Mlaiki Journal of Inequalities and Applications (2020) 2020:189 ® Journal of Inequalities and Applications
https://doi.org/10.1186/513660-020-02456-z a SpringerOpen Journal

RESEARCH Open Access
®

Check for
updates

Double controlled metric-like spaces

Nabil Mlaiki™

“Correspondence:
nmlaiki@psu.edu.sa; Abstract
nmlaiki2012@gmail.com

'Department of Mathematics and In this paper, we introduce a new extension of the double controlled metric-type

General Sciences, Prince Sultan spaces, called double controlled metric-like spaces, by assuming that the
%’{‘S'Vg%“‘ty' Riyadh, Saudi Arabia “self-distance” may not be zero On the other hand, if the value of the metric is zero,

then it has to be a “self-distance” (i.e., we replace [¢(g,h) =0 < g = h] by
[¢(g,h)=0= g = h]). Using this new type of metric spaces, we generalize many
results in the literature. We prove fixed point results along with examples illustrating
our theorems. Also, we present double controlled metric-like spaces endowed with a
graph along with an open question.

MSC: 47H10; 54H25

Keywords: Fixed point; b-Metric spaces; Extended b-metric space; Controlled metric
type spaces; Double controlled metric type spaces; Double controlled metric like
spaces

1 Introduction

In 1922, Banach [1] proved the existence and uniqueness of a fixed point for self-
contractive mapping in metric spaces. That was the starting point for researchers in the
field of analysis to generalize his result, whether by changing the contractions or by gener-
alizing the type of metric spaces covering a wider class of metrics, for example, extension
of metric spaces to partial metric spaces or b-metric spaces; see [2—17].

One interesting extension of metric spaces is b-metric spaces introduced by Bakhtin
[18]. Recently, several extensions of b-metric spaces were introduced, such as extended
b-metric spaces, which were initiated by Kamran et al. [19]. In 2018, Mlaiki et al. [20] gave
an extension of the extended b-metric spaces, the so-called controlled metric-type spaces.
Also, in 2018, Abdeljawad et al. [21], introduced the concept of double controlled metric-
type spaces. As an extension of all the types of metric spaces mentioned, we introduce a
new class, the so-called double controlled metric-like spaces.

2 Preliminaries
We begin our preliminaries by recalling the definition of extended b-metric spaces.

Definition 2.1 ([19]) Consider the set F # ¢ and a function /i : F x F — [1,00). Suppose
that a function ¢ : F x F — R* satisfies the following conditions for all g, 1, w € F:
1) slgh)=0=g=h
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(2) s(gh) =chg);
(3) s(gh) <hl(g,hls(gw)+s(w,h)].
Then the pair (F, ¢) is called an extended b-metric space.

Next, we present the definition of controlled metric-type spaces.

Definition 2.2 ([20]) Given a nonempty set F and a function @ : F? — [1,00), suppose
that a function p : F2 — [0, 00) satisfies the following conditions for all g, 1, w € F:

(o) p(gh)=0&g=h

(p2) p(g,h) =p(hg);

(p3) p(g:h) <@ (g w)pg,w) + @ (w,h)p(w, h).

Then the pair (F, p) is called a controlled metric-type space.

The following definition is a generalization of controlled metric-type spaces to double

controlled metric-type spaces.

Definition 2.3 ([21]) (DCMTS) Consider a set F # ¢} and noncomparable functions
w,e: F x F — [1,00). Suppose that a function ¢ : 72 — [0, 00) satisfies the following
conditions for all g, 1, w € F:

(1) c(g,h)=0ifand onlyif g = &;

(2) s(gh)=c(hg);

(3) (@) < w(@w)s(ew) +w,h)c(w, ).
Then the pair (F, ¢) is called a double controlled metric-type space.

Now we present our generalization of the double controlled metric-type spaces.

Definition 2.4 (DCMLS) Consider a set F # {§ and noncomparable functions @, & : F x
F — [1,00). Suppose that a function ¢ : F x F — [0, 00) satisfies the following conditions
forallg,h,we F:

(1) slgh)=0=>g=I;

(s2) s(gh)=¢(hg);

(65) clg /) < w (g, Ws(g,w) + e(w, s (w, h).
Then the pair (F, ¢) is called a double controlled metric-like space (DCMLS).

We denote double controlled metric-type spaces by (DCMTS) and double controlled
metric-like spaces by (DCMLS).

Remark 2.5 Note that any (DCMTYS) is a (DCMLS). However, the converse is not always

true.

Example 2.6 Let F =R*. Take ¢ : F x F — R* defined as

=g=h,

ifg=0and =0,
ifg>1and k€ [0,1),
ifh>1andge[0,1),

s(gh) =

Ll N T T )

otherwise.
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Consider the following @, ¢ : F x F — [1,00):

ifg,h>1, 1 ifg,h<1,
§ R&A=D nd slgh) = S

1 otherwise, max{g, s} otherwise.

w(gh) =

It is not difficult to see that (¢1) and (¢,) are satisfied. Next, we show that condition (¢3) is
satisfied.

Case 1: If w = g or w = h, then (g3) is satisfied.

Case 2: If w # g and w # &, note that if g = /1, then we are done. So, without loss of gen-
erality, we may assume that g # 4. Thus g # & # w. It is not difficult to see that if (g > 1
and 0 </h<1)or (h>1and0<g<1),then (¢3) holds. Now we consider the following
subcases:

Subcase 1: g, h > 1.

If w> 1, then we are done. Also, if 0 < w < 1, then we get

1=

+ h.

’

Q| =
Sl

and hence (¢3) holds.
Subcase 2: g,h < 1.
If 0 < w < 1, then we are done. On the other hand, if w > 1, then we have

1 1
1<—+w.—,
w w

and thus (¢3) is satisfied. Therefore (F, ¢) is a (DCMLS).

Moreover,

5(0,0) #0,
and thus (F, ¢) is not a (DCMTS).

Example 2.7 Let F ={0,1,2}. Define ¢ by

1
c0.0=51L1=0  <22=1,

and
1 2
§(0,1)=§(1,0)=1, §(0,2)=§(2,0)=§, §(1,2)=§(2,1):g.

Take @w,& : F x F — [1,00) to be symmetric and defined by

5 11
w(O)O):w(Ll):w(zrz):w(oxz)zly w(1,2):§, w(oyl)zl_o,

and
11

£(0,0)=¢(1,1)=€(2,2) =1, £(0,2) = %, £(1,2) = Z, €(0,1) = o’
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Note that (F, ¢) is a (DCMLS). Also, we have;

(22)= = 70

ST

Thus (F, ¢) is not a (DCMTS).

Next, we present the topology of the controlled metric-like spaces.

Definition 2.8 Let (F, ¢) be a (DCMLS), and let {g,},>0 be a sequence in F.
(1) {gu} is convergent to g in F if and only if

lim g(gmg) = 5‘(g:g)
n— 00

In this case, we write lim,,—, 00 g, = £

(2) {gu}is ¢-Cauchy if and only if lim,, ;;,— oo 5 (g &) exists and is finite.

(3) (F,¢) is said to be complete if for each ¢-Cauchy sequence {g,}, there is g € F such
that

nlijgo s(gng)=¢gg) = n}}gloog(gn,gm).

Definition 2.9 Let (F, ) be a (DCMLS). For g € Fand 7 > 0:
(i) Anopenball B(g,7)in (F,¢) is

B(g,7) = {yeF,

s@h-cggl<t}

(i) The mapping 8 : F — F is said to be continuous at g € F if for all £ > 0, there exists
8 > 0 such that ¢ (B(g, §)) € B(R(g), ¢). Thus if R is continuous at g, then for any
sequence {g,} converging to g, we have lim,,_, o Rg, = Rg, that is,

nlingo 5 (Rgy, Rg) = ¢(Rg, Rg).

3 Main results

In our first theorem, we prove the Banach contraction type theorem in (DCMLS).

Theorem 3.1 Let (F, ¢) be a complete (DCMLS) defined by functions w, s : F* — [1,00).
Let X : F — F be a mapping such that

c(Rg,Nh) < kg(g, h) (3.1)

forall g,h € F, where k € (0,1). For gy € F, take g, = R"gy. Suppose that

i+1> 8i+ 1
sup lim Mg(thgm) <=

. (3.2)
m=1i— @ (g gi+1) k
Also, assume that for every g € F, we have
lim w(g,g,) and lim e(g,,g) existand are finite. (3.3)

Then R has a unique fixed point.
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Proof Let {g, = X"gy} in F be a sequence that satisfies the conditions of our theorem. By
using (3.1) we get

S (@ gur1) < k"5(go,1) forallm=>0. (3.4)

Let n,m € N be such that # < m. Then

S (&n:&m) < @ (ns &ne1) S (@ns &) + €(Gns158m) S (nv1:Gm)
< @ (1, 8n+1)S () Gn+1) + €(@ns1, ) D (Zn41, 8n+2) S (€1, Znv2)
+ &(gns1,8m)E (€2, 8m) S (Gns2, )
< @ (€, 8n+1)S (@nr Zni1) + €(@ns1, &) T (€415 Znv2) S (€ns1 Gnv2)
+ &(gn+1,8m)E (82> &) (€42 8n+3) S (Gn+2, nv3)

+ 8(gn+1:gm)g(gn+2ygm)g(gn+3;gm)§(gn+3;gm)

m-2 i
<@ (@ n1)S@nguit) + Y ( [1 E(gj»gm))w(gi:gi+l)§(girgi+1)

i=n+1 \j=n+1
m-1
+ l_[ g(gk:gm)g(gm—ligm)
k=n+1

m-2 i
=< w(gmgrﬁ—l)kng(gmgl) + Z ( 1_[ S(gj:gm)>w(gi:gﬁl)kig(gO)gl)

i=n+1 \j=n+1

m-1
+ 1_[ ggiigm)km71§@01g1)

i=n+1

m-2 i
=< w(gnxgrﬁ—l)kng(gmgl) + Z ( 1_[ S(gj:gm)>w(gi:gﬁl)kig(gO)gl)

i=n+1 \j=n+1

m-1
+ (]_[ 8(gi,gm)>k’”1w(gm_1,gm)§(go,g1)

i=n+1

m-1 i
= w(gmgrﬁl)kng(gO’gl) + Z ( 1_[ S(gj’gm)> w(gi:gi+l)ki§(g0:gl)

i=n+1 \j=n+1

m-1 i
< @ (@ngn1)k" 5 (g0, 81) + Z (1_[ S(g;,gm)) w(gi,gi+1)ki§(go,g1).

i=n+1 \ j=0

Note that we are using the fact that @ (g, 1) > 1. Let

p
2,= Z
i=0

L

(1_[ 8(gf’gm)> w(gt,gm)ki.

j=0



Mlaiki Journal of Inequalities and Applications (2020) 2020:189 Page 6 of 12

Then we have

5'(gmgm) < g(gO)gl)[knw(gmgnJrl) + (*Qm—l - *Qn)] (35)
By condition (3.2), using the ratio test, we see that lim,_, ~ §2, exists, and hence the real

sequence {§2,} is ¢-Cauchy. Finally, if we take the limit in inequality (3.5) as n,m — o0,
we deduce that

lim (g, gm) = 0. (3.6)

n,m—> 00

Hence the sequence {g,} is ¢-Cauchy in (F, ¢), which is a complete (DCMLS), so {g,}
converges to some g € F, that is,

nli>nc}o S(gmg) = S(g»g) = nrlr}goo S(gmgm) =0. (3'7)

Then ¢(g,g) = 0. Next, we show that 8g = g. The triangle inequality of DCMLS implies
that

§(g’gn+1) = w(grgn)g(g’gn) + g(gn:gn+l)§(gmgn+l)~
Using (3.3) and (3.6), we deduce that
lim 5(ggn1) =0. (3.8)

By the triangle inequality and (3.1) we have

5‘(g, Ng) = w(g’gml)g(g;gml) + g(gnﬂ» Ng)g(gnﬂi Ng)
< w(gvgwrl)g(g:gwrl) + kg(ngl; Ng)g(gnvg)

Taking the limit as # — oo, by (3.3) and (3.8) we deduce that 5(g,Rg) =0, that is, Ng = g.
Finally, assume that X has two fixed points, say « and 8. Then

g(arﬁ) = S‘(Na’xﬁ) = kg(arﬁ) < §(a;ﬂ),

which leads us to a contradiction. Therefore ¢(«, 8) = 0, so « = 8. Hence X has a unique
fixed point. 0

Remark 3.2 Note that condition (3.3) in Theorem 3.1 can be changed by the assumption
that X and the (DCMLS) ¢ are continuous. To see this, the continuity gives us that if g, —
u, then Rg, — Ru, and hence we have

lim ¢(Rg,, Ru) =0= lim ¢(Rg,.1,Nu) = ¢(u, Ru),
n— 00 n— 00
and thus Ru = u.

Now we illustrate Theorem 3.1 by the following example.
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Example 3.3 Consider F = {0,1,2}. Let ¢ be symmetric and defined by

clg.g)=0 forge{0,1},

1
2,2) = —,
s@2=15

and

2 6
0,1) =1, 0,2) = =, 1,2) = —.
5(0,1) 5(0,2) z 5(1,2) T

Take @, ¢ : F x F — [1,00) to be symmetric and defined by

151
0,0)=w(1,1) = (2,2) =1, 0,2) = —,
@(0,0) = (1,1) =@ (2,2) @ (0,2) 100
8 6
1,2)= -, 0,1) = -,
o (1,2) = @ (0,1) s
and
8 33 6
0,0)=¢(1,1)=¢(2,2) =1, 0,2) = -, 1,2) = —, 0,1)=—,
£(0,0) = &(1,1) = £(2,2) 8()5 8()20 8()5

Now define the self-mapping 8 on F as follows:
NO=2 and N1=N2=1.

Choose k = % Clearly, (3.1) holds. For any gy € F, (3.2) holds, along with conditions of
Theorem 3.1. Therefore the mapping 8 admits a unique fixed point, which is g = 1.

Definition 3.4 Let X : F —> F. For some gy € F, consider O(go) = {go, Rgo, %o, ...} to be
the orbit of gy. We say that a function G : 7 — R is R-orbitally lower semicontinuous at
w e F if for {g,} C O(go) such that g, — w, we have G(w) < lim,,_, » inf G(g,,).

Inspired by [19], we are going to use Definition 3.4 to present a nice consequence of
Theorem 3.1, which is a generalization of Theorem 1 in [22].

Corollary 3.5 Let (F,¢) be the complete (DCMLS) defined by functions w,e : F> —
[1,00). Let R : F — F, Let go € F and 0 < k < 1 be uch that

g(&w, N2W) <kg(w,Rw) foreachw e O(g). (3.9
Take g, = R"go. Suppose that

sup lim (gz+1;gt+2)
m>11—>00 w(ghgiﬂ)

1
e(gir1,8m) < = (3.10)

Then lim,_.0o g, = w € F. Also, Rw = w & g+ ¢(g,Rg) is R-orbitally lower semicontinu-
ous at w.

Next, we present the nonlinear case.
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Theorem 3.6 Let (F, ¢) be a complete (DCMLS) defined by functions w, s : F* — [1,00).
Consider a map R : F — F and assume that there exists a nondecreasing and continuous
function ¢ : R* — R* such that

' (@) =0 asn— 00,g>0,
s(Rg,Rh) < p(A(g,h)), Alg,h) =max{s(g,h), s(g Rg), s (h,Nh)} (3.11)

forall g,h € F. Moreover, assume that for each gy € F, we have

w (gi+1,gi+z

i+1
)8(gi+1,gm) ¢ (s(g1,8))

Fcleng)

sup lim

(3.12)
m=1i—00 (g i)

where g, = N"go, n € N. If the (DCMLS) ¢ and R are continuous, then R admits a unique
fixed point w € F with R"s — w foreach g € F.

Proof Let {g,} and go be as in the hypothesis of the theorem. Assume that there exists

m € N such that g, = g,,41 = R¥g, which implies that g, is a fixed point. So we may assume
that g,,,1 # g, for each n. From condition (3.11) we have

S (n &ni1) = (Rgu, Rgy1) < ¢(A(gn—lvgn))» (3.13)

where A(g,_1,8,) = max{¢(g,-1,81), S (gu gu+1)}- If for some n, we accept that A(g,_1,2,) =
6 (g1, gn+1), then by (3.13) and the fact that we have ¢(¢) < ¢ for all £ > 0, we deduce that

0 < g(gmgwrl) =< ¢(§(gmgn+l)) < g(gnrgn+l)r (314)

which is a contradiction. Thus, for all n € N, we obtain A(g,-1,8:) = 5(gs-1,2x)- It follows
that 0 < ¢ (g, 2u+1) < #(5(gy-1,2»))- By using induction we easily see that for all n > 0,

0< S‘(gmgrul) S ¢n (S-(gO:gl))~
By the properties of ¢ we can easily deduce that
(2w gni1) >0 asn— oo.

Using the argument in the proof of Theorem 3.1, for n,m € N such that n < m, we can
easily deduce that

g(gn:gm) < w(gnrgn+1)¢n (S‘(go»gl))

m-1 i
+ Z <l_[8(g]"gm))w(gz‘:gﬂl)¢i(§(g0:gl))~ (315)

i=n+1 \ j=0

By condition (3.12), using the ratio test, we can easily deduce that the sequence {g,}
is ¢-Cauchy. Since (F,¢) is a complete (DCMLS), if g, - w € F as n — oo, then

Page 8 of 12
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lim,_, o ¢ (g, w) = 0. Hence by Remark 3.2 we conclude that ®w = w. Finally, assume that

w and u are two fixed points of 8 such that w # u. From assumption (3.11) we have

g(W’ M) = S‘(NW’ le[) = ¢(A(W’ M)) = ¢(§(Wr M)) < g'(W, M),
which leads to a contradiction. Therefore w = u, as desired. O

Remark 3.7 Note thatif ¢(g) = kg, 0 < k < 1, then condition (3.11) in Theorem 3.6 becomes

¢ (Rg,¥h) < kmax{s(g, h), s (g, Rg), s (1, Rh)}. (3.16)
Next, we prove the following result for mappings satisfying Kannan-type contraction.

Theorem 3.8 Let (F,¢) be the complete (DCMLS) defined by functions w,e : F> —
[1,00). Let X : F — F be a Kannan mapping defined as follows:

c(Rg,Nh) < afs(g,Rg) + ¢ (h,Rh)] (3.17)
forg,h e F, where a € (0, %). For gy € F, take g, = R"gy. Suppose that

@ (gis1, Giv2 l-a

sup lim 7)S(gi+1;gm) <

) (3.18)
m=1i=00 @ (g &gis1) a
Also, assume that for every g € F, we have
. , , . . 1
lim w(g,g,) existsand is finite, and  lim e(g,, g) < —. (3.19)
n—00 n—00 a

Then R has a fixed point. Moreover, if for every fixed point w, we have ¢(w,w) = 0, then the
fixed point is unique.

Proof Consider the sequence {g, = Ng,,_1} in F satisfying hypotheses (3.18) and (3.19).
From (3.17) we obtain

g(gn!gn+1) = S‘(Ngn—lr Ngn)
= ﬂ[g(gn—l; Ngn—l) + §(gn, Ngn)]

= a[g(gn_pgn) + §(gn’gﬂ+1)]‘

Then ¢(gn, gn+1) < 77 5(gn-1,84)- By induction we get

d n
S(gn &ne1) < <E) s(g1,g), VYn=>0. (3.20)

Next, we show that {g,} is a ¢-Cauchy sequence. For two natural numbers # < m, we have

§(gmgm) =< w(gmgn-*—l)g(gmgn+l) + S(gn+lrgm)§(gn+1ygm)-
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Similarly to the proof of Theorem 3.1, we get

m-2 i
§(<gn¢gm) =< w(gn:gm—l)g(gmgrﬁl) + Z ( 1_[ S(gj,gm))w(gt:gﬂl)g(gi)gz#l)

i=n+1 \j=n+1

m-1

+ [T 2@k gm)s (@n-1.gm)

k=n+1

< w(gn:gn+1) <1f_ﬂ) §(<g0’g1)

m-2 i i
+ Z (1_[ S(gjxgm))w(girghl)(é) §(g0:g1)

i=n+1 \j=n+1

m-1 m-1
+ ] E(gi,gm)<£) 5(80,&1)-

i=n+1

Since 0 <a < %, we have 0 < ;%= < 1, and similarly to the argument in the proof of The-
orem 3.1, we obtain that {g,} is a ¢-Cauchy sequence in the complete (DCMLS) (F, ¢).
Thus {g,} converges to some w € F. Suppose that 8w # w. Then

0< g(w, NW) =< W(W7gn+1)§(W,gn+1) + g(gn+1; NW)S‘(gnu, RW)

=< w(wigrﬁl)g(w!grﬁl) + E(gn+l: NW) [ag(gn’grwl) + ag(w, &W)]

Taking the limit in both sides of these inequalities and using (3.19), we deduce that 0 <
¢ (w, Rw) < ¢(w, Rw), which is a contradiction. Hence Rw = w. Now assume that for every
fixed point w, we have ¢(w, w) = 0 and suppose that X has more than one fixed point, say
wand A. Then

c(w, 1) = c(Rw, ) < a[c(w,¥w) + ¢ (1, RA)]

= a[g(w, w) + g(k,k)] =0.
Thereby w = A, as required. O

4 Conclusion
In this section, we present an open question on (DCMLS) endowed with a graph. First,
Fig. 1 is an example of a (DCMLS) endowed with a graph.

Let ¢ bea (DCMLS) on aset F # . Let A be the diagonal of 2. A graph G is defined by
the pair (V,E), where V is a set of vertices coinciding with F, and E is the set of its edges
with A C E. From now on, assume that G has no parallel edges.

Definition 4.1 Let ¢ and g be two vertices in a graph G. A path in G from ¢ to g of length
q (g € NU{0}) is a sequence (k,«)?zo of g + 1 distinct vertices such that ko = ¢, k, = g, and
(k,',kp,l) S E(G) fori= 1,2,... »q.

The graph G may be converted to a weighted graph by assigning to each edge the dis-
tance given by the (DCMLS) between its vertices.
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Figure 1 (DCMLYS) as in Example 2.7

Notation Let F» = {x € F/(x,Rx) € E(G) or (Rx,x) € E(G)}.

Definition 4.2 Let (F, ¢) be a complete (DCMLS) endowed with a graph G. The mapping
N:F — Fissaid to be a G4-contraction if

forallt,ge F, (tg) € E(G) = (Rt,Rg) € E(G); (4.1)
« there is a function ¢ : R* — R* such that
(N, V%) <p(E(5RD)), Ve FY, (4.2)
where ¢ is a nondecreasing function, and {¢"(¢)},cn converges to 0 for each ¢ > 0.

Definition 4.3 The mapping X : F — F is called orbitally G-continuous ifforalla,b € X
and any positive sequence {g, },cn,

N¥q —> b, (Na,R%1q) € E(G) = R(R¥a) — Vb asn — oo.

Conjecture 4.4 Let (F, ¢, G) be a complete (DCMLS) with a graph G. Let X : F — F be
a Gg-contraction that is orbitally G-continuous. Suppose the following property holds:
(P) for any {ty}uen in F, if t, — t and (t,,ty1) € E(G), then there is a subsequence
{tk, Ynen with (t,,,t) € E(G).
Moreover, suppose that, for each g € F,

sup ‘lim w(gi+1;gi+2)

e(giit, @m) <M; M>1.
m>1i—>00 W(gi,gi+1) (ng bim

Also, assume that for every g € F, we have that

lim w(g,g,) and lim e(g,,g) existand are finite.
n—00 n—00

Then the restriction of ¥y, to [glg possesses a fixed point.
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