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1 Introduction
Denote by N, Z, R*, R the sets of all positive integers, integers, nonnegative real numbers
and real numbers, respectively.

In the past 40 years, many authors have studied the existence of periodic solutions to

classical Hamiltonian systems,
¥+ V' (x)=0, xeRYN, (1)

where N € N and RV is the set of N-tuples of real numbers. Suppose that
(V1) Ve CHRN,R) and V(x) > 0 for all x € RN;
(V2) (AR-condition) there exist & > 2 and rg > 0 such that

0<aV(x) < (V'(x)x), Vx| =r;

(V3) V(x) =o(|x|?), as |x| — O.

In 1978, Rabinowitz (cf. [16]) has proved that, for any T > 0, system (1) admits a T-
periodic solution under the assumptions (V1)-(V'3). He conjectured that such a solution
has T as its minimal period. This is called the Rabinowitz conjecture. Since then many
mathematicians devoted themselves to resolve this conjecture. Below we describe some
important contributions related to this conjecture.
© The Author(s) 2020. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other

third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by

L]
@ Sprlnger statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a

copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13660-020-02524-4
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-020-02524-4&domain=pdf
mailto:pershen@126.com

Xiao and Shen Journal of Inequalities and Applications (2020) 2020:257 Page 2 of 15

In 1985, Ekeland and Hofer (cf. [3]) proved that, for any T > 0, there exists a T-periodic
solution to system (1) with prescribed minimal period 7 when V is strictly convex with
some additional conditions. For more results in this direction, we refer to [2, 7, 8] and the
references therein.

Let us mention the approach of Long (cf. [10]) in which the convexity hypothesis was
replaced by the following conditions:

(V1) Ve C*RN,R), V(x) >0, Vx € RY;

(V4) Viseven,ie., V(-x) = V(x), Vx € RV,
By developing the Maslov-type index theory, Long showed that, under the assumptions
(VY'), (V2)-(V4), system (1) has a non-constant T-periodic solution with minimal period
T or T/3. On the other hand, if V satisfies the conditions (V1’), (V2) and (V3), it was
proved in [11] that system (1) admits a non-constant T-periodic solution with minimal
period T'/k for some integer k belonging to [1,N + 2]. We refer the interested reader to
[12, 13] for more results in this direction.

In 1997, Fei and Wang (cf. [5]) studied system (1), where V' (x) = 1/2hox-x + V(x) and hq is
a real positive semi-definite symmetric matrix. Assume that V satisfies (V1'), (V3)—=(V4)
and the following assumptions:

(V2') There exist constants u > 2, ry >0, 0 < 8 <2,and d > 0 such that

pV(x) = V'(x)-x <dlxlf, Vx| > ro;

(V5) V(x)/|x|*> = oo, as |x| — oo,
where V is replaced by V. Then system (1) has a T-periodic solution with minimal period
T /k for some odd integer k satisfying 1 < k < 2(ir(ho) + vr(ho)) + 3. Here it (ho) and v (ko)
denote the dimensions of negative space and null space of a self-adjoint operator related
to hy, respectively. Furthermore, if V satisfies (V1'), (V2)—(V4) and its Jacobian matrix
V" (x) is semi-positive definite, Fei and Wang (cf. [4]) showed that system (1) admits a
non-constant T-periodic solution with minimal period T'. We refer to [6] for other similar
results.

A different kind of hypothesis is the so-called strongly global AR-condition.

(V2”) (strongly global AR-condition) There exists a constant 6 > 1 such that

0< G(V’(x),x) < (V”(x)x, x), vx e RV \ {0}.

In 2010, Xiao (cf. [25]) proved that, if V satisfies the conditions (V1'), (V2') and (V'4),
system (1) admits a non-constant T-periodic solution with minimal period 7. Under the
same assumptions as in [25], Krawcewicz, Lv and Xiao (cf. [9]) showed the existence of
multiple T-periodic solutions with common minimal period 7. Recently, a variant of
(V2'), which is the so-called ARS condition, was introduced by Souissi in [18]. The ARS
condition was used to study the existence of periodic solutions to Hamiltonian systems,
when the nonlinearity satisfies a local one (cf. [18]) or a global one (cf. [19, 20]). For more
related results under the strongly global AR condition, we refer to [1, 14, 24] and the ref-
erences therein.

In this article, we weaken the condition (V2). Assume that V satisfies (V'1), (V4) and
the following hypotheses:

(V3) V'(x) =o(|x]), as x — 0 in RY,
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(V6) there exist p > 2 and C > 0 such that |V'(x)| < C(1 + |x|P71),
(V7) for any x € RN with |x| = 1, the map s — (V'(sx),x)/s is strictly increasing on
(0,00),

(V7') for any x € RN with |x| = 1, the map s — (V’(sx),)/s is non-decreasing on (0, 00).

The hypotheses (V7) and (V7') are the so-called strictly monotonic condition and the
non-decreasing condition, respectively. Under the strictly monotonic condition, there ex-
ists a homeomorphism between the Nehari manifold and the unit sphere of a subspace. By
making use of the Nehari manifold method, we can prove that, for any T > 0, there exists a
ground state solution to system (1). Recall that a solution is called a ground state solution
if its energy is minimal among all nontrivial solutions (cf. [21]). Also, we can prove that
such a periodic solution has T as its minimal period.

However, under the non-decreasing condition, there is no such a homeomorphism any
more. Hence the Nehari manifold cannot be used directly to study the existence of T-
periodic solutions. There are some approaches dealing with the non-decreasing assump-
tion. For example, by finding a minimizing Cerami sequence, Tang (cf. [22]) proved the
existence of periodic solutions to asymptotically periodic Schrédinger equations. Here,
we adopt a different approach to deal with this situation. Inspired by the [15] (see The-
orem 3.1 for details), we make use of a perturbation technique to study the existence of
T-periodic solutions to systems (1). We show that there exists a sequence of critical points
corresponding to perturbed variational functionals. The critical points converge strongly
to a critical point of the original functional which corresponds to a T-periodic solution to
system (1). Moreover, we can prove that such a solution has T as its minimal period. Our
main results are presented below.

Theorem 1.1 Assume that V satisfies (V1), (V3') and (V4)—(V7). Then, for any given
positive constant T, system (1) admits a non-constant T-periodic solution with minimal

period T.

Corollary 1.1 Assume that V satisfies (V1'), (V2") and (V4). Then, for any given positive
constant T, system (1) admits a non-constant T-periodic solution with minimal period T .

Remark 1.1 Corollary 1.1 is the main result proved in [25].

Theorem 1.2 Assume that V satisfies (V1), (V3'), (V4)—(V6) and (V7'). Then, for any
given positive constant T, system (1) admits a non-constant T-periodic solution with min-
imal period T.

The rest of this article splits into three parts. In Sect. 2, we establish the variational func-
tional corresponding to system (1) and state some useful lemmas. In Sect. 3, we will make
use of the Nehari manifold method to prove Theorem 1.1 and Corollary 1.1. In Sect. 4, we
will use the perturbed technique to prove Theorem 1.2.

2 Preliminaries
Given T > 0, let Sy = R/(TZ). Denote by H! = W'2(Sy, RN) the space of functions x €
L2([0, T],RN) having a weak derivative x € L%([0, T],RY), equipped with the usual norm

T
ol = [0 o) e, Ve,
0
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where | - | denotes the standard norm in RY. Then H! is a Hilbert space with the inner
product

T
()t = /0 [Go3) + ()] dr, VayeH!,

where (-, -) denotes the standard inner product in RN. Any x € H' admits a Fourier expan-

sion

+00
2kt 2kmt

t) = by si ,
x(t) a0+k21:<akcos T + by sin T )

where ag,a, by e RN, k=1,2,....

The variational functional corresponding to the system (1) is

T
w(x):/o [%|5€|2—V(x):|dt, Vx e H'. @)

Lemma 2.1 ([17]) Assume that V satisfies (V1), (V'5), (V6). Then ¢ is continuously differ-
entiable on H' and

T
(@' (), )1 = /0 [@3) - (V'(@),y)]dt, Vx,yeH.

Set ¢(x) = fOT V(x) dt. Then ¢ is weakly continuous and ¢’ : H' — H! is compact.

Define a subspace EE of H! by setting

> 2kt
]E:{er1|xisoddint}z{erl‘x(t)=Zkain 7; b e RN L.
k-1

Obviously, E is a closed subspace of H! and RN NE = {0}. Define an inner product (-, -) on

E by setting
T
)= [ @dds Vayek. 5
0
The norm || - | on E, induced by the inner product (3), is

T
||x||2:/ |%12dt, VxeE.
0

It is well known that || - ||zn and || - || are equivalent norms on E.
Restricted to E, functional (2) can be rewritten as

T
w(x):/o Ep‘qz—\/(x)} dt = %I|x||2—¢(x), xeE. (4)

Lemma 2.2 ([23, 26]) Critical points of ¢ restricted to & are critical points of ¢ on the
whole space H', which correspond to periodic solutions to system (1).
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At the end of this section, we state some useful lemmas.

Lemma 2.3 For any x € H! satisfying fOT x(t) dt = 0, there exists a coo > 0 such that
T
%]l 200 < coollxll, l*llz2 < 2—|le|~ 5)
7T

Obviously, for any x € E, fOT x(£) dt = 0. Hence all elements of E satisfy (5).

Lemma 2.4 ([15]) If a sequence {uy} converges weakly to u in H*, then {u;} converges uni-
formly to u on [0, T1].

To prove our main results, we state a useful result which had been proved in [21] (see
Theorem 12 for details).

Lemma 2.5 Let F be a Hilbert space and suppose that ®(x) = % llxlI? = I(x), where
(i) I'x)=o(||x|]) asx — 0 inT,
(i) s> I'(sx)x/s is strictly increasing for all x # 0 and s > 0,
(i) I(sx)/s*> — oo uniformly for x on weakly compact subsets of F \ {0} as s — oo,
(iv) I’ is completely continuous.
Then the equation ®'(x) = 0 has a ground state solution. Moreover, if I is even, then this

equation has infinitely many pairs of solutions.

3 The strictly monotonic case
In this section, we make use of Lemma 2.5 to prove Theorem 1.1. To do this, let us define
the Nehari manifold.

Given x € E \ {0}, define g, : R* — R by setting g,(s) = ¢(sx). One can easily verify that
g is continuously differentiable. In particular, if x € S!, where S! denotes the unit sphere
of E, then g, € C}(R*,R).

Lemma 3.1 Assume that V satisfies (V1), (V3') and (V5)-(V7). Given x € S!, there exists

a unique positive constant s, depending on x such that

Zx (Sx) = maxgx(s)r

seR*

2.(5)>0, V0<s<sy,

2.(s)<0, Vs>s,.

Proof Firstly, we will show that g;(s) > 0 in a small interval. Thanks to (V'3'), for any € > 0,

there exists s, > 0 such that
V') <elxl,  Vial <se.
Consequently, we have

V(x) <e€lx®, V|| <se. ©)

Page 5 of 15
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Substituting (6) into (4), we have

() 1 i /T ( ) t> 1 2 || ||2 > 1 i 2 | | (7)
S)= =8 Vsx)d =S8 €||SX — —€ s, VIX| < Se.
& =55 ~2 2=12 "4n? ‘

Take €; < 2/T? and choose s; > 0 so small that

|sx(£)] <8¢, VO <s<s1. (8)
Together (7) with (8) give us

gi(s) > isz>0, V0 < s <. 9)

Next, we will show that there exists s, > 0 such that g.(s) < 0, Vs > s,. Denote §; =
J) 1x(8)|>dt/IT > 0. Fixing § € (0,81), set

Q= {te(0,TN|x@®)|* =8} and ,=[0,T]\ Q.

Since the average of |x(t)|? equals §;, there exists 8, > 0 such that meas(2;) > 8,. Here and
hereafter, meas(-) denotes the measure of the set. Put M = 1/(868,). Thanks to the condition
(V'5), there exists Ry > 0 such that V(x) > M|x|? for all |x| > Ry. For s, large enough, one
has |sox(£)| > Ry for all £ € ;. Consequently, for all s > s, we have

T
2:(s) = p(sx) = %Ilsxllz’—/0 V(sx) dt

1
< -—s*- M52|x|2dt—/ V(sx) dt
2 Q1 Q9
1 1
< Esz - Ms*88, < —532 <0. (10)

Both (9) and (10) imply that g, attains its maximum on [0, s]. Hence there exists s, € [0, s;]
such that g,(s,) = max,eg+ g¢(s) > 0. Consequently, g.(s,) = 0.

Finally, we will show that there exists a unique s, such that g,(sy) = maxcg+ g«(s). Calcu-
lating the derivative of g,, one obtains

T T /
g;(s)zs—/o (V’(sx),x)dt:s[l—/o (V(Ssﬂdt}. (11)

Thanks to (V7), g, has the unique zero, which is s,, and g;(s) > 0 for all s € (0, s,), g.(s) <O
for all s > s,. This finishes the proof of Lemma 3.1. g

Remark 3.1 Take x € E\ {0}. Then Lemma 3.1 states that there exists a unique s, > 0 such
that g,(sx) = SUp,cp= x(s) = sup,cp« @(sllx|l - x/||lx||]) and g.(s) > O for all s € (0,s,), g.(s) <0

forall s > s,.

Define the Nehari manifold by setting

M= [Sxx|x eE\ {O}»gx(sx) = ?;ﬂ%fgx(S)],
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or equivalently
M= {sxx|x e S gu(sy) = m%xgx(s)].
seR*

Now we are ready to prove Theorem 1.1. To do this, put F = E, ®(x) = ¢(x) and I(x) =
¢(x). Let us check that all conditions of Lemma 2.5 hold.

Lemma 3.2 IfV satisfies (V1) and (V3'), then ¢'(x) = o(||x||) as x — 0 in E.
Proof Since V satisfies (V3'), for any € > 0, there exists § > 0 such that
|V'(x)| <elxl, Vx| <8.
If x - 0in E, choosing x such that ||x|| < §/¢, it follows that
|x(0)] < %l < coollxl] < 6,

where ¢ is given in (5). Thanks to Lemma 2.1, for all ||x|| < §/cso, one has

T

T
"(%),y) = V'(x),7) d vld
(#'(5)9) /o( x).9) tSe/o [l - 1yl] de

TZ
< e€llxllzz - Iyl = eﬁllxll Ayl VyeE. (12)

This implies that ||¢’(x)| < 641—22 [lx||. Since € is arbitrary, one has ¢’(x)| = o(||x||). Thus (i)
of Lemma 2.5 holds. O

Lemma 3.3 IfV satisfies (V1), (V6) and (V7), s —< ¢'(sx), x > /s is strictly increasing for
all x #0 and s > 0.

Proof According to Lemma 2.1, for all x € E \ {0}, s > 0, one has

(¢'(sx), %) _ / T (V' (sx), %) "
0 N

N

If x € E\ {0}, then |x(£)| # 0 almost everywhere on [0, T']. By setting t = s|x| and y = x/|x],
one can easily observe that 7 > 0 and |y| = 1 almost everywhere on [0, T]. By straightfor-

ward computation, one has

(@' (sx), %) =/T (V' (slxl ) a7 |x|2dt=/T7(V/(Ty)’y) |x|? dt.
s 0 s|x| 0 T

Obviously, 7 is strictly increasing only if so is s. Thanks to assumption (V'7), the map s +><

@' (sx), x > /s is strictly increasing on (0, 00). Hence (ii) of Lemma 2.5 holds. O

Lemma 3.4 If V satisfies (V5), then ¢(sx)/s> — oo uniformly for x on weakly compact
subsets of E \ {0} as s — oo.
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Proof Let X C E \ {0} be a weakly compact set and let {x,} C X It suffices to show that
if s, — 00 as n — 00, then so does a subsequence of ¢(s,x,)/s>. Passing to a subsequence,
x, converges weakly to a point, denoted by Xy, i.e. X, — xp in E. According to Lemma 2.4,
{x,} converges uniformly to x on [0, T']. The weak compactness of X" implies that x, # 0.
Consequently [s,x,(¢t)] — 0o as n — oo almost everywhere on [0, T]. Assumption (V'5)

and Fatou’s lemma yield

O(8,%,) T V($n¥n) _ 2
T = —— %" dt > 00 asn— oo.
S5 o Isn¥ul

Hence (iii) of Lemma 2.5 holds. O
Now we are in a position to prove Theorem 1.1.

Proof of Theorem 1.1 We have showed in Lemma 2.1 that ¢’ is completely continuous.
Thus (iv) of Lemma 2.5 holds. According to Lemmas 3.2, 3.3 and 3.4, all conditions of
Lemma 2.5 are satisfied. Applying Lemma 2.5, one finds that ¢ restricted to M has a
ground state solution xy. As we can see in the proof of Theorem 12 in [21], ¢(xo) > 0.
Consequently, xy is not a trivial solution.

Next, we will show that x¢ has T as its minimal period. Arguing as in [18, 24, 25], sup-
pose that xo has minimal period 7/k, where k > 2 is an integer. Denote y(t) = xo(¢/k).
Obviously, yo € E. It follows from the definition of M that there is a positive constant r,,
such that r, yo € M. By straightforward computation, one has

T £\ |2 t
inf 9(®) < p(ryoy0) :/o [2_/<2 ryojco(?) B V<ry°x°(z>>] “

T
- /0 |:2Lk2|ryo5€0(‘r)|2 - V(ryoxo(f))] dr

T
< /0 |:%|ry05co(r)|2 - V(ryoxo(t))] dr

= < = i f ,
¢(rygxo) < ¢(x0) = inf ()
which is a contradiction. Hence xy has a minimal period 7' O

Proof of Corollary 1.1 We need only to check that V satisfies (V'3'), (V5)—(V7) under the
hypotheses (V2”). It is easy to check that V satisfies (V3'), (V'5) and (V6). Therefore, we
only verify (V7).

Set k(s) = (V'(sx),x)/s. Calculating the derivative of k, one has

K(s) = (V" (sx)sx,x) — (V' (sx),x) _ (V" (sx)sx, sx) — (V' (sx), sx)

s2

$3

Thanks to hypotheses (V2"), K'(s) > 0. Hence (V'7) holds. By applying Theorem 1.1, system

(1) admits a T-periodic solution with minimal period 7. d



Xiao and Shen Journal of Inequalities and Applications (2020) 2020:257 Page 9 of 15

4 The non-decreasing case
In this section, we will use a perturbation technique to prove Theorem 1.2. Using the same
argument as in the proof of Lemma 3.1 and Remark 3.1, one can obtain the following

lemma.

Lemma 4.1 Assume that V satisfies (V1), (V3'), (V5) and (V7'). Given x € E \ {0}, there
exist sy > s1 > 0 and at least a s, € [s1,5>] such that

2
s
g(s) > 7 V0 < s < sq,

2:(s) <0, Vs>s,

8x(sx) = 22%§gx(3) = max @(sx).

Remark 4.1 Since g.(s) = s[1 - foT (V(sx)x) dt], then (V7') implies that g, may attain its

S
maximum at a point or an interval.

Define the Nehari manifold by setting
M= {sxx|x € E\ {0}, g:(sx) = max w(sx)] = [sxx|x e S, g.(s,) = max go(sx)}.
seR* seR*

Thanks to Remark 4.1, there is no homeomorphism between M* and S!. Now the Ne-
hari manifold method cannot be used directly to study the existence of periodic solutions.
Being inspired by [15], we will use a perturbation technique. For n € (0, 1), define V; by

setting
V,x) = E|x|” +V(x), VxeRN,
p

where p was defined in (V6).

Lemma 4.2 Assume that (V1), (V3'), (V4)—(V6) and (V7') hold. Then V), satisfies (V1),
(V3"), (V4A)—(V7) with V and V' being replaced by V;; and V', respectively.

Proof 1t is easy to check that V; satisfies (V'1), (V3'), (V4)—(V6). We only verify (V7). By
straightforward computation, one obtains

1d(V,(sx)) _ (Vé(zx),x) = s 2|l +

(V'(sx),x)
s ds ’

Since p > 2, ns?~2|x|? is strictly increasing in s on (0, 00). However, by (V7'), (V'(sx),x)/s
is non-decreasing in s on (0, 00). Consequently, (V,/] (sx),x)/s is strictly increasing in s on
(0, 00). This finishes the proof of Lemma 4.2. O

Consider the perturbed variational functional defined on H' by

T
0,() = /0 BW _ v,,<x>] dt. (13)
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Using the same argument as in the Sect. 2, ¢, is continuously differentiable on H*. Re-

stricted to [E, the variational functional (13) can be rewritten as

1 T
0= 31~ [ Vide, xeE, (19
0
and critical points of ¢, restricted to E correspond to T-periodic solutions to systems
i+V/(x)=0, xeRN. (15)

Fixing x € E \ {0}, define the continuous function /4, : R* — R by setting /,(r) = ¢, (rx).
Since V,, satisfies the same conditions as V' in Sect. 3, according to Lemma 3.1 and Re-

mark 3.1, we conclude that the following lemma holds.

Lemma 4.3 Assume that V, satisfies (V1), (V3), (V5) and (V7). Given x € E \ {0}, there

exists a unique positive constant ry depending on x such that
ha(ry) = max hy(r) = max g, (rx).
Now we can define the Nehari manifold as follows:
My = {rafx € BN (0h () = max ()| = frefe € 8L h() = max ()} 16)
Denote by ¢, the minimum value of ¢, restricted to M,), i.e.

¢y = inf @,(x) = inf sup @, (rx).

xeMy xeS! r>0

As follows from the proof of Theorem 12 in [21], ¢, > 0.

Choose a sequence {5,} such that , — 0 as n — oco. Both Lemma 4.3 and Theo-
rem 1.1 imply that there exist the unique x,, € S' and r,, > 0 such that r,, x,, € M,,
and ¢, (ry, xy,) = c,. Hence ry, x,, is a nontrivial T-periodic solution of system (15)
with minimal period 7. Next we will show that {r,, x,,} converges strongly to a critical
point which corresponds to a periodic solution to system (1).

To simplify our notation, we denote V,, = V,, ., ¢y = @y, X = X, Tn = I, , My = M,
and ¢, = ¢,,. Since {x,,} C S!, passing to a subsequence, {x,} converges weakly, whose weak
limit is denoted by xy, i.e. x, — %o in E. Lemma 2.4 implies that {x,} converges uniformly
to xo on [0, T.

Proposition 4.1 Assume that all assumption of Theorem 1.2 hold. Then ¢, (r,x,) = 0 for
alln e N.

Proof For each n € N, since ¢,(r,x,) = infye a1, 9u(rx), we have ¢, (r,x,)| 11, = 0. Conse-

quently,

(@ (raxn),y) =0, VyeM,.
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If x € E\ {0}, Lemma 4.3 implies that there exists a unique r, > 0 such that r,x € M,,. It
follows that

((p;(rnxn)7x> = ri((p;,(rnxn): rxx> =0, VxeE\({0}. (17)

X

Obviously, (¢, (r,x,),0) = 0. Thus (17) holds for all x € E. Hence ¢'(r,x,,) = 0. This finishes
the proof of the lemma. d

Next we will show that both {c,} and {r,} are bounded.

Proposition 4.2 Assume that all assumption of Theorem 1.2 hold. Then {c,} is a bounded

sequerice.

Proof Let®(t) = b1/ T/(2m?)sin(27t/T) € E with b, = (1,0,...,0)" € RN, where t denotes
the transposition of a vector. By straightforward computation, one has
T2

~N2 _ ~N2
%1 =1, el = -

So X e S. It follows from the definition of ¢, that

cn = inf sup g, (rx) < sup ¢, (r¥) < sup ¢(rx).
xeS! >0 r>0 r=0

Thanks to Lemma 3.1, there exists r; > 0 such that

&(rz) = sup gx(r) = sup p(rx) > 0.

r=0 r>0
By construction, ¢, < Cs = sup, g« ¢(r%). O

Proposition 4.3 Assume that all assumptions of Theorem 1.2 hold. Then {r,} is a bounded
sequence.

Proof Arguing indirectly, suppose that {r,} is an unbounded sequence. Passing to a sub-
sequence, 1, — 00 as n — oo. Consider two cases.

Case I: xp = 0. Then x,(t) converges uniformly to 0 on [0,7]. Consequently,
fOT V,(x,) dt — 0. Taking 7 > \/2Cs + 2, by straightforward computation, one has

_ 1_
Cs > ¢y = @u(ruxy) = SuP‘Pn(Vxn) > @u(rx,) — 5)‘2 >Cs+1,
r>0
which is a contradiction.
Case II: ¥ # 0. Then |r,x,| — oo almost everywhere on [0, T']. The definition of V; im-
plies that

1 Ty, 1 (v
0 < nlrnn) _ Sl / Valrwin) gy 1 / ) 2 . (18)
O 0

- r’ -2 |70 |

Thanks to the assumption (V'5), Fatou’s lemma implies that the right-hand side of (18)
tends to —oo as 1 — o0, which is a contradiction.
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Consequently r, is bounded, which finishes the proof of this lemma. O

It follows from Proposition 4.3 that, passing to a subsequence, {r,} converges to some
point ry € R. Put yy = roxp € E. Then r,x, — yo in E as n — oco. Next we will show that

TnXy — Yo in E as n — oo.

Lemma 4.4 Assume that all assumptions of Theorem 1.2 hold. Then ¢, (r,x,) — ¢'(o) in
E asn— oo.

Proof Take y € E. By straightforward computation, we obtain
|<‘p;/q(rnxn) - <P/()’o),y)|
< | (run) = @ (ruxn), 3)| + |{@' (run) = @' 30), 9)|

T
< nart! / [P |yl dt + [(ruxn = Yo, 9)| + |(@ (ruxn) = @' (00), )] (19)
0

Observe that (r,x, — y0,y) — 0 since r,x, — 5o in E and y € E C E*. To complete the
proof of the lemma, we only need to show that the first and third summands of (19) ap-
proach 0.

First, we find that (5) implies that |x,,(£)] < |||z < cooll%|| < ¢oo. The boundedness of
{r,} and {|x,|} together with the fact that n, — 0 as  — oo, implies that

T
”nrﬁ_lf %Pyl dt — 0 asn— oo.
0

Now, since ¢’ is compact and r,x, — ¥, in E, ¢/(r,x,) — ¢'(yo) in E* as n — oo. Thus
<¢/(}”an) - ¢/()/o),y) — Qasn— oo. 0O

Remark 4.2 Since ¢, (r,x,) = 0 for all n € N, we have ¢’(y,) = 0.
Now we are ready to show that r,x, — 3o in E as n — oo. This is the following lemma.

Lemma 4.5 Assume that all assumptions of Theorem 1.2 hold. Then {r,x,} converges

strongly to y, in E.

Proof Since r,x, — yo in E, it suffices to show that ||7,x,| — ||70|. On the one hand, since
I - || is continuous and convex, || - || is weakly lower semi-continuous. Consequently, one
has

lyoll = Tim [jr,x, |-
n—00

On the other hand, Proposition 4.1 and Remark 4.2 imply that

((p/(rnxn)x rnxn) - ((ﬂ/(yo),)b), asn — 00,

which is equivalent to

T T
Iral® = / (V' (1), ) dlt = 30l = / (VOo)yo)dt, asn—oo.  (20)
0 0
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Since {r,x,} converges uniformly to y, on [0, T], Lebesgue’s dominated convergence the-

orem implies that

T T
/ (V' (run), run) dt — / (V'(y0),30) dt, asn— oo. (21)
0 0

Then (20) together with (21) gives us ||7,x,|| — ||yo]l as # — oo and the result follows. [

Lemma 4.6 Assume that all assumptions of Theorem 1.2 hold. Then ¢,(r,x,) — ¢ (o) as

n— oQ.

Proof By straightforward computation, we obtain

|§0n(rnxn) - (0()’0)| = |(pn(rnxn) - (/)(rnxn)| + |§0(rnxn) - §0()’0)|
arn [
< 200 [l dt ol - o). (22
p Jo

On one hand, using the same argument as in the proof of the first summand of (19), one
can conclude that the first summand in (22) tends to 0 as # — o0o. On the other hand,
since ry,x, — yo in E as n — o0, ¢(r,x,) — ¢(yo) — 0 as n — co. Consequently, the right
side item of (22) tends to 0 as # — 00. Thus, the lemma is proved. O

Now we are ready to complete the proof of Theorem 1.2.

Proof of Theorem 1.2 It follows from Remark 4.2 and Lemma 4.6 that

¢(0) = lim @,(rux,) and  ¢'(yo) = 0.
Then y, is a periodic solution to system (1). Next we prove that y, has T as its minimal
period.
Denote ¢ = infye pq+ (%) = inf, g1 SUP,.cp+ @(7%).

Claim ¢(yp) = co.

On the one hand, as V,,(rx) > V(rx), we have ¢, (rx) < ¢(rx), for all x € S' and r ¢ R*. It
follows that

inf sup ¢,(rx) < inf1 sup ¢(rx).

xeS! reRr* xeSt reRr*
Hence
©o) = lim @,(r,x,) = lim ¢, < co. (23)
n— 00 n— 00

On the other hand, since ¢’(yo) = 0, setting zo = yo/||yo||, one has

&, (lyoll) = (¢ (Ilyollzo) 20) = (' (70, 20) = 0.
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It follows from the definition of M* that y, € M*. Hence we obtain
co= inf @(x) <e¥o). (24)
xeM*

Together (23) with (24) we conclude that the claim holds. Arguing similarly to the proof
of Theorem 1.1, we can prove that y, has T as its minimal period. d
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