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1 Introduction
Letting §2 be a bounded domain with a smooth boundary 92 in the Euclidean space R”,
we consider the Neumann problem of the Laplacian A as follows:

Au=pu, in $2,

g—” =0, on ds2,
vV

(1.1)

where v is the outward unit normal to the boundary. It is well known that the free mem-
brane problem (1.1) has a discrete spectrum consisting of a sequence

O=po<pr < py <+ — +00.

When 2 is a bounded domain in R?, Szegd [6] proved the following classical isoperimetric
inequality:

n1($2) < pn1(Be), (1.2)

where By, is the ball of same volume as £2. Weinberger [11] generalized this result to n-
dimensions. Ashbaugh and Benguria [2] extended the Szego—Weinberger inequality (1.2)
to the bounded domains in hyperbolic space and a hemisphere. On the other hand, Ash-
baugh and Benguria [1] conjectured that

n

1 n
——— > ———, with equality if and only if £2 is a ball, (1.3)
Zl 1i(2) = 111 (Bg) e Y
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where ©;(£2) is the ith Neumann eigenvalue on £2, u;(Bg) is the first nonzero Neumann
eigenvalue on By,. In [10], Wang and Xia proved an isoperimetric inequality for the sums
of the reciprocals of the first (n — 1) nonzero eigenvalues of the Neumann Laplacian on
bounded domains in R” as follows:

1 n-1
> ———, with equality if and only if £2 is a ball, (1.4)
Zl 1i($2) = 11(Be) e Y

which means the Ashbaugh—Benguria’s conjecture is true for the first (n — 1) nonzero
eigenvalues of the Neumann Laplacian on bounded domains in R”. So (1.4) supports
the above conjectures of Ashbaugh and Benguria. On the other hand, Benguria, et al. [3]
proved a result which is similar to (1.4) for the first (n — 1) nontrivial Neumann eigenval-
ues on domains in a hemisphere of S”. Moreover, some works on eigenvalues are related
to the spectra of matrix operators and can be seen in [7-9].

Let A and A be the Laplace—Beltrami operators on §2 and 352, respectively. Let V and
V be the gradient operators on £2 and 3£2, respectively. Consider the following Neumann
eigenvalue problem of the bi-harmonic operator:

A*u—tAu= Au in 2,
227”2' =0, on 042, (1.5)

T3 divyo(V2u(v)) - 224 =0, ondg,
where T > 0 and o are two constants, divy, denotes the tangential divergence operator
on 382, and V2u is the Hessian of u, v is the outward unit normal to the boundary. In this
setting, problem (1.5) has a discrete spectrum, and all eigenvalues in the discrete spectrum
can be listed nondecreasingly as follows:

0=Ap<A; <Ay <--- 1 +00.

By the Rayleigh—Ritz characterization, the (k + 1)th eigenvalue of (1.5) can be given as
follows (see, e.g., [5]):

A inf {Q[ ] f9[|v2u|2+z|vu|2]dx‘f 0,j=1 /} (1.6)
1= in ul = uu;=0,j=1,...,k¢. .
T e 9) [ u*dx o =Y

Letting B, be the ball of same volume as £2, Chasman [5] proved the following isoperi-
metric inequality:

A1(£2) < A1(Bg), with equality if and only if £2 is a ball.

Chasman [5] also conjectured that

1 n
> , with equality if and only if £2 is a ball. (1.7)
2 2@ = hBa) quaty i

In this paper, we prove an isoperimetric inequality for the sums of the reciprocals of the
first (n — 1) nonzero eigenvalues of the fourth Neumann Laplacian which supports the
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Chasman’s conjecture, actually, we get

n-1

1 n-1
> , with equality if and only if £2 is a ball. (1.8)
2 0@ = 0B quatty i

In [4], Buoso et al. proved a quantitative isoperimetric inequality for the fundamental
tone of problem (1.5) as follows:

A(2) < (1 - nn,r,\Q\Az(Q))Al(BQ): (1.9)

where 1, || > 0, and A($2) is the so-called Fraenkel asymmetry of the domain £2 € R”,
which is defined by:
2AB
A(R) = inf{ 1$2ABg| }
[$2]

where By, is the ball of same volume as §2 and £2ABg,; is the symmetric difference of £2
and Bg,. In what follows, we generalize (1.9) to the sum of the first (n — 1) eigenvalues, and

we get

n-1

> AR2) < (1= 1r121A%(£2)) A1 (Be). (1.10)
i=1

1
n-1

2 Preliminaries

In this section, we recall some notations and results, more details can be seen in [4, 5].
Let j1, i1 be the ultraspherical and modified ultraspherical Bessel functions of the first

kind and order 1, respectively; ji, i; can be expressed by the standard Bessel and modified

Bessel functions of the first kind J,, I, as follows:

j12) =27 un(2),  in(2) = 2P L (2).

Let B be the unit ball in R” centered at the origin and w, be the Lebesgue measure |B| of
B, and let A;(B) be the first eigenvalue of problem (1.5) on unit ball B. For 7 >0, 4, b are
positive constants satisfying the conditions a?b? = 1,(B) and b* — a® = 7. Set

_a2-// ar
R(r) =ji(ar) + yiy(br), y= bzf,if((b)) >0
1

Then we define the function p : [0, +00) — [0, +00) as

R(r), re[0,1),
R(1)+(r-1R (1), rell,+o0).

p(r) =

Let u; : R” — R be defined by

Xi

, fori=1,...,n. (2.1)
|x|

ui(x) = p(|x|)
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The functions ;| are, in fact, the eigenfunctions associated with the eigenvalues 1 (B) of
problem (1.5) on unit ball B. We know that A;(B) has multiplicity and u; satisfy

n

> lwil® = p* (%), (2.2)

i=1

2 1Vul* = n|x_|zlp(lxl)2 + (o (), (23)
i=1
S IVl = (o (1x1))” + %[mxl) — 1l ()] (2.4)
i=1

Define N[p] = Y 1 ,(IV2u;* + ©|Vu;|%). Then p and N[p] satisfy the following properties
which given in [4, 5].

Lemma 2.1 Function p and N|p] satisfy the following properties:
1) p”(r) <0 forall r > 0, therefore p’ is nonincreasing.
2) p(r) —rp'(r) > 0, with equality holding only for r = 0.
3) The function p*(r) is strictly increasing.

(
(
(
(4) The function p*(r)/r? is decreasing.
(5) The function 3(p(r) —rp'(r))?/r* + Tp(r)/r? is decreasing.
(6) Nlp(r)] > Nlp(r)] for any ri € [0,1), ry € [1, +00).

(7) Forallr >0, we have

3(n— 1)(,0(;) —rp' (1) +7(n— 1)pi§r) +T(p'(n)’.

N[p()] = (p"()" +
(8) Forallr>1, N[p(r)] is decreasing.

We introduce the notation of a partially monotonic function. A function F is partially
monotonic on £2 if it satisfies

F(x)>F(y), forallxe §2andy¢ £2. (2.5)

It is seen that N[p(r)] is a partially monotonic function from Lemma 2.1.

Lemma 2.2 For any radial function F(r(x)) that satisfies the partially monotonicity con-
dition on Bg,

/ Fdxf/ Fdx (2.6)
2 Bgo
with equality if and only if 2 = Bg,. For any strictly increasing radial function F(r(x)),
/ Fdxz/ Fdx (2.7)
2 Bgo

with equality if and only if 2 = Bg,.
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Lemma 2.3 Forall s >0, we have
Ai(t,2)=s"Ai(s7%1,52), i=1,...,n (2.8)
where s§2 = {x e R" : x/s € 2} for s > 0.

Proof For any u € H*(£2) with

u#0 and /udx:fuuldx=~~~=fuui_1dx=0, i=1,...,n,
2 2 I?)

let iz(x) = u(x/s), then i is a valid trial function on s§2 and so

LoVl + 572t |Vit|*) dx

Qs*zr,sﬂ[u] = /;Q W2 dx
B Lo Us2(V2u) (/) 1> + s72T[s7 (Vi) (x/5) ) dx
- .o ulx/s)* dx
—4+n V2 2 v 2 d
S f9(|( Wl + T|(Vu)) dy (substituting y = x/s)
s" [, utdy

=5 Qrelul. (2.9)

The lemma follows from (1.6). O

3 Proofs of the main results
In this section, we give the proofs of the main results of this paper.

Theorem 3.1 Let $2 be a bounded domain in an n-dimensional Euclidean space R" and
let Bg; be the ball of same volume as $2, then the first (n — 1) eigenvalues of (1.5) in §2 satisfy

n-1 1 -1
; A(2) ~ A(Bo)’ (3.1)

with equality if and only if 2 is a ball.

Proof Assume that the volume of £2 is equal to that of the unit ball B. Letting ¢; = 27%,

,
we know that

/ 0i(rdx=0, fori=1,...,n,
2

which means ¢; is perpendicular to uo = 1/4/]£2], which is the first eigenfunction of (1.5).
Letting {u;}, be an orthonormal set of eigenfunctions of (1.5) on £2, next we will show
that there exists new coordinate functions {x;}’ ; such that

/ p (Z)x" widx = 0, (3.2)
2

forj=1,...,i-1andi=2,...,n To see this, we define an # x n matrix A = (a;), where
aj; = f_q piujdx = f_Q @xiu, dx, for i,j = 1,2,...,n. Using the orthogonalization of Gram



Deng and Du Journal of Inequalities and Applications (2020) 2020:210 Page 6 of 10

and Schmidt (QR-factorization theorem), we know that there exist an upper-triangular
matrix T = (Tj;) and an orthogonal matrix B = (b;) such that T = UQ, i.e,,

T,,—Zblkak,—/zp( byxrujdx =0, 1<j<i<n.

2 k=1

Letting &, = Y ;_; buxr, i = 1,...,n, we get (3.2). Since B = (bj;) is an orthogonal matrix,

{x;}, is also a set of coordinate functions. Therefore, denoting x/, i = 1...,# still by x;,

i=1...,nand ¢; = —’)xl,wehave

¢; #0 and /¢idx=fgoiu1dx=---=/goiui_ldxzo, i=1,...,n
2 2 2

It follows from the Rayleigh—Ritz inequality that

A,«(.Q)/ <p3dx5/(|v2<pi|2+r|v¢i|2)dx, i=1,...n, (3.3)
fo) 2
which implies that
/<pi2dx§;/(!Vzwi’2+t|V<pi|2)dx, i=1,...,n (3.4)
2 Ai(£2) Jo

Summing over i from 1 to n, we have

n n 1 )
s —/ Vial "+ tIVeil) da. 35
121:/9% x_;:/\i(ﬂ) 9(| vl +TIVel’) dz (3.5)

Since Y 1, |VZgi|* = (p")* + @(p —rp')?, for any point p € £2, by a transformation of
2
coordinates if necessary, we have |V2¢;|? < % + %(p —rp"2,i=1,...,n. Then

n-1 1 )
= V3p; V2
;Amﬂ ol 3 (9)| ol

G| 1 2 3( 1)
=ZA-(9)|V2“”‘2+A,,(9)((‘) fe =i ZWZ“"/

i=1 7t

T A T e AR) n-1 !

(3.6)

l

1 , 3(n—1) !
:E<(p )2+ = p—rp )21:
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Similarly, we have

n -1

1
> A,(Q)W@F

i=1

A

1
T A(2)

1 n-— 9
m( oS

1 ) 1 (5507 + () )
ZIA(m ‘”"*me( i1 "V‘”"')

IA

1 (n-1 M|
= — 0%+ (o' . 3.7
n—l( r2 p+(p)>;Ai(Q) (37)
On the other hand,

n
> leil? = 0" (3.8)
i=1

Substituting (3.6)—(3.8) into (3.5), we have

n-1
1 1

1ZAQZ m2 4 3(n1 fglﬁz n-1 2 12
n—1=Ai(2) " [L((p")?+ (p—rp)? + (%3 0% + (0')?)) dx

R N
~ JoNIpldx = [, Nipldx ~ A(Ba)’

(3.9

the last step is deduced by Lemma 2.2. If the equality holds, then equality holds in (3.9),

which implies §2 must be a unit ball. By Lemma 2.3, for any domain §2 in R”, we get

R | 1
> . 3.10
n_I;Ai(Q) ~ Ai(Be) (310
This completes the proof of Theorem 3.1. O

Theorem 3.2 Let §2 be a bounded domain in an n-dimensional Euclidean space R" and
let By be the ball of same volume as $2, then the first (n — 1) eigenvalues of (1.5) in $2 satisfy

Z (1= 1 121A%(R2)) A1 (Bg). (3.11)

Proof Case 1. 2 is abounded domain in R” of class C! with the same measure as the unit

ball B. By a similar argument as in the proof of Theorem 3.1, we have

Ai(.Q)/ (p?dxf/(’Vzgo,-’z+t|Vgoi|2)dx, i=1,...,n (3.12)
fo) 2

Page 7 of 10
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Summing over i from 1 to n, we have

n | 2 n 2 P )
;A;(Q)/Q% de;:/QHV §01| + 7|Vl )dx /QN[,o]dx. (3.13)

Since Y ", ¢? = p?, for any point p € £, by a transformation of coordinates if necessary,
2
we have ¢ < £=,i=1,...,n. Then

n-1

D AR)g] = Y AlR2)9] + A R)gr
i=1 i=1

n-1 n-1
= Y AdR)] + A4(2) <p2 -3 <pf>

i=1 j=1

n-1 n-1 2
0
=Y A6} + ) A;(—n_l —<p,-2)
i=1 j=1

n-1 2
=Y Al (3.14)
= n-1

Substituting (3.13) into (3.14), we have

1 & [ Nlpldx
— ;Ai(ﬂ) < TR (3.15)

On the other hand, we have

_ JzNlpldx
Combining (3.15) and (3.16), we have
1 n-1
AI(B)/I;p dx—m;:Al(.Q)/Qp dxz/BN[p]dx /QN[p]dx. (3.17)

From equation (16) in [4], we know that
@) [ pdv-12) [ o< (4B - (),
B Q

where Ci,lg = nw, fol p%(r)r"'dr. Then we have

1 n-1 1 n-1
A1(B) / o> dx — — ZA,(.Q)/ p*dx < C) <A1(B) - Z Ai(.Q)). (3.18)
B T 2 T m

From (15) and (20) in [4], we know that

A(B) / P dx— 4,(22) / pdx> [ N@yde— [ N(o)dn,
B 2 B/By By/B

Page 8 of 10
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and

N(p)dx— N(p)dx=CPa?,
BIBy By/B '

where B; and B, are two balls centered at the origin with radii ry, r, such that |2 N B| =
|B1| = w,7} and |§2/B| = |B2/B| = w,(r5 — 1). Then we have

» |2AB]

_ (
L Nlp]dx /Q Nlpldx = C = o, (3.19)

where CZ = nw,((3 + T)(R(1) - R'(1))? + 2R (1)(R(1) — R'(1)))c,.
Combining (3.18) and (3.19), we have

—

n—

1 c?
Ai(82) = }le
n-1=4 C,

i T

A(B) -

A%(9),

Il
—

which implies that

1

n—

n-1 C;(qz-[
- ;Ai(ﬂ) < AI(B)(I - mzxz(g)). (3.20)

)

Case 2. 2 is the generic domain in R” of class C'. Since
Ai(t,2)=s"Ai(s7%1,52), i=1,...,n, (3.21)

for all s > 0. Taking s = (w,/|$2]) % , for any domain 2 in R” of class C!, we infer from (3.21)

that
1 n-1 1 n-1
ZAi(r,.Q) = st ZAi(s_2t,sQ)
n-1 = n-1 =
C(2) )
< s4A1(s’2t,B) (1 - %Az(sﬂ))
A(s2t,B)C 7,
sS4t
(2)
2 Cn,sfzr 2
= Ay(s7?0,B) [ 1- —— 2L —A%(@) ).
AI(S_ZT,B)C 2
sS4t
@

. _ n,S_ZT
Setting Nurie) = — 20w —
1 ” n,s—zr

rem 3.2. O

, we have (1.10). This completes the proof of Theo-
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