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1 Introduction and motivations

The seminal work of Obata [30] has become a basic tool of investigation in geometric
analysis. Obata [30] provided a characterization theorem for the standard sphere in terms
of a differential equation, nowadays famous as Obata equation. If (2", g) is a complete
manifold, then the function w is nonconstant and satisfying the ODE

Hess(w) + cwg =0 (1.1)

if and only if there is an isometry between (2", g) and the sphere S”(c), where ¢ denotes
the sectional curvature. If ¢ = 1, then (£2”,¢) and the unit sphere S” are congruent. Many
investigations have been dedicated to this subject, and therefore, characterization of the
Euclidean space R”, the Euclidean sphere S”, and the complex projective space CP” are
recognized fields in differential geometry and studied in some researches, e.g., [1-10, 13—
15, 20-25]. In particular, the Euclidean space R” is designated through the differential
equation V2w = cg, where c is a positive constant, which was proven by Tashiro [32]. In
[27], Lichnerowicz established that if the first nonzero eigenvalue u; of Laplace operator
of the compact manifold (2”,g) with Ric > n — 1 is u; = n, then (Q",g) is isometric to
the sphere S”. Hence, Obata’s theorem can be utilized to address the equality condition
of Lichnerowicz’s eigenvalue. Deshmukh—Al-Solamy [25] proved that an n-dimensional
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Riemannian manifold (2", g) satisfying 0 < Ric < (n—1)(2 - ﬁc) for a constant ¢, where
11 is the first eigenvalue of the Laplacian, is isometric to S”(c) if 2" admits a nonzero con-
formal gradient vector field. They also proved that if Q" is an Einstein manifold such that
Einstein constant is & = (n — 1)c, then Q" is isometric to S”(c) with ¢ > 0 if it admits a con-
formal gradient vector field. Taking account of ODE (1.1), Barros et al. [11] showed that the
gradient almost Ricci soliton (2", g, Vw, 1) that is compact is isometric to the Euclidean
sphere with Codazzi—Ricci tensor and constant sectional curvature. For more terminol-
ogy of Obata equation, see [30]. Motivated by the previous studies, we will establish the
following results:

Theorem 1.1 Let Y : Q" = N; x; Ny — M*"*1(¢) be a C-totally real isometric embed-
ding of the warped product submanifold Q" into a cosymplectic space form M*"*1(¢) with
nonnegative Ricci curvature. Then, the compact and minimal base N is isometric to the
Euclidean sphere S™ ( ;_11) if the following equality holds:

’Hess(w)‘zz m);nz {e(l—n—mlmg)—n2|H|2}, (1.2)

where L1 > 0 is the eigenvalue connected to the eigenfunction o = Inf and Hess(w) is a Hes-
sian tensor for the function w. Moreover, here the constant curvature c is equal to r% In
particular, if Ay = m, satisfies the condition

|Hess(a))|2: miz{e(l—n—klmz)—n2|H|2}, (1.3)

then the base N, is isometric to the standard sphere S™!.
From the Bochner formula, we are able to prove the following result:

Theorem 1.2 Let Y : Q" = Ny x; Ny — M?"*(€) be a C-totally real isometric embedding
for the warped product submanifold Q" to the cosymplectic space form M>"*1(¢) with base
N, being minimal and compact. If the Ricci curvature of Q" is nonnegative, then Ny is
isometric to the sphere S™(c) with constant curvature equal to ¢ = \/;:1 if the following
equality holds:

e€(1 —mymy —n)

|H* = , (1.4)

2
where A1 > 0 is an eigenvalue associated with the eigenfunction w = Inf. Moreover, n =

dim Q, m; = dim Ny, and my = dimN,.

Remark 1.1 For examples of C-totally real isometric immersions from warped product
manifolds, see [31, 34].

2 Preliminaries and notations
Let (M, g) be an odd-dimensional C*°-manifold equipped with an almost contact structure

(¢, k,n) such that

<p2=—1+n®/c, n(k) =1,
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¢(k) =0, nog=0, (2.1)
g(‘pwl’ (PWZ) zg(WIrWZ) - n(Wl)r/(WZ)!
n(W1) =g(Wy,x) (2.2)

for any W;, W, € F(TM). Of course, the notations are well known: « is a structure vec-
tor field, (1,1)-type tensor field is denoted by ¢, and 7 is the dual 1-form. Moreover, the
tonsorial equation for a cosymplectic manifold [7] with the structure (¢, «, 1) is given by

(Vi )Wy =0 (2.3)

if we choose two vector fields W, W, over M such that V is the Riemannian connection
corresponding to g. Assume that M27+1(¢) is a cosymplectic space form with constant
@-sectional curvature ¢, then its curvature tensor Ris

~ €
R(W1, Wy, W3, Wy) = 2 {g(W2, W3)g(W1, Wa) — g(W1, W3)g(W, Wy)

+ N(W1)n(W3)g(Wo, Wa) + n(Wa)n(Ws)g(W,, W3)
- n(Wo)n(W3)g(Wy, Wa) — n(W1)g(Wo, W3)n(W,)
+g(eW2, W3)g(W1, Wy) — g(@W1, W3)g(oWy, W)

+2g(W1, g W))g(9Ws, W) } (2.4)

for all W;, W), W3, W, € F(TI\7JI). Moreover, if the structure vector field « belongs to the
normal space of ", then Q” is said to be a C-totally real submanifold; for more details,
see [7,26, 28, 32, 33]. It should be noted that the curvature tensor R for Q" in cosymplectic
space form I\NAIZV””(E) is defined as

ROWY, W), W3, W,) = g{g(wz,wgg(wl,wu — g(Wy, Wa)g(W,, W)} (2.5)

Suppose 2" is a Riemannian submanifold of a Riemannian manifold M2m+1 considering
induced metric g, V and V- are connections along T2 and TLQ of Q", where TQ is a tan-
gent bundle and 7+ is the normal bundle of Q”. Therefore, the Gauss and Weingarten
formulae are written as %Wlwz = Vi, Wy + £(W;, W,) and %Wlé‘ =-A:W; + V@;g,lé, re-
spectively, for W, W, € X(TQ) and & € X(T+<). Note that ¢ and A¢ denote the second
fundamental form and shape operator, respectively, for the embedding of Q" to M2"+1,
and they are governed by the relation g(& (W, W), &) = g(A: W, W,). The Gauss equa-

tion is
R(Wlx WZ; W.?n W4) = jé(wlt WZ) W3) W4) + g(c (er W4)r C(Wb WS))

— g(L (W1, W3), (W, Wy)) (2.6)

for any Wy, Wy, W3, W, € %(I\Nﬂ), where the curvature tensors of M2”*! and Q" are repre-
sented by R and R. Also, the mean curvature H of " is calculated as H = %tmce(c), and
Q" is totally umbilical if £ (W1, W,) = g(W,, Wy)H and totally geodesic if £ (W1, W) =0,
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for any Wy, W, € X(2). Furthermore, Q" is minimal if H = 0. Here,
Ny ={X € TuQI¢ (W1, W,) = 0 for all W, € T,Q} (2.7)

gives the second fundamental form kernel of Q" over x. If the plane section is spanned

by e; and e, over x in M?"*! then such a curvature is called sectional curvature and it is
y Y

denoted by K, = K(es A e,). The relation between the scalar curvature T(7,M) of M+

and ]K(ee Ae,) at some x in M2+ s represented by

LM = Y K. (2.8)

1<l<y<2m+1

The equality in (2.8) is equivalent to the following:

@I M= Y Ky, 1<tysn (2.9)

1<t<y<n

The latter relation will be utilized in the subsequent proofs. Similarly, the scalar curvature
T(L,) of an L-plane is expressed as

)= Y K. (2.10)
1<tl<y<m
Let {e1,...,e,} be an orthonormal frame of the tangent space 7,2 and e, = (€41, - -, €2m+1)

be an orthonormal frame of the normal space 7+ 2. Hence we have

;Zy :g(C(ee, ey); er) and

1217 =Y g(tlene,) tlene)) = Y (80,)" (2.11)

Ly=1 Ly=1

Let K¢, and ]Kgy be the sectional curvature of a submanifold 2" and M2+!, respectively,
then we have following relation due to the Gauss equation (2.6):

2m+1
20(TeQ") = Koy = 28(T2") + Y (€080, — (5,)7)
r=n+1
- 2m+1 )
=Koy + Y (€08, - (85,))- (2.12)
r=n+1

Furthermore, the Ricci tensor is defined for an orthonormal basis {e;,...,e,} of Q" as

g(Wl,Wz) = Z{E(ﬁ(eg,wl)wbeg)}, Wl,W2 S F(TxQn) (213)

i=1

Using the distinct indices for vector fields {e;,...,e,} on Q" from e,, which is governed by
W, then the Ricci curvature is given as

Ric(W) =Y "Klee Aey). (2.14)

£=1
L#u

Page 4 of 17
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Therefore, equation (2.9) can be written as

T(T.Q2") = Y Klene,)= Z%e €. (2.15)
1<t<y<n
Hence,
21 T, Q Z K(eg Aey) = Z%zc(eu) (2.16)
1<é<y=<nmn

which will be frequently used in the following study. For a k-plane L; of T,Q", suppose
{e1,...,ex} is an orthonormal frame of Ly, thus for a fixed u € {1,..., k}, the k-Ricci curva-
ture INQiCLk (ey) of Ly is defined by

k

Rpy(en) =) Kler Aey). (217)
=1

L#u
The gradient squared-norm of the positive smooth function w of the orthonormal basis

{e1,...,e,} is given by

n

IVol? =" (ex(w))™. (2.18)

i=1

Assume that N; and N, are Riemannian manifolds with Riemannian metrics g; and g,
respectively. Suppose f is a differentiable function in N;. Then, the manifold N; x N,
equipped with the Riemannian metric g = g + f2g, is referred to as the warped product
manifold and defined as Q" = N; x; N, (for details, see [17]). Assume that Q" = N; x; N,
is a nontrivial warped product, then V W; € I'(N;) and W, € I'(N;), we have

szwl = VW1W2 = (Wl lnf)W2 (219)

The following relation was proved in (see (3.3) in [17]) as follows:

my  my

Y3 Ko ney) = 2 ?(f) = my(A(Inf) - [ V(Inf)|). (2.20)
£=1 y=1

Remark 2.1 Q" = Nj x¢ N, is a Riemannian product manifold if f is a constant.

Lemma 2.1 Suppose Y : Q" = N; x; Ny — M*"*1(¢) is a C-totally real warped product
immersed submanifold into a cosymplectic space form M1 whose base Ny is minimal.
Then, for all unit vectors W € T, Q", the Ricci inequality

n> €
Ric(W) + myAlnf < = |H1? + mo ||V Inf || + E{mlmz +n—1}, (2.21)

holds, where m; = dimN; and m, = dimN,. Furthermore,
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(1) In case that H(x) = 0, for x € Q" there exists a unit vector W satisfying the equality in
(2.21) if and only if Q" is mixed totally geodesic and W lies in N} at x.
If Q" is Ny-minimal, then
(a) The equality in (2.21) remains true for any unit tangent vectors at Ny and any
x € Q" = Q" is totally geodesic and Ny -totally geodesic WP in M2+1,
(b) The equality in (2.21) remains true for any unit tangent vectors at Ny and any
x € Q" & Q" is totally geodesic, and either an Ny-totally geodesic WPS, or
an Ny-totally umbilical WPS in x € M2"*! such that diimN, = 2.
(2) The equality in (2.21) is satisfied for any unit tangent vectors at Q" and any
x € Q" & Q" is either totally geodesic or totally umbilical, mixed totally geodesic
and Ny -totally geodesic WPS such that dimN, = 2.

Proof Assume that " is N;-minimal C-totally real warped product. An analogous tech-
nique will be used for similar cases. Utilizing Gauss equation (2.6), we derive

PP H||* = 27 (T,Q") + I81I* - 2T(T.Q"). (2.22)

Assume {ey,...,€u,,€m+15- -, €} are the local orthonormal frame fields of X(M2m+1) in
which {e;,...,e,, } are tangent to Ny and {ey,,+1,...,€,} are tangent to N,. Hence, for the
unit tangent vector W = ¢, € {ey,..., e,}, we can expand (2.22) as follows:

2m+1

1
n?||H|? = 27 (T,Q") + 5 S+ - )+ (20))

r=n+1

2m+1

- D i, - H(L).

r=n+11<{l#y<n

It is equivalent to

2m+1
| H|? = 27 (T,Q") + Z {(¢h+-+ I;,’m)2 + (280, - (E + -+ ;,’M))Z}
r=n+1
2m+1 ) 2m+1 €
+2 Z Z (¢h,) -2 Z Z I;ZI;J’/—Zn(n—l).
r=n+11<f<y<n r=n+11<l<y<n

As we assumed the warped product submanifold 22" to be N;-minimal, we derive

€
n?||H|? + Zn(n— 1)

2m+1
= Z {(;:nl+1m1+l L ;:m)z + (2;:{14 - (C:n1+1m1+1 LA C:m))2}
r=n+1
2m+1 ) 2m+1
#2(LR)+ ), DL L) - ) Dl suby,
r=n+l1<l<y<n r=n+l1<l<y<mn
2m+1 5 2m ) 2m+1
DD I I DD DI (9 R DI D 4 (2:23)
r=n+l a=1 r=n+l11<{<y<n r=n+l1<l<y<nm

azu LyFu LyHu
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In view of (2.12), we obtain

2m+1 2m+1

ro\2 rowr  _ >
Z Z (¢5,) - Z Z Sy = Z Key - Z Key. (2.24)
r=n+11<f<y<n r=n+11<l<y<n 1<t<y<n 1<l<y=<nmn
LyH#u Ly#u Ly#A Ly #A

From fact that the base N; is minimal, and putting (2.24) in (2.23), we deduce

2m+1

1 € 2
§n2||H||2 +onln=1)= 2t (T, Q") + 5 D (280 = Cprmer ¥+ )
r=n+1
2m+1 m
2
DD I WD DR 15
r=n+l1<t<y<n r=n+11<f<y<n
Ly H#u
2m+1
9 ~
FY Y () D K- ) Ky (2.25)
r=n+1a=1, 1<t<y=<nm 1<tl<y=<nm
afu Ly Hu LyFu
On the other hand, using (2.8), we define
TQ” = Z K(ee A ey)
1<t<y=<nm
Z Z (ei nejp)+ Z K(e; A ex)
i=1 j=my1+1 1<i<k<my
+ Y KleAe). (2.26)
mi+1<l<o<n
From (2.20) and (2.8), we get
my A
t(T.Q") = ] t(T.N") + T (T.Np2). (2.27)

Now it suffices to combine (2.25), (2.26), (2.27), and use (2.11) to arrive at the following
result:

SRR+ Snn-1) = "2 _or(re) e 3 Ry HTN) (L)
2 4 1<t<y<n
Ly #u
2m+1 5
+Z{ 2 ()= X cm;y}
r=n+l *1<l<y<n 1<t<y=<nm
Ly Fu
2m+1
LY@ Y Y e @)
r=n+l a=1, r=n+11<i#j<p

afu

Page 7 of 17
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2m+1

"'Z Z (6580 - (;St)z)

r=n+1mi+1<s#t<n

2m+1

1
+ 5 Z (2;214 - (ctr'n1+1m1+1 L ;Zn))Z (228)

r=n+1

Now we note that e, is either tangent to base N; or to fiber N,. We show this by considering

two cases.
Case I. Let e, be tangent to Nj. Fix the unit tangent vector from {ey,...,e,, } to be e,,

and consider W = e, = e;. Then, from (2.14) and (2.28), we get
1 €
E}’ZZHHHZ + Zn(rz -1)

> Ric(W) + ”’}Af COH(T,) + F(TN) + F(TLN2)

2m+1
~ 1 9
+ Z I(ZV + 5 Z (2C§l - (C:n1+1m1+1 +-t gim))
2<tl<y<n r=n+1
2m+1 2m+1
2 2 2
DD ICAED 1D IS WY
r=n+l11<t<y<n r=n+1 *1<i<j<m mi+1<s<t<n
2m+1 2m+1
Sy aa Y v ca- $oan) e
r=n+1 \1<i<j<m; r=n+1my+1<s#t<n 2<l<y<nmn
Substituting W; = W, = e, and W, = W, = ¢, for 1 <¥¢, y <nin (2.6), and summing up,
we obtain
“ €
Z Rleg,ey,ep,e)) = Z—Ln(n -1). (2.30)
Ly=1

Therefore, using (2.30) in (2.29), we obtain

leAf
f

Ric(W) < — ||H||2 + ZEL(MIMZ +n-1)

1 m
2
r
5 § : 2tll m1+1m1+1+“'+cnn))
r=n+1
2m+1
2
r
+ E { 4 E (;St)}
r=n+1l 1<l<]<WI] my+1<s<t<nm
2m+1 2m+1
E : § : § : 7ol
;u /1+ cssctt
r= n+l 1<i<j<m r=n+lmy+1<s#t<n
2m+1 2m+1

DD DR S S S (v (2.31)

r=n+12<l<y<n r=n+l1<l<y<n

Page 8 of 17
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The calculation of the last two terms of (2.31) implies

2m+1 2m+1

r\2 r\2 ro\2
I DI SRRCAN ED DD DS
r=n+1 " 1<i<j<mn my+1<s<t<nm r=n+l1<l<y<n
2m+1 mj

=y > Z ;EV ) (2.32)

r=n+1 £=1 y=my+1

In a similar way, we obtain

2m+1 m
Z{ PRI D W Y S Y ch;}

r=n+1 U 1<i<j<m r=n+lmi+1<s#t<n 2<l<y<n
2m+1
=> § gL - § § et ). (2.33)
r=n+l1 £=2 y=mi+1

Using (2.33) in (2.29) leads to

leAf
f

2m+1 my my n
—z(z S @) -3 Y czzc;y)

Ric(W) < < n?||H|? - + f—L(mlmz +n-1)

r=n+l \{=1 y=m1+1 t=2 =2 y=m1+1
2m+1
2
r
) Z 2Cll m1+1m1+1 L Cnn)) . (2.34)
r n+1

As for the warped product submanifold 2" such that the base is minimal in ©”, we com-

pute the following simplification:

2m+1 my 2m+1 n
ID DD BHAEED Sl S (2:35)
r=n+l £=2 y=m+1 r=n+ly=mi+1

Similarly, we have

2m+1 my 2m+1 )
DN enen=->(¢h)" (2.36)
r=n+1 t=2 r=n+1

At the same time, utilizing the minimality of the base manifold N;, we deduce that

2m+1 2m+1 n

2
5 Z 20, - m1+1m1+1+"'+§':m)) + Z Z ¢nty,
r n+l r=n+ly=mj+1
2m+1
=2 (¢hy) n 2||H) % (2.37)

r=n+1

Page9of 17
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Utilizing (2.35), (2.36) and (2.37), (2.34), will lead to

2m+1 n

Ric(W) < SOmams 1) - ’”j,Af SIS e, -@wrt (2.38)

r=n+1 \y=mj+1

The above inequality is equivalent to the following:

2m+l n

Ric(W) < (mlmz +n-1)- m;Af Z ZCUCVV (2.39)

r=n+1 y=2

Using (2.20) gives inequality (2.21).
Case II. Assume that e, is tangent N,. Fix a unit tangent vector field from e,,,,1,...,€,
in which W = e, = e,,. Utilizing (2.14)—(2.29) and following a similar technique as in Case

I implies
1 A ~ ~ ~
§n2||H||2 > Ric(W) + m.zf f - 2t(TxQ”) +T(TeNY") + T(TeN3?)
1 2m+1
> 2
+ Z Key + 2 Z (Zc:tn - (;rm1+1}’l41+1 Tt ;Zn))
1<l<y<mn-1 r=n+1
2m+1 n-1 m  m n 5 2m+1 mp  n-1
IDIPIIEDD (65,)° = 2222 2. sty
r=n+l y=1 r=n+l £=1 y=mi+1 r=n+l £=1 y=m1+1
Using (2.30), we obtain
1 myAf €
Ric(W) < —=n?|H|? - +—(mmy+n-1
(W) < 5 ||| 7 4( 17112 )
2m+1 2m+1 n-1
2
Y Z 2;;1;1 §m1+1m1+1+"'+;;n)) - Z ZC;HC;V
r=n+l1 r=n+l y=1
2m+1 mp 2m+1 m; n-1
S IDID VSRS 3D VD WA (240)
r=n+l £=1 y=my+1 r=n+l £=1 y=my+1

As the base of Q" is minimal,
2m+1 my n-1
DD g, =o. (2.41)

r=n+l £=1 y=my+1

By a similar technique from first case, using (2.41) in (2.40), we get

Ric(W) + ;f =on 2|H)2 + = (m1m2 +n—1)
2m+1 )
-5 Z - m1+1q+1 +“'+§:m))
r n+1
2m+1 n-1

_ZZ;"”;VV ZZ Z ;[y . (2.42)

r=n+l y=1 r=n+l £=1 y=my+1
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After some calculations, we obtain

2m+1 1
Z E((C:nﬁlmﬁl +'“+; 2;;1;1 Z Cy[ncyy
r=n+l1 y=n+l
2m+1 1 ) 2m+1 5
= Z i(cfnl+lm1+l +eee 4t gfm) +2 Z (;Z}’l)
r=n+1 r=n+1
2m+1 n m 2m+1 n
DD IR DY Z S D DD D M (243)
r=n+1ly=mi+1 r=n+ly=n+1 r=n+ly=mj+1

Performing more calculations on the last two terms gives

2m+l n-1 2m+1 n 2m+1
2
r Tl _ r
Z Z Cunlyy — Z Z Cunlyy =~ Z (CW) ’
r=n+ly=n+1 r=n+ly=mp+1 r=n+1

Thus (2.43) can be reduced, using the above relation, to

2m+1 1
Z {E((;Cr11+lm1+l + +C 2;;1;1 Z Cnnfyy}
r=n+1 y=mi+1
2m+1 1 5 ) n-1
= Z [E(crﬂulmﬁl Tt Cfm) + (Ct}:m) - Z g’r’”l;y)’ } (2.44)
r=n+1 y=mi+1

Therefore, using (2.44) in inequality (2.42), we deduce that

2m+1
. leA 1 r r\2
Ric(W) < n 2||H? + (m1m2 +n-1)- mAf 1 Z (§m1+1m1+1 +eo+ L)

f r=n+1
2m+1 5 n-1 1 )
- Z {(C:m) - Z C’;zchy + E(C:nﬁlmlﬂ LA C:m) }
r=n+1 y=mi+1

From the minimality of the base of the warped product submanifold 2", we get

WIZAf 2m+1 n-1
Ric(X) < — (m1m2+n 1) - 7 Z( > ;;n;yy) (2.45)
r=n+1 y=m1+1

This gives the proof of inequality (2.21). We will use the technique adopted for case (1) to
get inequality (2.21) when Q" is Ny-minimal. Now equality (2.21) can be verified similarly
asin [3, 4, 29]. O

For completely minimal submanifolds, Lemma 2.1 will lead to the following result.

Lemma 2.2 Assume w: Q" = N; xy Ny — M2+ s 4 C-totally real minimal isometric

embedding of a warped product Q" to the cosymplectic space form M1, Then, for any

Page 11 of 17
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unit vector W € T,Q", the following Ricci inequality is satisfied:
€
Ric(W) + myAlInf < m,||VInf]|* + E{mlmz +n—1}, (2.46)
where m; = dimN; and my = dim Ns.

3 Proof of the main results
3.1 Proof of Theorem 1.1
Consider the following equation with w = Inf:

’Hess(a)) + ta)1|2 = |Hess(a))|2 + ()% + thg(Hess(a)),I).

But we know that |I|?> = trace(II*) = m, and g(Hess(w),I*) = tr(Hess(w)I*) = trHess(w).
Then the preceding equation takes the form

’Hess(w) + L‘a)1|2 = ’Hess(a))‘2 +m () - 2twAw. (3.1)
If A; is an eigenvalue of the eigenfunction w, then Aw = X;w. Thus we get
’Hess(w) + L‘a)1|2 = ’Hess(a))‘2 + (m1t2 - ZtAI)(w)z. (3.2)

On the other hand, we obtain

w? 9
A7 =wAw - |Vol|*.

Again using Aw = A w, with integration, we arrive at

w? 3
5 =whw - |Vo!~,

which implies that

1
/ 0?*dV=— | |Vo|*dV. (3.3)
Qn A‘

1JQn

It follows from (3.2) and (3.3) that

2
/|Hess(w)+tw1|2d\/:/ |Hess(w)|2d\/+/ <m1 —2t)|Vw|2. (3.4)
n Qn o\ A1

In particular, taking ¢ = Ml in (3.4) and integrating, we get

my
.

Again integrating (2.21) and involving the Green lemma, we have

2
A
dv = f | Hess(w)|*dV - == / IVol>dV. (3.5)
Qn my Jon

A
Hess(w) + 2L ol
my

2

Ricy (W) dV < ”—/ |H|2dV+m2/ \Vol>dV
QH 4 Qn QVI

+/ E(m1m2+l’l— 1)dV. (3.6)
QVI 4
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From (3.5) and (3.6), we derive

1 2 rno
—f Ricy(W)dV < —— |H|2dv_@/ Hess(w) + —ol| dV
q Jaon 4}‘}’12 Qn )\1 Qn n
-1
+ m ‘Hess(a))|2dV+/ S(ml+1+ M )dV.
)\,1 Qn Qn 4 ny

Under the assumption that the Ricci curvature is greater than or equal to zero, i.e.,
Zic(W) > 0, the latter equation implies

J.

}’12)\‘1

2
av <

A
Hess(w) + 2L ol
my

/ |H|2dV+/ |Hess(w)|* dV
41’}’111’1’12 Qn Qn

A € -1
+_1/ —<7r11+1+m1 )dV,
my Qn4 my

which is equivalent to the following:

J.

2
dVS/ \Hess(a))|2dV
Q}’l

A 2 -1
+—1/ {n—IIHI|2+e<ml+1+m1 )}d\/. (3.7)
4}’}’11 Qn | My ny

If the following equality holds by assumption

A
Hess(w) + 2L ol
my

Al
4)’1’117/’[2

/ |Hess(a))|2dV: / {e(l—n—mlmz)—n2|H|2}d\/, (3.8)
Qn Qn

then equations (3.7) and (3.8) imply that

J.

But it is clear that

J.

Combining Egs. (3.9) and (3.10), we get

2
dv <0. (3.9)

A
Hess(w) + 2L ol
mi

2 2
Hess(w) + 2ol dv > 0. (3.10)

my

2

A
-0 = Hess(w)=-"Lowl (3.11)
mi

A
‘Hess(a)) + Dot
n

Since the WF o = Inf of the nontrivial WPS Q" is nonconstant, Eq. (3.11) reduces to
Obata’s differential equation where ¢ = /jn—ll > 0 with A; > 0. Hence, N; is isometric to

SP(,/ 2{—11). This completes the proof of the first part. On the other hand, if we have A, = m;,
then from (3.11) we get

Hess(a))(Wl,Wz) = —a)g(Wl,Wz), (312)

for any Wy, W, € I'(N;). The proof of this theorem is now complete.
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3.2 Proof of Theorem 1.2
If w is a positive differentiable function on a Riemannian manifold Nj, then Bochner for-
mula is given as
1
5 AIVel = |Hess(w) I + Zic(Vo, Vo) + g(Vo, VAw).
Integrating along the volume element and using Stokes’ theorem, we get

/ {|Hess(w)|” + Zic(Vw, Vo) + g(Vo, VAw)} dV = 0.
er

Assuming that 4, is an eigenvalue of the eigenfunction w with Aw = A;w, we can conclude
that

/ | Hess(w)|” = - / Ric(Vw,Va)dV -, / IVol*dV.
Qn Qn Qn
Inserting the above equation into (3.5), we achieve

J.

Utilizing (3.6) in the above equality, we arrive at

A
Hess(w) + 2L ol
m

2
1
Av=— %ic(vcu,vco)dv—)\l(m” )/ IVol2dV.
1 Qn my Qn

2

" v

Al
Hess(w) + —wl
)\,1(}711 + 1) Qn

mp

1
—/ Ric(W)dV +
qJan

mi

+— Ric(Vw,Vw)dV
)\.1(1’}’11 + 1) Qn

2

-1
5"_/ HE gy ¢ -l e
4}4’12 Qn my 9”4'

It can be simplified as

J.

2
- Mn*(my + 1)

Al(ml + 1)

mjymy Qn

]y 2
Hess(w) + 2L ol| dv +

mi

Ric(W)dV + / Ric(Vw,Vw)dV
QVI

|H|2dV
41’/’111’1’[2 Qn

AM(mymy +n—1)(my + 1) /
+
miymiy Qn

€
— . 1
4dV (3.13)

Following our assumption that the Ricci curvature is nonnegative, i.e., Ric > 0, we derive

J.

By the hypothesis, the extrinsic condition (1.4) holds, thus

A.l(ml + 1)

2
dv <
4‘}’7’11}’}’12 Qn

A
Hess(w) + 2L ol
my

{112|]HI|2 +e(mmy +n— 1)} dv. (3.14)

A
Hess(w)(W1, W) = —m—lwg(Wl,Wz), (3.15)
1



Ali et al. Journal of Inequalities and Applications (2020) 2020:241 Page 150f 17

for any Wy, W, € I'(N;). This is again Obata’s ODE [30] which implies that the base N; is
isometric to the Euclidean sphere S" (\/31:1). The proof is completed.

Using the fact that the warped product submanifold ©2” is minimal, we give the following
corollary of Theorem 1.1.

Corollary 3.1 Let M*"*!(¢) be a cosymplectic space form and Y : Q" = N; x; Ny —
M?"*1(¢) be a C-totally real minimal isometric embedding of the warped product sub-

manifold Q" into M¥"*1(¢) with a nonnegative Ricci curvature. Then, there is an isometry
between the compact base N and the sphere S™ if the following is true:

1
|Hess(a))|2 = —{e(l—n—)qmz)}. (3.16)
21’1’12
Proof Assuming Y is minimal and A; = m13, from (3.7), we get
/ |Hess(a)) + a)[’z v < / |Hess(a))|2 av
Qn Qn

1 -1
+—/ e(/\1+1+ ! )dv. (3.17)
2 Qn iy

If the assumption (3.16) holds, we get the following from (3.17):

Hess(a)) (Wl, Wz) = —wg(Wl, Wz),

for a nonconstant function w = Inf. Hence, using the arguments as in [30] completes the
proof of the corollary. O

4 Some physical applications
In this section, we investigate the Dirichlet energy that satisfies the following for a compact
submanifold €2 and differentiable function 0 : @ — R:

E6)= fﬂ IVoI2dv, 1)

where dV is a volume element. From this motivation, we give the following corollary by
combining (2.21) and (4.1).

Corollary 4.1 Let Q" = Ni x¢ N, be a compact C-totally real warped product submanifold
embedded into a cosymplectic space form M*"*1(¢). Then
(i) The following inequality holds:

2
E(nf) > %mz /9 {,%’ic(W) - %HHHZ - z(mlmg - 1)}. 4.2)

(i) If " is minimal then we have

E(nf) > zimz /Q {%ic(W) - f—L(mlmg - 1)}, (4.3)

where E(Inf) is the Dirichlet energy of the warping function Inf.
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5 Conclusions

In brief, it is well known that a cosmological model of the universe consisting of a perfect
fluid whose molecules are galaxies is a Robertson—Walker spacetime. For example, if S
indicates a three-dimensional manifold with constant curvature x = —1,0,1 and I denotes
an open interval in the real line R, then a warped product of the form Q(k,f) = I x, S?
with its metric ds* = —dt* + f? ds? is a Robertson—Walker spacetime. Therefore, the con-
cept of a warped product submanifold is useful because of its importance in mathematical
physics [5, 6, 12, 16, 18, 19]. In the present work, we have combined the ordinary differen-
tial equation with warped product submanifolds. Therefore, the paper presents excellent
combinations of ordinary differential equation with Riemannian geometry.
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