
Tassaddiq et al. Journal of Inequalities and Applications        (2020) 2020:185 
https://doi.org/10.1186/s13660-020-02451-4

R E S E A R C H Open Access

Fractional integral inequalities involving
Marichev–Saigo–Maeda fractional integral
operator
Asifa Tassaddiq1* , Aftab Khan2, Gauhar Rahman2, Kottakkaran Sooppy Nisar3,
Moheb Saad Abouzaid4 and Ilyas Khan5

*Correspondence:
a.tassaddiq@mu.edu.sa
1Department of Basic Sciences and
Humanities, College of Computer
and Information Sciences, Majmaah
University, 11952, Al-Majmaah,
Saudi Arabia
Full list of author information is
available at the end of the article

Abstract
The aim of this present investigation is establishing Minkowski fractional integral
inequalities and certain other fractional integral inequalities by employing the
Marichev–Saigo–Maeda (MSM) fractional integral operator. The inequalities presented
in this paper are more general than the existing classical inequalities cited.

MSC: Primary 26A33; secondary 26D10; 05A30

Keywords: Minkowski inequalities; Marichev–Saigo–Maeda fractional integral
operator; Inequalities

1 Introduction
In last few decades, various researchers and mathematician have paid their valuable con-
sideration to fractional integral inequalities (FIIs) and their applications. Recent research
focuses on various types of FIIs by employing various types of fractional integral opera-
tors (see, e.g., [1–11]). In [12–17] the authors have established various types of inequali-
ties and some other results by utilizing the Saigo fractional integral operator. The reverse
Minkowski FIIs are found in [18]. Anber et al. [19] have obtained some FIIs by using the
Riemann–Liouville fractional integral. The accompanying essential definitions and prop-
erties of the MSM fractional operator, which will be utilized to obtain the main results.

Definition 1.1 A real-valued function g(τ ), τ ≥ 0, is said to be in Cμ([a, b]), μ ∈ R, if there
exists σ ∈R such that σ > μ and Φ(τ ) = τσ Φ(τ ), where Φ(τ ) ∈ C([a, b]).

Definition 1.2 Let ν, ν́, ξ , ξ́ ∈R, and let η > 0. Then the MSM fractional integral is defined
in [20] as

(
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x g

)
(x)

=
x–ν

Γ (η)

∫ x

0
(x – t)η–1t–ν′

F3

(
ν,ν ′, ξ , ξ ′;η; 1 –

t
x

, 1 –
x
t

)
g(t) dt, x ∈R, (1)
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where F3 is the Appell function defined by [21] as

F3
(
ν,ν ′, ξ , ξ ′;η; x; y

)
=

∞∑

m,n=0

(ν)m(ν ′)n(ξ )m(ξ ′)n

(η)m+n

xmyn

m!n!
, max

{|x|, |y|} < 1,

and (ν)m = ν(ν + 1) · · · (ν + m – 1) is the Pochhammer symbol.

Lemma 1.1 Let ν,ν ′, ξ , ξ ′ ∈ R, η > 0, and ρ > max{0, (ν – ν ′ – ξ – η), (ν ′ – ξ ′)}. Then we
have the relation

(
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x tρ–1)(x) =

Γ (ρ)Γ (ρ + η – ν – ν ′ – ξ )Γ (τ + ξ ′ – ν ′)
Γ (ρ + ξ ′)Γ (ρ + η – ν – ν ′)Γ (ρ + η – ν ′ – ξ )

xρ–ν–ν′+η–1. (2)

Taking ρ = 1 in Lemma 1.1, we get the relation

(
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x [1]

)
(x) =

Γ (1 + η – ν – ν ′ – ξ )Γ (1 + ξ ′ – ν ′)
Γ (1 + ξ ′)Γ (1 + η – ν – ν ′)Γ (1 + η – ν ′ – ξ )

x–ν–ν′+η. (3)

The details of the integral operator (1) and its properties can be found in [22, 23]. For
further applications of MSM fractional integral, we refer the interested readers to [24–
28]. For a short history of this operator, see [25, 26, 29].

2 Reverse Minkowski inequalities via MSM fractional integral operator
In this section, we use the MSM fractional integral operator to develop reverse Minkowski
integral inequalities. To prove the following reverse Minkowski FII, we first recall the fol-
lowing result.

Theorem 2.1 (see [30]) If ν,ν ′, ξ , ξ ′,η ∈ R are such that η > max{ν,ν ′, ξ , ξ ′} > 0, then we
have the inequality

F3

(
ν,ν ′, ξ , ξ ′;η; 1 –

t
x

, 1 –
x
t

)
> 0, (4)

provided that –1 < (1 – t
x ) < 0 and 0 < (1 – x

t ) < 1
2 . Also, if f (x) > 0, then

(
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x f

)
(x) > 0.

Theorem 2.2 Let ν,ν ′, ξ , ξ ′,η ∈ R be such that η > max{ν,ν ′, ξ , ξ ′} > 0, σ ≥ 1, and let Φ ,
Ψ be two positive functions on [0,∞) such that for all x > 0, Iν,ν′ ,ξ ,ξ ′ ,η

0,x [Φσ (x)] < ∞ and
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x [Ψ σ (x)] < ∞. If 0 < m ≤ Φ(t)

Ψ (t) ≤ M, t ∈ [0, x], then we have the inequality

(
I

ν,ν′ ,ξ ,ξ ′,η
0,x Φσ (x)

) 1
σ +

(
I

ν,ν′ ,ξ ,ξ ′,η
0,x Ψ σ (x)

) 1
σ

≤ 1 + M(m + 2)
(m + 1)(M + 1)

(
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x (Φ + Ψ )σ (x)

) 1
σ , (5)

provided that –1 < (1 – t
x ) < 0 and 0 < (1 – x

t ) < 1
2 .
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Proof Using the condition Φ(t)
Ψ (t) < M, t ∈ [0, x], x > 0, we have

(M + 1)σ Φσ (t) ≤ Mσ (Φ + Ψ )σ (t). (6)

Consider the function

F(x, t) =
x–ν(x – t)η–1t–ν′

Γ (η)
F3

(
ν,ν ′, ξ , ξ ′;η; 1 –

t
x

, 1 –
x
t

)

=
x–ν(x – t)η–1t–ν′

Γ (η)

[
1 +

(ν ′)(ξ )
(η)

(
1 –

x
t

)
+

(ν)(ξ )
(η)

(
1 –

t
x

)
+ · · ·

]
. (7)

In view of Theorem 2.1, the function F(x, t) is positive for all t ∈ (0, x), x > 0. Therefore
multiplying both sides of (6) by F(x, t) and then integrating the resulting inequality with
respect to t from 0 to x, we have

(M + 1)σ x–ν

Γ (η)

∫ x

0
(x – t)η–1t–ν′

F3

(
ν,ν ′, ξ , ξ ′;η; 1 –

t
x

, 1 –
x
t

)
Φσ (t) dt

≤ Mσ x–ν

Γ (η)

∫ x

0
(x – t)η–1t–ν′

F3

(
ν,ν ′, ξ , ξ ′;η; 1 –

t
x

, 1 –
x
t

)
(Φ + Ψ )σ (t) dt,

which can be written as

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x Φσ (x) ≤ Mσ

(M + 1)σ
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x (Φ + Ψ )σ (x).

Hence it follows that

(
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x Φσ (x)

) 1
σ ≤ M

(M + 1)
(
I

ν,ν′ ,ξ ,ξ ′,η
0,x (Φ + Ψ )σ (x)

) 1
σ . (8)

Now using the condition mΨ (t) ≤ Φ(t), we have

(
1 +

1
m

)
Ψ (t) ≤ 1

m
(
Φ(t) + Ψ (t)

)
,

from which it follows that

(
1 +

1
m

)σ

Ψ σ (t) ≤
(

1
m

)σ (
Φ(t) + Ψ (t)

)σ . (9)

Multiplying both sides of (9) by F(x, t) and then integrating the resulting inequality with
respect to t from 0 to x, we get

(
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x Ψ σ (x)

) 1
σ ≤ 1

(m + 1)
(
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x (Φ + Ψ )σ (x)

) 1
σ . (10)

Summing inequalities (8) and (10), we get the desired inequality. �

Theorem 2.3 Let ν,ν ′, ξ , ξ ′,η ∈ R be such that η > max{ν,ν ′, ξ , ξ ′} > 0, σ ≥ 1, and let Φ ,
Ψ be two positive functions on [0,∞) such that for all x > 0, Iν,ν′ ,ξ ,ξ ′ ,η

0,x [Φσ (x)] < ∞ and
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I
ν,ν′ ,ξ ,ξ ′ ,η
0,x [Ψ σ (x)] < ∞. If 0 < m ≤ Φ(t)

Ψ (t) ≤ M, t ∈ [0, x], then we have the inequality

(
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x Φσ (x)

) 2
σ +

(
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x Ψ σ (x)

) 2
σ

≥
(

(M + 1)(m + 1)
M

– 2
)(

I
ν,ν′ ,ξ ,ξ ′,η
0,x Φσ (x)

) 1
σ
(
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x Ψ σ (x)

) 1
σ , (11)

provided that –1 < (1 – t
x ) < 0 and 0 < (1 – x

t ) < 1
2 .

Proof By multiplying inequalities (8) and (10) we have

(
(M + 1)(m + 1)

M

)(
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x Φσ (x)

) 1
σ
(
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x Ψ σ (x)

) 1
σ

≤ [(
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x

(
Φ(x) + Ψ (x)

)σ ) 1
σ
]2. (12)

Now, applying the Minkowski inequality to the right-hand side of (12), we obtain

[(
I

ν,ν′ ,ξ ,ξ ′,η
0,x

(
Φ(x) + Ψ (x)

)σ ) 1
σ
]2

≤ [(
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x Φσ (x)

) 1
σ +

(
I

ν,ν′ ,ξ ,ξ ′,η
0,x Ψ σ (x)

) 1
σ
]2

≤ (
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x Φσ (x)

) 2
σ +

(
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x Ψ σ (x)

) 2
σ

+ 2
(
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x Φσ (x)

) 1
σ
(
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x Ψ σ (x)

) 1
σ . (13)

Thus from inequalities (12) and (13) we get the desired inequality (11). �

3 Fractional integral inequalities via MSM fractional integral operator
This section is devoted to some FIIs involving MSM operator.

Theorem 3.1 Let r > 1, 1
r + 1

s = 1, and let Φ , Ψ be two positive functions on [0,∞) such that
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x [Φ(x)] < ∞ and I

ν,ν′ ,ξ ,ξ ′ ,η
0,x [Ψ (x)] < ∞. If 0 < m ≤ Φ(t)

Ψ (t) ≤ M < ∞, t ∈ [0, x], x > 0,
then we have

(
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x Φ(x)

) 1
r
(
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x Ψ (x)

) 1
s ≤

(
M
m

) 1
rs (

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
Φ(x)

] 1
r
[
Ψ (x)

] 1
s
)
, (14)

where ν,ν ′, ξ , ξ ′,η ∈R are such that η > max{ν,ν ′, ξ , ξ ′} > 0.

Proof Since Φ(t)
Ψ (t) ≤ M < ∞, t ∈ [0, x], x > 0, we have

[
Ψ (t)

] 1
s ≥ M

–1
s
[
Φ(t)

] 1
s . (15)

It follows that

[
Φ(t)

] 1
r
[
Ψ (t)

] 1
s ≥ M

–1
s
[
Φ(t)

] 1
r
[
Φ(t)

] 1
s

≥ M
–1
s
[
Φ(t)

] 1
r + 1

s

≥ M
–1
s
[
Φ(t)

]
. (16)
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Multiplying by (7) both sides of (16) and then integrating the resulting inequality with
respect to t from 0 to x, we get

x–ν

Γ (η)

∫ x

0
(x – t)η–1t–ν′

F3

(
ν,ν ′, ξ , ξ ′;η; 1 –

t
x

, 1 –
x
t

)
[
Φ(t)

] 1
r
[
Ψ (t)

] 1
s dt

≥ M –1
s x–ν

Γ (η)

∫ x

0
(x – t)η–1t–ν′

F3

(
ν,ν ′, ξ , ξ ′;η; 1 –

t
x

, 1 –
x
t

)
Φ(t) dt. (17)

It follows that

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x

[[
Φ(t)

] 1
r
[
Ψ (t)

] 1
s
] ≥ M

–1
r
[
I

ν,ν′ ,ξ ,ξ ′,η
0,x Φ(t)

]
. (18)

Consequently, we have

(
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x

[[
Φ(t)

] 1
r
[
Ψ (t)

] 1
s
]) 1

r ≥ M
–1
rs

[
I

ν,ν′ ,ξ ,ξ ′,η
0,x Φ(t)

] 1
r . (19)

On the other hand, mΨ (t) ≤ Φ(t), t ∈ [0, x], x > 0, and therefore we have

[
Φ(t)

] 1
r ≥ m

1
r
[
Ψ (t)

] 1
r . (20)

It follows that

[
Φ(t)

] 1
r
[
Ψ (t)

] 1
s ≥ m

1
r
[
Ψ (t)

] 1
r
[
Ψ (t)

] 1
s

≥ m
1
r
[
Ψ (t)

] 1
r + 1

s

≥ m
1
r
[
Ψ (t)

]
. (21)

Multiplying both sides of (21) by (7) and integrating the resulting inequality with respect
to t from 0 to x, we get

x–ν

Γ (η)

∫ x

0
(x – t)η–1t–ν′

F3

(
ν,ν ′, ξ , ξ ′;η; 1 –

t
x

, 1 –
x
t

)
[
Φ(t)

] 1
r
[
Ψ (t)

] 1
s dt

≥ m 1
r x–ν

Γ (η)

∫ x

0
(x – t)η–1t–ν′

F3

(
ν,ν ′, ξ , ξ ′;η; 1 –

t
x

, 1 –
x
t

)
Ψ (t) dt. (22)

Hence we can write

(
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x

[[
Φ(t)

] 1
r
[
Ψ (t)

] 1
s
]) 1

r ≥ m
1
rs
[
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x Φ(t)

] 1
s . (23)

Multiplying (19) and (23), we get the desired inequality. �

Theorem 3.2 Let r > 1, 1
r + 1

s = 1, and let Φ , Ψ be two positive functions on [0,∞) such
that Iν,ν′ ,ξ ,ξ ′ ,η

0,x [Φr(x)] < ∞ and I
ν,ν′ ,ξ ,ξ ′ ,η
0,x [Ψ s(x)] < ∞. If 0 < m ≤ Φ(t)r

Ψ (t)s ≤ M < ∞, t ∈ [0, x],
x > 0, then we have

(
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x Φr(x)

) 1
r
(
I

ν,ν′ ,ξ ,ξ ′,η
0,x Ψ s(x)

) 1
s ≤

(
M
m

) 1
rs (

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
Φ(x)

] 1
r
[
Ψ (x)

] 1
s
)
, (24)

where ν,ν ′, ξ , ξ ′,η ∈R are such that η > max{ν,ν ′, ξ , ξ ′} > 0.
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Proof Replacing Φ(t) and Ψ (t) by Φ(t)r and Ψ (t)s, t ∈ [0, x], x > 0, in Theorem 3.1, we get
the desired inequality (24). �

Theorem 3.3 Let Φ and Ψ be two positive functions on [0,∞) such that Φ is nondecreas-
ing and Ψ is nonincreasing. Then

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
Φσ (x)Ψ θ (x)

] ≤ 1
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x [1]

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
Φσ (x)

]
I

ν,ν′ ,ξ ,ξ ′,η
0,x

[
Ψ θ (x)

]
, x > 0, (25)

where I
ν,ν′ ,ξ ,ξ ′ ,η
0,x [1] is defined by (3), σ , θ > 0, and ν,ν ′, ξ , ξ ′,η ∈ R are such that η >

max{ν,ν ′, ξ , ξ ′} > 0.

Proof Let t,ρ ∈ [0, x], x > 0. Then for any σ > 0 and θ > 0, we have

(
Φσ (t) – Φσ (ρ)

)(
Ψ θ (t) – Ψ θ (ρ)

) ≥ 0. (26)

It follows that

Φσ (t)Ψ θ (t) + Φσ (ρ)Ψ θ (ρ) ≤ Φσ (ρ)Ψ θ (t) + Φσ (t)Ψ θ (ρ). (27)

Multiplying both sides of (27) by (7) and integrating the resulting inequality with respect
to t from 0 to x, we get

x–ν

Γ (η)

∫ x

0
(x – t)η–1t–ν′

F3

(
ν,ν ′, ξ , ξ ′;η; 1 –

t
x

, 1 –
x
t

)
Φσ (t)Ψ θ (t) dt

+ Φσ (ρ)Ψ θ (ρ)
x–ν

Γ (η)

∫ x

0
(x – t)η–1t–ν′

F3

(
ν,ν ′, ξ , ξ ′;η; 1 –

t
x

, 1 –
x
t

)
[1] dt

≤ Ψ θ (ρ)
x–ν

Γ (η)

∫ x

0
(x – t)η–1t–ν′

F3

(
ν,ν ′, ξ , ξ ′;η; 1 –

t
x

, 1 –
x
t

)
Φσ (t) dt

+ Φσ (ρ)
x–ν

Γ (η)

∫ x

0
(x – t)η–1t–ν′

F3

(
ν,ν ′, ξ , ξ ′;η; 1 –

t
x

, 1 –
x
t

)
Ψ θ (t) dt. (28)

It follows that

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
Φσ (x)Ψ θ (x)

]
+ Φσ (ρ)Ψ θ (ρ)Iν,ν′,ξ ,ξ ′ ,η

0,x [1]

≤ Φσ (ρ)Iν,ν′,ξ ,ξ ′ ,η
0,x

[
Ψ θ (x)

]
+ Ψ θ (ρ)Iν,ν′,ξ ,ξ ′ ,η

0,x
[
Φσ (x)

]
. (29)

Again, multiplying both sides of (29) by F(x,ρ), which is obtained by replacing t by ρ in
(7), and then integrating with respect to ρ from 0 to x, we obtain

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
Φσ (x)Ψ θ (x)

]
I

ν,ν′ ,ξ ,ξ ′,η
0,x [1] + I

ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
Φσ (x)Ψ θ (x)

]
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x [1]

≤ I
ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
Φσ (x)

]
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
Ψ θ (x)

]
+ I

ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
Ψ θ (x)

]
I

ν,ν′ ,ξ ,ξ ′,η
0,x

[
Φσ (x)

]
, (30)

which completes the proof. �
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Theorem 3.4 Let Φ and Ψ be two positive functions on [0,∞) such that Φ is nondecreas-
ing and Ψ is nonincreasing. Then

I
α,β ,ζ ,ζ ′ ,λ
0,x

[
Φσ (x)Ψ θ (x)

]
I

ν,ν′ ,ξ ,ξ ′,η
0,x [1] + I

α,β ,ζ ,ζ ′ ,λ
0,x

[
Φσ (x)Ψ θ (x)

]
I

α,β ,ζ ,ζ ′ ,λ
0,x [1]

≤ I
ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
Φσ (x)

]
I

α,β ,ζ ,ζ ′ ,λ
0,x

[
Ψ θ (x)

]
+ I

ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
Ψ θ (x)

]
I

α,β ,ζ ,ζ ′ ,λ
0,x

[
Φσ (x)

]
(31)

for all x > 0, σ , θ > 0, where I
ν,ν′ ,ξ ,ξ ′,η
0,x [1] is defined by (3), and α,β , ζ , ζ ′,λ,ν, ν́, ξ , ξ ′,η ∈ R

are such that η > max{ν,ν ′, ξ , ξ ′} > 0 and λ > max{ν,ν ′, ξ , ξ ′} > 0.

Proof Multiplying both sides of (29) by

F(x,ρ) =
x–α

Γ (λ)
(x – ρ)λ–1ρ–βF3

(
α,β , ζ , ζ ′;λ; 1 –

ρ

x
, 1 –

x
ρ

)

and integrating the resulting identity with respect to ρ over (0, x), we have

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
Φσ (x)Ψ θ (x)

] x–α

Γ (λ)

∫ x

0
(x – ρ)λ–1ρ–βF3

(
α,β , ζ , ζ ′;λ; 1 –

ρ

x
, 1 –

x
ρ

)
[1] dρ

+
x–α

Γ (λ)

∫ x

0
(x – ρ)λ–1ρ–βF3

(
α,β , ζ , ζ ′;λ; 1 –

ρ

x
, 1 –

x
ρ

)

× [
Φσ (ρ)Ψ θ (ρ)

]
dρI

ν,ν′ ,ξ ,ξ ′,η
0,x [1]

≤ x–α

Γ (λ)

∫ x

0
(x – ρ)λ–1ρ–βF3

(
α,β , ζ , ζ ′;λ; 1 –

ρ

x
, 1 –

x
ρ

)

× Φσ (ρ) dρI
ν,ν′,ξ ,ξ ′ ,η
0,x

[
Ψ θ (x)

]

+
x–α

Γ (λ)

∫ x

0
(x – ρ)λ–1ρ–βF3

(
α,β , ζ , ζ ′;λ; 1 –

ρ

x
, 1 –

x
ρ

)

× Ψ θ (ρ) dρI
ν,ν′,ξ ,ξ ′ ,η
0,x

[
Φσ (x)

]
, (32)

which yields the desired inequality (31). �

Remark 1 Inequalities (25) and (31) may be reversed if

(
Φσ (t) – Φσ (ρ)

)(
Ψ θ (t) – Ψ θ (ρ)

) ≥ 0.

Remark 2 Applying Theorem 3.4 to α = ν , β = ν ′, ζ = ξ , ζ ′ = ξ ′, λ = η, we get Theorem 3.3.

Theorem 3.5 Let Φ ≥ 0 and Ψ ≥ 0 be two functions on [0,∞) such that Ψ is nondecreas-
ing. If

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x Φ(x) ≥ I

ν,ν′ ,ξ ,ξ ′ ,η
0,x Ψ (x), x > 0, (33)

then for all x > 0, σ > 0, θ > 0, and σ – θ > 0, we have

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x Φσ–θ (x) ≤ I

ν,ν′ ,ξ ,ξ ′,η
0,x Φσ (x)Ψ –θ (x), (34)

where ν,ν ′, ξ , ξ ′,η ∈R are such that η > max{ν,ν ′, ξ , ξ ′} > 0.
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Proof Using the arithmetic–geometric inequality, for σ > 0 and θ > 0, we have

σ

σ – θ
Φσ–θ (t) –

θ

σ – θ
Ψ σ–θ (t) ≤ Φσ (t)Ψ –θ (t), t ∈ (0, x), x > 0. (35)

Multiplying both sides of (35) by (7) and then integrating with respect to t from 0 to x, we
have

σ

σ – θ

x–ν

Γ (η)

∫ x

0
(x – t)η–1t–ν′

F3

(
ν,ν ′, ξ , ξ ′;η; 1 –

t
x

, 1 –
x
t

)
Φσ–θ (t) dt

–
θ

σ – θ

x–ν

Γ (η)

∫ x

0
(x – t)η–1t–ν′

F3

(
ν,ν ′, ξ , ξ ′;η; 1 –

t
x

, 1 –
x
t

)
Ψ σ–θ (t) dt

≤ x–ν

Γ (η)

∫ x

0
(x – t)η–1t–ν′

F3

(
ν,ν ′, ξ , ξ ′;η; 1 –

t
x

, 1 –
x
t

)
Φσ (t)Ψ –θ (t) dt.

Consequently,

σ

σ – θ
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x Φσ–θ (x) –

θ

σ – θ
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x Ψ σ–θ (x) ≤ I

ν,ν′ ,ξ ,ξ ′,η
0,x Φσ (x)Ψ –θ (x),

which can be written as

σ

σ – θ
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x Φσ–θ (x) ≤ I

ν,ν′ ,ξ ,ξ ′,η
0,x Φσ (x)Ψ –θ (x) +

θ

σ – θ
I

ν,ν′ ,ξ ,ξ ′,η
0,x Ψ σ–θ (x).

It follows that

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x Φσ–θ (x) ≤ σ – θ

σ
I

ν,ν′ ,ξ ,ξ ′,η
0,x Φσ (x)Ψ –θ (x) +

θ

σ
I

ν,ν′ ,ξ ,ξ ′,η
0,x Ψ σ–θ (x). (36)

By inequality (33) we have

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x Φσ–θ (x) ≤ σ – θ

σ
I

ν,ν′ ,ξ ,ξ ′,η
0,x Φσ (x)Ψ –θ (x) +

θ

σ
I

ν,ν′ ,ξ ,ξ ′,η
0,x Φσ–θ (x), (37)

which gives the required result. �

Theorem 3.6 Let Φ , Ψ , and h be positive continuous functions on [0,∞) such that

(
Ψ (t) – Ψ (ρ)

)(Φ(ρ)
h(ρ)

–
Φ(t)
h(t)

)
≥ 0, t,ρ ∈ [0, x), x > 0. (38)

Then for all x > 0, we have

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x [Φ(x)]

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x [h(x)]

≥ I
ν,ν′ ,ξ ,ξ ′ ,η
0,x [(Ψ Φ)(x)]

I
ν,ν′ ,ξ ,ξ ′,η
0,x [(Ψ h)(x)]

, (39)

where ν,ν ′, ξ , ξ ′,η ∈R are such that η > max{ν,ν ′, ξ , ξ ′} > 0.

Proof Since Φ , Ψ , and h are positive continuous functions on [0,∞), by (38) we have

Ψ (t)
Φ(ρ)
h(ρ)

+ Ψ (ρ)
Φ(t)
h(t)

– Ψ (ρ)
Φ(ρ)
h(ρ)

– Ψ (t)
Φ(t)
h(t)

≥ 0, t,ρ ∈ [0, x), x > 0. (40)
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Multiplying (40) by h(t)h(ρ), we get

Ψ (t)Φ(ρ)h(t) + Ψ (ρ)Φ(t)h(ρ) – Ψ (ρ)Φ(ρ)h(t) – Ψ (t)Φ(t)h(ρ) ≥ 0. (41)

Multiplying both sides of (41) by (7) and then integrating with respect to t from 0 to x, we
get

Φ(ρ)
x–ν

Γ (η)

∫ x

0
(x – t)η–1t–ν′

F3

(
ν,ν ′, ξ , ξ ′;η; 1 –

t
x

, 1 –
x
t

)
Ψ (t)h(t) dt

+ Ψ (ρ)h(ρ)
x–ν

Γ (η)

∫ x

0
(x – t)η–1t–ν′

F3

(
ν,ν ′, ξ , ξ ′;η; 1 –

t
x

, 1 –
x
t

)
Φ(t) dt

– Φ(ρ)Ψ (ρ)
x–ν

Γ (η)

∫ x

0
(x – t)η–1t–ν′

F3

(
ν,ν ′, ξ , ξ ′;η; 1 –

t
x

, 1 –
x
t

)
h(t) dt

– h(ρ)
x–ν

Γ (η)

∫ x

0
(x – t)η–1t–ν′

F3

(
ν,ν ′, ξ , ξ ′;η; 1 –

t
x

, 1 –
x
t

)
Φ(t)Ψ (t) dt.

It follows that

Φ(ρ)Iν,ν′ ,ξ ,ξ ′ ,η
0,x

[
(Ψ h)(x)

]
+ Ψ (ρ)h(ρ)Iν,ν′,ξ ,ξ ′,η

0,x
[
Φ(x)

]

– Ψ (ρ)Φ(ρ)Iν,ν′,ξ ,ξ ′,η
0,x

[
h(x)

]
– h(ρ)Iν,ν′ ,ξ ,ξ ′ ,η

0,x
[
(Ψ Φ)(x)

] ≥ 0. (42)

Again, multiplying both sides of (42) by F(x,ρ) and then integrating with respect to ρ , we
have

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
Φ(x)

]
I

ν,ν′ ,ξ ,ξ ′,η
0,x

[
(Ψ h)(x)

]
+ I

ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
(Ψ h)(x)

]
I

ν,ν′ ,ξ ,ξ ′,η
0,x

[
Φ(x)

]

– I
ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
(Ψ Φ)(x)

]
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
h(x)

]
– I

ν,ν′ ,ξ ,ξ ′,η
0,x

[
h(x)

]
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
(Ψ Φ)(x)

] ≥ 0.

It follows that

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
Φ(x)

]
I

ν,ν′ ,ξ ,ξ ′,η
0,x

[
(Ψ h)(x)

] ≤ I
ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
(Ψ Φ)(x)

]
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
h(x)

]
, (43)

which gives the desired result. �

Theorem 3.7 Let Φ , Ψ , and h be positive continuous functions on [0,∞) such that

(
Ψ (t) – Ψ (ρ)

)(Φ(ρ)
h(ρ)

–
Φ(t)
h(t)

)
≥ 0, t,ρ ∈ [0, x), x > 0. (44)

Then for all x > 0, we have

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x [Φ(x)]Iα,β ,ζ ,ζ ′ ,λ

0,x [(Ψ h)(x)] + I
α,β ,ζ ,ζ ′ ,λ
0,x [Φ(x)]Iν,ν′ ,ξ ,ξ ′ ,η

0,x [(Ψ h)(x)]

I
α,β ,ζ ,ζ ′ ,λ
0,x [(Ψ Φ)(x)]Iν,ν′ ,ξ ,ξ ′ ,η

0,x [h(x)] + I
ν,ν′ ,ξ ,ξ ′ ,η
0,x [(Ψ Φ)(x)]Iα,β ,ζ ,ζ ′ ,λ

0,x [h(x)]
≥ 1, (45)

where α,β , ζ , ζ ′,λ,ν, ν́, ξ , ξ ′,η ∈ R are such that η > max{ν,ν ′, ξ , ξ ′} > 0 and λ > max{ν,ν ′,
ξ , ξ ′} > 0.
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Proof Multiplying both sides of (29) by

F(x,ρ) =
x–α

Γ (λ)
(x – ρ)λ–1ρ–βF3

(
α,β , ζ , ζ ′;λ; 1 –

ρ

x
, 1 –

x
ρ

)

and integrating the resulting identity with respect to ρ over (0, x), we get

I
α,β ,ζ ,ζ ′ ,λ
0,x

[
Φ(x)

]
I

ν,ν′ ,ξ ,ξ ′,η
0,x

[
(Ψ h)(x)

]
+ I

α,β ,ζ ,ζ ′ ,λ
0,x

[
(Ψ h)(x)

]
I

ν,ν′ ,ξ ,ξ ′,η
0,x

[
Φ(x)

]

– I
α,β ,ζ ,ζ ′ ,λ
0,x

[
(Ψ Φ)(x)

]
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
h(x)

]
– I

α,β ,ζ ,ζ ′ ,λ
0,x

[
h(x)

]
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
(Ψ Φ)(x)

] ≥ 0.

It follows that

I
α,β ,ζ ,ζ ′ ,λ
0,x

[
Φ(x)

]
I

ν,ν′ ,ξ ,ξ ′,η
0,x

[
(Ψ h)(x)

]
+ I

α,β ,ζ ,ζ ′ ,λ
0,x

[
(Ψ h)(x)

]
I

ν,ν′ ,ξ ,ξ ′,η
0,x

[
Φ(x)

]

≥ I
α,β ,ζ ,ζ ′ ,λ
0,x

[
(Ψ Φ)(x)

]
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
h(x)

]
+ I

α,β ,ζ ,ζ ′ ,λ
0,x

[
h(x)

]
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
(Ψ Φ)(x)

]
,

which completes the proof. �

Remark 3 Applying Theorem 3.7 to α = ν , β = ν ′, ζ = ξ , ζ ′ = ξ ′, λ = η, we get Theorem 3.6.

Theorem 3.8 Let Φ and h be two positive continuous functions on [0,∞) such that Φ ≤ h.
If Φ

h is decreasing and Φ is increasing on [0,∞), then for all x > 0 and σ ≥ 1, we have

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x [Φ(x)]

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x [h(x)]

≥ I
ν,ν′ ,ξ ,ξ ′ ,η
0,x [Φσ (x)]

I
ν,ν′ ,ξ ,ξ ′,η
0,x [hσ (x)]

, (46)

where ν,ν ′, ξ , ξ ′,η ∈R are such that η > max{ν,ν ′, ξ , ξ ′} > 0.

Proof By taking Ψ = Φσ–1 in Theorem 3.6 we have

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x [Φ(x)]

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x [h(x)]

≥ I
ν,ν′ ,ξ ,ξ ′ ,η
0,x [(ΦΦσ–1)(x)]

I
ν,ν′ ,ξ ,ξ ′,η
0,x [(hΦσ–1)(x)]

. (47)

Since Φ ≤ h, we can write

hΦσ–1(x) ≤ hσ (x). (48)

Multiplying both sides of (48) by (7) and integrating the resulting inequality with respect
to t from 0 to x, we have

x–ν

Γ (η)

∫ x

0
(x – t)η–1t–ν′

F3

(
ν,ν ′, ξ , ξ ′;η; 1 –

t
x

, 1 –
x
t

)
Φσ–1h(t) dt

≤ x–ν

Γ (η)

∫ x

0
(x – t)η–1t–ν′

F3

(
ν,ν ′, ξ , ξ ′;η; 1 –

t
x

, 1 –
x
t

)
hσ (t) dt,

which implies that

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x

[(
hΦσ–1)(x)

] ≤ I
ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
(hσ (x)

]
. (49)
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From (49) we can write

1
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x [(hΦσ–1)(x)]

≥ 1
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x [hσ (x)]

,

and so we have

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x [(ΦΦσ–1)(x)]

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x [(hΦσ–1)(x)]

≥ I
ν,ν′ ,ξ ,ξ ′ ,η
0,x [Φσ (x)]

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x [hσ (x)]

. (50)

Hence from (47) and (50) we get the desired result. �

Theorem 3.9 Let Φ and h be two positive continuous functions on [0,∞) such that Φ ≤ h.
If Φ

h is decreasing and Φ is increasing on [0,∞), then for all x > 0 and σ ≥ 1, we have

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x [Φ(x)]Iα,β ,ζ ,ζ ′ ,λ

0,x [hσ (x)] + I
α,β ,ζ ,ζ ′ ,λ
0,x [Φ(x)]Iν,ν′ ,ξ ,ξ ′ ,η

0,x [hσ (x)]

I
α,β ,ζ ,ζ ′ ,λ
0,x [Φσ (x)]Iν,ν′ ,ξ ,ξ ′ ,η

0,x [h(x)] + I
ν,ν′ ,ξ ,ξ ′ ,η
0,x [Φσ (x)]Iα,β ,ζ ,ζ ′ ,λ

0,x [h(x)]
≥ 1, (51)

where α,β , ζ , ζ ′,λ,ν, ν́, ξ , ξ ′,η ∈ R are such that η > max{ν,ν ′, ξ , ξ ′} > 0 and λ > max{ν,ν ′,
ξ , ξ ′} > 0.

Proof Taking Ψ = Φσ–1 in Theorem (3.7), we have

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x [Φ(x)]Iα,β ,ζ ,ζ ′ ,λ

0,x [(hΦσ–1)(x)] + I
α,β ,ζ ,ζ ′ ,λ
0,x [Φ(x)]Iν,ν′ ,ξ ,ξ ′ ,η

0,x [(hΦσ–1)(x)]

I
α,β ,ζ ,ζ ′ ,λ
0,x [Φσ (x)]Iν,ν′,ξ ,ξ ′ ,η

0,x [h(x)] + I
ν,ν′ ,ξ ,ξ ′ ,η
0,x [Φσ (x)]Iα,β ,ζ ,ζ ′ ,λ

0,x [h(x)]
≥ 1. (52)

Now since Φ ≤ h, we have

hΦσ–1(x) ≤ hσ (x). (53)

Multiplying both sides of (53) by

F(x,ρ) =
x–α

Γ (λ)
(x – ρ)λ–1ρ–βF3

(
α,β , ζ , ζ ′;λ; 1 –

ρ

x
, 1 –

x
ρ

)

and integrating the resulting identity with respect to ρ over (0, x), we get

I
α,β ,ζ ,ζ ′ ,λ
0,x

[(
hΦσ–1)(x)

] ≤ I
α,β ,ζ ,ζ ′ ,λ
0,x

[
hσ (x)

]
. (54)

Now multiplying both sides of (54) by I
ν,ν′ ,ξ ,ξ ′ ,η
0,x [Φ(x)], we have

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
Φ(x)

]
I

α,β ,ζ ,ζ ′ ,λ
0,x

[(
hΦσ–1)(x)

] ≤ I
ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
Φ(x)

]
I

α,β ,ζ ,ζ ′ ,λ
0,x

[
hσ (x)

]
. (55)

Similarly, we have

I
α,β ,ζ ,ζ ′ ,λ
0,x

[
Φ(x)

]
I

ν,ν′ ,ξ ,ξ ′,η
0,x

[(
hΦσ–1)(x)

] ≤ I
α,β ,ζ ,ζ ′ ,λ
0,x

[
Φ(x)

]
I

ν,ν′ ,ξ ,ξ ′,η
0,x

[
hσ (x)

]
. (56)
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Hence by (55) and (56) we have

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
Φ(x)

]
I

α,β ,ζ ,ζ ′ ,λ
0,x

[(
hΦσ–1)(x)

]
+ I

α,β ,ζ ,ζ ′ ,λ
0,x

[
Φ(x)

]
I

ν,ν′ ,ξ ,ξ ′,η
0,x

[(
hΦσ–1)(x)

]

≤ I
ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
Φ(x)

]
I

α,β ,ζ ,ζ ′ ,λ
0,x

[
hσ (x)

]
+ I

α,β ,ζ ,ζ ′ ,λ
0,x

[
Φ(x)

]
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
hσ (x)

]
. (57)

By (52) and (57) we get the desired result. �

Theorem 3.10 Let Φ , Ψ , and h be positive continuous functions on [0,∞) such that

(
Φ(t) – Φ(ρ)

)(
Ψ (t) – Ψ (ρ)

)(
h(t) + h(ρ)

) ≥ 0, t,ρ ∈ (0, x), x > 0. (58)

Then for all x > 0, we have

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
(ΦΨ h)(x)

]
I

ν,ν′ ,ξ ,ξ ′,η
0,x [1] + I

ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
(ΦΨ )(x)

]
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
h(x)

]

≥ I
ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
Ψ (x)

]
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
(Φh)(x)

]
+ I

ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
Φ(x)

]
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
(Ψ h)(x)

]
, (59)

where I
ν,ν′ ,ξ ,ξ ′,η
0,x [1] is defined by (3), and ν,ν ′, ξ , ξ ′,η ∈ R are such that η > max{ν,ν ′,

ξ , ξ ′} > 0.

Proof By the assumption stated in Theorem 3.10, for any t and ρ , we have

Φ(t)Ψ (t)h(t) + Φ(t)Ψ (ρ)h(ρ) – Φ(t)Ψ (ρ)h(t) – Φ(t)Ψ (ρ)h(ρ) – Φ(ρ)Ψ (t)h(t)

– Φ(ρ)Ψ (t)h(ρ) + Φ(ρ)Ψ (ρ)h(t) + Φ(ρ)Ψ (ρ)h(ρ) ≥ 0. (60)

Multiplying both sides of (60) by (7) and integrating the resulting inequality with respect
to t from 0 to x, we get

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
(ΦΨ h)(t)

]
+ Ψ (ρ)h(ρ)Iν,ν′,ξ ,ξ ′ ,η

0,x
[
Φ(t)

]
– Ψ (ρ)Iν,ν′,ξ ,ξ ′ ,η

0,x
[
(Φh)(t)

]

– Ψ (ρ)h(ρ)Iν,ν′,ξ ,ξ ′ ,η
0,x

[
Φ(t)

]
– Φ(ρ)Iν,ν′ ,ξ ,ξ ′ ,η

0,x
[
(Ψ h)(t)

]
– Φ(ρ)h(ρ)Iν,ν′,ξ ,ξ ′ ,η

0,x
[
Ψ (t)

]

+ Φ(ρ)Ψ (ρ)Iν,ν′ ,ξ ,ξ ′,η
0,x

[
h(t)

]
+ Φ(ρ)Ψ (ρ)h(ρ)Iν,ν′,ξ ,ξ ′,η

0,x [1] ≥ 0. (61)

Again, multiplying both sides of (59) by

F(x,ρ) =
x–α

Γ (λ)
(x – ρ)λ–1ρ–βF3

(
α,β , ζ , ζ ′;λ; 1 –

ρ

x
, 1 –

x
ρ

)

and integrating the resulting identity with respect to ρ over (0, x), we get

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
(ΦΨ h)(t)

]
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x [1] + I

ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
(Ψ h)(x)

]
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
Φ(t)

]

+ I
ν,ν′ ,ξ ,ξ ′,η
0,x

[
(ΦΨ )(x)

]
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
h(t)

]
+ I

ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
(ΦΨ h)(x)

]
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x [1]

≥ I
ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
(Ψ h)(x)

]
I

ν,ν′ ,ξ ,ξ ′,η
0,x

[
Φ(t)

]
+ I

ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
Ψ (x)

]
I

ν,ν′ ,ξ ,ξ ′,η
0,x

[
(Φh)(t)

]

+ I
ν,ν′ ,ξ ,ξ ′,η
0,x

[
Φ(x)

]
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
(Ψ h)(t)

]
+ I

ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
Φh(x)

]
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
Ψ (t)

]
, (62)

which completes the proof. �
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Theorem 3.11 Let Φ , Ψ , and h be positive continuous functions on [0,∞) such that

(
Φ(t) – Φ(ρ)

)(
Ψ (t) + Ψ (ρ)

)(
h(t) + h(ρ)

) ≥ 0, t,ρ ∈ (0, x), x > 0. (63)

Then for all x > 0, we have

I
ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
Φ(x)

]
I

ν,ν′ ,ξ ,ξ ′,η
0,x

[
(Ψ h)(x)

]
+ I

ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
(Φh)(x)

]
I

ν,ν′ ,ξ ,ξ ′,η
0,x

[
Ψ (x)

]

≥ I
ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
(Ψ h)(x)

]
I

ν,ν′ ,ξ ,ξ ′,η
0,x

[
Φ(x)

]
+ I

ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
h(x)

]
I

ν,ν′ ,ξ ,ξ ′ ,η
0,x

[
(ΦΨ )(x)

]
, (64)

where ν,ν ′, ξ , ξ ′,η ∈R are such that η > max{ν,ν ′, ξ , ξ ′} > 0.

Proof By the assumption stated in Theorem 3.11, for any t and ρ , we have

Φ(t)Ψ (t)h(t) + Φ(t)Ψ (ρ)h(ρ) + Φ(t)Ψ (ρ)h(t) + Φ(t)Ψ (ρ)h(ρ)

≥ Φ(ρ)Ψ (t)h(t) + Φ(ρ)Ψ (t)h(ρ) + Φ(ρ)Ψ (ρ)h(t) + Φ(ρ)Ψ (ρ)h(ρ) ≥ 0. (65)

Applying a procedure similar to that of Theorem 3.10, we get the proof of Theorem 3.11. �

4 Concluding remarks
In this present paper, we introduced certain inequalities by employing the (MSM) frac-
tional integral operator. The inequalities obtained are more general than the existing clas-
sical inequalities. The MSM operator (1) turns to the Saigo fractional integral operator
[22] due to the relation I

ν,0,ξ ,ξ ′,η
0,x (x) = I

η,ν–η,–ξ
0,x (x) (γ ∈C). Thus the inequalities obtained in

this paper reduce to the integral inequalities involving the Saigo fractional integral oper-
ators, recently defined by Chinchane and Pachpatte [31].
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