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1 Introduction
Assuming that 0 < Y, a? <ooand 0 < Y o2, b2 < 00, we have the following Hilbert in-
equality with the best possible constant factor 7 (cf. [1], Theorem 315):

1/2

<n(2a sz) : (1)

m=1 n=1
If0< [;°f*(x)dx < 00 and 0 < [~ g%(y) dy < 00, then we still have the integral analogue
of (1) as follows (cf. [1], Theorem 316):

/ /OOfx+y dxdy<n</ fx)dx/ g(y)dy)m, 2)

where the constant factor 7 is the best possible. Inequalities (1) and (2) with their exten-
sions play an important role in analysis and its applications (cf. [2-13]).

The following half-discrete Hilbert-type inequality was presented in 1934 (cf. [1], The-
orem 351): If K(x) (x > 0) is a non-negative decreasing function, p > 1, 1 + ==1,0<¢(s) =
[ K@)x "t dx < 00, f(x) = 0,0 < [, fP(x) dx < 00, then

0011’”2 - d < P(x)d.
> ( /0 K(n)f () x) ¢P( ) / P dx. 3
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In recent years, some new extensions and reverses of (3) were presented by [14—19].

In 2006, by using Euler— Maclaurin summation formula, Krnic et al. [20] gave an ex-
tension of (1) with the kernel (0 < X < 14). In 2019-2020, using the results of [20],
A diyasuren etal. [21] Con51dered an extension of (1) involving the partial sums, and Mo et
al. [22] gave an extension of (2) involving the upper limit functions. In 2016-2017, by ap-
plying the weight functions, Hong et al. [23, 24] considered some equivalent statements of
the extensions of (1) and (2) with several parameters. For some similar work, see [25-28].

In this paper, following [21, 23], by the use of weight functions, the idea of introduc-
ing parameters, the reverse extension of (1) and the technique of real analysis, a reverse
Hardy—Hilbert-type integral inequality with the kernel )M (A > 0) involving one deriva-
tive function and the beta function is given. The equlvalent statements of the best possi-
ble constant factor related to several parameters are considered. The equivalent form, the
cases of non-homogeneous kernel and a few particular inequalities are obtained.

2 Some lemmas
Inwhatfollows,weassumethat0<p<1 + 2 L_1,A50,4,€0,A) (i=1,2),a:=A—A; —
A2, f(x) is a non-negative measurable functlon in R, =(0,00), and g(y) is a non-negative
increasing differentiable function unless at finite points in R,, with g(y) = o(1) (y — 0%),
2(y) = o(e?) (¢ > 0;y — o00) satisfying
[o¢] o0
0</ xPU=20-a=Lep () dx < 00 and 0</ yAl=22)=a=1a74(y) gy < 00,
0 0

By the definition of the gamma function, for A,x,y > 0, the following expression holds
(cf. [29]):

1 1 « A-1_—(x
- = / et gy (4)
x+p)* T@)Jo

where the gamma function is defined by
oo
I(a) :=/ et ldt (o> 0),
0
satisfying
MNa+1)=al(a) (a>0).
Lemma 1 Fort > 0, we have the following expression:
> —ty 1 > —iy ./
ePg)dy=" | €7g()dy. ()
0 0
Proof Since g(y) = o(1) (y — 0%), we find
| ergodr= [ e
0 0

=eVg(y)|3 —/ gy)de™ = hm & +t/ e 7g(y) dy.
0
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In view of g(y) = 0(e?) (t > 0;y — o0), we have lim,_, ge%') =0, and then

o0 o0
t / e gy dy = / e g (y) dy,
0 0

namely, Eq. (5) follows.
The lemma is proved. O

Lemma 2 Define the following weight functions:

o0 tkz—l
e A2
@ (A, %) 1= x /0 T D dt (x€R,), (6)
o) t)»l—l
RS
w(r1,y) =y /0 1o dt (yeR,). (7)

We have the following expressions:

@ (A2, %) =B(Ao, A —X2) (¥ €R,), (8)

w(A1,9) =B, A= 41)  (y€R,), )

tul

A+0)#v

where B(u,v) := fo dt(u,v > 0) is the beta function, such that

B(u,v) = T (v). (10

L r
Tz +v)

Proof Setting u = £, we find

o0 Ao—1 o0 lo—1
@ (A, ) = 5" 22 / (MLAx du = / L}\ du = B(Ag, L — Xp),
o (x+ux) o (1+u)

namely, (8) follows. In the same way, we have (9).
The lemma is proved. O

Lemma 3 We have the following reverse Hardy—Hilbert integral inequality involving one
derivative function:

ol

1 1
> BP (Mg, A = A2)Ba (A1, A — A1)

* i) a1 di 4(1-32)-a-1 sq g
XUO 2 f(x)dx} [fo y g (y)dy} . (1)

Proof By the reverse Holder inequality (cf. [30]), we obtain
/ / = fx)g ()/)
(x+ y)*

(r2-1)/p Ou-1)/q
//(x+y))\[xxlqu():||: Azl/pg(y)]dxdy
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[e'e) o0 1 y)\271dy }7
- {/o [/o Wm]f”(x)dx}
oo o0 1 M_ldx ) %
§ {/0 [/o (x+9)* W}g q(Y)dy}

= |:/°° w()nz,x)xp(lf)‘l)"’*lfp(x) dx]p
0

x [ / N w(ry,y)y 727 1g/(y) dy] " (12)
0

If (12) keeps the form of an equality, then there exist constants A and B, such that they
are not all zero, satisfying

r1-1

y p X rq .
A R lf y4k2 5 (y) a.e.in (0,00) x (0,00).

We assume that A # 0. For fixed a.e. y € (0,00), we have

B
afA-A-a1pp (y) = (qu(l_“)g’q(y))x_l_“ a.e. in (0,00).

Integration in the above expression, since foranya =X —1; — A3 €R, fooo x 1 dx = o0,
which contradicts the fact that
o0
0 </ KPU=2)=a=1 28 () dx < 0.
0
Therefore, by (8) and (9), we have (11).
The lemma is proved. O

3 Main results
Theorem 1 We have the following reverse Hardy—Hilbert-type integral inequality involv-
ing one derivative function:

1‘/ / <x+y>k+1 axdy

> B”()Lz,)» )»2)3‘7()»1,)» A1)

X p-Ar)-a-1gp de 4(-Ag)-a-1_rq 1
><|:/0 xP f(x)dxj| |:/(; ¥ g (y)dy] . (13)

In particular, for A1 + Ay = A (or a = 0), we reduce (13) to the following:

/ > f@)gl) dxdy

x+yk+1

1 %0 L opoo 1
>XB(x1,x2)( /0 x"(l‘“)"lfp(x)dx) ( /0 yqﬂ-w-lg’q(y)dy), (14)

where the constant factor %B(A 1, Ap) is the best possible.
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Proof Using (4) and (5), in view of the Fubini theorem (cf. [31]), we find

) ﬁ / °°/ Oof *)g) [ /Ooot(m)"le‘(’“”” dt] dxdy
F(A+ 1) / L < / e"”f(x)dx> ( /0 ) e”'g(y) dy> dt
W/ et 1(/00 ’”f(x)dx) (/Om gt /(y)dy) dt
AF(A) / / f@ev) [ / t*‘le‘("”’fdt] dxdy

*® f(x)g'(y)
mx)/o ey TV (15)

Then by (11), we have (13).
For a = 0 in (13), we have (14). For any ¢ > 0, we set

- 0, 0<x<1, - 0, O0<y=<1,
fx) = : 80)=9, -

K175 , x>1, yoa, y>1

We obtain g(y) = o(1) (y — 0%),8(y) = 0(e?) (¢ > 0;y — 00),8' () =0 (0 <y < 1), and

70)- (xz _ g)y o> 1).

If there exists a constant M(> %B()\l,kz)), such that (14) is valid when replacing
%B()\l,kz) by M, then in particular, by substitution of f(x) = f (%),g(y) = g(y) and ¢'(y) =
g'(y), we have

= [ S0
I.-/O \ ———dxdy

(x + y)*+L
> M|:‘/OOO xp(l—h)—l_}?p(X) dx] b [/Oqu(l—kz)_lg,q(y) dy] q ' -,

We obtain

~:: * p(1-11)-17p d ’ 00 q(1-19)-1~rq d g
j [/0 » f(x)x} [/Oy g(y)y]

(o[ ()

In view of the Fubini theorem (cf. [31]), it follows that

Ap—£

00 00 rp—£ 00 00
~ y q a—f_1 o1 U q
1= ——d ! dx = ————duld
/1 [/ (et Pl y]x b / * [/ L+ ”] ¥
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' : o0 o0 M)Lz—%

_ —s 1 —e—1

/ |:/ i+ )x+1 :| dx + /1 x [/1 7(1 T du] dx

1 o0 ro-£ 0 r-¢

_ —&—-1 u ? l/ u 1
= /0 (‘/}4 x dx) 7(1 T du + : . 7(1 T du

1 1 jotp o g
e [/o Wt */1 L+ upt d”}'

By (16), we obtain

R I u*r% _ ~ P
——du + ————du>el>eM]>M(|  y—— ).
o (T+u)! 1 (Lupt q
Putting ¢ — 0" in the above inequality, in view of the continuity of the beta function, we
find

Ao AT (A)T (A2)
—B(A,Ay) = ———— = B(A1, A 1) > MMA,,
N (A1, 22) AT0) (A, 22+ 1) 2

namely, %B()»l, A2) > M. Hence, M = %B(Al, Ap) is the best possible constant factor in (14).
The theorem is proved. d

Remark1 We set i := A1+§ = %+%‘,5\2 = A2+§ = % + %.Itfol]owsthat):l +hy = A

For
a=x-hi—x € (-prr,p(h - 1)),
we find 0 < A; <A, and then 0 < A, = A — A; < A. So we rewrite (13) as follows:
e [ [T L)
(x +y)k+l
> XBI% (Ao A — )»2)B% (A, A= A1)

* (1-A1)-1 ‘l’ oc (1-Ag)-1 s ;
x[fo # f”(x)dx] [/0 Y gqmdy}. 17)

Theorem 2 If the constant factor
1 1 1
XB" (A2, A = A2)B7 (A1, A — 1)
in (13) (or (17)) is the best possible, then .y + Ay = A.
Proof By (14) (for A; = A (i=1,2)), since
1 1 1
XBP (A2, A = A2)B7 (A1, A — 1)
is the best possible constant factor in (17), we have the following inequality:

1 1 1 1 ~ &
XBP (A2, A = A2)B7 (A1, A — A1) > XB(M;M) (e Ry),

Page 6 of 12
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namely,
A A 1 1
B(A1,A2) < BP (g, A — Ag)Ba (A, A — Aq).

By the reverse Holder inequality (cf. [30]), we obtain

A 00 u)zlfl
B(Ai,A9) = ———du
Guuria) /0 T

© 1 ik © 1 Adg-l Al
_ d _t d
/o v’ " /o rap @ 7 )T )du

yhra-l A oo Sl :
|: 1+ u)’\ :| |:/0 1 +u)* dui|

= BP (ha, o — Aa)B (1, A — ). (18)

v

It follows that (18) keeps the form of an equality.
We observe that (18) keeps the form of an equality if and only if there exist constants A
and B, such that they are not all zero and

A2 P =Byl ae inR,
(cf. [30]). Assuming that A # 0, it follows that

B
B Wi

a.e.in R,.
We have a = 1 — X1 — A5 = 0, namely, A; + Ap = A.
The theorem is proved. O

Theorem 3 The following statements (i), (ii), (iii) and (iv) are equivalent:
1 1
(i) Both B?(Ag, A — A2)B7 (A1, A — A1) and B(% + %1, % + %) are finite and
mdependent of b4

(ii) BI’ (Ao, A — k2)Bq (A1, A — A1) is equal to a single convergent integral

A o) M)\I*I
B(A1,Ag) = du;
Gourin) /0 e

(111) éfﬂ =A-A—XA € (—p)»l,p()\, - )\1)), then Ay + Ay = A;
(iv) the constant factor

1 1 1
XB;’ (A2, A = A2)B7 (A1, A — A1)

is the best possible in (13).

Proof (i) = (ii). In view of the assumption and the continuity of the beta function, we find

1 1
B?(Ag, & = A3)B4 (A1, h — A1)

Page 7 of 12
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1 1
= lim lim B?P ()\.2,}\. - )\2)3‘7 ()\.1,)L - )\.1) = B()\.z,)\. - )\.2),

p—~>17g—>-0

B(A1,As) = lim lim B

p—>1"g—>-00

A=Ay AL A=A A
( 2.4 Ly —2) = BOuy A — Ay).
p 9 q p

Hence, Bll’ (Ao, A — AZ)B% (A1, A — A1) is equal to B(A1, ), which is a single convergent
integral.

(ii) = (iii). Suppose that B% (Ao, A — Az)B% (A1, A — A1) is equal to a single convergent in-
tegral fo l+u 5 i1 du(e R ) Then (18) keeps the form of an equality. By the proof of

Theorem 2, we have A + Ay =
(iii) = (iv). If A1 + A5 = A, then by Theorem 1, the constant factor

1 1 1 1
XB" (A2, A = Xo)Ba (A, A — )»1)(= XB()LI:)\Z)>

in (13) is the best possible.
(iv) = (i). By Theorem 2, we have A1 + A, = A, and then

1 1
B? (Xo, A = Ag)B4 (A1, — A1) = B(A1,A2),

A—A A A—A A
B( 2 + —1, 1 + —2) =B()L1,)»2).
p q q p

It follows that both of them are finite and independent of p, g.
Hence, the statements (i), (ii), (iii) and (iv) are equivalent.
The theorem is proved. O
Remark 2 For a =0in (11), we have
/ / fg W 4,
(% + y)A

S B(AI,AZ)[/Ooxp(l—xl)—lfp(x) dx:|1; |:/Ooyf1(1—'\2)_1g'q(3’) dy] ! (19)
0 0

We conform that the constant factor B(A1, A;) in (19) is the best possible. Otherwise, we
would reach a contradiction by (15) (for a = 0): the constant factor in (14) is not the best

possible.
4 Equivalent form and some particular inequalities

Theorem 4 Inequality (13) is equivalent to the following reverse Hardy—Hilbert-type in-
tegral inequality involving one derivative function:

[ee] o0 q %
J:= {/0 xd1+a)-a-1 |:/0 7(96 f(;,/))ul dy] dx}

1.1 1 * (1=Ay)-a-1 s g
> B (o, k= 1) B (11,3~ ) / yi-aratga) gy | (20)
0

Page 8 of 12
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In particular, for A1 + Ay = X (or a = 0), we reduce (20) to the equivalent form of (14) as
follows:

{/Oooth_l [/000 %dy]qu}q > %B(M,Xz)[/ooqu(l_m_lg,q()’) dy] é, (21)

where the constant factor %B()\l, Ay) is the best possible.

Proof Suppose that (20) is valid. By the reverse Holder integral inequality (cf. [30]), we

have

_ *© %_)“1_1% —%Jrkﬁ% *© g()/)
1= /0 [x f(x)] [x /0 ey )l dy] dx
> { / Tt dx} ). (22)
0

Then by (20), we have (13).
On the other hand, assuming that (13) is valid, we set

00 -1
f(x) .= xdG+a)-a-1 |:/0 % dyi|q , x€R,.

If J = 0o, then (20) is naturally valid; if J = 0, then it is impossible to make (20) valid,
namely / > 0. Suppose that 0 < J < oo. By (13), we have

f T e ()
0
1

4 1 1 1 q-1 * q(1-r2)-a-1_/q !
:] :I> XBP()\z,)\,—)\.Q)Bq()‘tlr)\'_)‘l)] 0 y g (y)dy ’

(7 0 -a1pp g
J |:/o xP f(x)dx:|

1,1 i * 40a)-a1 g g
> —B? (X, A — X2)B7 (A1, A — A1) | y gyady| ,

>

namely, (20) follows, which is equivalent to (13).
The constant factor %B(Al, Ap) is the best possible in (21). Otherwise, by (22) (for a = 0),
we would reach a contradiction: that the constant factor in (14) is not the best possible.
The theorem is proved. g

Replacing x by %, and then replacing x*~1f (%) by f(x) in (13) and (20), by calculation, we
have the following.

Corollary 1 The following reverse Hardy—Hilbert-type integral inequalities with the non-

homogeneous kernel involving one derivative function are equivalent:

I @

Page 9 of 12
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1 1 1
> XBP (A2, A = A2)B (A1, A — Ap)

1 o 1
> |:/ xp A)+a— lfp(x) dx:| [/ yq(l—xz)—u—lg/q(y) dy]q, (23)
0 0
1
oo g(A—r1—a+1)+a—1 oo g(y 1
{/0 ¥ [/0 (1 +xy)yt dy} dx}
1 1 1 *© (1-r2)-a-1_sq %I
> —BY (g, )= 1)BT (k1,1 = ) /0 ¥ 21)dy| . (24)

Moreover, A1 + Xy = A (or a = 0) if and only if the constant factor %B!l’ (Ao, A — )\Z)B‘ll (A, A—
A1) in (23) and (24) is the best possible.

For Ay + Ao = X (or a = 0), we have the following reverse equivalent inequalities with the
non-homogeneous kernel and the best possible constant factor %B()\ 1 A2):

[ 4950 gy

(1 +ay)t
> B0, 22) x ( / i) dx); [ | rgn) dyr, (25)
[ [ ] o]
> %B(Al,xz)[ /0 " ytiaigay) dy]%. (26)

Remark 3 For Ay =% )\2 =% s (r> 1,1t ~ + 5 =1) in (14), (21), (25) and (26), we have the fol-
lowing two couples of reverse equlvalent integral inequalities with the same best possible
constant factor %B(%, %

// (x+y)M dudy
( )[/ a#i- ff’(x)dx][/ oqu“'%“g’qmdy]q, (27)
0
00 o g(y) q %
U wpme] o]
>13<)‘ )‘)[/myq(l—ﬁ)—lg/q(y)dy]q; (28)
r s 0
// Sxg) )g(y)
(1+xy"+1
1 /2 A © _p e s a
([ o) [ ecos].
* | [T __80) ! }%
{/0 @ Uo (1 +xy)*+t dy} >
1 /% N[ [ . s i

Page 10 of 12
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In particular, for A = 1,7 = s = 2, we have

/oo > £(x)g(y) dxdy>n(/wx§_lfp(x)dx>ﬁ(/Ooyg_lg/q(')/)d))a: (31)
A 0

o ( +J’)2 0

00 q_ 00 g(y) q % (o] 7, %
U ] o ([ ewa) 52

© [ f0g0) © g PO g i
[ g rma) (o), o

1

> ] V) 1 1 > 41 e
= ] e ([ o) @

5 Conclusions
In this paper, following [21, 23], by the use of weight functions, the idea of introduc-

ing parameters, the reverse extension of (1) and the technique of real analysis, a reverse
Hardy—Hilbert-type integral inequality with the kernel W (A > 0) involving one deriva-

tive function and the beta function is given in Theorem 1. The equivalent statements of the
best possible constant factor related to several parameters are considered in Theorem 3.
The equivalent form, the cases of non-homogeneous kernel and a few particular inequal-
ities are obtained in Theorem 4, Corollary 1 and Remark 3. The lemmas and theorems
provide an extensive account of this type of inequalities.
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