (3.4)

For y;,(u) and py(u), note that vy, = y,(uy) and py, = pu(uy).
Firstly, we give some intermediate error estimates.

Lemma 3.1 Let(y,r,p,s,u) and (Yu, 'y, Phy Sy un) € Vi X Ry X Vi X Ry, X Uy be the solutions

0f (2.6)—(2.10) and (2.11)—(2.15), respectively. Assume that (y,(u), ri,(w), pr(), su(y)) are the
solutions of (3.1)—(3.4), respectively. Then we have

(@) =y, + |70() = 74| < Cllue = i, (3.5)
|on®) = pa], + 560D = s < Clly = yall. (3.6)

Proof Subtracting (2.11)—(2.12) from (3.1)—(3.2), we have

a(yn(@) = yu, Inwn) = b(ri(w) = r, Inwn) = (u — wp, Iywy),  Ywy € Vy,

b(]h (yh(u) —yh),d)h) =0, V¢h € Ry,.
Let wy, = yu(u) — y4 and ¢y, = ry,(u) — ry,. Note that

b(Vh(M) — 11y (yh(u) —yh)) =0.

Then we can obtain

a(yn (@) = yu In(yn () = y)) = (w0 = v, I (yn () = y)). (3.7)
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By using (2.2), we have

C|lyn(u) - yn ||i < (v — wp, In (yn () = y1))
< Cllun — ull - | yn(@) = yu],- (3.8)

It is clear that we obtain
@) =y, < Clle = wyl. (3.9)
Then, we deal with this term |7, () — || by using (1.5)

”rh(lfi)—l"h”El su w

S wpeVy ”Wh”l

1 sup a(yu(e) = yu, Iywp) + (wp — w, Iywy)
S wheVy lwnll1

< llu = unll. (3.10)
Similarly, we can obtain

lon (@) = pu, + sutee) = su]| < Clly =yl (3.11)
This completes the proof. O

Lemma 3.2 Let (y,r,p,s,u) and (i, i, P, Sy ) € Vig X Ry X Vi X Ry, x U4 be the solutions
of (2.6)—(2.10) and (2.11)—(2.15), respectively. Assume A € W*®(Q) and f,y4 € H(Q)2.
Then we have

|n@) = p|| + |yn () - y|| < C?, (3.12)
||rh(u) - r|| + ||Sh(u) —s|| < Ch. (3.13)

Proof Similar to the proof of Theorem 4.1 in [29], directly apply Lemma 3.1 to readily

derive the following estimates:

|yn@e) =y, + |rutee) = || < Ch, (3.14)
|lpn(@) = p|, + ||sn(w) = s| < Ch. (3.15)

Then we will estimate the derivation of L2-estimates for y — y;,(«) and p — py(y). Let us
consider the dual problem: find (7, p) such that

—vAn+Vp=y—y,(u), inQ, (3.16)
V.n=0, in®, (3.17)

n=0, ondg, (3.18)



Lan et al. Journal of Inequalities and Applications (2021) 2021:4

which is uniquely solvable; moreover, the following H?(2) x H'(R2)-regularity is satisfied:

Inlla + ol < c|ly - yn@)]. (3.19)

Let n; € V}, be the usual continuous piecewise linear interplant; it is not hard to see that
there exists a constant ¢ independent of % such that

I =nrll2 < chlinll2. (3.20)

= nrll < ch* il (3.21)
Let IT denote the L?-projection from L3(2) to Qy,, we can get
lo-Tpll < chlpl. (3.22)

Since n; € Vj, is a continuous interpolant of 7,

a(y = yu(@), nr) + b(nr,r = ru(w)) = 0, (3.23)
b(y — yn(u), TIA) = 0. (3.24)

Multiplying (3.16) by y — y;,(u), integrating by parts, we can get

ly = yu@)||* = a(y - yu(@), n) - b(y - yu(w), p). (3.25)
Note that

b(npr = ru(u)) = —divng, r — rp(u)) = (Vr,n; = Inng) (3.26)
and

a(y = yn(@),n) = (V(y = yn(@)), Viir) = (A9, 01 = Iyny). (327)

Subtracting (3.23) from (3.25), we have

ly - yut)|®
= a(y - yu(w),n) — aly - yu(w), n1) = b(y — yu(®), p) — b(ns,r — ri(u))
=a(y - yn(u),n) — a(y — yn(), n1) + (divng, r = ru()) = (Ay, s — L)
+ (V7o =Inng) = b(y = yu(w), p) + b(y — yu(u), Tp)
=a(y - yn(u),n = ny) + (divng, r — r,(u))
+ (=0y + Vr,nr = Ing) = b(y - yu(w), p — Tlp)
=E +Ey+Es+Es (3.28)

For the first term of (3.28), we can obtain

Ey=a(y—yu(u),n—n)

Page 8 of 13
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< Cr|yll2lInll
< CH|Iylla ||y - yn(@)||. (3.29)

Then we estimate E, as follows:

E, = (div Ny, r— rh(u))
< |(div(n = np), r = ru(w))|
< CH|rllx ||y = yu(w) . (3.30)

By using (1.2), we can obtain

E3=(-Ay+ Vr,n—Iimp)
=(f +u,nr = Iynr)
< CR(IIf 1 + lully + Iyll2) |y = y() |- (3.31)

According to the quality of I, we have

Ey=b(y—yu(u),p - Tp)
< CH|Iylla ||y - yu(@)||. (3.32)

Putting (3.29)—(3.32) into (3.28), we can prove
ly = yn(@)]| < Ch?. (3.33)
In the same way, we can obtain

|lp - pu(w)| < CH*. (3.34)

Now, we estimate the error of the approximate control in L2-norm.
Theorem 3.1 Let (y,r,p,s,u) and (Y, tn, PrSwtn) € Vi X Ry x Vi X Ry, x U,y be the
solutions of (2.6)—(2.10) and (2.11)—(2.15), respectively. We assume A € W>*°(Q) and
f,y4 € HY(Q)%. Then we have the following error estimate:
llu — uy|| < CH2. (3.35)

Proof Letv=uy in (2.10) and v = & in (2.15), then we have

(u—p,up—u)=>0, (3.36)

(un — pnyu—up) > 0. (3.37)
By using (3.36) and (3.37), we obtain

2
cllu—upll” < (p—pnun—u)

Page9of 13
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= (p = Pn), un — u) + (pu(y) — pur i — 1)
= (0= pn ), wn — u) + (Iu(pn ) - pu), w, — u)
+ (2 = pn) = In(pny) — pn), un — u)
—E, +E, +Es. (3.38)

Now, we estimate all terms on the right-hand side of (3.38). From Lemma 3.2 and §-Cauchy
inequality, we have
Ey = (p—pu(y), un — u)
<Cllp-pu®| - e = ull

< Ch*||u— uy)|. (3.39)
Note that b(ry, — ry(u), In(pr(y) — pr)) = 0 and b(s,(y) — sp, In(yn — yu(u))) = 0, we have

Ey = (In(pn) — i), un — u)
= a(yn — yu(), In(pn(y) = i) = b(rn — i), I (pn(y) — pn))
= a(yn — yu(), In(pn ) — pn)) — a(pn(®) — pis In (1 — yu(w)))
+a(pn(®) = puo In(yn — yn(w))) = b(rn — (), In (pn () — pn))
= a(yn — yn(), In(pn®) — pi)) — a(prn(®) = pus In (1 — yu(w)))

+ (W) = s In (v = yu (1)) = B(55(¥) = s 1 (¥ — Y (W) ). (3.40)
By applying (y,(«) — yu, In(yn — yn(1))) < 0 and Lemma 3.2, it is clear that

Ex = a(yn — yu (), 1n(pn ) — pn)) = a(pn®) — o I (1 = ya(10)))
< Chllyn=yu@], - |pn®) ~pal,
< Chllu—ull - lly -yl

< Chlu—uyl - (CH* + ||lu - upll). (3.41)
According to (2.1) and Lemma 3.2, we obtain

Es = ((pn®) - pn) = In(pn(y) — pn), un — u)
< Chl|pn®) —pu|, - llu - uyl
< Chlly = ynll - lu—ull

< Chlu—uyll - (CH* + |lu - upll). (3.42)
Finally, we can derive the result (3.35) from (3.38)—(3.42). O

Theorem 3.2 Let (y,r,p,s,u) and (Y, tn, PrSwtn) € Vi X Ry x Vi X Ry, x U,y be the
solutions of (2.6)—(2.10) and (2.11)—(2.15), respectively. We assume A € W>*(Q) and
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f,ya € HY()?. Then there exists ho > 0 such that, for all 0 < h < hy,

lle = unll + lly = yull + lp - pull < CH, (343)

I =7ull + lls = sull < Ch. (3.44)

Proof Using the triangle inequality, we have

Iy = yull < ||y = yu@) | + ||yn (@) = yn

’

lp = pull < [P = pu)| + | pn () = pu .-

Lemma 3.1 implies that

Iy =yl < |y =yu(@)| + Cllu— usll, (3.45)

lp = pull < |p = pu@)] + Clly =yl (3.46)
By using Lemma 3.2, we can easily obtain

ly = yull < CH*. (3.47)
By using (3.47) and Lemma 3.2, we derive

lp = pull < Ch*. (3.48)

From (3.47)-(3.48), we can immediately obtain (3.43). In the same way, we can obtain
(3.44). 0

Next, we will discuss the error estimates of the numerical solutions of the state and

costate in H!-norm.

Theorem 3.3 Assume that A € W**°(Q) and f,ys € L*(Q)*. Let (y,7,p,s,u) and (yu, 11,
PioSitp) € Vi X Ry X Vi X Ry x U,y be the solutions of (2.6)—(2.10) and (2.11)—(2.15),
respectively. Then there exists hy > 0 such that, for all 0 < h < hy,

Iy =yulls+llp = pully < Ch. (3.49)

Proof Using the triangle inequality, we have

Iy =yull < |y = yu@) ||, + | (@) — yu

1’

lp - pull < |p - pu@)||, + | pa(@) - pu ;-

Lemma 3.1 implies that

Iy = yulls < |y = yu@)||, + Cllu = uall, (3.50)

lp = pull < |p = pa@)||, + Clly = yull. (3.51)

From Theorem 3.2, (3.14)—(3.15), and (3.50)—(3.51), we can easily obtain (3.49). O

Page 11 0f 13
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4 Conclusion and future works
In this paper, we considered a priori error estimates for the finite volume element approx-
imation of Stokes optimal control problem. Then we used the finite volume method to
discretize the state and adjoint equation of the system. Under some reasonable assump-
tions, we obtained some optimal order error estimates. The approximate orders for the
state, costate, and control variables were O(/?), and the approximate orders for the state
and costate variables was O(#) in the sense of L2-norm and H!-norm. To our best knowl-
edge, in the context of optimal control problems, these a priori error estimates of the finite
volume method for Stokes optimal control problem are new.

In future, we shall consider a posteriori error estimates and superconvergence of the
finite volume element solutions for Stokes optimal control problem.
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