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1 Introduction

Let n > 2 and let w = (wy,...,w,) be a real n-tuple such that

0< W= w;<W,, k=1,...,n,W,>0. (1)
i=1

In [5] the following Cebysev’s inequality of the Mercer type:

1 ¢ 1 « 1
a+b—%;wixi c+d—%;wlyi 5ac+bd—%;wixlyi, (2)

was proved for any real n-tuples x = (x1,...,%,) and y = (y1,...,y,) monotone in the same
direction and real numbers a, b, ¢, d such that

a < min x;, b > max x;, ¢ < min y, d > max y;. (3)
1<i<n 1<i<n 1<i<n lsisn

If x and y are monotonic in the opposite directions, inequality (2) is reversed.

Here, to be more precise, we cite that result with the slightly different notation.

In the same paper, the authors considered Cebysev’s functional (or Cebysev’s difference)
of the Mercer type defined as the difference of the right- and left-hand sides of inequality
(2). They established bounds in terms of the discrete Ostrowski inequality. Here we give
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more accurate bounds, which also provide refinements of inequality (2). In addition, using
these results, we establish Ostrowski-like bounds for the Jensen—Mercer functional and,

consequentially, a refinement of the Jensen—Mercer inequality.

2 Bounds for the Cebysev’s functional of the Mercer type
Let m > 2 and let p = (py,...,pw) be a real m-tuple such that

k
O§Pk=2pi§Pm, k=1,...,mP,>0. (4)
i=1

Then Py =Y 7, pi > 0, k = 1,...,m. Furthermore, from the summation by parts (some-
times called the Abel transformation) it follows that the identity

m m m m
Y b)Y pEi— Y piEYy pidi (5)
-1 -1 i-1 i-1
m-1 [/ i-1 m—1
= Z( PP AEAG + ZPil_)j+1A§iA§/>
-1 \j-1 =i

holds for any two real m-tuples & = (§1,...,&,) and & = ({1,..., ), where A&; = &1 — &,
A{l’ = §i+l _§i1 i= 1,...,7}’1— 1 (See [7! 8])
Here, and in the rest of the paper, we assume ;: «% =0when k> [

Lemma 1 Let n > 2 and let w be a real n-tuple such that (1) is fulfilled. Then for any real
n-tuples X, y and real numbers a, b, c, d satisfying (3), the identity

1 « 1 « 1 o
ac+bd—Wn;w;xlyi—(a+b—%;wixi><c+d—Wn;wiyi)
=1 —a)(d—yn) + (b—%,)(y1 - 0)

+

n-1 n-1

1 —

W |: E Wi(x1 —a)Ay; + E Win(b—x,)Ay; (6)
T =1 i=1

n-1 n-1
+ Y Wihxi(1—0) + Y Wi Axi(d —yn)}

i=1 i=1

1 i o n-1 L
i) Z(Z WiWji1AxiAy; + Z Wi WjAx;Ay;

noi=1 \ j=1 j=i
holds, where Ax; = xi,1 —%i, Ay =Yis1 —Yni=1,...,n—1.

Proof For m = n + 2, we define m-tuples p, &, and ¢ as

-1 _om W Wy -1
Pl— ) Pz— an PB— Wn; ceey pm—l_ Wnr pm— )
Sl =a, €2 =X1, ;,:3 =X2, e ‘gm—l =Xn 'i:m = b: (7)

ti=¢ &=y, $3=Y2, cees Cm-1=Yn» im=d.
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Since w satisfies (1) it follows that
k
0<Pc=) pi<Pu k=12..,mP,=1>0.
i=1

Hence, we can apply identity (5). Its left-hand side is
Y b)Y pEii— Y piE Yy piti
=1 =1 i=1 i=1
1< 1< 1<
=ac+bd - W gwixiyi— <a+b— W, ;Wixi> <c+d— W, ;wm).

It can be easily seen that

P =1, P, =1, P,1=0, p; = , fori=2,....m-2,

Wi
W,

P, =1, P,=1, P, =0, P = , fori=3,...,m-1,

hence, on the right-hand side of (5) we have

3

14

-1 /i-1 -1
(Z P PAEAG + Z PiPj, A&‘Af})
J

j=i

I
—

=1

m-1 i-1

=> (PMPIAaAcI + Y PiaPAEAY
i=1 j=2

m-2

+Y PP AGAY + Pl«PmAsiAzml)
j=i

m—1

- L P
= Z P A&i(y1 — ) + W P WiA&Ayj
i=1 " j=2

m-2
1
+ W, ZPiM—lAgiij—l +P;AE(d —J/n)>-

j=i

Calculating separately summands for i = 1 and i = m — 1, we obtain

m-1 i1
_ 1 _
;(PMA&(JH -c)+ W, ;PHI W;AE Ay,

W —
J=i

m-2
1
+ Z PiWj 1 A§iAyjq + PiA&(d - yn)>

m-2

Y Wil - @) Ay + (61 - a)(d - y,)

j=

1
W
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m—2 1 m-2 i-1
VV; 1A% (01— o)+ — WiaW;Axi_1Ay;
noj=2 j=2
1 m—=2 m-2
t om0 WiWii Axi Ay Z WiAxi-1(d ~ )
noj=2 j=i
1 m=2
+(b _xn)(yl —c)+ W}(b _xn)ij—l
Wy

Therefore,

m-1 [/ i-1 m-1
Z (Zl_’inij&ACj + ZPiﬁm A&‘ACJ)

i=1 \ j=1 j=i

=1 —a)d—-y,) + (b—x,) (51 —¢)

1 n no
+ Wn |:IZZ VVj—l (x1 —ﬂ)A}/j_l + < W](b —xn)ij_l

+ Z Wis1 Axi_1(y1 —¢) + ZWiAxi—l(d —yn):|

i=2 i=2

1 n i-1 e n o
w2 > (Z Wi WiAxi 1 Ay + Y WiWi Axi Ay |,

noi=2 \ j=2 j=i
which is equal to the right-hand side of (6). O

Using identity (6) and imposing stricter conditions than (3), we obtain refinements of
inequality (2) which are more accurate than those previously established in [5].

Theorem 1 Let n > 2 and let w be a real n-tuple such that (1) is fulfilled. Let x, y be
real n-tuples monotonic in the same direction. Suppose that real numbers a, b, ¢, d and

nonnegative real numbers r, s satisfy

min x; —a > r, b— max x; >r, [Ax;|>r, i=1,...,n—1, (8)
1<i<n 1<i<nm
min y; —c > s, d- max y; >s, Ayl =s, i=1,...,.n—-1. 9)
1<i<n 1<i<mn

Then
bd Ly b Ly d Ly
ac + —Wn;wixlyi— a+ —%;Wixi Cc+ —Wn;wl’yi
n-1
> rs<2n +— Z(Z WiW,, + Z WH1W)) (10)

”tl

Ifx and y are monotonic in the opposite directions, then the inequalities in (10) are reversed
and the term rs appears with the negative sign.

Page 4 of 9



Matkovi¢ and Pecari¢ Journal of Inequalities and Applications (2020) 2020:242

Proof Under the given assumptions, using identity (6), we obtain
1 < ( 1 < 1 <
Z wixyi—|a+b— — Z w,'x,) ( Z wiy,»)
Wi i=1 Wi i=1 Wi i=1
%5 n-1 n-1 rs n-1 /i-1 n-1
s V(zwﬁzm) L (2 wzww)
, , i , —

i=1 i=1 i=1 j=1 j=i
Since
n-1 -1 n-1
> Wir Wi = W= - 0
i

we obtain the first inequality in (10). Since r, s are nonnegative real numbers and obviously

1
2n+—nZ(ZWW,+1+ZWH1W> >0,

"’ll

the second inequality in (10) immediately follows. O

Using identity (6) and the triangle inequality, we can establish bounds for the Cebysev’s
functional (or Cebysev’s difference) of the Mercer type in terms of the discrete Ostrowski
inequality.

Throughout the rest of the paper, let [4, ] and [c, d] be intervals in R, where a < b, c < d.

Theorem 2 Let n > 2 and let w be a real n-tuple such that conditions (1) are fulfilled.
Then for any real n-tuples x € [a,b]", y € [c,d]" the following inequalities hold:

1 n
W, ZW’%)
i=1
1 n n n-1
< “”‘”[W(Z Wilx: - al +ZWi|b—xn|) +) 1A%
" \i=1 i=1 i=1

ac+b

R R
wixiyi—a+b—— > wxi||c+

1 n-1 n-1
t (ZWWHZWMW | Axi]
n

i=1 j=i

n-1 1 n-1
<b- a)(d—c)|:2n %Z(Z W,+1+2Wi+1\)7/>:|. (11)

n =1 \j=1 j=i

Proof Using identity (6) and the triangle inequality, we have

1 n 1 n 1 n
ac+bd— — > wxyi—|a+b—— ) wx; +d—— ) wy;

< w1 —alld = yul + b = %ul1y1 = |

n—1 n-1
1
= [Zwm allAyil + Y Wi lb = xal| Ayil

i=1
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n-1 n-1
+ Z Wil Axi||y1 —c| + ZWi+l|Axi||d_yn|:|

i=1 i=1

1 n-1
22(2 WW,+1|Axl||Ay,|+ZWH1W|Axl||Ay,|>
” i=1 j=i

because W; and W; are nonnegative for all i = 1,...,7. Since |y; — c|, |d — y,|, | Ay;| for all
i=1,...,n areless or equal to d — ¢, and |x; — a|, |b — x,|, |Ax;| foralli=1,...,n, are less

or equal to b — a, we obtain inequalities (11). O

Remark1 Ifin Theorem 2 we add assumption that R, S are nonnegative real numbers such
that

|x1 —al <R, |b—x,] <R, |Ax;| <R, i=1,...,n-1, (12)

lyr—cl =S, ld=yul =S, |Ayil<S, i=1...,n-1, (13)

then we obtain refinements of the two inequalities proved in [5] under the same assump-

tion. Namely, we have inequalities

1 n 1 n
ac+bd—— % wxy,—|a+b—-— > wu;

1
<S
o

Van ; Wiyi)

n n n-1
(Z Wilxy —al + ZWAb—m) + YA
i=1 i=1 i=1

n- i-1 n-1
1 _ _
< RS|:2}’I + — 3 E ( E W,‘ Wj+1 + E ‘ Wl'+1 W]>:| (14)

and, as a special case when w; =1 (i = 1,..., n), we have inequalities

ac+bd—%2xlyi—<a+h—%;xi><c+d—%;yl’)

i=1

n-1 n-1

§S<n (|x1 al+ Y 1Ax]+ b~ m)—%Zi(n—i)mm)

i=1 i=1

RS(VI +1)(51 + 7).
12

3 Bounds for the Jensen-Mercer functional

Jensen—Mercer inequality

d

Zwlx,) <f@+f(b) = - 3 wif (), (15)
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for a convex function f : (a, 8) — R, real n-tuple x € [a, b]”, and positive real n-tuple w,
where —00 <« <a < b < f < o0, was proved in [6]. In [1], it was proved that it remains
valid when x is monotonic and w satisfies conditions (1).

Using our results from the previous section, we establish Ostrowski-like bounds for the
Jensen—Mercer functional, i.e., the difference of the right- and left-hand sides of inequality
(15).

Theorem 3 Let f: (a, B) = R be a differentiable function and suppose that y, § are real
numbers such that y < f'(x) <6, for all x € («, B). Let n > 2 and suppose that n-tuple
X € [a,b])", where —0o < a <a < b < B < 00, satisfies conditions (12). Let w be a real n-
tuple such that conditions (1) are fulfilled and a + b — W%« Yo wix; € [a,b]. Then

1 < 1 <
(a) +f(b) - wif (%) —f ( wm)

1 n n L n-1
5(5—7/)[% (vaxl—auzwiw—m) + D |ax|
i=1 i=1 i=1
1 n-1 n-1
t o (ZWW;+1+ZWH1W)|AM|:|
noi=1 \j=1 j=i

n

5R(8—y)|:2n+ —Z(Z\X/W,H+ZWH1W)] (16)

”tl

Proof By the mean-value theorem, for any ¢, 7n € («, B), there exists some & between them
such that f(¢) — f(n) =f'(£)(¢ — n). Hence, choosing ¢ =x; and n=a + b — Win Yo wixi,

we obtain
flx)—f ! XM:WW =f'(E) % — ! Xn:wfxf (17)
L Wn — IAde’ 1 L Wn — wvL e
Multiplying (17) by — -, and then summing over i, we have

_‘; Zwif(xi)+f<a+b—v;

=1

"=l

n n

wix; ) wif ().

EM

___waf(gl + —(a+b szf(&)
i=1

Choosing ¢ = a, ¢ = b, respectively,and n=a + b — Win YL, wix;, we have

1 < 1 <
fla)-f ( Wm) =f/(éa)< WiX; — b>,

f(b) —f<“ +b— Win ;:Wixz) =f/(5b)<WLn ;Wixi —61>.
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Summing the above three equalities, we obtain

n

1 1 <
fl@)+f(b)— — > wflx)-fla+b—-— ) w;
W, 2 W, 2

noiq no-

n n

= _Win Zl: wixf (&) + (a + b)Wi,, Z wif (&) - % Zwixi szf,(éi)

i=1 =1 i=1

f € 5 Sw—b ) 7)o e
" =1 " =1

= af (60 + b &)~ 1 D wenf &)
"i=1

n

~(avb-5 D ) (6 e - o @)

i=1

Since y <f'(x) <4, for all x € («, B), it holds

If'€&)-fE)| <5y, If' (&) —fE)| <5 -v,
IAfE) <8-y, i=1,..,n-1,

and inequalities (16) immediately follow from Theorem 2 and Remark 1. O

Remark2 An integral variant of identity (5) can be found in [9] and there is a way to obtain
integral variants in terms of Riemann-Stieltjes integral of the Jensen—Mercer inequality
from the Jensen—Steffensen inequality (see, for example, [2—4]). Hence, our discrete results

can be extended to the continuous case.
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