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1 Introduction and preliminaries

The quantum calculus is often regarded as calculus without limits, we obtain g-analogues
of mathematical objects which can be recaptured by taking ¢ — 1. Historically the sub-
ject of quantum calculus can be traced back to Euler and Jacobi, but in recent decades
it has experienced a rapid development. This can be attributed to the fact that it serves
as a bridge between mathematics and physics. It is also pertinent to mention here that
quantum calculus is a subfield of time scale calculus. In quantum calculus, we are con-
cerned with a specific time scale, called the g-time scale. In the twentieth century Jack-
son [8] introduced the notion of g-definite integrals in quantum calculus. This motivated
many quantum calculus analysts, and consequently a number of articles have been writ-
ten in this area. It is worth to mention here for interested readers that it is possible that
sometimes more than one g-analogue exists. In [9] interested readers may find some ba-
sic and interesting details on some recent developments of basic theory of quantum cal-
culus. While studying quantum calculus, Tariboon et al. [23] introduced the notions of
q-derivatives and g-integrals on finite intervals and developed several new g-analogues
of classical inequalities. This particular article inspired many researchers working in the
field of inequalities, particulary inequalities involving convexity and its generalizations.
Resultantly, several new quantum analogues of classical results have been obtained. For
example, Noor et al. [21] obtained the quantum analogues of Hermite—Hadamard’s in-
equality using the class of preinvex functions. Sudsutad et al. [22] and Noor et al. [20]
© The Author(s) 2020. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other

third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by

L]
@ Sprlnger statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a

copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13660-020-02496-5
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-020-02496-5&domain=pdf
http://orcid.org/0000-0002-0944-2134
mailto:chuyuming2005@126.com

Awan et al. Journal of Inequalities and Applications (2020) 2020:229 Page20of 13

obtained new quantum analogues of trapezium like inequalities involving g-differentiable
convex functions. Noor et al. [19] obtained quantum analogues of Ostrowski’s inequality.
Zhang et al. [26] obtained a new generalized g-integral identity, and utilizing this as an
auxiliary result, they have obtained several new g-analogues of classical inequalities. Liu
and Zhuang [15] obtained certain new g-analogues of Hermite—Hadamard’s inequality us-
ing two times g-differentiable convex functions. Alp et al. [3] obtained some new refined
q-analogues of Hermite—Hadamard’s inequality. For more details, see [4, 10, 11, 13]

A recent development in the study of quantum calculus is the introduction of post quan-
tum calculus. In quantum calculus we deal with g-number with one base g; however, post
quantum calculus includes p and g-numbers with two independent variables p and g. This
was first considered by Chakarabarti and Jagannathan [7]. For some interesting applica-
tions, see [1, 2, 6,12, 17, 18]. Motivated by the research work going on, Tunc and Gov [24]
introduced the concepts of (p, g)-derivatives and (p, q)-integrals on finite intervals.

Since the appearance of this article, a number of new post quantum analogues of classical
inequalities have been obtained. For example, Kunt et al. [14] obtained new post quantum
analogues of Hermite—Hadamard’s inequality. Luo et al. [16] obtained some new variants
of parameterized (p, q)-integral inequalities using a generalized integral identity involving
(p, q)-differentiable functions.

The main idea behind the study of this paper is to obtain a new general post quantum
integral inequality using twice (p, q)-differentiable functions. We then establish some new
estimates of post quantum bounds essentially using the class of preinvex functions. We
hope that the ideas and techniques of this paper will inspire interested readers working in
this field.

Before we move to our next section of the paper, let us recall the definitions of invex set
and preinvex function.

Definition 1.1 ([24]) Let K C R be a nonempty set such thatae KC,0<g<p <1, and let
f : K — R be a continuous function. Then the (p, g)-derivative , D, f (x) of f at x € K is
defined by

flpx +(1-pla) - f(gx + (1 - g)a)

«Dpaf () = v-a-a

(x # a).

Definition 1.2 ([24]) Let K € R be a nonempty set such thata € K,0< g <p <1, and let
f: K — R be a continuous function. Then (p, g)-integral on K is defined by

x o qn qn qn
L f(t)”dp’qt = (P N q)(x—a) ;pnﬂf(pwrlx + (1 N pn+1 >a>

forx e K.

Definition 1.3 ([5]) A nonempty set K C R is said to be invex with respect to the bivariate
function ¢ : R x R — R if

a+ps(b,a)e K

foralla,b € K and u € [0,1].
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Definition 1.4 ([25]) Let L C R be an invex set with respect to the bivariate function
¢ : R xR — R.Then the real-valued function f : L — R is said to be preinvex with respect
to ¢ if

fla+pt(b,a)) < (1-1t)f(a)+tf (b)
foralla,b e K and t €[0,1].

2 Results and discussions
In this section, we derive our main results. First of all we derive our new post quantum
integral identity involving twice (p, q)-differentiable function.

Lemma 2.1 Let O0<g<p <1, f:K — R be a twice (p, q)-differentiable function on K°
(where KC° is the interior of K), and aD;,qf be continuous and (p, q)-integrable on K. Then

af @) + pf(a + p (b, a)) 1 arp*¢(ba)
p+q - p2t(b,a) /ﬂ S(x) odypgx

1
2
S a /0 t(1-qt).D, f(a+tL(b,a)) odpyt.

Proof It suffices to prove that

D, f(a+1(b,a))
«DPq(aDpaf (a+ 5 (b,a)))
aDpof (a+ptt(b,a)) — 4 Dpf (a + qt{ (b, a))
tp-q)¢(b,a)
_ 1 [f(az + p*te(b,a)) — f(a + pqtt (b, a))
tp - q)¢(b,a) tp(p — q)¢ (b, a)
_fla+pqgts(b,a) -fla+q°t5(b, ﬂ)):|
tq(p - q)¢ (b, a)
_ qf (a + p*te(b,a)) — (p + q)f (a + pqt (b, a)) + pf(a + g*tL (b, a))
pqt*(p - q)*¢*(b,a) '

Elaborated computation leads to

1
/ t(1 - qt)sD; f (a+ £ (b,a)) odpqt
0

1
=f t(1-qt)
0

y qf (a + p*te(b,a)) — (p + q)f (a + pqtl (b, a)) + pf(a + >t (b, a))
’pq(p - q)*¢*(b,a)

Odpyqt
o0

1 q"
- m |:q B(a +1z)2pm1 c(b, a))

n=0

n+1 n+2

-p+9g Zf(a +pzn+1§(b,a)) +p2f(a+ 1 ;(b,@)]
n=0 n

n+1
= P
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{q(p Q)f(b (l) Zn 0 n+1f(a +p n+1 g(b 61))
1 pap — q)*¢3(b,a)

(p +Q)(p_q)§(brﬂ) Zn 0 pn+1f(ﬂ +p n+1 ;(b ﬂ))
) pa*(p - 9)°¢*(b.a)

- ) (b.@) Y Grf @+ Sx¢ (b,)) }
' pa*(p - q)*¢*(b,a)
_dlSef @+ Pt (0.@) - Yo f (@ it (b.a)
pq(p - q)s*(b,a)

P @+ p Tt (b,a) - Yofla+ Girc(b,a)]
4w - )c(b,a)
40~ D) (ba) T3 xf (@ + P vt (b a)
_q{ P~ 9?¢(b,a)

p(p +q)p-q)¢(b,a)d 2, n+2f(ﬂ +p? mze’(b a))
ra*(p - q)*¢3(b,a)
Po-0tba) X5, %f(a +PPLE(ba)
pa*(p - 9)*¢3(b,a) }
_dlf(a+pt(b,a) - f(a@)] —p[f(a +q¢(b,a)) —f(a)]
rap - q)5*(b,a)
piq a+p*¢ (ba)
P b.a) J,
2 2
- qu(ptlgcsz, o @+ peb.a)) +
__J@  fla+pba)
pqc?(b,a)  q*¢3(b,a)
p+q a+p*¢(ba)
P*q*e3(b,a) J,

+

S(x)odpqt

fla+q¢(b,a))
qp - q)¢?(b,a)

S (%) odpgx.

ZL)

Multiplying both sides of the above equality by , we get the required result. O

Theorem 2.2 Let0< g <p <1,K C R beaninvex set with respect to the bivariate function
:RxR—R,andf: K — R be a twice (p,q)-differentiable function on K° such that
,ﬂ)}%,qf is continuous and (p, q)-integrable on K. Then the inequality

qf (a) + pf (a + p¢ (b, a)) 1 a+p*t(ba
p+q _p2§- b,q) / S &) adygx

_ PP b,a)(@ —p + P3N Dy f @) + LD, f (D))
-  +9*®* + 4*)(q* + pq + p?)

holds for all a,b € IC if |L,D;,qf | is a preinvex function with respect to ¢.
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Proof It follows from Lemma 2.1 and the property of the modulus together with the prein-
vexity of |, D f| that

af (@) + pf (a + p¢ (b, a)) 1 arp*¢(ba)
pP+q - po(b, a) /a f(x) adp,qx
_pba)
T ptq
_prba)
T p+q

1
+ D3 f ()] /0 £(1 —qt)odp,qt)

PP - P+ PPPND2f @)+ LD f B))
- (P +9)*p* + ¢ (g% + pq + p?) '

1
/ t(1-qt)|D; f (a +tt(b,a))| odpgt
0

1
(|az>;,qf<a)| /0 61 - (1 = gt) odyt

O

Theorem 2.3 Let0<g<p <1,r>1, K CR be an invex set with respect to the bivariate
function :R xR — R, and f : K — R be a twice (p, q)-differentiable function on K° such
that aD;,qf is continuous and (p, q)-integrable on K. Then the inequality

qf () + pf(a + p¢ (b, a)) 1 asp?t (ba)
P “aal S
pba)

=y gt GlDS @+ leD f )

is valid for all a,b € K if |QDZ’qf |" is preinvex with respect to ¢, where

S 2n 3n n+l\ "
q q q
dl:Qj_g)Z( w2 3n 3)(1_ )
e pt pin+

pn+1

and

n+1

o 3n r
dz:(p_q)z Zn+3<1_q )

n+1
n=0 p p

Proof From Lemma 2.1, Holder’s inequality, and the preinvexity of |“D1%'qf |, we get

qf (a) + pf(a + pt (b, a)) 1 a+p*L(ba)
‘ ptq - p2§-(b’a) /a f(x) udp,qx
pq*c*(b,a) (!
== i ) A a0lD (e e (b,a) odgt
pa*cb,a) [ (1 -3 /1 ) r L
= W </(; todp,qt> (_/(.) t(1-qt) |aD;’qf(6l +tg(b, ﬂ))| odp,qt)

_1
<pq2§2(b,a)< 1 )1 ’
T ptq p+q

Page 50f 13
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1 1 i
x (|¢1D}§Yﬂ}f(a)|’/o t1—2)(1 - qt) odpgt + |ﬂD;,qf(b)|'/0 (1 —qt)’odp,qt)

2,2
pq°t*(b,a) 2 r ) r
=————"(d1|.D; fla)| +d>|.D; f(b)])".
L0 @D} + bl ) .
Theorem 2.4 LetO<g<p <1,r,s>1with1/r+1/s=1, K C R be an invex set with re-
spect to the bivariate function { :R xR — R,and f : K — R be a twice (p, q)-differentiable

Sfunction on K° such thzztaD;] J is continuous and (p, q)-integrable on K. Then the inequal-
ity

1
r

qf (@) + pf(a + p¢ (b, a)) 1 a+p*¢(ba)
pP+q - pzé‘(b, a) /a f(x) udp,qx

- pcf{z(b,a)h% ((q2 +p*+pq-p- D, f@] +(p+ q)lﬂ%%,J(Ml’)i
p+q @ +a9)(q* +pq +p*)

takes place for all a,b € K if |4D2,qf |" is preinvex with respect to ¢, where

& 2n n o\ S
h=G-0 ) A (1- ).

n+1
n=0 p

Proof Using Lemma 2.1, Holder’s inequality, and the preinvexity of | ﬂD}i 1" we have

af(a) + pf(a + p;(b,a))
p+q

202(p, 1
< pqgt (ba) t(1 - qt)|a D2 f (a + tt (b, a))| odp,qt
ptq 0

1 a+p2((b,a)
ad
P (ba) / S8 adpa

202(p, 1 . r '
0Dt ([ i e 0,00 )
0 0

p+q
2+2

S1!%14“(17,61)
p+q

1

1 s
X (/ t(1 - qt)° odp,qt)
0

1 1 i
x(|aD;,qf(a)|r /O KL= 0) oyt + | D2 F0)] /0 tzodp,qt>

_pa’¢’b,a) ((cf +0*+pq-p-9)D; f@)] +(p+ q)laDj,J(b)I’) ;
w+4q) ( +a)(q* +pq +p*) '
Theorem 2.5 Let0<g<p <1,r>1, K CR be an invex set with respect to the bivariate

functiont :R xR — R, and f : K — R be a twice (p, q)-differentiable function on K° such
that aD;’qf is continuous and (p, q)-integrable on K. Then one has

qf (@) + pf(a + p¢ (b, a)) 1 arp*¢(ba)

pP+q - pzé’(b, a) /a f(x) adp,qx

e
(p+9q)

(kD2 f @] + ko | D2 fB)])
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foralla,be K if |,1D1%,qf |" is a preinvex function with respect to ¢, where

o n o\ 1 n n+l\ 7
q q q
— p +1 pn+1 pn+1

and
> no\ r+3 PN
1 q
k2=(P—q)Z<n—> <1—n—).
\p +1 prl
Proof It follows from Lemma 2.1 and Holder’s inequality together with the preinvexity of
|aD;’qf |" that
qf (a) + pf(a + pt (b, a)) 1 a+p?¢(b,a)
T2 f(x) adp,qx
p+q pr*¢(b,a) J,
2,2 1
rq-s-(b,a) )
== 5, /) {-a)lD t(b,a))| odpqt
- ptq 0 ( 61)| p”ff(a+ & “))’0 P

2,2 1 1-1 1 1
pq¢i(b,a) " . . , r
= T ovq ./o lodyqt /0 t"(1-qt) ’a’D;,qf(a + 15 (b,a))|" 0dpqt

2+2
S1!%14“(&&:)
p+q

1
X (|aD;_qf(a)|r /0 £ (1)1 - qt) odpgt + | Dy f (b)]

1 ¥
X / 21— qt) odp,qt)
0

202(p, , i
PO |k f@)] + kel D6 .

Theorem 2.6 LetO<g<p <1,r,s>1with1l/r+1/s=1, K CR be an invex set with re-
spect to the bivariate function { : R xR — R, and f : K — R be a twice (p, q)-differentiable
function on K° such that aD;, J is continuous and (p, q)-integrable on K. Then the inequal-

ity
qf (a) + pf(a + p (b, a)) 1 a+p?¢(ba)
pP+q - pzé‘(b, a) /a f(x) adp,qx
_pa’ba) (qlaD;qf(a)V +1.D2 qf(b)|’>1
AL (1+q) ’

holds for all a,b e zflaD;’qu’ is preinvex with respect to ¢, where

i qn s+1 qn+l s
m=(p-q) <—) (1—7)-
e p 1 p +1
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Proof Making use of Lemma 2.1, Holder’s inequality, and the preinvexity of |ﬂDZ,qf ", we
have

af (@) + pf(a +p;(b,a)
p+q

1 a+p“¢(ba
t(b.a) / Fx)adpqx

242 b, 1
< pq ¢ (b,a) f t(1-qt)|D; f (a +tt(b,a))| odpgt
pt+q 0

1

f%([ £(1-qt) odmt) (/ [« D (a+ 2B )| odpqt>

1

¢
e ([ eo-mr)

! ! 1
x(|az>;4f(a)¢ / (1= odygt + | D2 (D) / todp,qt)

_pq°E(b, a) 1 ((p +q-DI.D; f@) +la quf(b)|’)
®+4q) p+9q)
Theorem 2.7 LetO<g<p <1,r,s>1withl/r+1/s=1,K C R bean invex set with respect

to the bivariate function { : R x R — R, and f : K — R be a twice (p,q)-differentiable
function on KC° such that aD;yqf is continuous and (p, q)-integrable on K. Then

O

af (a) + pf(a + p¢ (b, a)) 1 asp?t (ba)
p+q ) / S &) adpq

2 Z(b, ) _ . .
2D (DN ] D@ el D)

1
>

foralla,be K if |aD§qu |" is a preinvex function with respect to ¢, where

n

x 2n nel\ 7
q q q
ulz(p—q)2< 17,2 2)(1_ 1)
s pr pot pr

and

o n+1 r
u2=(p qZ 2n+2< n+1)'
n=0

Proof From Lemma 2.1, Holder’s inequality, and the preinvexity of |aDZ#f |, we have

qf (a) + pf(a + p¢ (b, a)) 1 arp*t(ba
p+q p*c(b,a) /a S ) adygx
(b,a) (!
<PLEOD [ s | f a4 1506, ot
212(b,q) S o
< Pqp+q a </ fodpqt) (/0 (1-qt)'|aD; f (a + ¢ (b,a))| odp,qt)

pqc( &( p-q \°
- p+q ps+1_qs+1

Page 8 of 13
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1 1 i
X (|aD;4f(a)|r/o (1-6)(1 —qt) odpgt + |aDZ,qf(b)|r/0 t(1 - qt)’odp,qt>

262 b, — % ¥
:pq(li(q)a) (psf—gsu) (1]aDyof @] + o] D; fB)]) -

Theorem 2.8 LetO0<g<p <1,r,s>1with1l/r+1/s=1, K C R be an invex set with re-
spect to the bivariate function { :R xR — R, andf : IC — R be a twice (p, q)-differentiable
Sfunction on KC° such thataD;,qf is continuous and (p, q)-integrable on K. Then the inequal-

ity
qf (a) + pf (a + p¢ (b, a)) 1 a+p*¢(ba
p + q - ng(b,ﬂ) /a f(x) adp,qx
pa’s(ba) 1 r-q r-q .
= (P + q) we <(pr+1 _ qr+1 - pr+2 _ qr+2> |“D12’vqf(a)|

pr+2

e A )

holds for all a,b € K if |,1D;yqf |" is a preinvex function with respect to ¢, where

n+1 s
w= (p q)zpn+1< n+l>'
n=0

Proof According to Lemma 2.1, Holder’s inequality, and the preinvexity of IuD;'qf |", one
has

qf () + pf(a + p¢ (b, a)) asp?t(ba
p+q - ng‘(b, a) /a f(x) adp,qx

242 b, 1
51%(61“)/0 (1- )| D2 f (@ + ¢ (b,@)) | odqt

_pesb,a) SO ) 1
_7p+q </ (1-qt) od,,qt> </0 t'|D; f (a+t¢(b,a)| odp,qt)
_pa’s ;
= W(/ (1-qt) Odpqt>
x (|ﬂD;,qf(a)| /O (1= 1) odpgt + | D; f (b)] /0 t’”odp,qt)

_quCZ(b,a) : rp-q P4 2
= (p+q) w <<pr+l_qr+1 pr+2 r+2>| D qf(a)|

1

P—q
t o 2 pr+2 qr+2 |“ qu(b)| ) O

Theorem 2.9 Let0<g<p <1,r>1, K CR be an invex set with respect to the bivariate
Sfunction{ :R xR — R, andf: K — R be a twice (p, q)-differentiable function on K° such

Page9of 13
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that aD;,qf is continuous and (p, q)-integrable on K. Then

‘qf(a)wf(a +p¢(b,a)
p+q

p21q2§2(b,a)( v’ >1‘%
p+q*r \@+pq+p’
((p‘* ~P* + P2 f (@) +p3|aD;,J(b>|f)1
(e +9) P> +q*)(q* + pq + p*)

1 a+p“t(ba
el SO

foralla,be if|aD§,qf|’ is preinvex with respect to .

Proof Lemma 2.1, Holder’s inequality, and the preinvexity of |“D1%, J1" lead to

af@) +pfla+psba) 1 [erile
| p+q ~ p2¢(ba) /a S(x) adp g%
pq’ba) 1
S | t(1 —q0)|D2 f (a + 5 (b,@)) | odp gt
242 1 1_%
_prsba </ t(1- qt) odp,qt)
p+q 0

1 r
X (/ t(1- qt)|aD;,qf(a +tZ (b, a)) |r0dp,qt)
0
pa*¢*(ba) ([ =
<= </ t(1-qt) odp,qt>
p+q 0

1 1
X (|,,D;,qf(a)|r fo t(1- )1 - qt) odpgt + oD} ()] fo t2(1—qt)od,,,qt>
2‘%q2§2(b,a)( P )1—}
(p+q*7 \d*+pq+p

. (<p4 ~ P+ PP)NaD2 f @) +p3|aD;,,/<b>|f) %'
®+ 9 @* +4*)(q? + pq + p?)

7

O

Theorem 2.10 Let0<g<p <1,r>1, K C R be an invex set with respect to the bivariate
function :R xR — R, and f : K — R be a twice (p, q)-differentiable function on K° such
that QD;’qf is continuous and (p, q)-integrable on K. Then one has

qf @) + pf(a + p¢ (b, a)) 1 arp*¢(ba)
p+q - p(ba) / S &) adyq

2-1 2 2(p, _ _ .
q ¢ a)([ p-q9 _p-91+q9 qp- 6{13]{ 2 f)

(p " q)z_% pr+1 _ qr+1 pr+2 _ qr+2 pr+3
1
r-q  4qp-q) | i ’
+ pr+2 _ qr+2 pr+3 _ qr+3 a qu

foralla,be K if |aD§,qf |" is a preinvex function with respect to {.

Page 10 0of 13
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Proof Making use of Lemma 2.1, Holder’s inequality, and the preinvexity of |ﬂDZ,qf ", we
have

af(a) + pf(a + p;(b,a))

p+q

_r2’¢’(ba)
A

1 a+p“t(ba
el SO

1
t(1-qt) |aD;'qf(a +tZ (b, a)) | odpqt
0

b ) T 1 - r 1
_’%(/ a- qt)odpqt) (/0 Y'(1-q0)|D; f (a + L (b,a))] odp,qt>

2:2(b, g 1 1-1
SM( / (1_qt)0dpyqt)
p+tq 0

1 1 %
x (|“D’%"’f(a)|r/o £(1-1)(1 - qt) odp gt + ]aDj'qf(b)\’/o (1 —qt)odp,qt)

1
prrqtci(b,a) p-q p-a)1+q o)
i (p + q)z_% (|:pr+1 — q7+1 - pr+2 —_ qr+2 + pr+3 r+3i|| DZJ( )|

1
P—1q qp—q
+ [pr+2 _qr+2 _pr+3 r+3j|‘“ qu ’ ) d

Theorem 2.11 LetO<g<p <1,r,s>1with1l/r+1/s=1, K C R be an invex set with re-
spect to the bivariate function { : R x R — R, and f : K — R be a twice (p, q)-differentiable
Sfunction on KC° such thataD;,qf is continuous and (p, q)-integrable on K. Then the inequal-
ity

qf (a) + pf(a + pt (b, a)) 1 arp?i(ba
p+q - p2¢(b,a) L S %) adp g%

<pq242(b,a)ki<<p3 P’ +pq* + P9\ Ds f @) + P2l D} f (D) )
- +aq) p +4)(q* + pq + p?)

holds for all a,b € IC if |QDZ@f |" is preinvex function with respect to ¢, where

Lo P-a qp - q)
T s+l _ s+l S+2 _ gs+2°
prr-qt pr-q

Proof 1t follows from Lemma 2.1, Holder’s inequality, and the preinvexity of | aD;, S that

‘qf(a)+pf(a +p¢(b,a))

p+q
_ra’¢’(ba)
T optq

1 a+p“¢(ba
), e

1
t(1—qt) |ﬂD;ﬂf(a +t0(b,a))| odp,gt
0

1

(b, " ’
_pqp;“+qﬂ)</ £ - qt)odpqt> (/ (1-q0)|aD; f (a + L (b,a))| odp.q’f>

1
Py o3
= piq </ ts(l qt)Odpqt)
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1 1 1
X (|aD;_qf(a)|r/o (1-6)(1 —qt)odpqt + |aD;‘qf(b)|r/0 t(1- qt)odp,qt>

_p’ba) o ((p?’ -7 404+ P9)1aD, S @) +p2|a7>;,,,f(b>|f>%
p+q) 2+ @) > +pq +p*) '

3 Conclusion

We have derived a new generalized post quantum integral identity using twice (p,q)-
differentiable functions. Utilizing this new identity as an auxiliary result, we have obtained
several new post quantum estimates of upper bounds using the class of preinvex functions.
We would like to mention here that if ¢ (b, a) = b — a, then all the main results of this paper
reduce to the results for classical convex functions, and it is pertinent to mention here that
these results are also new in the literature. We hope that the ideas and techniques of this

paper will inspire interested readers working in this field.
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