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1 Introduction

During the last several years, a considerable amount of attention has been given to investi-
gate the boundedness for various kinds of integral operators on Triebel-Lizorkin spaces.
For examples, see [1, 4, 5] for singular integrals, [15, 17, 26, 27] for Marcinkiewicz in-
tegrals, [16, 27] for Littlewood—Paley functions, [14, 18, 20] for maximal functions, and
[21, 22] for maximal singular integrals. The main purpose of this paper is to prove the
boundedness and continuity of the maximal singular integral and maximal operators re-
lated to homogeneous mappings on Triebel-Lizorkin spaces when their kernels are given
by function € in the Hardy space H'(S"!). Let n,d > 2 and m = (my, ..., mg) € R%. We say

that ® : R” — R is a (nonisotropic) homogeneous mapping of degree m if
D(ty) = 5:(2()

holds forall£>0and y € R?. Here, {8;}:0 is a family of dilations on R? defined by
8:(X1,...,%4) = (t’”lxl,...,t”’dxd).

Before stating our main results, let us recall some pertinent notations, definitions, and
background. Let S"~! be the unit sphere in R” equipped with the induced Lebesgue mea-
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sure do. Let Q be integrable over S"~! and satisfy
/ Q(u)do (u) =0. (1.1)
gn-1

For a suitable mapping ® : R” — R¥, we define the singular integral operator Tq ¢ by

Qy/lyl)
y|"

To,ef (%) := p.v. /]Rnf(x - (y)) dy, (1.2)

where f € S(R?) (the Schwartz class on R?). When 7 = d and ®(y) = y, the operator Tg o
reduces to the classical Calderén—Zygmund singular integral operator, which is denoted
by Tq. In their fundamental work on singular integrals, Calderén and Zygmund [3] first
proved that T is bounded on LP(R") for 1 < p < oo if € LlogL(S"!). The same con-
clusion was obtained independently by Coifman and Weiss [7] and Connett [8] under the
less restrictive condition that € H'(S"1). Here, H'(S""!) denotes the Hardy space on the
unit sphere and contains Llog L(S"!) as a proper subspace. The above results were later
extended to singular Radon transforms by many authors (see [2, 6, 9, 10]). In particular,
Cheng [6] proved the following result.

Theorem A ([6]) Let & = (Py,..., D ) be a homogeneous mapping of degree m = (my, ...,
mg) with each m; # 0. Assume that Q € H*(S"!) satisfies (1.1) and ®|su-1 is real-analytic.
Then, for 1 < p < 0o, there exists a positive constant C, such that

1 Toof | p@rd) < Collf ll o (ra)-

In this paper, we study the maximal singular integrals and maximal operators related
to homogeneous mappings. Let €2, ® be given as in (1.2). The maximal singular integral

operator T¢ 4 and the maximal operator Mg ¢ are defined by

Q/lyl)
lyl”

T af (%) := sup

€>0

dy|,

/y -20)

Maaf)=swp [ [t 00)[20/b1)A(b1)|
> lyl<t

For the sake of simplification, we denote T , = Tq and Mg = Mo when n = d and
®(y) = y. Particularly, when ® = P is a real-valued polynomial mapping from R” to R,
we denote 7§ ¢ = 75, » and Moo = Mo,p. In 1997, Fan and Pan [10] proved that T¢ , is
bounded on L”(R?) for 1 < p < oo, provided that 2 € H(S"!). It follows from a theorem
of Stein and Wainger that Mg, p is bounded on L#(R%) for 1 < p < o0 if @ € L'(S*"!). Other
relevant results on the L” bounds for Mg p can be found in [2, 24].

Based on the above, a natural question is the following:

Question A Are the operators T¢, 4, and Mg, bounded on L¥ R for all 1 < p < 00 if Q
and © are given as in Theorem A?

This question can be addressed by the following theorem.
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Theorem 1.1 Let ® = (Py,..., D ) be a homogeneous mapping of degree m = (my, ..., my)
with each m; #0 and ®|gu1 real-analytic. Assume that Q € H(S"!) satisfies (1.1). Then,
for 1 <p < oo, there exists a positive constant C, such that

| 76,0/ | ey < Coll Qe sm-1)I1f o ety

IMo,of llrrdy < Coll 2l sm-1) If 1| Lo (e
Here, the above constant C > 0 is independent of 2.

Remark 1.1 We point out the following remarks, which are useful in comprehending The-
orem 1.1.

(i) Theorem 1.1 is expectant. Actually, Theorem 1.1 can be proved by applying the ar-
guments similar to those used in deriving [6, Theorem 1] and [10, Lemma 6.3]. However,
our main arguments in proving Theorem 1.1 are different from those of [6, Theorem 1].

(ii) Theorem 1.1 is new. In a very recent paper [19], the authors have established the
LP(1 < p < 00) bounds for the singular integral operator and maximal singular integral
operator related to homogeneous mappings when their integral kernels are given by the
unit sphere kernel in ' (S"~!) and the weak size radial kernel, which contradicts the main
result of [13].

On the other hand, the boundedness properties of maximal singular integral operator
and maximal operator in Triebel-Lizorkin spaces have also received some attention of
many authors. Let S’(R?) be the tempered distribution class on R, For « € R and 0 <
p,q < 0o(p # 00), the homogeneous Triebel-Lizorkin spaces Fg’q(Rd) are defined by

1/q
() = {7 €8 (R): Wi = | (22111

i€l

< oo}, (1.3)
LP(R4)

where @(S) = ¢(2€) for i € Z and ¢ € CSO(R”[) satisfies the conditions: 0 < ¢(x) < 1;
supp(¢p) C {x:1/2 < |x| < 2}; ¢(x) > ¢ > 0if 3/5 < |x| < 5/3. The inhomogeneous version
of Triebel-Lizorkin spaces, which is denoted by F4(R?), is obtained by adding the term
|© %f | p(gay to the right-hand side of (1.3) with ), _, replaced by )", ,, where © € S(R9),
supp(C:)) C{E:|€] <2}, O(x) > ¢ > 0if |x| < 5/3.1t is well known that the following are valid
(see [11, 25] for more details):

2 (RY) = LP(RY) for 1< p < oo;
FP1(RY) ~ F24(R?) N [P (R?)  and (L.4)
Wl g ey ~ Wl gparay + If 1l oraty  for e > 0.

Recently, Liu et al. [21, 22] have established the bounds for T , and Mg p on Triebel-
Lizorkin spaces when Q € Llog L(S"!) or © € F5(5"!) (the Grafakos—Stefanov function
class (see [12])). It should be pointed out that the following relationships are valid:

L(log L)*(S"") C L(logL)*2(S"™")  for 0 < oz < vy

L(logL)*(S"™") CH'(S"") € L'(S"") fora>1;
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L(logL)* (") ¢ H'(S"™") € L(logL)* (") forO0<a <1;

(Fp(s") 2 H' (") Z | Fp(s");

p>1 p>1
() Fs(8"") £ LlogL(S™™).
B>1

As far as I know the bounds for T;‘LP and Mg p on the Triebel-Lizorkin spaces and
Besov spaces are unknown under the condition that € H'(S"1), even in the special case
n=dand P(y) =y.

A natural question, which arises from the above, is the following:

Question 1.1 Are the operators T and Mg bounded on the Triebel-Lizorkin spaces if
QeHY(S"Y)?

Question 1.1 is the main motivation for this work. In this paper we give an affirmative
answer to the above question by treating more general operators. Our main result can be
stated as follows.

Theorem 1.2 Let ® = (Py,..., D ) be a homogeneous mapping of degree m = (my, ..., my)
with each m; € N\ {0} and ®|gu1 real-analytic. Assume that Q € H'(S"!) satisfies (1.1).
Then

(i) For any o € (0,1) and 1 < p, q < 00, there exists a constant C > 0 such that

I T;Z.dlf”Fff’q(Rd) = ClILU ) I 9 gy,

where C > 0 is independent of Q.
(ii) T4 o is continuous from Fy'(R?) to Fiy'(R?) for all o € (0,1) and 1 < p,q < cc.
The same conclusions hold for Mg o.

The rest of this section is to present the bounds and continuity for T¢, 5 and Mg ¢ on
Besov spaces. For @ € R and 0 < p,q < 0o(p # oc), the homogeneous Besov spaces By (R?)
are defined by

1/q
By(RY) = {f € §'(RY) : f lpacpa) = (Z 27| *f||Zp(R,,)) < oo}, (1.5)

i€l

where U, is given as in (1.3). The inhomogeneous version of Besov spaces By (R%) is ob-
tained by adding the term ||® * f1| ;»ga) to the right-hand side of (1.5) with > icz replaced
by .1, where © is given as in the definition of F{(R?). The following property is well
known (see [11, 25] for more details):

BA(R) ~ B (RY) N (RY) and
(1.6)
”-f”Bg'q(]Rd) ~ ”_f”Bqu(Rd) + ”f”Lp(Rd) fOl”Ol > 0.

Recently, Liu and Wu [20] established a criterion on the boundedness and continuity of
a class of operators on Besov spaces, which is listed as follows.
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Proposition 1.1 ([20]) Let T be a sublinear operator and be bounded on L?(R?) for some
p € (1,00). Assume that

|ATH@)| < |T(A )| (17)

for any x,¢ € RY, where Acfx) =flx+¢) —fx) for all x,¢ € R?. Then T is bounded on
BYY(RY) for any a € (0,1) and q € (1,00). Specially, if T satisfies the following:

|Tf - Tg| < | T(f - 9| (1.8)

for arbitrary function f,g defined on R?, then T is continuous from By (R?) to By (R%) for
any a € (0,1) and q € (1,00).

It is easy to check that both the operators T 4 and Mg,¢ satisfy conditions (1.7) and
(1.8). This together with Theorem 1.1 and Proposition 1.1 implies the following theorem.

Theorem 1.3 Let 2, O be given as in Theorem 1.1. Then:
(i) For any o € (0,1) and 1 < p, q < 00, there exists a constant C > 0 such that

” T;ZYQ]CHBZr‘I(Rd) = C||Q||H1(sn*1)|Lf||jg§vq(]Rd),

where C > 0 is independent of Q2.
(ii) T§ o is continuous from BEA(RY) to Bﬁ’q(Rd)for alla €(0,1)and 1 <p,q < oco.
The same conclusions hold for Mg ¢.

By (1.4), (1.6), and Theorems 1.1-1.3, we can get immediately the following result.

Theorem 1.4 Let Q, ® be given as in Theorem 1.2. Then both the operators T¢, o, and Mg,
are bounded and continuous on Fy'(R?) and By'(R?) for a € (0,1) and 1 < p,q < oo.

Remark 1.2 Theorems 1.2—1.4 are new, even in the special case n = d and ®(y) = y.

The paper is organized as follows. Sect. 2 contains the atomic decomposition of Hardy
space and some estimates of oscillatory integrals, which play key roles in the estimates of
Fourier transforms on some measures. In Sect. 3, we prove Theorem 1.1 after presenting
a general criterion on the L” bounds of the convolution operators (see Lemma 3.1). The
proof of Theorem 1.2 is given in Sect. 4. It should be pointed out that the proof of the
boundedness (resp., continuity) part in Theorem 1.2 is greatly motivated by the idea in
[21] (resp., [22]).

Throughout the paper, the letter C or ¢, sometimes with certain parameters, stands for
positive constants not necessarily the same one at each occurrence, but are independent

of the essential variables. For notational convenience, we set exp(it) = e for any ¢ € R.

2 Preliminary definitions and lemmas
We start with the definition of Hardy space on S”~! and its atomic decomposition. Recall
that the Poisson kernel on S"! is defined by P,,(0) = 1 for 0 <r<land@,weS*L

|rw—0]"
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The Hardy space H'(S""!) is the set of all L!(S"!) functions which satisfy

€211 1. (sn-1) Z/s sup /;H QO)P,,,(0)do ()| do (w) < 0.

n-1 0<r<1

Definition 2.1 (H'(S"!) atoms) A function b(-) on S"7! is a regular atom if there exist
e € " ! and g € (0,2] such that

(i) supp(b) C S"1 N B(s, 0), where B(s,0) = {y e R" : |y — &| < o};

(i) 1151 21y < @47

(iii) fS”’l b(y)do(y) = 0.

The following atomic decomposition of Hardy space can be obtained by the idea in [7, 8].

Lemma 2.1 ([8]) If Q € HY(S"™!) satisfies the cancelation condition (1.1), then there exist
a sequence of complex numbers {c;} and a sequence of (1,00) atoms {Q;} such that Q =

Z,' ¢ and ||| gn-1y A Zj lcjl.

In our proofs of the main results we shall encounter oscillatory integrals with generalized
polynomials as their phase functions. Thus the following lemma of van der Corput type is

needed.

Lemma 2.2 ([6]) Letle N\{0}, u1,...,u; € R,and ds,...,d; be distinct nonzero real num-
bers. Let € C'([1/2,1]). Then

fs exp(z'(wdl+~~~+mtd1))1/f(t)dt‘scmlr”’(lw(r)h /8 |z//(t)|dt>

holds for 1/2 < § <t < 1. Here, C > 0 is independent of{uj};zl.

Applying Lemma 2.2 and the arguments similar to those used in deriving [6, Lemma 2.5],

we can get the following lemma.

Lemma 2.3 Letl e N\ {0}, s € N\ {0}, and hy,..., h; be distinct nonzero real numbers and

I
Qt,w) =t" > " au + > tiwi(w),

loe|<s j=2

wheret € R, u = (us,...,u,1) € R", o € N1, a, € R, and wy(-) are real-valued. Let r > 0
and b(-) be a measurable function on [-r,r]"™! that satisfies ||b|| ;2((_y -1y < r~" V2. Then
there exists a positive constant C independent of {a.}, {w;(-)}, r such that

1
/1‘/2

where y = %min{l/hl, 1/5,1/(s + 1)}.

dt < C(ﬁ > |au|>_y, (2.1)

lae|=s

/ exp (iQ(t, u))b(u) du
[-r,r]n-1

Proof Without loss of generality, we may assume that |asg,.,0| & > - [4al- Let n =
(2, ..., up1) and R(u) = 3, - aou®. By a change of variable and Hélder’s inequality, we
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have

dt

1
/;/2
1
:rn—I/
1/2
1
< rn—l/ </
- 12 \J172
1 pl
<[]
- [-1,1]"-2 \J-1J-1

1/2
X |b(ru1,rn)b(rv1,rn)| du; dvl) dn

1 pl 2 1/4
< rn—l/ </ / dM1 dV1>
[-1,1]72 \J-1J-1

1 1 s 1/4
X (/ / ’b(rul,rn)b(rvl,rn)’ duldvl) dn. (2.2)
141

/ exp(iQ(t, u))b(u) du
[—r,r]"‘l

dt

/ exp (iQ(t, ru))b(ru) du
[,1,1];1—1

1 2 12
/exp(iQ(t,ml,rn))b(rul,rn)dul dt) dn

1

1
// exp(i(Q(t, ruy, rn) — Q(t, rvy, rn))) dt‘
1/2

1
// exp(i(Q(t, ruy, rn) — Q(t, rvbrn))) dt
1/2

Applying Lemma 2.2, we obtain

1
/1 exp(i(Q(t, ruy, rn) — Q(¢,rvi,rn))) dt| < C’R(rul, rn) = R(rvy, rn) ’72}’, (2.3)

/2

where y = %min{l/hl, 1/1,1/(s + 1)}. Note that
R(ruy,rn) = agy,. 01 u] + lower powers in u;.

Then, by applying an inequality proved by Ricci and Stein (see [23, p. 182]), we get from
(2.2) and (2.3) that

1] p1 2
/ // exp(i(Q(t, ru1, rn) — Q(¢,rvy,rn))) dt| duy
-11J172
1 N -4y
< / |R(rus, rn) = R(rvi,rn)| ™" duy < C(rg Z |aa|) , (2.4)
-1 la|=s

where C > 0 is independent of vy, n,r. On the other hand, by Holder’s inequality and a
change of variable, we have

1 pl ) 1/4
/ (/ / |b(ru1,rn)b(rvl,rn)| duldvl) dn
[-1,1]7-2 \J-1 J-1
1 ) 1/2
5/ (/ |b(ruy, )| dul) dn
[-1,1]72 \J-1

1/2
< c( f |b(ru)|2du> < Cr V2 b oy g1y < Cr 07D, (2.5)
[_1,1]n—1

where C > 0 is independent of r. (2.5) together with (2.2) and (2.4) yields (2.1). O
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Lemma 2.4 ([6]) Forj e {1,2}, let U; be a domain in R" and K; be a compact subset of U;.
Let h(-,-) be a real-analytic function on Uy x U, such that h(-,z) is a nonzero function for

every z € U,. Then there exists a positive number § = §(h, K1, Ky) such that

zeKy

sup/ |h(w,z)|_8dw<oo.
Ky

3 Proof of Theorem 1.1
In order to prove Theorem 1.1, we need the following lemma, which is the main tool of

proving Theorem 1.1.

Lemma 3.1 ([19]) Let A >0, A € N\ {0} and {oxs:0 <s < A and k € Z} be a family of
uniformly bounded Borel measures on R" with oo(§) = 0 for every k € Z and & € R". For
1<s<A,letvs,ns>1,8;PBs >0, {axs} be a sequence of real positive numbers, £; € N\ {0}
and L; : R" — R be a linear transformation. Suppose that

() max{16% (€)1, l[os ()1} = CAmin(1L las L (©)] /)

(i) max{1675(8) = 5o (61, 1100sl () — [0 1151} < CAlals L, (€)1

(iii) for every q > 1, there exists C, > 0 independent of {L;}" | such that

sup|lool * H < CAIf lzany;
Hk€§| f] L = CaAlf e

(iv) for any 1 <s < A, {ays} satisfies one of the following conditions:

a a
() inf =25 > p 0 (b)  inf —2£ > .

keZ  ay,s keZ A1,

Then, for any 1 < p < 00, there exists C, > 0 such that

max Hsup||ok,A| *f} H , [|sup < GAIf e @n.
kel LP(R) |l kez

o0
2 oinxf
j=k

LP(R")

Here, the constant C, is independent of {Ls}2_, and {vs}2,, but depends on A, p, {8;}21, {Bs}21,
and {ns}2 .

We now proceed with the proof of Theorem 1.1. For notational convenience, we denote
by V,_1 the set of polynomials in #—1 variables with real coefficients and set [x] := max{k €
Z : k < x} for any x € R. For s € N, let V,_;; denote the subset of V,_; which contains

homogeneous polynomials of degree s.

Proof of Theorem 1.1 By Lemma 2.1 and Minkowski’s inequality, it suffices to show that

max{ ” T;Z,dlf”Lp(Rd)’ ||MQ,<I>||UD(]Rd)} < Golf lprays (3.1)

where Q is an H' atom on S"~! satisfying conditions (i)—(iii) of Definition 2.1.
In what follows, we assume that 2 is an H! atom on S"~! satisfying conditions (i)—(iii)
of Definition 2.1 with o € (0,2]. Without loss of generality, we may assume the following:

(i) A is the number of distinct m1;;
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(i) @ = (@y,..., D,) = (®L,..., D*), where ®° = (Dyy,..., Dy, ) with O (ty) = s Dy j(y)
foranyl<s<iand1l<j<a;

(iii) {Ps1,..., Psp, ) forms a basis for span{d;1,..., Py, } forany 1 <s <.

From assumption (ii) we see that 22\:1 as=d and {ry,...,n} C {1,...,d}. We get from
assumption (iii) that, for any 1 <s <A and 1 <j < a, there exists a sequence of numbers
{bsi}y, such that

q>s,j()/) = bs,/’,l d)s,l (Y) L bs,j,os (Ds,os (Y)

Let & = (&1,...,&1) = (EL,...,E*) with &5 = (&1,...,&5,,) for 1 <s < A.Forany 1 <s <2, let
@S = (Ps1,..., Ds,) and £5 = (515 .- -»&50,)- We define two sequences of linear transforma-
tions {H,;}?*, : R% — R and {Rs,j}]‘,’i1 :R% — R as follows:

Hs,i(é:s) = bs,i,lé:s,l te+ bs,i,osé:s,osi 1 S i E As;
R;;

, (gs) = bs,l,jgs,l L bs,as,jgs,ay 1 5] =< 0s.

Define two sequences of linear transformations {H;}*_, and {R;}’, by

Hy(8) = (o () Hoao () Ro(E") = (Roa(8): -1 Rons (87))-

It is not difficult to see that

£ D= £ H(D°) =Ry(&°) -, 1<s<h (3.2)

Forany 1 <s < A and z € S*7!, we have that z - ®i(.) is a nonzero real-analytic function
since {®g1,..., Ds,,} is linearly independent. Invoking Lemma 2.4, there exists &5 > 0 such
that

sup /SH |z~ d4(y) s do (y) < 00. (3.3)

zeS0s~1

Let €, = min{1/s,8,/2}. It follows from [9, (5.30)], for any 1 < s < A, that there exist an
orthogonal 7 x n matrix U such that el = e = (0,...,0,1) € S"™! and a polynomial P;; €
Vy-1 such that deg(P;;) < ["é—:l] and

|®,;(yU ™) - Py;(3)| < Co Ve (3.4)
for every y € B(e,0)NS" ' and 1 <j < a,;, wherey = (y1/|yl,...,¥n-1/y]). Forany 1 <s < A,

let Py = (Ps1,...,Ps,) and deg(Ps) = max; <j<4, deg(Ps;). Then there are integers 0 < Ay <
o< Agur, < deg(Ps) and Qgjay, € Viia,, for 1 <j <asand 1 <1 < M; such that

M;
Psz 2 QS,AS'ly
=1



Zhang and Liu Journal of Inequalities and Applications (2020) 2020:237 Page 10 of 16

where Qg a ;= (Qs1,0,--+» Qsagn,y) and Qsa, #(0,...,0) forany 1 </ < M;. Forany 1 <
l = Ms: let Qs,ASJ = (Qs,l,As,p cees Qs,os,AS,[) and

Mg
= Z QS,AS’[-
I=1
It follows from (3.4) that
|D°() - PuylD)| < Co"-VVes (3.5)
foreveryyeB(zz,Q)ﬁS”’1 andl1 <s<A.Forl<s<M 1<I[<Mand1l <j<a, weset

Qsjing, () = Z bejipy’. (3.6)

1Bl=Asy

Let w(u) = Y o (M +1) for 1 <u <1, @ (0) =0, and define the mappings ©y,..., O )
by

@0()’) = (0! ooy 0)r ®w()n)(y) = CD(y) (37)

and

®m(u)+9 ()/)

0
(CD @, ..., 2"(), |}’|""u+1Hu+1<Z UL, Ayp1y Iyl 1yU)> ...,0) (3.8)

=1

for0<u<i-1,0<0<w(u+1)—w(u).In particular,

Oww10) = (1), DL, Iy Hy(Pu(lyyU)),0,...,0), 1<u<i (3.9)
For 0 < s < w (1), define two families of measures {0k} and {|ok;|} by

B Qo)
[pwdnso= [ re.m)FE

The measure |oy| is defined in the same way as oy, but with Q replaced by |€2|. By (1.1)
and (3.7) we have

oro()=0 forkeZ. (3.10)
It is easy to check that

N1oksl )]} < ClIRl1 g1, (3.11)

max{ Ohs
For any 1 <s < w(A), by a change of variable, we have

— . / ’ dt
61s(8) = / )exp(=2mit - O,(ty))do ()
k-1 Jgn-1 t
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/ / ) exp(-2ri - ©5(2°ty')) do (y )dt (3.12)
172 Jgn-1 t

Note that 2¢,, < §,. By (3.3), (3.12), Holder’s inequality and invoking Lemma 2.2, one finds
that

@ < [ 00| [ expl-2mis -0 (26) %o )
E/Sm exp( ZniiRj(Sj)~&>/(y’)(2kt)m'f)?
< cl2mr e [ 100/ |(Ri(e) - 840 do )

< |29 R, (5") ™ ||Q||Lz<sn1>< /

J1—

do (y)

(R 300 o))
< i @) 12 IR 300 o)

< C|2kmm o~ DICa R (gu) |-fu (3.13)

for any 1 < u < A, where (R, (%)) = ‘ﬁu(g . Similarly, we can get

10k ()| (8)| < C| 207 g~ D/CER, (£) |~ (3.14)

forl<u<Aa.

ForO<u<Xi-1and0<0 <w(u+1)- o (u), we get from (3.8) and (3.12) that

|O'kw(u+9(g)| ‘/ / eXP( 27{l<zgl CDZ _)/U )( )m’l

=1

4 dt
' €u+1 . Hu+ (Z u+l, Au+ll(y 2k )mru+l )) 7 '

I=1

From (3.2) and (3.6) we have

0 6
$u+1 . Hu+1 (Z ut+l, Ay l(y)> u+1 gu+1 <Z “’A'“LZG/))

=1 =1

Oy+1

= ZRMHJ(%-IHI) . <Z Qu+1,j,/\u+1’l()~’)>
J=1 I=1
4 Oy+1
= Z Z (Z bu+1,j,l,/3Ru+1,/' (%-qul)) (5/)’3

=1 [Bl=Ays1 \Jj=1

Invoking Lemma 2.3, there exists a positive constant y,» such that, for 0 <u <X -1 and
0<O0<w(u+1l)-ou),

’U/G/ZU-\(M)'*@ (§)| < C|2kmfu+1 o2 ur1o [ (Ausie) (g) |‘Vuv9, (3.15)

Page 11 of 16
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where

Ou+1
LPwr10)(g) = (Z bu+1,j,9,ﬂRu+1,j(§u+l)) .
|ﬁ|:Au+1,9

j=1
Similarly, we get that, for0<u <A -land0< 0 <w(u+1)- o (u),

1010 1(8)] = C|27 s @ e L Busao) |7V, (3.16)
On the other hand, by a change of variable, we get from (3.2), (3.5), and (3.8) that

max{| 5% &) = ka1 )]s [ 1% 1) = 0k a-11)]}

’

Qy/
= / lexp(=27i& - Oy (9)) — exp(-27i€ - Oy (u)-1(»))| M dy
2k’1<\y\§2k |y|
<cx [ [a0)e" 0"0) - H(PGTD)| doy)
<czme [ Q0)IR.(E) - (8°0) - PuTh) | o)
< ClIQ a1y 2" [ R, (£7) | (3.17)

forl<u<i.Forl<u<i-land1l<0<w(u)-o(u-1),wehave

max{ |0%m w10(€) = ka1 )|, [10%m (0 1E) = 0k r0-11 ()|}

) ) [2(y/1y))]
= / lexp(=27i& - Op ()40 (y)) — exp(-27ik - @w(u)+9,1(y))|7(y ny d
2k=1|y|<2k [yl
" ut = 1~ 1ROy
< C/ |2k ru+1%- L. Hu+1(Qu+LAu+1,9 (|y| lyu))| (y ny d
2k=1¢|y| <2k [yl
< ClIQIp1(gn-1) 29"t [@usto [Pus1) &) . (3.18)

Define the sequence of linear transformations {Ls}i({\) by

oMua Luno) (), s=w(u)+0,0<u<i-1,0<0<w(u+1)- o),

LS(S) =
o VCwWR, (), s=w(),1<u<i

Also, we define Ny, ..., Ny and 13, ..., 1w () by

N Vg, S=oU)+0,0<5u<i-1,0<0<w(u+l)-ou),
B €, S=wW),1<sus<ki

My, S=wW)+0,0<5u<i-1,0<0<wWu+1)-ou),
ns =
’ My, s=o(u),l<u<ai

It follows from (3.11) and (3.13)—(3.18) that, forany 1 <s < w (1),
; (3.19)

max{|673(8) — 5101 (€)], [|0%s1(§) — [or511(8)] } < C|285L(%)

Page 12 of 16
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max{|6x(€)|, |l (£)] } = Cmin{1, [27:L,(8)| ™). (3.20)
On the other hand, we get from (3.7) that
sup|lokol * ()| < C|f(x)]. (321)
keZ
From (3.21) we have
Hilelgl ool *f| sty S W ey, 1<q < oo, (3.22)

Invoking Lemma 3.1, we get from (3.10), (3.11), (3.19), (3.20), and (3.22) that

sup| [0k | * H < Cllflpaay,  1<p<oo, (3.23)
” ke§| ail *f]| @) Vfllzr(ra) p

[e¢]
sup ZGN"(*) *f < Clfllpray 1<p<oo. (3.24)
keZ =k LP(RA)

For any € > 0, there exists an integer k such that 28! < € < 2%, It follows that

[o¢]
T;‘le < sup{ |0k )| * [f|| + sup Zoj,w(,\) *f. (3.25)
keZ keZ =k
On the other hand, one can easily check that
Mg of (x) < Csup| |0k, () |>x<[f| (x)| for x € R%. (3.26)
keZ

Then (3.26) together with (3.23)—(3.25) yields (3.1) and completes the proof of Theo-
rem 1.1. O

4 Proof of Theorem 1.2
This section is devoted to proving Theorem 1.2. Before presenting the proof of Theo-

rem 1.2, let us recall some useful lemmas. In what follows, we set R, = {& € R%1/2 <

51 <1}

Lemma 4.1 ([26]) Let o € (0,1), p € (1,00), g € (1,00], and r € [1,min{p, q}). Then

qlr\ l/q
I Nl 2t ey ~ H <Z 2/ </m |A21;f|’d§> )
d

leZ

LP(RY)

Lemma 4.2 ([21]) Letv>1, A e N\ (0}, and {0} : k € Z,1 < s < A} be a family of Borel
measures on R with o =0 forall k € Z. Let |o}| be the total variation of 0. For 1 <s < A,
let B, vs > 0, My € N\ {0}, and L, : R — RYs be linear transformations. Suppose that there
exist C,A > 0 independent of v such that, for 1 <s < A, ke€Z,and & € R, the following
conditions are satisﬁe\d: -

(2) max{|o}(€) - op " ©)], [Io31(6) — o)1) < CARPLL ()

(b) max{lo§(&)], o1 (§)]} < CAmin{1, |27 Ly(&)|F<""};
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(c) There exists O € R? such that SUPgez ||o,?| *f(x)] < CA|f(x + 0)| for any k € Z;
(i) Suppose that there exist po,qo > 1 satisfying (po, qo) 7 (2,2), 1 < ro < min{py, qo}, and
2 < u < 0o such that the following condition (d) holds for 1 <s < A:

(d)
q0 > 1/q0
L'0(Ry)

(et easl?) ™

leZ keZ LPo(RY)
1/u | q0 1/q0
el )
1eZ " “keZ L'0(Ry) LP0 (RY)
Let PP, be the line segment from Py to P, with P; = (%, %) and P = (pio, qio). Then, for
1<s<A,a€(0,1), and (1%, é) € P1P2\{(pi0, qio)}, there exists C > 0 independent of A and
v such that

= CA“f”ig’q(Rd)'
LP(RY)

q\ lq
” <221‘1"‘ </ sup||a,f| * |A21§f||d§) >
1e7, %d keZ

(ii) Suppose also that the following condition (e) holds for 1 <s < A:
(e)

H (Z <Z|a,§ *gk’j|2)"°/2)1/q0

jEZ “kel

LPO(RY)

o (5

LPoRY) jeZ “keZ

Then, for « € (0,1) and 117, ‘—;) € P1P2\{(pi0, qio),(%, %)}, there exists a constant C > 0 inde-

pendent of A and v such that
q\ lq

Z 2lae / sup

1e7, ERd keZ
We now give the proof of Theorem 1.2.

Proof of Theorem 1.2 We first prove the boundedness part. One can easily check that T¢ 4

and Mg ¢ satisfy condition (1.7). This together with Lemma 4.1 yields that

q\ l/q
Il g = €| (2 ( [ 8 (Than)lac) )
d

o
D0 Dorf

Jj=k

=< CA”f"Fg’q(Rd)
LP(RY)

'z @)
q\ 1/q
o (S ([ imnaarnlac) ) | (@)
le7, Ry L7 (RY)
q\ Yq
IMoaf 2 sy < cH (Zz’w ( / |MQ,F(Azl;f)|d§) ) (42)
leZ Ra 1P(RD)

for @ € (0,1) and 1 < p,q < co. By Lemma 2.1 and Minkowski’s inequality, it suffices to
show that

q\ Vq
H <IXZ: olaa (/md|T5,¢(A21§f)|d§> )

=< C”f”j:g’q(Rd); (4‘3)
1P (RY)

Page 14 of 16
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=< Cllfll gy (4.4)
LP(R4)

q\ /g
(o (] s )

where Q is an H! atom on S"7! satisfying conditions (i)—(iii) of Definition 2.1. Without
loss of generality, we may assume that 2, ® are given as in the proof of Theorem 1.1. We
also let {07.4}”% and {|or|}”\" be defined as in the proof of Theorem 1.1. By [22, Lemmas
2.4-2.5], we obtain that, forany 1 <s <@ (A)and 1 < p,q,7 < 00,

q/2\ 1/q q/2\ 1/q
;eZ keZ LP(RY) ez kel LP(RY)
) 1/2)q 1/q
(S et T, )
jeL keZ L"(Ryg) LP(R9)
1/21q 1/q
< CH ( <Z‘ |g,»,;,k|2> ) . (4.6)
jeZ " “keZ L"(Ry) L7 (R4)

By (3.10), (3.19)—(3.21), (4.5), (4.6) and applying Lemma 4.2, we have that, for & € (0,1)
and 1 < p,q < 00,

q\ 1/q
H (Z 2l ( / sup| 0%,y * | Ag-1,f 1| dc) ) < CIIf llzpagay, (4.7)
17, Ry kel LP(R4)
a\ Vq
” (Z 21‘1‘)‘ sup Za,, ) * Ay f | dE < Cllfll zagay- (4.8)
17, Ry keZ Lp(Rd)

Then (4.1) follows from (3.25), (4.7), and (4.8). Inequality (3.26) together with (4.7) yields
(4.2). One can easily check that both the operators T4 and Mg ¢ satisfy conditions (1.7)
and (1.8). This together with (1.4), (4.1), (4.2), Theorem 1.1, and the arguments similar to
those used to derive the continuity part in [22, Theorem 1.1]. We omit the details. O
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