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1 Introduction
Let £2 € L'(S"!) be homogeneous of degree zero and satisfy

/ 2(x)do (') =0, (1.1)
sn-1

where &" = x/|x| for any x # 0. The Marcinkiewicz integral operator of higher dimension is
defined by

Ho () - ( [0 |Faoe() 2%)

where Fg,(x) = [ Mf(y) dy, and S"! is the unit sphere of R” (1 > 2) equipped

le=yl<t Ja—y|"-1
with normalized Lebesgue measure do = do (x').

Stein [1] proved that, if £2 is continuous and satisfies a Lip, (0 < « < 1) condition on
S"-1, then g, is of type (p, p) (1 < p < 2) and of weak type (1, 1). Benedek et al. [2] proved
that, if 2 € C1(S"!), then ug is of type (p,p) (1 < p < 00). Ding [3] proved that if £2
is homogeneous of degree zero satisfying a class of L7-Dini (1 < g < oo) conditions, and

then u g, is bounded on Campanato spaces.
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Definition 1.1 Suppose 1 < p < oo and —149 < a < 1. Then the Campanato space ¢**(R")

is defined as
eP(R") = {f € Lb (R") : |[f llcer < 00},
where

1

1 1 r
Iflleer = sup z ( / (%) = fo(er pdx) )
Lf x€R",r>0 IB(x, 7")'H |B(x7 r)' B(x,r) V f ( )|

here B(x,r) = {y € R" : |x — y| < r}, |B(x,r)| is its Lebesgue measure and fpu,» =
1
B Jaenf0) dy.

Remark 1.1 Whena € (0,1) and p € [1,00), ¢*? = Lip,, where Lip, is the Lipschitz space;
when « = 0, the Campanato space is the BMO space; when o € (—ﬁ, 0), 4P = [P*P*" where

LPeP*" is the Morrey space.

Theorem A ([3]) Let 1 <p<oo, 1 <q <p, 2 satisfy (1.1) and the L1-Dini condition.
Suppose that f € e*P(R") for —oo < o < 0 and there is a measurable set E C R" with |E| >0
such that po(f)(x) < oo for any x € E. Then pg(f)(x) < 0o a.e. on R” and ||pug(f)||eer <
C||f |leer, where the constant C is independent of f .

The multilinear theory has attracted much attention since the pioneering work of Coif-
man and Meyer [4, 5]. The topic was reconsidered by several authors, including Christ
and Journé [6], Kenig and Stein [7], Grafakos and Torres [8, 9], and Lerner et al. [10].
Chen, Xue and Yabuta [11] proved the boundedness of a multilinear Marcinkiewicz in-
tegral on Lebesgue spaces. Xue and Yabuta [12] proved the boundedness of a multilinear

Marcinkiewicz integral on Campanato spaces.

Definition 1.2 ([11]) Let §2 be a function defined on (R”)” with the following properties:
(1) £ is homogeneous of degree 0, i.e., forany A >0 and ¥ = (y1,...,ym) € (R")™,

20y) = 20); (1.2)

(2) £2 is Lipschitz continuous on (S"7!)™, i.e. there are 0 < o < 1 and C > 0 such that, for
anY‘E = (glr“wgm): 77 = (771,m, nm) € (Rn)my

o

|2 -2m)|<clg' -, (1.3)
where (y1,...,Ym) = %, and we should note that (y1,...,%,,) is not an
element of (S"~1)™;

(3) the integration of §2 on each unit sphere vanishes,
QW10 Ym)dyy=0, j=1,...,m. (1.4)

sn-1
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For any]_" =(f1,..-.fm) € (S(R"))™, we can define the operator F; for any £ > 0 as

Fy(f) () = 22007 " 20)

tml |mn 1)

1 _R0)

m (BOH" |)’|m”1

* (- ®f))

]—[f (%~ i) dy,

where |y| = [y1] + -++ + [yu| and B(x,£) = {y € R” : |y — x| < t}. Finally, the multilinear
Marcinkiewicz integral u is defined by

u(?)(x):( f IE()) @) .

If m =1, it is easy to see that /L(f) coincides with o (f).

Theorem B ([11]) Suppose  is bounded from L7 x - - - x L9 to L1 forsome 1 < qy,...,qm <

pp -1 L Ty S SN & i
oowztha—q1+ +qm.Then,for1<p1,...,pm<oow1thp ot +pm,therezsaC>0
such that

], < CHufnm

Yang [13] introduced the central Campanato spaces on p-adic fields and obtained the
behavior of a class of p-adic singular integral operators on these spaces. In fact, the central
Campanato space on Euclid spaces can be defined in a similar way. Now we are in a position

to define the central Campanato space.

Definition 1.3 ([13]) Suppose 1 <p<o00,q>1, @ € R and n € Z. The central Campanato
space CL*?(R") is defined as

CL (B) = [f € L () Ifllaso <o),

where

1

1 I

IfllcLer = sup ——— ( If @) = faon|” dx) .
>0 |B(0,r)|* 7 \/BO")

Remark 1.2 When o = % — 1, the central Campanato space CL*” is the central BMO space
CMO‘;’, where 0 </ <1 < p < 00; see [14] for more about the space of CMO‘;.

The main results of this paper are as follows.

Theorem 1.1 Let1l <p< 00,1 <q <p, 2 satisfy (1.1) and the L1-Dini condition. Suppose
that f € CL*?(R") for —oo < an < 0 and there is a measurable set E C R" with |E| >0
such that o (f)(x) < oo for any x € E. Then o (f)(x) < 0o a.e. on R” and || (f)|lcLer <
C|f llcLew, where the constant C is independent of f .
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Theorem 1.2 Let §2 be a function defined on (R")", satisfying (1.2), Lipschitz continuous
(1.3) with index replaced by B and (1.4). Suppose  is bounded from L1 x - - - x L9 to L1 for

somel<q1,...,qm<oowith%: il+---+%.Supposealsothat—oo<oz:a1+~~~+am<0
m

q
with ay,...,a, <0 and n < p < co. Then, for 1 < p1,...,p, < 00 with }7 = pil +ooe t ﬁ,
f; € CLYPI(R") (j = 1,...,m), ,u,(}_é ) is either infinite everywhere or finite almost everywhere,

and in the latter case, there is a constant C > 0 such that

m
|60 creo = CTT Wi

j-1

Remark 1.3 Comparing the definition of the Campanato space and the central Campanato
space, we can easily see that the selection range of the ball B is different. This leads to the
difference in the range of the index about the boundedness of ,u(f ) on Campanato space

and central Campanato space.

Throughout this paper we assume that the notation C represents a constant and its

values may vary from line to line.

2 Some preliminaries and notations
Suppose that £2 € L1(S"™!) (g > 1), the integral modulus w4(8) of continuity of order g of
£2 is defined by

0,(6) = sup ( [ Ja() -2 do (x/)> "

|pl=<é

where p is a rotation on S", |p| = || p — I||. We say that §2 satisfies the L7-Dini condition,
if w,(8) satisfies

/lwq(g)d8<oo
o & )

To prove our main results, we begin with some important lemmas.

Lemma 2.1 ([3]) Suppose that0 < A < n,and $2 is homogeneous of degree zero and satisfies
the L1-Dini condition for q > 1. If there exists a constant ag > 0, such that |x| < agR, then we

1
( / qdy)q < c:RZ‘““‘”(m " / 210 d5>
R<|y|<2R - R Il 5l )

T
where the constant C > 0 is independent of R and x.

have

R@-x) £20)

ly —x|"=* |y

Lemma 2.2 Suppose that 1 < p < 00, —00 < & < %, and n > max{0,apn}. If f € CL*?, then
there exists C > 0 such that, for any ball B, centered at origin with side length d and x, € By,

(/R dey < Cd"™|fllcLer.

n A"+ | — x|
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Proof Let By be a ball with the same center of By and its radius is 2¥ times of By. Decom-

posing R” into a geometrically increasing sequence of concentric balls, and using the fact
that |f, —fp,| < Ck|Bi|*|f llcLer, we have

/ a’|f (x) - fgo I
R” darn + |x —xo|"+’7

o]

an —fa|P
= Z/ n+ lf(x) ﬁgo |n+ dx
Bi\Byy @™+ |ox — x|

k=0

oo dn
C; (2kd)r+n </£;k [f(x) —JB |p dx + |fe, — f5, |19|Bk|>

IA

1

IA

Mg

C D 5 (D)™ Uf eyew + K (2"a) T 1f W)

>
Il
(=}

< Cd"||f i e

Then the proof is complete. d

Lemma 2.3 Suppose that 1 <p <00, -0 <a < 5,1 <q <pandn>max{0,apn}. Iff €
CL*?, then there exists C > 0 such that, for any ball By with side length d and centered at

origin and xy € By,

=

< d"|f (x) = fi|”

R” ann + |9C—9C()|VH'7

dx),, < Cd™|[f | crer-

Proof Let By be a ball with the same center of By and its radius is 2k times of By. Decom-
posing R” into a geometrically increasing sequence of concentric balls, and using Holder’s

inequality and Lemma 2.2, we have

/ AN @)~ ful”
R

n A+ | — x|

ql
am|f (x) — fa, ¥ ’
< —d
Z(/R” dn+z7 + |x x0|n+n x
r—q

dﬂ o
x dn+77 n+n dx
Bi\Bj_1 + | — o]

p=q

. ardy \ 7
<CZd a ”f”c]ﬂl‘(W)

< Cdmd Ilflchap

Then the proof is complete. O

Page 50of 18
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Lemma 2.4 Suppose that 1 <p < oo, a <0,B=B(0,r),x € Band t > 8r > 0. Iff € CL*?,
then, for 0 < k < ko with ko € N satisfying 2r < 27k0¢ < 4r, we have

(;f IF &) —fsl” dy>; < Cr|Ifllcer.
|B(x’ 2_](t)| B(x,27kt) -

Proof Since x € B and 0 < k < ko satisfying 2r < 27kt < 47, we have B(x,27%t) C
B(0,27%*1¢). Thus

1 b \?
L Ay
( |B(x’ 27kt)| /B(x,Zkt) V(y) fB‘ y>

1 r
<o —1 / ) Fuopn Pd)
( |B(0,27%*18)| Jpo,2-k+1) o a0ty ["dy

ko
+ CZ lfB(O,Z‘/”t) —ﬁs(o,z-i:)| + leB(O,TkO D) —Jsl

ik
ko
_k+1 .\ 0
<C2™) " If llcrer + CZ VB0.27+16) —S0.2778)| + Clfp0,2-%0r) —SBI-
=k

Forj=k,...,ko, we have

1
V0,27+10) =SB0,2770| = 1B(0,277)] )V()’) _fB(O,Z’f*lt)| dy

B(0,27¢t

1 / ., )
<2 ——— )— g
<|B (0,27+11)] B(o,zfiﬂt)vol ool dy

< 2n (2—j+1t)na ”f”CLarP.

1
P

For the last term, since 2r < 27%0¢ < 4r, we have

302t — S5l < 4" (2706)™ Ifllcrew.

So we obtain

1 b \?
S — P d
( |B(x’ 2_kt)| /J;(x,Zkt) V(y) f}g‘ y>
ko

<CY 27 ||fllcew < Cr™|[fllcrer.
j=k

Then the proof is complete. O

Lemma 2.5 Suppose that 1 <p <00, <0,B=B(0,r),x € Band k € N. Iff € CL*?, then

we have

1
1 P ’ o
(m -/B(x,zkr) o) -1 dy) = Cr™Wfllcrer.

Page 6 of 18
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Proof For x € Band k € N, we have B(x, 2Fr)  B(0,2%*1r). Similar to Lemma 2.4, we have

1 IUPAY
(|B(x, 267) /B(x,zk,> FO) Al dy )

1
! p
<Cl—— ~ g
- ( |B(0’ 2k+1r)| /B:((),Zlﬂlr) lf(y) -fB(O;Zk 1r) | y)

+ Clfpo2k+15) =Sp02kn |+ + U020 — S5l
k+1

<CY 2" |fllcrer < Cr||f llcrer.
=0

Then the proof is complete. O

Lemma 2.6 Suppose that « <0, B=B(0,7),x € Band t>8r>0,1<p<oo.Iff € CL*?,

then we have

/8 o) —fsl dy < Ctr"™||f |l crew-

r<|x—y|<t |x - J’|"’1

Proof Let ko € N satisfying 2r < 27%0¢ < 4r. Using Lemma 2.4, we obtain

[ fo)-fil <Z/ Vo -l ,
8

r<|x—y|<t |x J’|” e —ynt k— Tp<|x—y| <2~ kg |x J’|" 1

ko—1 1
< —_— —fzld
= kZO: (k11 /l;(x,zkt) Lf()/) f3| Y

ko-1 1
1 r
<C 2kt(7 f ) - f5|” d )
; |B(x, 27K8)| J gk V@ Jo | i’
< Ctr"|fllcrer.

Then the proof is complete. d

Lemma 2.7 Suppose that m e N, B=B(0,r),x €B,1 <p<00,0<B<landy<f,a=
ay++ay <0withay,...,a, <0.Iff; e CLYPi (i=1,...,m), then we have

B
/ : Hl 1 i) = 0| dy < Crr™ l—[ fill crece:
(B(x,8r)™

o (O I — gy

Proof Using Lemma 2.5 and Holder’s inequality, we have

f P T2 Vi) - (F)s
(B(x,8r)m)° (Z;Zl joc — ;) By

- T i) = ()l e
= Z m mn+B-y Y
— B2k anym @k Qo0 1= yl)
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00 1 .
gcrﬂgmf(( arany l_ﬂf(%)— (i)s| dy

= Cr Z 2/(/3 y) |B x, 2k+4r)| / lfl(yt) - (fz)B‘ dyi

o0 1 m
Y tho g .
= CZ 2k(ﬁ_)’)r 1_[ ||.ﬁ||CL iPi

k=0 i=1

m
<Crrt 1_[ Ifillcreir: -

i=1

Then the proof is complete. O

3 Proof the main results

Proof of Theorem 1.1 Let1<p< 00,1 <¢q <pandf e CL*!. We set B be the ball B(0,d),
B* =8B =B(0,8d), B = 2B = B(0,2d) (j € Z). We first show that o (f)(x) < 00, a.e. on B.
Let

S @) = far + (Fx) = fi) xme () + (F) —fize ) (1 = = (%)) =21 +fo + fo.

By Theorem A and (1.1), we know that g (f1)(x) = 0 on B and

(flmz(fz)(xl dx) (/ e () ) I”dx)p < Cd"™ P |[fllcier.

Hence

/\Mo(fz)(xﬂ dx < BV </B|Msz(fz)(x)|pdx>i =d""™||fllcLer.

This shows that ;g (f2)(x) < 00, a.e. on B. Since |E| > 0, we have |[BN E| > 0. There exists
an xp € BN E, such that po(f)(xo) < 0o and pe(f2)(x0) < 0o. Then

me(fz)xo) < ne(f) (o) + te (f2)(xo) < 0o.

Fix any x € B, we write

e (3)(®) — e () (xo)|

[
0 lx=yl<t,|xo—yI>t
0
0 |x—y|>t,|x0—y|<t
e’}
0 |x—y|<t,|xo—y|<t

=Z]1 +12 +13.

2x-y) dt 2
% = y1"- lfg(y)‘ )73)

it ola) )

lxo -yt
2 o) )’

2x-y) £2(xo —
e =yl L Jag -yl

Page 8 of 18
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We first estimate I;. It is obvious that [y — x| = |y — x| & |y|, when x € B, xy € B and
y € (B*)¢. Applying Minkowski’s inequality, we get

1
12(x - )| dt?
e [ ()
|x J’|" 1 lf | [x—y|<t,|xo—y|>t ts

26:-) 1
=cf 0

2

dy

o — y|-1 |x—y|2_|xo—y|2
-y

dZIQx y)l
=C
/(B*) CICEIN 1) ay

| |}’l+

< |Q -
o,

We take n > 0, such that anp < n < %/. Then t = (% - %)q > 0. Using Holder’s inequality

and Lemma 2.3, we have

v _a4 N\d " q
I < C(/ dr|82(x—y)l dy) (/ arfsmI* dy)
(B¢ [yl*T @e  lylm

< Cd™|[f llcrer.

Q=
=

Similarly, we can get I, < Cd"*||f ||cLe». For the last term I35, we use Minkowski’s inequal-

ity to get
dr\ ?
(| ) @
[x—yl<t,|xo—y|<t 3

I3 < /Rn
- C/Rn Lf(y)|</:—y<t%>%dy

Qx-y) 2w-y)

e —yl*t o —yI*!

Rx-y) 2w -

le—yl" 1 Ixo

|n1

Rx—y) L6 -y)|A0)
_CAH |x_y|n—1_|x0_ |n1 |y| d
. Rx-y 2 -9 |10
¢ - d
= FZB /?;d<y<2/+1d |x —yln’I |x0 _y|n—1 |y|
e [ P

o=yt lxo — I” !

o 1
= C; % ./Q/d<|y|<2/’+1d
Applying Holder’s inequality and Lemma 2.2, we have
o 1
b= Cjzz?; %d (/2/d<|y|<2/+1d

q d)
x (—/Q;d<y<2/+1d%(y)| )

=1 1
<C)»y =|—— q d )
B Z 2y ((2/+1d)n -Ld<|y|<ﬂ*ldv | )

j=3

Rx-y) £ -y)
e =yl*t lao =yt

7 N\g
dy)

==

_ =
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L
7

00 lx—xg|
Ja wg(8) d6>( 1 ‘ )
' CZ(/_o ; @)y /Mwﬂdlﬁw y

j=3 " *lg

=: 131 + 132.

To estimate I35, we take 1 > 0. Using Lemma 2.3, it yields

o0 i /
1 WARW MY q
Iy < CZ — / M dy
j=3 2 2/d<\y|<2/*1d |J/|"”’ + (2}+1d)n+n

&\l —

[} 1 ( 1+1d) lf(J’) fB |q L/

cy = / B

) ;2’<(/ﬂd<ly<wd DI+ (@ d) ) +1fs /s )
=€) 2 @) Ifllces

~
I
w

< Cd™|fllcrer.

As for I3, we have

ﬁ wq(cS) 1
I3 = CZ( \x—xo\ > (W ./W'd<|y|<7j+1dlf(y) fB*
00 a)q(s) ) < 1 )
= Z<'/. (2j+1d)ﬂ /Q‘/'d<y<2/'*1dlf(y) ﬁg

= 1
CZ);((Q/Hd)W -/;d<|y<2/‘*1dlf(y) f )

j=

Q=

)

>

=

IA

o0
+C Y iy — S
j=3
=13 +13,.

Since ¢’ < p and using Holder’s inequality, we obtain

—f. P d ’
32_CX:<|B;+1| B,-“v(y) Sy y)

o0
<> 1Bl If llcuer
j=3

< Cd"||f llcper.

For the last term I2,, it is easy to get

[o¢]
B, <CY G+ 1)(27d)"™ |If llcer
j=3

< Cd"™||fllcLer.
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Summarizing the above estimate, we conclude that

12 () () — ne (f3)(x0)| < Ca™|f llcLer

Thus we have

mo () < ne(fi)®) + ne (fH)(x)

le () (®) — e () (xo)| + e (f3)(xo) < oo, a.e.onB

Because B is any ball centered at the origin, we get 1o (f)(x) < 00, a.e. on R”. Finally, we
)

show that || (f)|lcrer < C||f|lcLer. In fact, from the above proof we find that there exists
an xg € B, such that pg (f3)(xo) < 0o. Repeating the above proof, we obtain

( [naf @)~ nafial dx) '
<c</\,mf2 VG dx) <f|u.qf3 () - (o) dx)

<Cd™'r Ifllcree.

Taking the supremum over all such B, the proof is complete

Now we give the proof of Theorem 1.2

Proof of Theorem 1.2 It suffices to verify that, for any f; € CL¥#(R") (j=1,...,m), if there
exists yo € R” such that ,u(}? )(¥0) < 00, then, for any ball B = B(0,r) C R” with y, € B

(i; /;W(f)(x) - (M(}?))BV’ dx)p = CIBI® 1_[ |lf;||CL“/”/

For any r > 0, we denote

N 8r
W) = ( /0 :

and

() = ( | N "”) .

Since £2 satisfies the vanishing condition (1.4), for any x € B

1 2G)
x— ;) dy
t”’/ Bopym 171D |1 Hf y)dy

1 (H@) = 1 ((fi = (F)8) X108, -

-7(fm - (fm)B)XlOB)(x)
= M((fl - (fl)B)Xlon

o (fm - (fm)B)XlOB)(x)~
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Wehaveot1+~~~+otm:aand}7 = pil+~-+17L with 1< py,...,pm < 00. Using Theorem B,
m

we get

(/B|Mf(?)(x)|’” dx)p < CL[(/IOBW;) ~ (f)o8]” dy;) !

m 1
aj+ -
< CI1oBI” 7 1ifllcyesm
j=1

m
a+d
< CIBI"'? [ T Ifill ey

j=1

We notice that

<|B| [ e - (M(f))Blpdxf

<C(|B|f]u(f ) - inf ()| dx)l

- 5 1 1
r pd pd
<C<|B| /|M ()| x) + <|B| /Bylelp|u () - 1= )| x)

m 1
1
< citr [Tl + (57 sl -G )
j=1
So the proof of Theorem 1.2 reduces to proving that, for any x, z € B,

1= (D) - 1)@ < CIBIE [T Ifleuern-

j=1

It is easy to see that

- - S dr\ ? d
|M°°(f)(x)—u°°(f)(2)|=‘</8 |Ft(f>(x)|2{) —(/ EG) @) t) ]

= (/2; |Fz(f)(x) —Ft(f)(Z)| |Ft(f)(x) +Ft(f)(z)|7t) '

Foranyze€ B, t1,...,t, > r, we have B(z,t;) C B(0,2;)(i=1,...,m).If n < p < 00 and —o0 <
a < 0, the vanishing condition of £2 and Hoélder’s inequality allow us to obtain

2z-y1,.-12=Ym)
m l)d
/H ]_[f(y 5

1 Blaty) (Zj=1 |z — y;|)ymin=D
TG00 - Bsoa)|

fc( [
o lB(zt, =1

- 1
X /
m By (X |2 =yt
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)B(0,26) )

r b
<C / dy
llB(

(f Y )
X /
M2, Bty (i |2 = yjl)mn=Dp

m o n_
ECHtjp/ i H(Htp/tpj )”f”cL/"/
j=1

— L;/]

n .
1—7 VIOKJ

m m
?—nﬂ +
CH [18 " Wl
j=1

=1

5

m
1+r1a/
=C[ 5™ fillcres-

=1

~.

For z € B, t > 8r, B(z, t) can be decomposed into the following disjoint union:

(Bz,1))" = lU((B(z, £)\ B(z,8r) " x B(z,8r) x (B(z,#) \ B(z,8r)""")

i=1

U (B(z,t) \ B(z, 8r))m U (B(z,8r)".

Set B;(z,t,7) := (B(z, t) \ B(z,87))""! x B(z,8r) x (B(z,t) \ B(z, 8r))". We write

2 Qz-y1,..2 = Ym) 1
mFt = m i d
t (f)(Z) </(‘B(z,t))m (Z/:l |Z _yj|)m(n 1) Hf(y)

Qz-y1,-. 12— Ym) 11
= Sily) dy
/(‘(Zt)\B(ZSV))m (Z/ 1 |Z J/| mn 1 l_[

+ZL -Q(Z_yh Y2 ym) Hf()’z)dy

=1 Y Biatr) (Z;Z1 |Z—)’;|)’” n-1)

REZ=y1,0 2= Ym) T2
+ n f(y;)dj/
/(B(z sy (25 12—yl l_[

According to the above estimate, we have

|tht Z)\ < Ct™ne 1_[ ”f”CL by 3
j=1

‘Q(Z_ylx 2= ym)
7 i) dy
/le(ztr) (Zj=1 |Z_y1.|)m(n B Hf(y )

m
“L+n(oe—ap) 1
< +n(o—ay) L+noy 1_[ Hﬁ”CLaj,pj;

j-1

2z =y15- 2= Ym) Hf(y &

M+no
Blsy Oy |z =)D =cr 1_[ CACEES
y j=

j=1
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For x, z € B, t > 8r, we set

-

H(f)(x,z) =

Q(Z V15 2= ym)
fiyody
/(B(z,t)\B(z,Sr))"’ (Z " lz = i) 1_[

Q( - ey T m) “ —
_/(( X=)N x()’ Hﬁ(yi)dy~

Bo\Bsyn (Djoy 8=yl 2]

Consequently, we have
1= (@) - 1= (F)(2)|

2
S (/ ’Ft Ft tl na) l_[ ”f”CL %Py

- > (& e i\’
m-1+n(a—a;) 1+na; m+no
e ) (e A D S R P
j=1

j=1

+Cl_[||flch]1’] (/ |Ht(f) x’z)‘ m+l not)z

”“Hllfllcup/ +C]_[Ilflch,p, </ |H.(f) x:Z>|tm+1 ) :

Fixing x, z and for ¢ > 0, we introduce some notations:

Z(x,t) = {yeR” 8r<|x—y|<t,8r<|z- y|<t}
yeR":8r<l|z-y|<t,8r <|x -yl <t};
yeR”:SrE|x—y|<t,|z—y|2t};

={yeR":8r<|z-yl<tlx-yl > t};

™
—~
5\1
N
—_—— —— o —— ——

Alx,t)={yeR":8r<|x—y| <t |z - y|<8r},

Az, t) = {ye]R":Srf lz—y| <t |x—y| <8r},

O, 1) = O1(x,8) X -+ X Op(x,1), Oy, ) € {E(w, 8), " (%, 1), Alx, ) 5

(z,t) = O1(z,1) X -+ X Op(z,1), Oi(z,t) € {E(2,1), I'(2,1), Az, 1) };

Q

E(x,t) = E(z,t) = E(¢).
For y, we denote

(x,y)—{t>0:8r§|x—y|<t,8r§|z—y|<t};
E(z,y) = {t>0:8r§|z—y|<t,8r§|x—y|<t};

I'(x,y) = {t>0:8r§ lx—y| <t |z—yl zt};

t>0:8r§|x—y|<t,|z—y|<8r};

{t>0:8r§ lz—y| <t |x—yl| Zt};
A(x,y)={
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Alz,y) = {t>0:8r§ lz—y| <t |x -yl <8r};
@i(x’yi) € {E(xyyi); F(xryi)}, i: 1,...,}’/’[;

Oizy) € {E@y), T=y)}), i=1...,m.
It is easy to see that
B(x,£) \ B(x,87) = E(x,£) U I'(x,£) U A(x, t)
and
B(z,t) \ B(z,8r) = E(z,t) U I'(z,t) U A(z, t).

We write

Q(x Vireeos X — ym) _ Q(Z—yl,...,z—ym)
b=y (0 T = D

H(f)(%,2) < /

2@

x HU&(y,-)—m)Bw
i=1

|'Q(x_yl7 X = ym)| .
+ m i ) d
/(‘A(x,t))m (ijl |x _yj|)m n—1) l_[lf(y B| Y

2=y, 2=yl - i
' " i )B| d
/(A(zt)) (O, |z —y;lyne-D HVO’ ~ (f)s| dy

|'Q(x_.y17 X = ym N
+ i i) = ()| dy
/:xt)ao,xt) rey (i le =yl l—“f )= (s

120z -y1,....2=ym)| T- _
+ i) = (fi)s| dy
/><zt )A0ie=In (D 12—y HV d

126 = y1, 0% = yn)| - i
/xt /xt)ml (Z;Zl|x_y].|)mn1 Hlf()/z (fz)B|dy

|2(z-y1,...,2- ym)| .
) — (f)s| 4
/zt /A(zt -1 (Z/1|Z y|m Hv(y )B| y

= Zth(f)(xe) + ZHiﬁ(f)(x,z) + ZH”(f)(x,z)

i=1 =1 =1
For x, z € B and 2 satisfying Lipschitz continuous condition, applying Lemma 2.7, we

get

/ s )65,2)| s

s
X—Z

<c / __ lx-zl —
(Bessyeyn (o0 | = y)ymeh
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dr
dy

tm+1—na

< [ 11600 - toal 7 |
i=1

m (Z,m:1 |x—J’j\)

< C/ rﬂ 1_[:21 lﬁ(yl) - (ﬁ)B' d;/
= (Blx,8r)°)™ (Z}'Zl |x _y],|)mn+ﬂ—na

m
2
<™ [Tl

j=1

Whenx,z€B,8r <|x—y|<tand |z—y| <8r,wehave |x—y| < |x—z|+|z—y| <2r+8r=
10r. Then 8r < |x — y| < 10r. Applying Lemma 2.6, we get

|, (f)(,2)| < Cf [12: i) = (sl 5

(Bl 10m\Blasyn (D_jy |% = ;) n=1)

[fi(y:) = ()5l
—
= /&;rflxyiSIOr

- lx — yi|"-t

i

i=1

m
< Tl epem»

j=1
which leads to

© dt =
/é |Ht,2(f)(x, Z)| tWHl—VlO{ < Crz”la l_[ |lﬁ||CLa/,p/,
.

j=1

Similarly,

© dt e T
v/S |Ht’3(f)(x’ Z){ tm+1—not = Cr " 1_[ Hﬁ”CLaf'pf‘
r j=1

Now we estimate Ht,4(f ). Forany x, z € B,

m
ﬂ@j(xryj) < |0ix,3)| = | 9)| < |lz=yil = lx =yl | < |z — % < 2r.

j=1

And for any t € (), ©;(x, ), £ > ;. (3", |x - y|). Applying Lemma 2.7, we get

00 N dt
f [Hea),2)| i
8r

| L1 110)= 0l
(B (201 2 =yl

dt
X 1-na
N2 Oy et

J
(Besm (20 12 = yl)

m
2
< [Tl

j=1
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Similarly,
/ Hes)e )| o = 62 T e
j=1

As for H' 6(f) suppose ¥1,..., % € &(t), Yis1,---»¥m € Alx, t). Using Lemma 2.6, we have

I
H:l,e(}?)(x,Z) < H/ AR (f)B| d,
J

8r=l|x—yj|<t |x yl” -yt

x J

< f 50y) = (7)sl J
8

|n-1
j=i+1 rg\x—yi|§10r |x—y;|”

m

1
1 .
<C[E" Nl [T r "Wl cree
j=1

j=l+1

m
1. m—l
= Ce'rm e TT il oy -

Jj=1

So we obtain

/ | 6(f)(x Z)| prems Crm—lﬂwz/ l m-1+na dtl_[”f”CLIPI
8r

m
2
™ [ Tl pere-

j=1

Similarly,

_/ | 7(f)(x Z)| tm+1 no CVZVIOt 1_[ ||ﬁ”CL°‘j'Pj.
j=1

Combining the above estimates, we have

1

LRSS L
(/ Hf) )| ot ) < & TTIIE -
j=1

Consequently, we have
1> () @) - 1= )@ < & T Wfllewsso-
j=1

Then the proof is complete.
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