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1 Introduction

An extreme point plays a crucial role in functional analysis, convex analysis, and optimiza-
tion. In fact, any compact convex set is the convex hull of its extreme point set, the result
is called Krein—Milman theorem. The notion of a dentable subset of a Banach space was
introduced by Rieffel in conjunction with a Radon—Nikodym theorem for Banach space-
valued measures. Subsequent work by Maynard and Davis and Phelos has shown those
Banach spaces in which Rieffel's Radon—Nikodym theorem is valid and every bounded
closed convex set is dentable. This has been a significant breakthrough in studying the na-
ture of Radon—Nikodym as a geometric property. In 1988, Bor-Luh Lin, Pei-Kee Lin, and
Troyanski described the characteristic of denting points (see [1, 2]) and obtained that there
is a close relationship between denting points and strongly extreme points. It is easy to see
that every denting point of Banach space X is a strongly extreme point (see [3]) of X, and it
is known that every strongly extreme point of X is a w* extreme point of X. Orlicz space is
an important class of Banach space, it was introduced by the famous Polish mathematician
Wiladyslaw Orlicz in 1932. The theory of Orlicz space has been greatly developed because
of its important theoretical properties and application value. Up to now, the criterion that
an element in the unit sphere of Orlicz spaces equipped with the Orlicz norm, the Lux-
emburg norm, and the p-Amemiya norm is a strongly extreme point has been obtained
(see [4—6]). In this paper, we introduce a new norm, namely @-Amemiya norm, whose
calculation formula is given as follows: ||x||¢,¢, = infbo{%(l + @ (I, (kx)))}. When we take
some special functions, the previous norms are special cases of this new norm. This new
norm also has wider applicability than before. We give the criterion that an element in the
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unit sphere of Orlicz spaces equipped with @ -Amemiya norm is a strongly extreme point.
Incidentally, the sufficient and necessary conditions of midpoint local uniform rotundity
of Orlicz function spaces equipped with @-Amemiya norm are obtained.

2 Preliminaries
Let [X, | - ||] be a Banach space. S(X) and B(X) denote the unit sphere and the unit ball of
X, respectively. X* is said to be the dual space of X.

Definition 2.1 A mapping @ : R — [0, 00) is called an Orlicz function: if @ is even, con-

tinuous, convex and @ () = 0 if and only if u = 0. If @ also satisfies lim,_,¢ %”) =0and
D (u)
u

lim,_, o = 00, then @ is called an N-function.

Definition 2.2 The function ¥ defined by the formula ¥ (&) = sup{|u|v — @(v) : v > 0} is
called complementary function of @ in the sense of Young.

Definition 2.3 Let (G, X, 11) be a nonatomic finite measure space. Let L° denote the whole
of the measurable real function on G. We define the modular I: L° — R* = [0, +00] as
follows:

Ip(x) = / @ (x(t)) dt,
G

it is called the modular (see [7]) of x.

Definition 2.4 The Orlicz function space (see [8]) Ly generated by an Orlicz function is
defined by the formula L = {x € L° : I (kx) < +00 for some k > 0}.
Those spaces that are equipped with the Orlicz norm (Amemiya norm) (see [9])

1
0 .
=inf —(1 + I ,
%[l = inf k( + 1 (kx))
or equipped with the Luxemburg norm

llxllo = inf{k> O:Lp(z) < 1},

or equipped with the p-Amemiya norm (1 < p < +00) (see [10, 11])

ANIE

1
Ixllop = inf - (1 + 2 (kx))?,
are Banach spaces, abbreviated as

Ly =[Los - 1% Lo=[Lasll-lo]i  Lop=[Loll-llop)-

Definition 2.5 We say that Orlicz function @ satisfies the A, condition if there exist k > 2
and ug > 0 such that the inequality

@ (2u) < k®(u)

holds for |u| > uy.
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Definition 2.6 If, for every y,z € R and y # z with &% = x, we have ®(x) < w, then
x is called a strictly convex point of @. The set of all strictly convex points of @ will be
denoted by Sp.

For any Orlicz functions @ and @, we put Lo o, = {x € L° : @ (I3, (kx)) < +00 for some
k > 0}. The calculation formula

1
lxll,0, = g)lg% (1+ @ (Ip, (kx)))

is called @-Amemiya norm.

Remark
If we take @ (1) = max{0, u — 1}, then ||x||¢,4, is the Luxemburg norm || - ||¢;
If we take @ () = u, then ||x||¢,, is the Orlicz norm || - [|%;
If we take max{0,u — 1} < ®@(u) < u, then ||x||p,4, is the s-norm || - ||3;

If we take @ (u) > |u|, then ||x||lo,0, > || - ||2>.

An important question is the attainability of the “inf” in ||x||¢,s, = infk>0%(1 +
@ (g, (kx))). For any x € Ly ¢, x # 0, we define

K(x) = {k >0: ||%lle,e, = %(1 + <D(1¢1(kx)))}.

We will prove that if lim,,_, » ¢1T(”) = +00, then K(x) # ¢.

Proof Put F(k) = %(1 + cD(fG @1 (kx(2)) dt)) and 6(x) = inf{k > 0,1s, (3) < 00}.

Then there exists d > 0 such that u({t € G : |x(¢)| > d}) > 0 and F(k) is continuous on
(0,6(x)). So limy_, ¢+ F(k) = +00.

Suppose that 6(x) = +00. Then

lim F(k) = lim P ([ P1(kx(t)) dt)
k— +00 ks +00 «

> lim ¢(M)
k—+00 k

> lim dj(f{teG:x(t)ni] czj1(/<9C(t))dt>
k—+00 k

>d lim q)((pl(kd) u({t e G: |x(t)] > d}))

k= o0 kd

= +0Q.

Since F(k) is a continuous function, then there exists ky € (0,0(x)) such that F(k) > F(ko).
Suppose that 6(x) < +00. If Iy, (6(x)x(¢)) = +00, we have

lim F(k =~ <1 + <D(fG @1 (0(x)x(2)) dt)) = +00.

1
k—B(x)-0 0(x)
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If Iy, (6 (x)x(2)) < +00, we have

. 1
k—}ér(fcl)—OF(k) = % (1 + & (/G @1(9(x)x(t)) dt)) < +00.

Since F(k) is a continuous function, there exists ko € (0,0(x)] such that F(k) > F(ko).
Thus K(x) # ¢. O

Definition 2.7 A point x € S(X) is said to be an extreme point (see [12]) of B(X) if, for

any y,z € S(X) and x = 1%, we have y = z. The set of all extreme points of the unit ball

B(X) will be denoted by ExtB(X). X is said to be strictly convex (see [13]) if and only if
ExtB(X) = S(X).

Definition 2.8 A point x € S(X) is called a strongly extreme point (see [14—16]) of B(X)
if, for any {x,} € X, {y,} € X, lim,_oc %[l = lim,_, o ||| = 1, and 52 = x, we have
lim,_ oo | — yull = 0.

Definition 2.9 Banach space X is called middle point local uniform convex (see [17, 18])
if and only if each point on S(X) is a strongly extreme point.

Lemma 2.10 (EropoB theorem) Let {f,,}52, be a measurable function and |f,(x)| < 0o a.e.
x € E with m(E) < +oo. If f,(x) — f(x) a.e. x € E, then for any § > O there exists Ey C E such
that m(Ey) < § and f,(x) — f(x) uniformly in x € E \ E,.

Lemma 2.11 Assume @ € A, (see [19]). Then, for any L > 0 and ¢ > 0, there exists § > 0
such that

’145(14 +v) —1¢(V)| <&,
whenever Ip(u) < L, Ip(v) <.
Lemma 2.12 Let ® € Ay. If Ip(x,) = Io (), %, —> x, then ||x, — x|l o — O (see [19]).

3 Main results
Theorem 3.1 Let @ be an N-function. Then xo € S(Lp,¢,) is a strongly extreme point of
B(Lg,¢,) if and only if @1 € Ay and koxo(t) € S¢,, where ko € K(xo).

Proof Necessity. Suppose that w({t € G : koxo(£) ¢ Sa,}) > 0 for some ky € K(xop). There
exists an interval (a, b) such that u({t € G: lf—o +&<x(t) < % -&})>0(e>0)and @ is
affine on (a, b), i.e., ®1(x) = px + q. Divide {t € G : % +&<xo(t) < % — ¢} into two sets E
and F with EN F = ¢ and w(E) = (F). Define

x0(t), te G\ (EUF),
y(t) = {xo(t) —e, tekE,
xo(t) +¢&, teF,

%),  teG\(EUF),
z(8) = S xo(t) +&, teE,

xo(t)—¢, teF.
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Then xo = &%, y #z and

[¢'1 (koj/) = / ¢1 (koy(t)) dt + / (Dl (k()y(t)) dt

EUF G\EUF
- /E (p(ko(xo(t) - €)) + q) dt + fF (p(ko(xole) + £)) + @) dt
+ /;\EUF @1 (k()?C()(t)) dt

= / (pkoxo(t) + q) dt + / D, (koxo(t)) dt
EUF

G\EUF

= / ¢1 (koxo(t)) dt + / (Dl (koxo(t)) dt
EUF

G\EUF

= Iy, (Koxo).

Thus [[ylle,e, < io(l + D (Ip, (koy))) = %(1 + @ (Ip, (koxo))) = [*%0ll,6; = 1. In the same way,
we can get ||z]l¢,¢, < 1. This contradicts the fact that x is an extreme point of S(Ls ¢,).
In order to complete this proof, we need to prove that if @; ¢ A,, there is not a strongly
extreme point on the unit sphere of Ly o, . If xg € S(Lg ¢, ), then there exists d > 0 such that
n({t € G: |xo(t)] < d}) > 0. Suppose @; ¢ A,, then there exists u, > 0, 1, 1 0o such that
®1(2u,) > 2"d1(u,) (n =1,2,...). Without loss of generality, we can assume that m <
n({t € G:|x(@t)| <d}). Take {G,} C {t € G : |x(¢)| < d} with G,, N G, = ¥ for any m # n,

satisfying

G, = =1,2,..
w(Gy) P )
Define
x0(t), te G\ G,
N O \
xo(t)+ Z—g, tGGn,
xo(t), te G\ Gy,
yn(t) =

xo(t) — z—g teG,.

Then xy = #22* for each n € N.

Put
xu(8) = &, (t) + x,(2),

where x,,(£) = x0x6\6, () + 2 X6, (£), %, (£) = %0 X, (£)-

Since ||x)llo,6;, = x0xe, o0, < dllxe,lle,e, = 0 (n — 00), we have the inequality
%, lo,0, > %0xG\G,llo,; = I%0lla,0; — %0 X6, |o,#, holds. Therefore limz== ||x),[l¢,6, >
llxoll @, = 1.

By the definition of @-Amemiya norm, we deduce that

/ ! ,
“xn ”qs,q)l = gg% (1 + @(14,1 (kxn)))

Page 50f 13
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=

(1+ @ (I, (kox,)))

b o([ s )

1 1
k ko (/G\G,, <D1(koonG\Gn(t)) dt +/ (Dl(u,,xGn(t)) dt)

Gn

|
e
e

IA
|
+
|
S

IA
|
+

kiocb(lqb1 (koxo) + P1(un)(Gn))

= k—lo(l + @(I@l(koxo) + 2—{[))

Then
—
nlingo||x” ||¢,¢1 < lxolle,e, =1.
Hence
lim [x,|l¢,e; = 1.
n— 00
In the same way, we have

lim [y.lle,e, =1.
n—0o0

But
2u,,(t)
Iy, (ko(xn —yn)) = / ¢1(k0 X )dt
G 0
=®1Qu)u(G,)>1 (n=1,2,...).
Therefore
1 1 1
1% = yullo,0, = k_0||2unXGn lo,0 = E”zunXGn lo, = %

a contradiction.
Sufficiency. Let @; € A, and xy € S(Lo,p,) With koxo(£) € Sg, for ky € K(xp). For any
XY € Lo, such that

lim ||x4ll¢,0, =1,
n— 00

lim ||yulle.e, =1,
n— o0

Xp+Yn= 2xO

for eachn € N.
Take sequences of positive numbers {k,} and {/,} such that

1 1
oo = = (1+ (o, (ki) = —,

-

1
lyullo,e, = h_n(l + @ (Lo, (M) - -
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Define

w0 =222,

) = 222
Then

Ko + In = 2%0
and

lim [|%,]l¢,6, <1,
n—00

lim [|y;lle,6, <1.
n—0o0

Now, we will prove that lim,,_, o |57l 0,6, = limy— o0 |72llo,e, = 1. Otherwise, we can as-

sume that lim,,_, « [|%,]l¢,4, < 1 and there exist § > 0, ny € N such that

%l o0, <1-36,
- )
ynllo,e, <1+ 2

for all n > ng. Then

X + I
2

1=|xolle,e; = <

a contradiction.
Thus

lim [|%]lo,0, = im [Jullo,e, = 1.
n— 00 n—00

1 1)
—(1-86+1+-=)<1,
®.0, 2 2

Since |4, —ullo,0; —> Oifand onlyif ||x, —y,|l¢,.0, — 0 (n — 00), we will use the sequences

{#,,} and {7,} instead of {x,} and {y,}, respectively.

sup{k),, h,} < +00.

n

; _ 2kuko ; _ 2huko
Put k, = 2% 10 = ko

Taking advantage of the forced convergence theorem and

. -
(140 (loy (K,5))

n

%]l 0,0, <

IA

2/(,,/(0 kn + k()

IA

1/1 1 11
=+ — @ (1, (K i
2(k0 + g @ oy thoxo)) + =+ -

L (1xollowa, + lallos, +~
— Xollo,®y + Xulleo,e; + —
2 0 ! . 1y

—1

IA

(n — 00),

Kn + Ko (1 + @(Lpl (m(x,, +xo))>>

P (Iq)l (knxn))>

. Thend =

Page 7 of 13
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we have

lim ki(l + @ (I, (k%)) = 1.

n—00

In the same way, we also have

lim - (1+ (I, (1,53))) = 1.

n—00
n

Assume k), = k, i, = h (n — o0). We will prove that &,/ > 1. Since lim,,_, o é(l +
D (Ip, (K, %)) = 1, then lim,,—, oo P (Ip, (K, %)) = k= 1. If k < 1, then @ (I, (k%)) < 0as n —
00, a contradiction. Therefore, k > 1. Similarly, & > 1.

Hence

k h c 1 d
k+h' k+h 1+d 1+d]|

In order to finish the proof of the theorem, we divide the left proof of the theorem into
three steps.

Step 1: We will show that ko = % € K(xg). In fact

/ / 2 ! 1,/
l%olle,0, < Kyt I, 1+@|Ig, Kl
2K I, K+ h,
L Y O
= 2k, AV R
K+ W, K,
ALY SR b Kz 5
2k;h;( ' <¢1(1« R h/h"y»))

<3 (/1 (1+ @ (lo, (ki%0))) + hi’(l + @l (h;y?))))

n

IA

-1 (n— o0).

2k, 2kh
Since [|xollo,0, = 1, we get 7+ — ﬁ =ko € K(xp).

Step 2: We will prove that knx,, —koxo = 0 (n — o0).
Firstly, we will show that
ki, —hyp, 50 (n— oo).
Otherwise, there exist oy, &g > 0 such that

n({t € G: k& (t) = hyu(®)| = 00}) = eo.

Let

Page 8 of 13



An and Cui Journal of Inequalities and Applications (2020) 2020:199

Page9of 13

Put G, = {t € G: |kx,(¢)| < Dy, |hy,(¢)| < D1, |kx,(2) — hya(£)] > 00}. We will show that

€o
G,)>—.
w(G,) > 3

Indeed, since lim,_, oo |55 || 0,0, = 1, we may assume |5l < [|%;]l¢,0, < 2. Then

o
1>1 —
= ‘“(2)
X, (t
Zf ) q)l<xn( )>dt
{teGi #1815 p) 2

> @1(D);j,<{te G: 9?,12(1,‘) ‘ >D}>
= iu({tEGI an(t)‘ >D}>.
&0 2
Hence

| % (®) €0
,u({teG. 5 ‘>D})<§.

Consequently,

u({te G: ki) > Dy}) < 2

Therefore,

(G = u({t € G: [k&,(0) ~ ()] = 00}) - u({t € G: [k&,0)| > Da})
—u({te G: [h 0| > Di})

Let

h k
F=1(x7): Dy, |yl <Dy, |x—9y| > 60, ——x + —— .
{(xy) |x| < D1, |yl < D1, |x =y = 00 PR qb}

By virtue of the fact that Sg, is a closed set, we know that F is a bounded closed set and

<D1((Lx+ %y)
f(xry): - k+h k/ h
m¢1(x)+ ]H—hébl()/)

for every (x,y) € F.

By f(x,y) is continuous on F, there exists (xo,%) € F such that f(x,y) < f(x0,70). We

. D1 %0+ 2500)
next will prove that f(xo, o) < 1. If f(x0,%0) = 1, then + +

=1, this contradicts
o @1(x0)+ 257 1030)
k+

%0 + k’ﬁyo € S,. Put f(x0,90) = 1 — 8. For every (x,y) € F, we have

h k h k
(pl(k+hx+ my) < (1 —8)<m¢1(x) + m¢1(y))
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By the definition of ko and x(, we derive that

h k 2kh

—— ki, (t) + n hhyn( ) = mxo(t) = koxo(t) € Sg,.

Since koxo(t) € So,, then (kx,(¢), hy,(t)) € F, i.e, for t € G, and

h k h - k ~
@, (k hkx,,(t)+ o hhyn(t)> < (1—8)(mq§1(kxn(t)) Y h (hyn(t))).

Hence

%5 + Vnllo,0,
k+h kh . .
= (1“1)([“”1(@“”””))))
kih k+h K
5/:—h+ /:h q)(/cb(k h(xn(t)+yn(t))> )
k+h k+h . K ~
< T ¢((1_5)/Gn[k+h¢l(kx”(”)+kifpl(hy”(t))]dt)
k+h h N _
kih k+h h - k _
ki "k ¢</G[m¢l(/<x”(t))+k+h (k5 ”(t))}dt>

k+h [ & - k N
- 7 ¢(8 Ln _m(pl(kxn(t)) + m@l(hyn(t)) dt)

IA

IA

bl e

(14 (Lo, (K53(0) + 5 (1+ @ (I, (k53(0)

_ k]:;lhcb (5 /G n %él(kxn(t)) v %qbl(hy:(t))_ dt).
Notice that
Loy (k= K)%) < |k =K, |1, (£) = 0 (n— o0).
By Lemma 2.11, we get
Lo, (k%) = 1o, (K %) = 1o, (K %0 + (k = K,)%) = Lo, (K, %) = O (1 — 00).
Thus

0<—(1+®(lo, (k%)) — 1%l 0,0,

RNI»——‘ »I»——‘

(1+ @ (Io, (k%)) - ki/(l + @ (I, (k%)) + % -0 (n— 00).

n

Slmllarly, (1 + @ (Lo, (hyn)) = 19nlle,0, — 0as n— oo. Since u >0, @ (u) >0, and

1%+ 7ol <9 k+h & 26 2 5 80 (71— 00)
Yot Yulleiey =27 T 1+d 3 " ’

. ~ ~ . . ~ ~ M
we have lim,_, « [|%, + Vull¢,, < 2. A contradiction. Hence kx,, — /1y, — 0.
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Thanks to the ®-Amemiya norm being equivalent with the Luxemburg norm, their
weak topology and weak star topology are all equivalent. So Ly, is w* compact. Take

{x} C {x,}, {y2} C {7} such that x/, LN % and y/, BN y'. We getx' +y = 2xo.
Since @1 € A,, we have

lxllo,0; = SUP{LX(t)y(t) dt:ye B(LZ,@)},

where L’;,'d,l is the dual space of Lo ¢, .
So

I%llo,0, = sup{ / x(t)y(t)dt :y € B(E Ml)}
Since ||2%0||¢,, = 2, then
12%0lle.0, < % | 56, + 15 | 5.0, < L [£llo0, + im 1500, =2

This shows

16,6, = 1Y 6,0, = 1-
Hence, there exist k, # > 1 such that
/ 1 J
1= ||x ”45,451 = E(l + <1§(1¢1 (kx))),
/ 1 /
1= ”y ”¢,¢1 = E(l + @ (Lo, (hy )))

Since [%lo,0, + 1Y lo.0, =2, then

[ gy # 15 Ly = (1% @, () + 1+ @ (1 ()
_ kk‘;lh :1 + k%@(lq)l (kx')) kk ; (]q)l (hy ))]
adl] E q>< - h(zq,l (k) + = h(zq)l (hy/))>:|

>k+h1(p1 ot
=T | TP\ k

-9. = (1 + @(Lpl(koxo)))
0

and

1
lollo,0, =1 = k_o(l + @ (I, (koxo)))-

Hence &' = y' = x9. Combining this with kx|, — iy, % 0, we can prove that kx), — hy, 2o
Since v(t) € Ey, then for any ¢ > 0 there exists § > 0 such that ||vxg,|le < &, whence 1(Go) <
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8. Using the EropoB theorem, there exists Gy C G, u(Gy) < 8 such that kx), — hy,, L 0for
te G\ Gp.
Put [|x/]|% = 1 and ||y} ]|% = 1. We have

/ (kx;' - hy’,ﬁ)v(t) dt = / (kx;: - hy;;)v(t) dt + / (kx’,ﬁ - hy;')v(t) dt
G G\Go

Go
<M p(G\ Go) e + k|5 [vd) ], + ;[ v,

<M-u(G\Gy)-e+k-e+h-e.

By the arbitrariness of &, we have [ (kx, — hy,)v(t)dt < &. Thus kx|, — hy,, ™. 0. Since

X0 —y v, 0, then k = h. Thus %, - y,, % 0as n — oo. Therefore

k; %, — koxo 50 (n— ).

Step 3: We will prove that I, (k,x,) = Ip, (koxo). In fact

@ (I, (koxo)) = ko — 1,

@ (Ip, (K, %n)) = k (11— o0).

We deduce that @ (I, (k%)) = @ (Is, (koxo)) (n — 00). Using u > 0, @ (1) > 0 and P (u) is

strictly increasing, we get
I¢'1 (k;;?;,)) — Id’l (k()JC()) (l/l — OO)
By Lemma 2.12, we have
”k:,l},C:, - kox0||¢,¢l — 0. O

Corollary 3.2 Let @ be an Orlicz function. Then Lg ¢, is midpoint local uniform rotundity
ifand only if &1 € Ay and L ¢, is strictly convex.
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